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Abstract

We construct, in the work, chiral SU(3) Lagrangian withD mesons of spin JP = 0− and JP = 1−

and charmed baryons of spin JP = 1/2+ and JP = 3/2+. There are 42 leading two-body counter-

terms involving two charmed baryon fields and two D meson fields in the constructed Lagrangian.

The heavy-quark spin symmetry leads to 35 sum rules while the large-Nc operator analysis predicts

29 ones at the next-to leading order of 1/Nc expansion. The combination of the sum rules from

both the heavy-quark symmetry and the large-Nc analysis results in 38 independent sum rules

which reduces the number of free parameters in the chiral Lagrangian down to 4 only. This is

a remarkable result demonstrating the consistency of the heavy-quark symmetry and large-Nc

operator analysis.
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I. INTRODUCTION

The chiral SU(3) Lagrangian has been extensively applied for studying meson and baryon

resonances in the charm sector. For instance, the leading order chiral Lagrangian is used to

study s-wave scatterings of Goldstone bosons off D mesons [1–4] and Goldstone bosons with

ground state open charmed baryons [5, 6] based on coupled-channel calculations. A rich

spectrum of s-wave and d-wave exotic charmed baryon resonances is dynamically generated

by zero-range t-channel vector meson exchange interactions [7–9].

The application of chiral Lagrangian in the hidden charmed baryons is also received

a number of attentions by using the couple channel dynamics framework. This study is

motivated by FAIR at GSI with P̄ANDA experiment which will be in a promising position

to provide more data on new exotic states of charm and strangeness degree of freedom [10].

The couple channel calculations with the chiral Lagrangian have been done to explore new

resonances in the high energy region. For example, the nucleon like resonances with the

hidden charm quantum number are dynamically generated by using chiral Lagrangian with

various models such as t-channel vector meson exchange picture with SU(4) flavor-symmetry

[7, 11], local hidden gauge formalism [12, 13], Weinberg-Tomozawa interaction with heavy-

quark symmetry [14] and a combination of heavy-quark and local hidden gauge symmetries

[15]. Most of these approaches have employed the heavy-quark symmetry to incorporate

the chiral Lagrangian in their works. The main interpretation of heavy-quark symmetry

is that in the infinite limit of heavy-quark mass the pseudoscalar and vector mesons with

one heavy-quark form a degeneracy state [16] as well as for charmed baryons with spin-1
2

and 3
2
[17]. It is well known that the heavy quark symmetry plays an important role in the

heavy quark sector. However, deviations of the heavy-quark symmetry is expected because

the charm quark mass is not extremely larger than a typical confinement scale ΛQCD [18].

Therefore, in order to relate more closely to QCD, one might take an additional approximate

symmetry of QCD into account.

Large-Nc QCD, on the other hand, is another approximate symmetry of QCD. This idea

is originally suggested by Ref. [19] which notes that one can consider the color number

of degrees of freedom (Nc) to be large and expand it in power of 1/Nc. By using such

expansion, a number of simplifications of QCD occurs in the large number of colors limit.

This approach has been shown very useful in the study of baryons at the low-energy regime
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(for review see [21, 22]). An interesting prediction of large-Nc QCD is the approximate

degeneracy of the baryon octet and decuplet states [20] forming a super multiplet in the

large-Nc limit. According to Nc counting rules for meson-baryon systems [20], subsequently,

this leads to a spin-flavor symmetry for baryons at the large-Nc limit [23, 24]. In particular,

the combination of the heavy-quark symmetry and large-Nc analysis provides predictions of

heavy baryons of excited and exotic states [25–31].

In order to perform a complete couple channel calculation, one needs to take both the

short-rang and long-range interactions into account. The short range forces between D

mesons and charmed baryons may be parameterized in terms of contact interactions. In a

previous work [32], those counter terms were analysed systematically by using the heavy-

quark symmetry and large-Nc sum rules. The 26 counter terms were correlated so that

only 7 unknown parameters remain. Furthermore, a corresponding analysis for describing

the short-range interaction of the Goldstone bosons with the charmed baryons has been

performed by Ref. [33]. The 36 counter terms were reduced down to 6 unknown parameters

only.

This work is to prepare for systematic coupled-channel computations on resonances of

hidden-charm baryon (charm quantum number equals to zero for example anti-D mesons and

charmed baryons interactions) and doubly charmed baryon (charm quantum number equals

to two e.g. D mesons with charmed baryons system) sectors. A systematic construction of

the leading 2-body counter terms for the D mesons with JP = 0− and 1− and the charmed

baryons with JP = 1
2

+
and 3

2

+
quantum numbers is considered. The low-energy constants of

the chiral Lagrangian are correlated by using heavy-quark symmetry with a suitable super

multiplets of D mesons [2, 34–37] and charmed baryons [17, 38, 39]. To work out the sum

rules from large-Nc scheme, we study baryon matrix elements of the correlation functions

[32, 33, 40, 41]. The technology of large-Nc operator analysis for light-quark baryons has

been developed by Refs. [33, 41–45] and shown well applicable to charmed baryons [33].

This paper is organized as follows. The chiral Lagrangian with D mesons and charmed

baryons are constructed in Section II. The implications of the heavy-quark spin symmetry

on the coupling constants are worked out in Section III while the Large-Nc operator analysis

of charmed baryon matrix elements is performed in Section IV. Finally, Section V is devoted

to a summary of main results.

3



II. CHIRAL LAGRANGIAN WITH D MESONS AND CHARMED BARYONS

This section is devoted to construct the chiral Lagrangian of the D mesons with the

charmed baryons. The construction rules for the chiral SU(3) Lagrangian density are re-

ferred to Refs. [40, 46–51] for more technical details. In this work, we follow the conventions

and notations from Refs. [32, 33, 41].

We focus on the residual short-range interactions described by local two-body counter

terms. The basic building blocks of the chiral Lagrangian in this study are

D , Dµν , B[3̄] , B[6] , Bµ
[6] , (1)

where the anti-triplet pseudoscalar meson fields D(JP=0−), vector meson fields Dµν(JP=

1−), charmed baryon anti-triplet fields B[3̄](J
P = 1

2

+
) and charmed baryon sextet fields

B[6](J
P= 1

2

+
), Bµ

[6](J
P= 3

2

+
) are heavy fields in ChPT [40]. Their SU(3) multiplet forms and

transformation properties under the chiral SU(3) rotation are referred to Refs. [32, 33, 41]

in more details. The leading order two-body counter terms involving two D meson and

two charmed baryon fields can be discriminated into terms with two spin-1
2
charmed baryon

fields, L(c), two spin-3
2
charmed baryon fields, L(d), and the mixing spin-1

2
and 3

2
fields, L(e),

Lcounter = L(c) + L(d) + L(e) . (2)

The chiral Lagrangians, L(c), L(d) and L(e) are used to describe low-energy s-wave scattering

and hence we consider the chiral power order Q0 only. A detailed discussion of the spin

structures of two-body systems and flavor SU(3) invariance of the Lagrangian in Eqs. (2)

can be found in Refs. [41] and [33].

We begin with two charmed baryon spin-1
2
fields, and get 20 leading order terms in L(c),

L(c) = D
{

c
(S)

1,[3̄3̄]
B̄[3̄]B[3̄] +

1
2
c
(S)

2,[3̄3̄]
tr (B̄[3̄]B[3̄])

}

D̄

+D
{

c
(S)
1,[66] B̄[6]B[6] +

1
2
c
(S)
2,[66] tr (B̄[6]B[6])

}

D̄

+D c
(S)

1,[3̄6]

{

B̄[6]B[3̄] + h.c.
}

D̄

− 1

2
Dµν

{

c̃
(S)

1,[3̄3̄]
B̄[3̄]B[3̄] +

1
2
c̃
(S)

2,[3̄3̄]
tr ( B̄[3̄]B[3̄])

}

D̄µν

− 1

2
Dµν

{

c̃
(S)
1,[66] B̄[6]B[6] +

1
2
c̃
(S)
2,[66] tr (B̄[6]B[6])

}

D̄µν

− 1

2
Dµν c̃

(S)

1,[3̄6]

{

B̄[6]B[3̄] + h.c.
}

D̄µν
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+
i

Mc
Dµν

{

c
(A)

1,[3̄3̄]
B̄[3̄] γ

µ γ5B[3̄] +
1
2
c
(A)

2,[3̄3̄]
tr (B̄[3̄] γ

µ γ5B[3̄])
}

(∂νD̄) + h.c.

+
i

Mc
Dµν

{

c
(A)
1,[66] B̄[6] γ

µ γ5B[6] +
1
2
c
(A)
2,[66] tr (B̄[6] γ

µ γ5B[6])
}

(∂νD̄) + h.c.

− i

2Mc
c
(A)

1,[3̄6]

{

Dµν B̄[6] γ
µγ5 B[3̄] (∂

νD̄)− (∂νD) B̄[6] γ
µγ5 B[3̄] D̄µν

}

+ h.c.

+
1

4Mc

ǫµναβDµν

{

c̃
(A)

1,[3̄3̄]
B̄[3̄] γα γ5B[3̄] +

1
2
c̃
(A)

2,[3̄3̄]
tr (B̄[3̄] γα γ5B[3̄])

}

(∂τ D̄τβ) + h.c.

+
1

4Mc

ǫµναβDµν

{

c̃
(A)
1,[66] B̄[6] γα γ5B[6] +

1
2
c̃
(A)
2,[66] tr (B̄[6] γα γ5B[6])

}

(∂τ D̄τβ) + h.c. (3)

− 1

4Mc

c̃
(A)

1,[3̄6]
ǫµναβ

{

Dµν B̄[6] γα γ5B[3̄](∂
τ D̄τβ) + (∂τDτβ) B̄[6] γα γ5B[3̄] D̄µν

}

+ h.c. ,

where D̄ ≡ D† and Mc is the mass of the charm quark, “ tr ” stands for the trace over SU(3)

flavor space. There are 10 terms at leading order terms involving two baryon spin-3
2
fields,

that is,

L(d) = −D
{

d
(S)
1,[66] B̄

α
[6] gαβ B

β
[6] +

1
2
d
(S)
2,[66] tr (B̄

α
[6] gαβ B

β
[6])
}

D̄

+
1

2
Dµν

{

d̃
(S)
1,[66] B̄

α
[6] gαβ B

β
[6] +

1
2
d̃
(S)
2,[66] tr (B̄

α
[6] gαβ B

β
[6])
}

D̄µν

+
i

4
ǫµναβ D

µν
{

d
(E)
1,[66] B̄

α
[6]B

β
[6] +

1
2
d
(E)
2,[66] tr (B̄

α
[6]B

β
[6])
}

D̄ + h.c.

+
1

2
Dβµ

{

d̃
(E)
1,[66] B̄

τ
[6] gταB

β
[6] +

1
2
d̃
(E)
2,[66] tr (B̄

τ
[6] gταB

β
[6])
}

D̄αµ

− 1

2
Dαµ

{

d̃
(E)
3,[66] B̄

α
[6] gβτ B

τ
[6] +

1
2
d̃
(E)
4,[66] tr (B̄

α
[6] gβτ B

τ
[6])
}

D̄βµ . (4)

We find the following 12 terms involving spin-1
2
and -3

2
charmed baryons,

L(e) =
i

4
ǫµναβ

{

e
(A)
1,[66] D

αβ B̄µ
[6] γ

ν γ5B[6] D̄ + e
(A)
2,[66]D B̄µ

[6] γ
ν γ5B[6] D̄

αβ
}

+ h.c.

+
i

8
ǫµναβ

{

e
(A)
3,[66] D

αβ tr (B̄µ
[6] γ

ν γ5B[6]) D̄ + e
(A)
4,[66]D tr (B̄µ

[6] γ
ν γ5B[6]) D̄

αβ
}

+ h.c.

+
i

4
ǫµναβ

{

e
(A)

1,[3̄6]
Dαβ B̄µ

[6] γ
ν γ5B[3̄] D̄ + e

(A)

2,[3̄6]
D B̄µ

[6] γ
ν γ5B[3̄] D̄

αβ
}

+ h.c.

+
1

2

{

ẽ
(A)
1,[66]Dαν B̄

µ
[6] γ

ν γ5B[6] g
αβ D̄βµ − ẽ

(A)
2,[66]Dαµ B̄

µ
[6] γ

ν γ5B[6] g
αβ D̄βν

}

+ h.c.

+
1

4

{

ẽ
(A)
3,[66]Dαν tr (B̄

µ
[6] γ

ν γ5B[6]) g
αβ D̄βµ − ẽ

(A)
4,[66]Dαµ tr (B̄

µ
[6] γ

ν γ5B[6]) g
αβ D̄βν

}

+ h.c.

+
1

2

{

ẽ
(A)

1,[3̄6]
Dαν B̄

µ
[6] γ

ν γ5B[3̄] g
αβ D̄βµ − ẽ

(A)

2,[3̄6]
Dαµ B̄

µ
[6] γ

ν γ5B[3̄] g
αβ D̄βν

}

+ h.c. . (5)

As shown in Eqs. (3), (4) and (5), we got totally 20 + 10 + 12 = 42 leading order two-body

counter terms. In the following sections, we will use the heavy-quark symmetry and the

large Nc operator analysis to correlate the coupling constants introduced here.
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III. HEAVY QUARK MASS EXPANSION

At the limit of infinite charm quark mass, the D mesons with spin-0− and -1− are replaced

by a spin flip of the charm quark. This is also true for the charmed baryons with spin-1
2

+

and -3
2

+
. One can imply effects of the heavy-quark symmetry for the chiral Lagrangians

in Eqs. (3), (4) and (5) by introducing auxiliary and slowly varying fields, P±(x) , P
µ
±(x) ,

B±(x) , B
µ
±(x) and B

[3]
± . We decompose the D meson and charmed baryons fields into such

fields [2, 32, 33]

D(x) = e−i (v·x)Mc P+(x) + e+i (v·x)Mc P−(x) ,

Dµν(x) = i e−i (v·x)Mc

{

vµ P ν
+(x)− vν P µ

+(x) +
i

Mc

(

∂µP ν
+ − ∂νP µ

+

)}

+ i e+i (v·x)Mc

{

vµ P ν
−(x)− vν P µ

−(x)−
i

Mc

(

∂µP ν
− − ∂νP µ

−

)}

,

B[6](x) = e
−i (v·x)M

1/2
[6] B+(x) + e

+i (v·x)M
1/2
[6] B−(x) ,

Bµ
[6](x) = e

−i (v·x)M
3/2
[6] Bµ

+(x) + e
+i (v·x)M

3/2
[6] Bµ

−(x) ,

B[3̄](x) = e
−i (v·x)M

1/2

[3̄] B+
[3̄]
(x) + e

+i (v·x)M
1/2

[3̄] B−
[3̄]
(x) , (6)

where the 4-velocity v is normalized with v2 = 1. The parametersM
1/2
[6] ,M

3/2
[6] andM

1/2

[3̄]
are

the chiral limit masses of the two sextet baryons with spin-1
2
and -3

2
and anti-triplet baryons

respectively and, the implications of those parameters in heavy-quark limit can be seen in

Ref. [33]. The time and spatial derivatives of the fields ∂αP± , ∂αB± are small and can be

neglected because of the slow varying of the fields in Eq. (6).

We follow the formalism for multiplet fields of D mesons and charmed baryons developed

in [35–39], and introduce the multiplet fields H, Hµ
[6] and H[3̄] connected to the fields P+ and

P µ
+, and B+ and Bµ

+ respectively as follows 1 :

H =
1

2

(

1 + v/
)(

γµ P
µ
+ + i γ5 P+

)

H̄ = γ0H† γ0 =
(

P †
+,µ γ

µ + P †
+ i γ5

) 1

2

(

1 + v/
)

,

Hµ
[6] =

1√
3
(γµ + vµ) γ5

1 + v/

2
B+ +

1 + v/

2
Bµ

+ , H̄µ
[6] =

(

Hµ
[6]

)†
γ0 ,

H[3̄] =
1 + v/

2
B+

[3̄]
, H̄[3̄] =

(

H[3̄]

)†
γ0

P µ
+ vµ = 0 , Bµ

+ vµ = 0 , v2 = 1 . (7)

1 Note that tr γ5 γµ γν γα γβ = −4 i ǫµναβ in the convention used in this work.
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The transformation properties under SUv(2) heavy-quark spin and Lorentz symmetries of

multiplet fields in Eq. (7) can be found in the literatures mentioned above. Using the rules

demonstrated in Refs. [32] and [33] for constructing heavy-quark spin invariant effective

Lagrangian, it is straightforward to construct the effective Lagrangian bearing the structures

detailed in Eq. (2). The Lagrangian takes the form,

L(H) =
1

2
TrH

{

f
(S)
1 H̄[3̄]H[3̄] + f

(S)
2 tr H̄[3̄]H[3̄] + f

(S)
3 H̄µ

[6] gµν H
ν
[6] + f

(S)
4 tr H̄µ

[6] gµν H
ν
[6]

}

H̄

− 1

4
TrH

{

f
(A)
1 H̄µ

[6]H[3̄] + h.c.
}

γµ γ5 H̄

+
1

4
TrH

{

f
(T )
1 H̄µ

[6]H
ν
[6] + f

(T )
2 tr H̄µ

[6]H
ν
[6]

}

i σµν H̄ . (8)

We recall that the fields H and H[6,3̄] are three-dimensional row and square matrices in flavor

space, each of its components consisting of a 4 dimensional Dirac matrix. In addition, Tr

and tr stand for traces in Dirac and flavor spaces, respectively.

By using Eq. (6) and Eq. (7), one can rewrite the chiral lagrangian in Eq. (2) and the

SUv(2)-invariant effective Lagrangian in Eq. (8) in terms of the fields P+ , P µ
+ , B+ , Bµ

+ and

B+
[3̄]
. Matching the structures, up to the leading order of 1/Mc, between the non-relativistic

expansion of the chiral Lagrangian and the heavy-quark spin symmetric Lagrangian, we

obtain 35 sum rules

f
(S)
1 = c

(S)

1,[3̄3̄]
= c̃

(S)

1,[3̄3̄]
, f

(S)
2 = c

(S)

2,[3̄3̄]
= c̃

(S)

2,[3̄3̄]
,

f
(S)
3 = c

(S)
1,[66] = c̃

(S)
1,[66] = d

(S)
1,[66] = d̃

(S)
1,[66] , f

(S)
4 = c

(S)
2,[66] = c̃

(S)
2,[66] = d

(S)
2,[66] = d̃

(S)
2,[66] ,

f
(A)
1 = e

(A)

1,[3̄6]
= e

(A)

2,[3̄6]
= ẽ

(A)

1,[3̄6]
= ẽ

(A)

2,[3̄6]
=

√
3 c

(A)

1,[3̄6]
=

√
3 c̃

(A)

1,[3̄6]
,

f
(T )
1 = d̃

(E)
1,[66] = d̃

(E)
3,[66] = d

(E)
1,[66] = 3 c

(A)
1,[66] = 3 c̃

(A)
1,[66] =

√
3 e

(A)
1,[66] =

√
3 e

(A)
2,[66] =

√
3 ẽ

(A)
1,[66] =

√
3 ẽ

(A)
2,[66] ,

f
(T )
2 = d̃

(E)
2,[66] = d̃

(E)
4,[66] = d

(E)
2,[66] = 3 c

(A)
2,[66] = 3 c̃

(A)
2,[66] =

√
3 e

(A)
3,[66] =

√
3 e

(A)
4,[66] =

√
3 ẽ

(A)
3,[66] =

√
3 ẽ

(A)
4,[66] ,

c
(S)

1,[3̄6]
= c̃

(S)

1,[3̄6]
= c

(A)

1,[3̄3̄]
= c

(A)

2,[3̄3̄]
= c̃

(A)

1,[3̄3̄]
= c̃

(A)

2,[3̄3̄]
= 0 . (9)

According to the heavy-quark symmetry, the 42 parameters in the chiral Lagrangian with
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D-mesons and charmed baryons in Eq. (2) are reduced down to 7 independent parameters

only.

IV. LARGE-Nc OPERATOR ANALYSIS

In this section, we employ the large-Nc operator analysis to correlate the coupling con-

stants. Here we use the main results and basic ideas from Refs. [32, 33, 41–44], where a

formalism for the systematic expansion of baryon-matrix elements of QCD quark currents in

powers of 1/Nc was developed. Our strategy of this section is to first calculate the charmed

baryon matrix elements of productions of two axial-vector or vector quark currents. The

second step is to construct the operator product expansions of large-Nc QCD effective op-

erators bearing the structures of charmed baryon matrix elements. Finally, we match the

structures of the two results to derive large-Nc sum rules on the low-energy constants of the

counter terms interactions in Eq. (2).

Our starting point is the correlation function of two axial-vector or vector quark currents,

reading as

C̄XY
µν, ā(q̄, q) =

q̄2 −M2
X

fX
CXY
µν, ā(q̄, q)

q2 −M2
Y

fY
, (10)

with X, Y = V,A and MA and MV the masses of the pseudo-scalar and vector D mesons

in the flavor SU(3) limit. In Eq. (10), we identify qµ and q̄µ with the 4-momenta of the

incoming and outgoing D mesons. The CXY
µν, ā(q̄, q) functions are given by :

CAA
µν,a(q) = i

∫

d4x e−i q·x T Aµ(0) λā Āν(x) , Āµ(x) = A†
µ(x) ,

CV V
µν,a(q) = i

∫

d4x e−i q·x T Vµ(0) λā V̄ν(x) , V̄µ(x) = V †
µ (x) ,

CV A
µν,a(q) = i

∫

d4x e−i q·x T Vµ(0) λā Āν(x) , (11)

with the quark field operators u(x), d(x), s(x), c(x) of the up, down, strange and charm

quarks where λā with ā = 0, · · · , 8 and T is time ordering operator. With the chiral La-

grangian in Eq. (2), we calculate the matrix elements of the correction functions in charmed

baryon states at leading order of non-relativistic expansion by following the notations and

conventions from [32, 33]. The physical charmed baryon states are defined by [33],

|p, ij±, S, χ〉 , (12)

8



specified by the momentum p and the flavor indices i, j = 1, 2, 3, the spin S and the spin-

polarization χ = 1, 2 for the spin one-half (S = 1/2) and χ = 1, · · · , 4 for the spin three-

half states (S = 3/2). The flavor sextet and the anti-triplet are discriminated by their

symmetric (index +) and anti-symmetric (index −) behaviour under the exchange of i↔ j.

More technical details of the calculation of functions C̄XY
µν, ā(q̄, q) have been shown explicitly

in Refs. [32, 40, 41]. The leading terms in the low-momentum expansion of the matrix

elements of the product of the two axial-vector currents are

〈p̄, mn+,
1
2
, χ̄| C̄AA

ij,ā |p, kl+, 12 , χ〉 = p̄i pj δχ̄χ ×







(√

2
3
c
(S)
1,[66] +

√

3
2
c
(S)
2,[66]

)

δ
(mn)+
(kl)+

c
(S)
1,[66] Λ

a,(mn)+
(kl)+

,

〈p̄, mn−,
1
2
, χ̄| C̄AA

ij,ā |p, kl−, 12 , χ〉 = p̄i pj δχ̄χ ×







(√

2
3
c
(S)

1,[3̄3̄]
+
√

3
2
c
(S)

2,[3̄3̄]

)

δ
(mn)−
(kl)−

c
(S)

1,[3̄3̄]
Λ
a,(mn)−
(kl)−

,

〈p̄, mn+,
1
2
, χ̄| C̄AA

ij,ā |p, kl−, 12 , χ〉 = − p̄i pj δχ̄χ ×







0

c
(S)

1,[3̄6]
Λ
a,(mn)+
(kl)−

,

〈p̄, mn+,
3
2
, χ̄| C̄AA

ij,ā |p, kl+, 12 , χ〉 = 0,

〈p̄, mn+,
3
2
, χ̄| C̄AA

ij,ā |p, kl−, 12 , χ〉 = 0,

〈p̄, mn+,
3
2
, χ̄| C̄AA

ij,ā |p, kl+, 32 , χ〉 = p̄i pj δχ̄χ ×







(√

2
3
d
(S)
1,[66] +

√

3
2
d
(S)
2,[66]

)

δ
(mn)+
(kl)+

d
(S)
1,[66] Λ

a,(mn)+
(kl)+

.
(13)

Here and in the following the upper row corresponds to the singlet component of the corre-

lation function, C̄ij,0, whereas the second row specifies the matrix elements of its octet com-

ponents with a = 1, . . . 8. Furthermore, the flavor summation indices are k, l,m, n = 1, 2, 3.

Note that we have introduced in the calculation the convenient flavor structures [33] :

δ
mn±

kl±
=

1

2

(

δmk δnl ± δnk δml

)

,

Λ
(a), mn±

kl±
=

1

4

(

λ
(a)
mk δnl ± λ

(a)
nk δml ± λ

(a)
ml δnk + λ

(a)
nk δml

)

,

9



Λ
(a), mn∓

kl±
=

1

4

(

λ
(a)
mk δnl ∓ λ

(a)
nk δml ± λ

(a)
ml δnk − λ

(a)
nl δmk

)

, (14)

and spin properties

S†
i Sj = δij −

1

3
σiσj , Si σj − Sj σi = −i εijk Sk , ~S · ~S† = 1 (4×4) ,

~S† · ~S = 2 1 (2×2) , ~S · ~σ = 0 , ǫijk Si S
†
j = i ~S σk ~S

† . (15)

The leading non-relativistic expansion of charmed baryon matrix elements for the product

of two vector currents read

〈p̄, mn+,
1
2
, χ̄| C̄V V

ij,ā |p, kl+, 12 , χ〉 = δij δχ̄χ ×







(√

2
3
c̃
(S)
1,[66] +

√

3
2
c̃
(S)
2,[66]

)

δ
(mn)+
(kl)+

c̃
(S)
1,[66] Λ

a,(mn)+
(kl)+

+ iǫijk σ
k
χ̄χ ×







(√

2
3
c̃
(A)
1,[66] +

√

3
2
c̃
(A)
2,[66]

)

δ
(mn)+
(kl)+

c̃
(A)
1,[66] Λ

a,(mn)+
(kl)+

,

〈p̄, mn−,
1
2
, χ̄| C̄V V

ij,ā |p, kl−, 12 , χ〉 = δij δχ̄χ ×







(√

2
3
c̃
(S)

1,[3̄3̄]
+
√

3
2
c̃
(S)

2,[3̄3̄]

)

δ
(mn)−
(kl)−

c̃
(S)

1,[3̄3̄]
Λ
a,(mn)−
(kl)−

+ iǫijk σ
k
χ̄χ ×







(
√

2
3
c̃
(A)

1,[3̄3̄]
+
√

3
2
c̃
(A)

2,[3̄3̄]

)

δ
(mn)−
(kl)−

c̃
(A)

1,[3̄3̄]
Λ
a,(mn)−
(kl)−

,

〈p̄, mn+,
1
2
, χ̄| C̄V V

ij,ā |p, kl−, 12 , χ〉 = − δij δχ̄χ ×







0

c̃
(S)

1,[3̄6]
Λ
a,(mn)−
(kl)−

+ iǫijk σ
k
χ̄χ ×







0

c̃
(A)

1,[3̄6]
Λ
a,(mn)+
(kl)−

,

〈p̄, mn+,
3
2
, χ̄| C̄V V

ij,ā |p, kl+, 12 , χ〉 =
1

2

(

Siσj
)

χ̄χ
×







(
√

2
3
ẽ
(A)
1,[66] +

√

3
2
ẽ
(A)
3,[66]

)

δ
(mn)+
(kl)+

ẽ
(A)
1,[66] Λ

a,(mn)+
(kl)+

− 1

2

(

Sjσi
)

χ̄χ
×







(√

2
3
ẽ
(A)
2,[66] +

√

3
2
ẽ
(A)
4,[66]

)

δ
(mn)+
(kl)+

ẽ
(A)
2,[66] Λ

a,(mn)+
(kl)+

,

〈p̄, mn+,
3
2
, χ̄| C̄V V

ij,ā |p, kl−, 12 , χ〉 = − 1

2

(

Siσj
)

χ̄χ
×







0

ẽ
(A)

1,[3̄6]
Λ
a,(mn)+
(kl)−

10



+
1

2

(

Sj σi
)

χ̄χ
×







0

ẽ
(A)

2,[3̄6]
Λ
a,(mn)+
(kl)−

,

〈p̄, mn+,
3
2
, χ̄| C̄V V

ij,ā |p, kl+, 32 , χ〉 = δij δχ̄χ ×







(
√

2
3
d̃
(S)
1,[66] +

√

3
2
d̃
(S)
2,[66]

)

δ
(mn)+
(kl)+

d̃
(S)
1,[66] Λ

a,(mn)+
(kl)+

+
1

2

(

SjS
†
i

)

χ̄χ
×







(√

2
3
d̃
(E)
1,[66] +

√

3
2
d̃
(E)
2,[66]

)

δ
(mn)+
(kl)+

d̃
(E)
1,[66] Λ

a,(mn)+
(kl)+

− 1

2

(

Si S
†
j

)

χ̄χ
×







(
√

2
3
d̃
(E)
3,[66] +

√

3
2
d̃
(E)
4,[66]

)

δ
(mn)+
(kl)+

d̃
(E)
3,[66] Λ

a,(mn)+
(kl)+

.
(16)

The leading non-relativistic expansion of charmed baryon matrix elements for the product

of a vector and an axial-vector currents is derived as

〈p̄, mn+,
1
2
, χ̄| C̄V A

ij,ā |p, kl+, 12 , χ〉 = − pj (σi)χ̄χ ×







(√

2
3
c
(A)
1,[66] +

√

3
2
c
(A)
2,[66]

)

δ
(mn)+
(kl)+

c
(A)
1,[66] Λ

a,(mn)+
(kl)+

,

〈p̄, mn−,
1
2
, χ̄| C̄V A

ij,ā |p, kl−, 12 , χ〉 = − pj (σi)χ̄χ ×







(√

2
3
c
(A)

1,[3̄3̄]
+
√

3
2
c
(A)

2,[3̄3̄]

)

δ
(mn)−
(kl)−

c
(A)

1,[3̄3̄]
Λ
a,(mn)−
(kl)−

,

〈p̄, mn+,
1
2
, χ̄| C̄V A

ij,ā |p, kl−, 12 , χ〉 = − pj (σi)χ̄χ ×







0

c
(A)

1,[3̄6]
Λ
a,(mn)+
(kl)−

,

〈p̄, mn+,
3
2
, χ̄| C̄V A

ij,ā |p, kl+, 12 , χ〉 =
1

2
pj (Si)χ̄χ ×







(
√

2
3
e
(A)
1,[66] +

√

3
2
e
(A)
3,[66]

)

δ
(mn)+
(kl)+

e
(A)
1,[66] Λ

a,(mn)+
(kl)+

,

〈p̄, mn+,
3
2
, χ̄| C̄V A

ij,ā |p, kl−, 12 , χ〉 = − 1

2
pj (Si)χ̄χ ×







0

e
(A)

1,[3̄6]
Λ
a,(mn)+
(kl)−

,
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〈p̄, mn+,
3
2
, χ̄| C̄V A

ij,ā |p, kl+, 32 , χ〉 = −1

2
pj
(

~Sσi ~S
†
)

χ̄χ
×







(√

2
3
d
(E)
1,[66] +

√

3
2
d
(E)
2,[66]

)

δ
(mn)+
(kl)+

d
(E)
1,[66] Λ

a,(mn)+
(kl)+

.

(17)

The charmed baryon matrix elements of the correlation functions in Eqs. (13, 16, 17) will

be used to match the spin and flavor structures with the large-Nc effective operator product

expansion which will be worked out in the following.

According to Refs. [42, 44], the spin-flavor symmetry of large-Nc baryon analysis allows

us to perform a systematic 1/Nc expansion for baryon matrix elements. The 1/Nc expansion

of the correlation functions in c.m. frame takes a generic form [32, 41]

〈p̄, χ̄| C̄µν,a(q̄, q) |p, χ〉 =
∑

r

cr(p̄, p)(χ̄| O(r)
µν,a |χ) . (18)

All dynamical information of the correlation functions with physical states is transferred into

the unknown coefficient functions, cr(p̄, p) , the |χ) states reflect spin and flavor structures

only. The effective operatorsO(r)
µν,a can be written in terms of (J)l (T )m (G)n with l+m+n =

r . The operators J , T and G are spin, flavor and spin-flavor operators, respectively, and

the detail definitions are referred to [41, 44]. The unknown coefficient functions have the Nc

scaling as

cr ∼
1

N r−1
c

, (19)

since the matrix elements of correlation functions in physical states have the scale O(Nc)

but the matrix elements of O(r) operators scale as N r
c .

The effective operators have the Nc scaling as follows [43]:

J i ∼ 1

Nc
, T a ∼ N0

c , Gi a ∼ N0
c . (20)

The Nc scaling rules in Eq. (20) alone can not eliminate redundant operators at a given order

of 1/Nc. However, the operator identities with the scaling rules together allow a systematic

summation of the relevant operators at a given 1/Nc order. The operator identities are first

derived in [43] for the light-quark operators, and later generalized to baryons containing the

heavy-quarks [45]. The structure of operator identities and its derivation for the baryon

containing the light- and heavy-quarks are given in technical detail in Refs. [33, 45]. We

use only the main results here.
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In this work, our effective charmed baryon states, |ij± , χ), are composed of light- and

heavy-quarks. It has been demonstrated by Ref. [45] that one can generalize the 1/Nc

expansion in Eq. (18) from light quark baryons to light and heavy quark systems. The

effective r-operator can be written in the following form

O(r) = O(p)
lightO

(q)
heavy , (21)

with r = p + q , where O(p)
light and O(q)

heavy are the effective light quark p-body and heavy

quark q-body operators, respectively. In this study, we consider baryons containing a single

charm quark and keep the heavy-quark spin symmetry. The effective operators for O(q)
heavy

could be only the heavy-quark spin operator, J iQ since the heavy-quark flavor and spin-flavor

operators are irrelevant. However, the operator J iQ ∼ 1/MQ breaks the heavy-quark spin

symmetry [33, 45], and therefore O(q)
heavy should be trivial in our consideration.

By applying the operator identities in Refs. [33, 45] with the operators scaling in Eq. (20)

and the ansatz for the operator production expansion in Ref. [32], we find 4 operators at

leading order O
(

N0
c

)

p̄i pj T
ā , δij T

ā , ǫijkG
ā,k , pj G

ā
i , (22)

and 7 operators at O
(

N−1
c

)

p̄i pj
[

Jk, Gā
k

]

+
, δij

[

Jk, Gā
k

]

+
, ǫijk

[

Jk, T ā
]

+
,

[

Ji, G
ā
j

]

+
,
[

Jj, G
ā
i

]

+
,

pj
[

Ji, T
ā
]

+
, εikl

[

Jk, G
ā
l

]

+
. (23)

At the next-leading order in the power of 1/Nc expansion, the correlation functions in

Eq. (10) can be written in terms of the 11 operators above,

〈p̄, χ̄| C̄AA
ij,ā |p, χ〉 = p̄i pj (χ̄| gAA1 T ā + 1

2
gAA2

[

Jk, Gā
k

]

+
|χ),

〈p̄, χ̄| C̄V V
ij,ā |p, χ〉 = δij (χ̄| gV V1 T ā + 1

2
gV V2

[

Jk, Gā
k

]

+
|χ)

+ i ǫijk(χ̄| gV V3 Gā,k + 1
2
gV V4

[

Jk, T ā
]

+
|χ)

+ (χ̄|1
2
gV V5

[

Ji, G
ā
j

]

+
+ 1

2
gV V6

[

Jj, G
ā
i

]

+
|χ),

〈p̄, χ̄| C̄V A
ij,ā |p, χ〉 = pj (χ̄| gV A1 Gā

i +
1
2
gV A2

[

Ji, T
ā
]

+
+ 1

2
gV A3 i εikl

[

Jk, G
ā
l

]

+
|χ). (24)

Note that in the calculation above we have used the results of the actions of one-body and all

symmetric combinations of two one-body effective operators on effective charmed baryons

13



states with truncation at Nc = 3 in Ref. [33]. It is found that the coupling constants of

effective operators in Eq. (24) have the Nc scaling as follows :

gAA1 , gV V1,3 , g
V A
1 ∼ N0

c , gAA2 , gV V2,4,5,6 , g
V A
2,3 ∼ N−1

c . (25)

Matching the spin-flavor structures between the non-relativistic expansions in Eqs. (13),

(16) and (17) and the charmed baryon matrix elements of the 1/Nc effective quark operator

product expansions in Eq. (24) up to order O
(

N−1
c

)

leads to the following correlations

between the parameters in both expansions,

c
(S)
1,[66] = gAA1 + gAA2 , c

(S)
2,[66] = 0 , c

(S)

1,[3̄3̄]
= gAA1 , c

(S)

2,[3̄3̄]
= 0 , c

(S)

1,[3̄6]
= 0 ,

d
(S)
1,[66] = gAA1 + gAA2 , d

(S)
2,[66] = 0 ,

c̃
(S)
1,[66] = gV V1 + gV V2 , c

(S)
2,[66] = 0 , c̃

(A)
1,[66] = −2

3
gV V3 − 4

3
gV V4 , c̃

(A)
2,[66] = 0 ,

c̃
(S)

1,[3̄3̄]
= gV V1 , c̃

(S)

2,[3̄3̄]
= 0 , c̃

(A)

1,[3̄3̄]
= 0 , c̃

(A)

2,[3̄3̄]
= 0 ,

c̃
(S)

1,[3̄6]
= 0 , c̃

(A)

1,[3̄6]
= − 1√

3
gV V3 +

1

2
√
3
g− ,

ẽA1,[66] = − 1√
3

(

gV V3 + 2 gV V4

)

− 1

2
√
3
g+ , ẽA2,[66] = − 1√

3

(

gV V3 + 2 gV V4

)

+
1

2
√
3
g+ ,

ẽA3,[66] = 0 , ẽA4,[66] = 0 , ẽA1,[3̄6] = −gV V3 − 1

2
g+ , ẽA2,[3̄6] = −gV V3 − 1

2
g+ ,

d̃
(S)
1,[66] = gV V1 + gV V2 +

1

2
g+ , d̃

(S)
2,[66] = 0 , d̃

(E)
1,[66] = −

(

gV V3 + 2 gV V4

)

− 1

2
g+ , d̃

(E)
2,[66] = 0 ,

d̃
(E)
3,[66] = −

(

gV V3 + 2 gV V4

)

+
1

2
g+ , d̃

(E)
4,[66] = 0 ,

c
(A)
1,[66] = −1

3

(

gV V3 + 2 gV V4

)

, c
(A)

1,[3̄6]
=

1√
3
gV A1 − 1√

3
gV A3 ,

c
(A)

1,[3̄3̄]
= 0 , c

(A)

2,[3̄3̄]
= 0 ,

e
(A)
1,[66] = e

(A)
2,[66] = −1

3

(

gV A1 + 2 gVA2

)

, e
(A)
3,[66] = e

(A)
4,[66] = 0 , e

(A)

1,[3̄6]
= e

(A)

2,[3̄6]
= gV A1 − gV A3 ,

d
(E)
1,[66] = −gV A1 − 2 gV A2 , d

(E)
2,[66] = 0 , (26)

where g± = gV V5 ± gV V6 .

Comparing with the 42 chiral parameters in the Lagrangian, we obtain a set of 29 sum

rules,

c
(S)
1,[66] = d

(S)
1,[66] , c

(S)

1,[3̄6]
= 0 , c

(S)
2,[66] = 0 , c

(S)

2,[3̄3̄]
= 0 , d

(S)
2,[66] = 0 ,
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c̃
(S)
1,[66] = d̃

(S)
1,[66] +

1

2
√
3
ẽ
(A)
1,[66] −

1

2
√
3
ẽ
(A)
2,[66] , c̃

(A)
1,[66] =

1

2
√
3
ẽ
(A)
1,[66] +

1

2
√
3
ẽ
(A)
2,[66] ,

c̃
(A)

1,[3̄6]
=

1√
3
ẽ
(A)

2,[3̄6]
, d̃

(E)
1,[66] =

√
3 ẽ

(A)
1,[66] , d̃

(E)
3,[66] =

√
3 ẽ

(A)
2,[66] , ẽ

(A)

1,[3̄6]
= ẽ

(A)

2,[3̄6]
,

c̃
(A)

1,[3̄3̄]
= 0 , c̃

(S)
2,[66] = 0 , c̃

(S)

2,[3̄3̄]
= 0 , c̃

(A)
2,[66] = 0 , c̃

(A)

2,[3̄3̄]
= 0 ,

d̃
(S)
2,[66] = 0 , d̃

(E)
2,[66] = 0 , d̃

(E)
4,[66] = 0 , ẽ

(A)
3,[66] = 0 , ẽ

(A)
4,[66] = 0 ,

c
(A)
1,[66] =

1√
3
e
(A)
1,[66] , d

(E)
1,[66] =

√
3 e

(A)
1,[66] , c

(A)

1,[3̄6]
=

1√
3
e
(A)

1,[3̄6]
,

c
(A)

1,[3̄3̄]
= 0 , c

(A)
2,[66] = 0 , c

(A)

2,[3̄3̄]
= 0 , d

(E)
2,[66] = 0 , e

(A)
4,[66] = 0 . (27)

Considering only the large-Nc operator expansion analysis, the free parameters in the La-

grangian are reduced from 42 to 42 − 29 = 13. Therefore we conclude that large-Nc analysis

with Nc = 3 determines 29 sum rules up to ≈ 30% corrections.

The combination of the large-Nc sum rules Eq. (27) with the ones from the heavy-quark

symmetry in Eq. (9) leads to 3 additional sum rules,

f
(S)
2 = f

(S)
4 = f

(T )
2 = 0 . (28)

Therefore, the independent sum rules are 38 totally and hence the coupling constants of

chiral Lagrangian are reduced to 42 − 38 = 4 free parameters only. The Lagrangian in

Eq. (2) takes the form in terms of the 4 independent parameters,

Lcounter = g1

(

D B̄[3̄]B[3̄] D̄ − 1

2
Dµν B̄[3̄]B[3̄] D̄

µν

)

+ g2

(

D B̄[6]B[6] D̄ − 1

2
Dµν B̄[6]B[6] D̄

µν −D B̄α
[6] gαβ B

β
[6] D̄ +

1

2
Dµν B̄

α
[6] gαβ B

β
[6] D̄

µν

)

+
g3
2

(

− i√
3Mc

{

Dµν B̄[6] γ
µγ5 B[3̄] (∂

νD̄)− (∂νD) B̄[6] γ
µγ5 B[3̄] D̄µν

}

+ h.c.

− 1

2
√
3Mc

ǫµναβ
{

Dµν B̄[6] γα γ5B[3̄](∂
τ D̄τβ) + (∂τDτβ) B̄[6] γα γ5B[3̄] D̄µν

}

+ h.c.

+
i

2
ǫµναβ

{

Dαβ B̄µ
[6] γ

ν γ5B[3̄] D̄ +D B̄µ
[6] γ

ν γ5B[3̄] D̄
αβ
}

+ h.c.

+
{

Dαν B̄
µ
[6] γ

ν γ5B[3̄] g
αβ D̄βµ −Dαµ B̄

µ
[6] γ

ν γ5B[3̄] g
αβ D̄βν

}

+ h.c.

)

+ g4

(

i

Mc
Dµν B̄[6] γ

µ γ5B[6] (∂
νD̄) +

1

4Mc
ǫµναβDµν B̄[6] γα γ5B[6](∂

τ D̄τβ) + h.c.
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+
i

4
√
3
ǫµναβ

{

Dαβ B̄µ
[6] γ

ν γ5B[6] D̄ +D B̄µ
[6] γ

ν γ5B[6] D̄
αβ
}

+ h.c.

+
1

2
√
3

{

Dαν B̄
µ
[6] γ

ν γ5B[6] g
αβ D̄βµ −Dαµ B̄

µ
[6] γ

ν γ5B[6] g
αβ D̄βν

}

+ h.c.

+
i

12
ǫµναβ D

µν B̄α
[6]B

β
[6] D̄ + h.c.

+
1

6

{

Dβµ B̄
τ
[6]B

β
[6] D̄

µ
τ −Dαµ B̄

α
[6]B

τ
[6] D̄

µ
τ

}

)

. (29)

Notice that the four free parameters have the Nc scaling, g1 ∼ N0
c and g2,3,4 ∼ N0

c + 1/Nc ,

as shown in Eq. (26) which match the chiral parameters with the coefficients of the effective

operators in Eq. (25).

The final lagrangian in Eq. (29) implies that the DB̄[3̄]B[3̄]D̄ and D∗B̄[3̄]B[3̄]D̄
∗ sys-

tems have the same scalar coupling g1, while the DB̄[6]B[6]D̄, D∗B̄[6]B[6]D̄
∗, DB̄∗

[6]B
∗
[6]D̄

and D∗B̄∗
[6]B

∗
[6]D̄

∗ systems have the same coupling g2 in the approximation of the heavy-

quark symmetry and large-Nc. For the axial-vector interaction, the systems DB̄[6]B[3̄]D̄
∗,

D∗B̄[6]B[3̄]D̄
∗, DB̄∗

[6]B[3̄]D̄
∗ and D∗B̄∗

[6]B[3̄]D̄
∗ have the same coupling g3, but the systems

DB̄[6]B[6]D̄
∗, D∗B̄[6]B[6]D̄

∗, DB̄∗
[6]B[6]D̄

∗ and D∗B̄∗
[6]B[6]D̄

∗ have the same coupling g4.

V. SUMMARY

We have constructed chiral SU(3) Lagrangian with D mesons of spin JP = 0− and

JP = 1− and charmed baryons of spin JP = 1/2+ and JP = 3/2+. There are altogether

42 independent terms in the chiral Lagrangian, which contribute, at chiral order Q0, to

scattering processes of the D mesons and charmed baryons. We have applied both the

heavy-quark symmetry and the large-Nc analysis to constraint the coupling constants. The

heavy-quark mass expansion provides 35 sum rules at leading order, while the 1/Nc analysis

at next-leading order of 1/Nc expansion predicts 29 sum rules. The heavy-quark symmetry

and large-Nc operator analysis together arise totally 38 sum rules, and hence the unknown

parameters in the Lagrangian are reduced down to 42−38 = 4 only, reduced by a factor of

10 approximately. The result remarkably demonstrates the consistence of the heavy-quark

symmetry and the large-Nc analysis for the chiral Lagrangian with D mesons and charmed

baryons. The sum rules are useful constraints in establishing a systematic coupled-channel

chiral effective field theory for the D meson and charmed-baryon scattering beyond the

threshold region in the hidden and doubly charmed baryon systems.
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Recently, LHCb has reported two hidden charmed baryon resonances, P+
c (4380) and

P+
c (4450) [52]. However, whether these states are pentaquarks or molecules is still in ques-

tion. The couple channel study of D meson and charmed baryon systems in the short range

interactions in this work and long range interactions [7, 8, 11–13, 15] may provide more

information of properties of these two states.

The counter terms may serve as a good approximation to the contributions of various

t-channel ψ meson exchanges in charm meson and charmed baryon collisions. The effective

coupling constants may be written in the form, for example, for the DDΛcΛc counter term,

gDDΛcΛc =
∑

i

gDDψi

1

Mψi

gψiΛcΛc . (30)

The coupling constants gDDψi
may be estimated by fitting e−e+ → DD̄ data in meson-

exchange theories [53–55] or in quark models [56]. There is no experimental data available for

extracting the coupling constant gψiΛcΛc , but one may estimate it indirectly in the 3P0 quark

model [57], considering that the 3P0 quark dynamics is of independence of environments

where heavy quarks may or may not be a component of baryons [58].
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