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Abstract. In this paper, we consider the Universe at the late stage of its evolution and deep
inside the cell of uniformity. At these scales, we can consider the Universe to be filled with
dust-like matter in the form of discretely distributed galaxies, aK-essence scalar field, playing
the role of dark energy, and radiation as matter sources. We investigate such a Universe in
the mechanical approach. This means that the peculiar velocities of the inhomogeneities
(in the form of galaxies) as well as the fluctuations of the other perfect fluids are non-
relativistic. Such fluids are designated as coupled because they are concentrated around
the inhomogeneities. In the present paper, we investigate the conditions under which the
K-essence scalar field with the most general form for its action can become coupled. We
investigate at the background level three particular examples of the K-essence models: (i)
the pure kinetic K-essence field, (ii) a K-essence with a constant speed of sound and (iii) the
K-essence model with the Lagrangian bX+cX2−V (φ). We demonstrate that if theK-essence
is coupled, all these K-essence models take the form of multicomponent perfect fluids where
one of the component is the cosmological constant. Therefore, they can provide the late-time
cosmic acceleration and be simultaneously compatible with the mechanical approach.
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1 Introduction

The late-time cosmic acceleration detected a bit more than a decade ago [1, 2] is still one
of the biggest challenge of modern physics and cosmology. A number of alternative theories
trying to explain this big puzzle were proposed. Most of these proposals are coined with
the name dark energy (DE). The models using scalar fields to explain DE are amongst the
most popular ones. These are called quintessence [3–6] whenever the equation of state (EoS)
parameter satisfies −1 < w < 0, phantom [7, 8] when w < −1, and quintom [9] if there is
w = −1 crossing. One important and interesting feature of such models is that they can
have a dynamical EoS which may solve the coincidence problem [10]. However, there is also
the possibility to construct models with constant w. This imposes severe restrictions on the
form of the scalar field potential [11–13].

The K-essence scalar field models are one of the most general forms of scalar field
theories. Here, the Lagrangian is a general function of the scalar field φ and its kinetic term
X. Originally, such models were propose to study the inflationary era [14, 15]. However,
after the discovery of the late-time cosmic acceleration, it was realized that these types of
models are also suitable to explain this phenomena (see e.g. the book [16] and references
therein).

In the present paper, we study the K-essence model at the background and perturbed
levels. The study at the perturbed level is carried for the late-time Universe and deep inside
the cell of uniformity1. In this regime, the Universe is highly inhomogeneous. We can
clearly observe inhomogeneities in the form of galaxies and group of galaxies which have
non-relativistic peculiar velocities. Under such conditions, the mechanical approach [18, 19]

1For an estimation of the dimension of the cell of uniformity (the scale of homogeneity) for the gravitational
interaction at large distances, see [17].
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is an adequate tool to study the cosmological scalar perturbations. Moreover, it enables us
to get the gravitational potential and to consider the motions of galaxies [20]. On top of the
inhomogeneities, we include matter (in our case this is of the form of a K-essence scalar field)
in a very specific form such that their fluctuations have also non-relativistic peculiar velocities.
This usually happens when these fluctuations are concentrated around the inhomogeneities
(e.g. around the galaxies). In this sense, these fluids are coupled to the inhomogeneities
[21]. Such fluids were considered in our previous papers [22–26]. On the other hand, we have
shown [27] that fluids with a linear EoS (e.g. the Chevallier-Polarski-Linder model) cannot
be coupled.

On our previous paper [26], we have considered a canonical scalar field and demonstrated
that this scalar field can be coupled. At the background level, such a coupled scalar field
is being considered as a one-component perfect fluid that has a constant EoS parameter
w = −1/3, unsuitable, therefore, to explain the late-time acceleration for the Universe. In
the present paper, we generalize our analysis to the case of K-essence scalar fields. First,
we define the conditions under which the K-essence scalar field (with the most general K-
essence action) is coupled. Then, at the background level we consider particular examples
of the K-essence fields in the case where they satisfy the coupling conditions. For all these
examples, we show that the K-essence scalar field takes the form of a multicomponent perfect
fluid where one of the component represents a cosmological constant. It happens even in the
case of a pure kinetic model where a potential energy term is absent. Therefore, such fluids
can provide the late-time cosmic acceleration and at the same time be compatible with the
mechanical approach. The last two sentences summarize the main result of our present work.

The paper is structured as follows. The background equations are given in Sec. 2.
In Sec. 3, we investigate within the mechanical approach the scalar perturbations for the
considered cosmological model with the most general action for the K-essence scalar field,
and define the conditions under which the scalar field satisfies the coupling conditions. In
Sec. 4, we investigate at the background level three particular examples of the K-essence
models: (i) the pure kinetic K-essence field, (ii) a K-essence with a constant speed of sound
and (iii) the K-essence model with the Lagrangian bX + cX2 − V (φ). We demonstrate
that if they are coupled, all these K-essence scalar fields take the form of multicomponent
perfect fluids where one of the component is the cosmological constant. The main results are
summarised in the concluding Sec. 5.

2 Background equations

The K-essence field action has a general form [14–16]:

SP =

∫

d4x
√

|g| LP =

∫

d4x
√

|g| P (X,φ) , X =
1

2
gµν∂µφ∂νφ , (2.1)

where P is an arbitrary function of X and φ. The field equation is obtained by varying this
action with regards to φ:

1
√

|g|
∂µ

(

√

|g| gµνPX ∂νφ
)

− Pφ = 0 . (2.2)

Henceforth, and whenever there is no risk of confusion in the notation, the subscripts X-
and φ indicate derivatives with respect to X and φ, respectively, i.e., fX ≡ (∂f/∂X) and
fφ ≡ (∂f/∂φ).
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The K-essence energy-momentum tensor is [14–16]:

Tµν = 2
δLP

δgµν
− gµνLP = 2PX

δX

δgµν
− gµνP

= PX ∂µφ∂νφ− gµνP = 2XPXuµuν − gµνP , (2.3)

where the 4-momentum vector uµ ≡ ∂µφ/ (2X)1/2 is defined in [14–16] in analogy with the
case of a minimally coupled scalar field [28]. Comparison of (2.3) with the perfect fluid
formulation

Tµν = (ε+ P )uµuν − gµνP (2.4)

leads to the expression for the energy density of the K-essence field [14–16]

ε = 2XPX − P . (2.5)

Using this definition we can express the EoS, w, and the squared speed of sound, c2s, as
[15, 16]:

w ≡ P

ε
=

P

2XPX − P
=

[

2
∂ lnP

∂ lnX
− 1

]−1

, (2.6)

c2s ≡
PX

εX
=

PX

2XPXX + PX
=

[

2
∂ lnPX

∂ lnX
+ 1

]−1

. (2.7)

In a Friedmann-Lemâıtre-Robertson-Walker (FLRW) Universe, we will stick to this
symmetry on the rest of this section, the conservation of the energy density of the K-essence
reads

(ε̄)′ + 3H
(

ε̄+ P̄
)

= 0 . (2.8)

Hereafter, an overline denotes quantities related to the background FLRW model. Obviously,
they depend on time but not on spatial coordinates. We can write Eq. (2.8) as

ε̄XX̄ ′ + ε̄φφ
′
c + 6HX̄P̄X = 0 , (2.9)

where ε̄X = ∂ε
∂X (X̄, φc), ε̄φ = ∂ε

∂φ(X̄, φc), P̄X = ∂P
∂X (X̄, φc), etc, and φc = φc(η) is the back-

ground value of scalar field. Superscript prime denotes derivative with respect to the confor-
mal time η related to the synchronous time t as dt = adη, where a is the scale factor of the
Universe. Finally, H is the conformal Hubble parameter, i.e. H ≡ a′/a.

If we take into account the definition of the squared speed of sound (2.7) and that in a
FLRW Universe we have

X̄ =
1

2a2
(

φ′
c

)2 ⇒ X̄ ′ =
φ′
c

a2
(

φ′′
c −Hφ′

c

)

= 2X̄

(

φ′′
c

φ′
c

−H
)

, (2.10)

we can rewrite the background Eq. (2.9) as

φ′′
c +

(

3c2s − 1
)

Hφ′
c + a2

ε̄φ
ε̄X

= 0 . (2.11)

Alternatively, substituting the energy density ε̄ by it definition (2.5) in (2.9) and multiplying
the outcome by a2/φ′

c, the evolution equation of φc can be written in terms of the pressure
P̄ and its derivatives as follows

(

2X̄P̄XX + P̄X

)

φ′′
c − 2

(

X̄P̄XX − P̄X

)

Hφ′
c + a2

(

2X̄P̄φX − P̄φ

)

= 0 . (2.12)
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Before considering the perturbations of this background model, we will write some useful
relations:

φ′′
c −Hφ′

c = −3c2sHφ′
c − a2

ε̄φ
ε̄X

= −3H P̄X

2X̄P̄XX + P̄X
φ′
c − a2

2X̄P̄φX − P̄φ

2X̄P̄XX + P̄X
, (2.13)

P̄X =
ε̄+ P̄

2X̄
=

a2

(φ′
c)

2

(

ε̄+ P̄
)

, (2.14)

ε̄X =
ε̄+ P̄

2X̄c2s
=

a2

(φ′
c)

2

ε̄+ P̄

c2s
. (2.15)

3 Scalar perturbations

Let us now consider a perturbed FLRW Universe with metric

ds2 ≈ a2
[

(1 + 2Φ)dη2 − (1− 2Ψ)γαβdx
αdxβ

]

. (3.1)

The spatial sections have the metric γαβ and their topology can be flat (K = 0), closed
or hyperbolic (K = ±1). The perturbation of the K-essence scalar field energy-momentum
tensor are

δT 0
0 =

1

a2
(

2X̄P̄XX + P̄X

)

[

φ′
cϕ

′ −
(

φ′
c

)2
Φ
]

+
(

2X̄P̄φX − P̄φ

)

ϕ , (3.2)

δT 0
i = =

1

a2
P̄Xφ′

c ∂iϕ , (3.3)

δT i
j = −δij

[

1

a2
P̄Xφ′

cϕ
′ − 1

a2
P̄X

(

φ′
c

)2
Φ+ P̄φ ϕ

]

, (3.4)

where we split the scalar field into its background part φc(η) and its fluctuations ϕ(η, r):

φ = φc + ϕ . (3.5)

Taking into account also the possible contributions of dust (which represents the in-
homogeneities in the form of galaxies and groups of the galaxies) and radiation, Einstein
equations for scalar perturbations are reduced to a system of three equations:

∆Φ− 3H(Φ′ +HΦ) + 3KΦ =
κ

2
a2 (δεdust + δεrad)

+
κ

2

(

2X̄P̄XX + P̄X

)

[

φ′
cϕ

′ −
(

φ′
c

)2
Φ
]

+
κa2

2

(

2X̄P̄φX − P̄φ

)

ϕ , (3.6)

Φ′ +HΦ =
κ

2
P̄Xφ′

cϕ , (3.7)

2

a2

[

Φ′′ + 3HΦ′ + 2
a′′

a
Φ−H2Φ−KΦ

]

= κ

[

δPrad +
1

a2
P̄Xφ′

cϕ
′ − 1

a2
P̄X

(

φ′
c

)2
Φ+ P̄φ ϕ

]

, (3.8)

where κ ≡ 8πGN/c4 (c is the speed of light and GN is the Newtonian gravitational constant).
As we are in a regime where the anisotropies can be neglected, we put Ψ = −Φ. In Eq. (3.6)
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∆ is the Laplace operator with respect to the metrics γαβ . For dust we have δPdust = 0. As
we mentioned above, we consider dust in the form of discrete distributed inhomogeneities
(galaxies and groups of the galaxies) with the comoving real rest mass density:

ρ =
1

γ

∑

i

miδ(r − ri) , (3.9)

where mi and ri are the mass and the comoving radius vector, respectively, of the ith inho-
mogeneity. For the fluctuation of the energy density of dustlike matter, we have [18]:

δT 0
0 dust = δεdust =

δρc2

a3
+

3ρ̄c2Φ

a3
. (3.10)

where δρ is the difference between the real and the average rest mass densities (comoving):

δρ = ρ− ρ̄ . (3.11)

In (3.10), we keep only terms linear in Φ disregarding nonlinear expressions Φ2/a3,Φ3/a3, etc
(see footnote 2 in [27]). As we can see below (e.g. Eq. (3.17)), Φ ∼ 1/a. Therefore, we drop all
terms O(1/an) with n > 4. This is the accuracy of our approach. Radiation satisfies the well
known EoS P̄rad = (1/3)ε̄rad. This results in the following behaviour ε̄rad ∼ 1/a4. Obviously,
EoS for the fluctuations of radiation is δprad = 1

3δεrad. Then, within the mechanical approach,
we get (see, e.g., appendix in [27]): δεrad ∼ 1/a4.

It is worth noting that according to the mechanical approach (see details in [18, 19]),
we can drop the terms containing the peculiar velocities of the inhomogeneities and radiation
as these are negligible when compared with their respective energy density and pressure
fluctuations. However, when dealing with a scalar field, such an approach is not evident
since the quantity treated as the peculiar velocity of the scalar field is proportional to the
scalar field perturbation ϕ. Therefore, in our analysis we propose the following strategy. As
a first approximation, we set the scalar field perturbations (3.7) to zero. In a second and
more accurate approach, we preserve the scalar field perturbation in (3.7) since we keep it
in Eqs. (3.6) and (3.8). Then, a subsequent analysis of the equations must show whether or
not we can equate to zero the right hand side (r.h.s.) of Eq. (3.7). In what follows, we shall
demonstrate that for the coupled scalar field, r.h.s. of (3.7) can indeed be set to zero in a
consistent way within the mechanical approach as it usually happens for coupled fluids [21].

3.1 Scalar field fluctuation ϕ = 0

Let us consider, first, the particular case ϕ = 0. Even if the scalar field fluctuation is equal to
zero, the fluctuations of its energy density and pressure do not vanish due to the interaction
between the K-essence scalar field background and the gravitational potential (see Eqs. (3.2)
and (3.4)):

δε = − 1

a2
(

2X̄P̄XX + P̄X

) (

φ′
c

)2
Φ , (3.12)

δP = − 1

a2
P̄X

(

φ′
c

)2
Φ . (3.13)
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It is well known that energy densities and pressure are measurable quantities unlike fields.
In the case ϕ = 0, the Eqs. (3.6)-(3.8) read:

∆Φ− 3H(Φ′ +HΦ) + 3KΦ =
κ

2
a2 (δεdust + δεrad)−

κ

2
(2XPXX + PX)

(

φ′
c

)2
Φ ,(3.14)

Φ′ +HΦ = 0 , (3.15)

2

a2

[

Φ′′ + 3HΦ′ + 2
a′′

a
Φ−H2Φ−KΦ

]

= κ

[

δεrad
3

− 1

a2
PX

(

φ′
c

)2
Φ

]

. (3.16)

From Eq. (3.15) we obtain

Φ(η, r) =
f(r)

c2a(η)
. (3.17)

where f(r) is a function of all spatial coordinates and we have introduced c2 in the denomi-
nator for convenience.

After substituting (3.17) into (3.14) and (3.16), we get

∆f + 3Kf =
κc2a3

2
(δεdust + δεrad)−

κ

2

(

2X̄P̄XX + P̄X

) (

φ′
c

)2
f , (3.18)

(

H′ −H2 −K
) f

a3
=

κc2

2

δεrad
3

− κ

2
P̄X

(

φ′
c

)2 f

a3
. (3.19)

Using the background equation

H′ −H2 −K = −κa2

2

(

ε̄dust +
4

3
ε̄rad + ε̄+ P̄

)

, (3.20)

in Eq. (3.19), we obtain
(

4

3
ε̄rad + ε̄dust

)

f

a
= −c2

3
δεrad , (3.21)

where we have used the relation:

ε̄+ P̄ =

(

φ′
c

a

)2

P̄X . (3.22)

We now discard the ε̄rad/a term as it decays with (1/a)5 and is therefore outside of the
accuracy of the method. Writing the background energy density of dust as

ε̄dust =
ρ̄c2

a3
, (3.23)

we obtain from (3.21)

δεrad = −3ρ̄

a4
f , (3.24)

in full agreement with [18, 19]. This equation demonstrates that δεrad ∼ 1/a4 as we mentioned
already above.

Coming back to Eq. (3.18) and substituting there Eq. (3.10), we now find

∆f + 3Kf − κc4

2
δρ = −κ

2

(

2X̄P̄XX + P̄X

) (

φ′
c

)2
f . (3.25)

– 6 –



In the previous equation, l.h.s. does not depend on time. In order for r.h.s. of this equation
to be independent of time we must impose

(

2X̄P̄XX + P̄X

)

X̄ =
β2

2

(a0
a

)2
, (3.26)

where β is a constant and where we have used (2.10). Taking into account this constraint
and using the definition of the squared speed of sound (see Eq. (2.7)), we also find that

c2s =
2X̄P̄X

β2

(

a

a0

)2

. (3.27)

Substituting Eq. (3.26) in Eq. (3.25), we obtain

∆f − λ2f =
κc4

2
δρ , (3.28)

where λ2 = −κa20
2 β2 − 3K and δρ is defined in Eqs. (3.9) and (3.11). This equation can be

solved for any spatial topology [22]. For example, in the case of spatially flat (K = 0) and
hyperbolic (K = −1) geometries we get, respectively:

f = −GN

∑

i

mi

|r− ri|
exp (−λ|r− ri|) +

4πGN ρ̄

λ2
, (3.29)

f = −GN

∑

i

mi
exp(−li

√
λ2 + 1 )

sinh li
+

4πGNρ

λ2
, (3.30)

where li denotes the geodesic distance between the i-th mass mi and the point of observa-
tion. To obtain these physically reasonable solutions (i.e. solutions which have the correct
Newtonian limit near inhomogeneities and converge at spatial infinity) (3.29), we impose
that λ2 > 0. In the case of spatially flat topology, this means that β2 < 0. However, for a
hyperbolic space, λ2 can acquire positive values if β2 is positive.

Eqs. (3.12) and (3.13) demonstrate that δε and δP are proportional to the gravitational
potential Φ = f/(c2a). Therefore, as it follows from Eqs. (3.29) and (3.30), these fluctuations
are concentrated around the inhomogeneities screening them. Hence, the considered K-
essence scalar field is really coupled to the galaxies and the group of galaxies. Moreover, as
it follows from (3.24), the fluctuations of radiation are also coupled to the inhomogeneities.

One further very important feature of the gravitational potentials (3.29) and (3.30): as it
was shown in [22], these solutions satisfy the important condition that the total gravitational
potential averaged over the whole Universe is equal to zero: f = 0 ⇒ Φ = 0. This implies
another physically reasonable condition: δε = δP = 0 (see Eqs. (3.12) and (3.13)). It is
obvious that the averaged value of the fluctuations should be equal of zero.

In order to solve Eqs. (2.12) and (3.26), we need to define the explicit form of the
function P (X,φ). For example, in the case of the canonical minimally coupled scalar field:

P (X,φ) = X − V (φ) ⇒ PX = 1 , Pφ = − ∂V

∂φ
, PXX = PφX = 0 , (3.31)

we reproduce the results of the paper [26]:

φc = βa0η + γ , V (a) = β2
(a0
a

)2
+ V∞ , γ, V∞ = const , (3.32)

where in [26], we set V∞ to zero (see lhs column of page 5 in [26]). Below, we shall consider
some more general and interesting examples.
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3.2 General scalar field fluctuation ϕ

Now, r.h.s. of Eq. (3.7) is not equal to zero. Differentiating this equation with respect to
the conformal time, we obtain

Φ′′ +HΦ′ +H′Φ =
κ

2
P̄X

[

φ′
cϕ

′ − 2Hφ′
cϕ
]

+
κa2

2
P̄φϕ , (3.33)

where we have also used the relation (2.13). Substituting Eqs. (3.7) and (3.33) in (3.8) we
get

2

a2
(

H′ −H2 −K
)

Φ = κ

[

δprad −
1

a2
P̄X

(

φ′
c

)2
Φ

]

. (3.34)

This equation looks similar to Eq. (3.19). However, in this case the dependence of Φ on the
scale factor is not specified in (3.34). With the help of Eqs. (3.20) and (2.14), we find

−
(

4

3
ε̄rad + ε̄dust

)

Φ =
1

3
δεrad . (3.35)

Since ε̄rad ∼ 1/a4, then for large scale factors, a, we can drop this term as compared to ε̄dust ∼
1/a3. Moreover, as we shall see later (c.f. the last paragraph of the current subsection),
the product 4

3 ε̄radΦ ∼ O(1/a5) for the physically solvable case. Therefore, 4
3 ε̄radΦ can be

neglected as it is out of the accuracy of the mechanical approach. Therefore, our consideration
is self-consistent and we arrive at

δεrad = −3ε̄dustΦ . (3.36)

This is a physically reasonable expression for the radiation fluctuations coupled to galaxies
and cluster of galaxies (see, e.g., Eq. (4.19) in [19]).

Let us now go back to Eq. (3.6). Taking into account Eqs. (3.7), (3.10), and (3.36), we
get

∆Φ + 3KΦ − κc2

2

δρ

a
=

κ

2

(

2X̄P̄XX + P̄X

)

[

φ′
cϕ

′ −
(

φ′
c

)2
Φ−

(

φ′′
c −Hφ′

c

)

ϕ
]

, (3.37)

which is complemented by Eq. (3.7).
We next use the ansatz

Φ(η,x) ≡ Ω(η,x)

a
, ϕ(η,x) ≡ φ′

c

a
χ(η,x) . (3.38)

From this ansatz, we get:

Ω′ = a
(

Φ′ +HΦ
)

, (3.39)

χ′ =
a

(φ′
c)

2

[

φ′
cϕ

′ −
(

φ′′
c −Hφ′

c

)

ϕ
]

. (3.40)

Then, Eqs. (3.37) and (3.7) read, respectively:

∆Ω + 3KΩ − κc2

2
δρ =

κ

2

(

2X̄P̄XX + P̄X

) (

φ′
c

)2 [
χ′ − Ω

]

, (3.41)

Ω′ =
κ

2
P̄X(φ′

c)
2χ . (3.42)
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Differentiating the second equation, we find

χ′ =
2

κ

1

P̄X(φ′
c)

2

[

Ω′′ −
(

2X̄P̄XX + P̄X

P̄X

(

φ′′
c

φ′
c

−H
)

+
φ′′
c

φ′
c

+H +
P̄φX

P̄X
φ′
c

)

Ω′
]

. (3.43)

Substituting this expression in Eq. (3.41), we obtain a second order linear partial differential
equation for Ω with the source term (κc2/2)δρ:

∆Ω+3KΩ−κc2

2
δρ =

1

c2s

[

Ω′′ −
(

c2s + 1

c2s

φ′′
c

φ′
c

+
c2s − 1

c2s
H +

P̄φX

P̄X
φ′
c

)

Ω′ − κ

2
P̄X(φ′

c)
2Ω

]

. (3.44)

Here we have used the definition of c2s given in Eq. (2.7).

Let us now analyse the structure of this equation. If c2s > 0 then the previous equa-
tion corresponds to an inhomogeneous hyperbolic partial differential equation. In fact, by
multiplying it by c2s and rearranging the terms we obtain a general wave equation

c2w(η)∆Ω(η, ~x)− Ω′′(η, ~x)− γ(η)Ω′(η, ~x)− k(η)Ω(η, ~x) = F (~x) , (3.45)

where we identify the quantities:

1. cw = cs is the propagation speed of the waves;

2. γ = −
(

c2s+1
c2s

φ′′

c

φ′

c
+ c2s−1

c2s
H +

PφX

PX
φ′
c

)

is the damping factor;

3. k = −
[

3K + κ
2PX(φ′

c)
2
]

is the restoration factor;

4. F = κc2

2 δρ is the source term.

The solution to Eq. (3.45) can be written as

Ω = Ωwave +Ωδρ , (3.46)

where Ωwave corresponds to the travelling wave that solves the homogeneous equation. We
should notice that this solution (regardless of the sign of c2s) is “blind” to the effects of the
source term. Therefore, this solution lacks physical interest because we are studying fluctu-
ations arising precisely from the inhomogeneities. Second, it is obvious that the travelling
waves cannot be coupled to the inhomogeneities. Therefore, we should set Ωwave ≡ 0. Obvi-
ously, a particular solution Ωδρ of the inhomogeneous equation encodes all the information
regarding the source term. A physically reasonable solution corresponds to the assumptions
Ωδρ ≡ f(x) and

c2s =
P̄X

2X̄P̄XX + P̄X
=

(

φ′
c

a0β

)2

P̄X , β = const . (3.47)

The later one is similar to the physical case described by (3.26). Such a choice provides, e.g.,
a correct transition to the astrophysical approach where the gravitational potential has the
right Newtonian form [26]. Under these assumptions, the function f(x) satisfies Eq. (3.28).
Additionally, since the function Ω does not depend on time, we get that χ = 0 ⇒ ϕ = 0 (see
Eq. (3.42)) and all the results obtained on the previous subsection 3.1 remain valid.
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4 Particular examples

In order to retrieve more information for K-essence models within the mechanical ap-
proach, we need to specify the algebraic form of the K-essence Lagrangian, P (X,φ). Our
analysis will be also carried within the framework of subsection 3.1. In addition, in this
section, we consider models where the function P has the general form

P = K (X)− V (φ) . (4.1)

In this kind of models, the equations of the K-essence simplify considerably since any term
with crossed derivatives PφX vanishes automatically. Furthermore the constraint (3.26) can
be used to determine the dependence of the kinetic term on the size of the Universe, i.e.
X(a). We can also find a relation V (a) from Eq. (2.11) which can be re-written in the form:

Va ≡ dV

da
= −β2

2

(a0
a

)2
[

6c2s
a

+
1

X̄

dX̄

da

]

. (4.2)

This relation has been obtained by taking into account that P̄φ = −Vφ = −(aH/φ′
c)(dVa/da),

using Eq. (3.26) and the auxiliary equations:

φ′
c = a

√

2X̄ , φ′′
c = Hφ′

c

(

1 +
a3

φ′2
c

dX̄

da

)

.

In what follows, we study relevant K-essence models by analysing the solutions of
Eqs. (3.26) and (4.2).

4.1 Purely kinetic K-essence (PKK) models

4.1.1 Generic case

Purely kinetic K-essence (PKK) models can in general be described by a Lagrangian with
the form

P (X,φ) = P (X) . (4.3)

These type of models were considered as a possible resolution of the late-time cosmic acceler-
ation problem (see for example Refs. [29–35]). As we shall see below, the PKK models with
the coupled K-essence scalar field can really provide the late-time acceleration of the Uni-
verse; i.e. a late-time acceleration of the Universe compatible with the scalar perturbations
as dictated by the mechanical approach.

The equation of motion (2.9) for a PKK field takes the form

(

P̄X + 2X̄P̄XX

) ˙̄X + 6HX̄P̄X = 0 , (4.4)

where the dot denotes the derivative with respect to the cosmic (synchronous) time (t) and
H is the Hubble parameter; i.e. H = ȧ/a. Changing the independent variable from the
cosmic time t to the scale factor a, Eq. (4.4) can be re-written as [34]

(

P̄X + 2X̄P̄XX

)

a
dX̄

da
+ 6X̄P̄X = 0 . (4.5)

– 10 –



For P̄X 6= const, the solution of this equation is

X̄P̄ 2
X = k

(

a

a0

)−6

⇒ P̄X =

√

k

X̄

(

a

a0

)−3

, (4.6)

where k is an integration constant. Therefore, for the speed of sound squared (3.27) we
obtain

c2s =
2

β2

√

kX̄
(a0
a

)

= (c2s)0

√

X̄

X̄0

(a0
a

)

. (4.7)

The present time values (c2s)0 and X̄0 are expressed via the free parameters k and β2 as

√
k

β2
=

1

2

(

c2s
)

0
√

X̄0

. (4.8)

Substituting Eqs. (3.26) and (4.6) in Eq. (4.5), we obtain

dX̄

X̄
√
X̄

= −12
√
ka0

β2

da

a2
. (4.9)

The solution of this equation reads

X̄ = X̄0

[

1 + 3
(

c2s
)

0

(

1− a0
a

)]−2
. (4.10)

If (c2s)0 = −1/3 the previous expression reduces to X = X0(a/a0)
2, and therefore the kinetic

term X blows up in the distant future as a → ∞. In this case, the Universe is asymptotically
de Sitter as can be easily deduced from the expressions (4.16) and (4.17). For (c2s)0 6= −1/3
we find that in the limit of very large scale factors the kinetic variable X does not decay to
zero and instead goes to a constant value X∞ = X0[1+3(c2s)0]

−2. However, for (c2s)0 < −1/3
we find that X diverges at a finite value of a > a0 while for (c2s)0 > 0 we find that X diverges
at a finite value a < a0. It can be shown that in this case, the Universe would face a big
freeze singularity [36, 37]; i.e. a dark energy singularity at a finite scale factor. Since the
methods developed so far in the mechanical approach should be applicable for big values of
the scale factor a >> a0, we, therefore, restrict our analysis to (c2s)0 ≥ −1/3.

With the help of Eq. (4.10), the formula (4.7) for the speed of sound squared reads

c2s =

(

c2s
)

0

(

a0
a

)

1 + 3 (c2s)0
(

1− a0
a

) . (4.11)

In the case of (c2s)0 = −1/3, the right hand side of this equation reduces to a constant with
c2s = (c2s)0 = −1/3. Furthermore, similar to what was found for X, for (c2s)0 < −1/3, the
speed of sound squared has a divergence in the future, while for (c2s)0 > 0 the speed of sound
squared has a divergence in the past. For −1/3 < (c2s)0 < 0 the speed of sound squared is
initially −1/3 at a = 0 and raises monotonically to −0 in the distant future as a → ∞.

Let us now invert the relation (4.10) to obtain the ratio a0/a as a function of X:

a0
a

= 1 +
1

3 (c2s)0

[

1−
(

X̄

X̄0

)−1/2
]

. (4.12)

– 11 –



By substituting this equation into Eq. (4.6), we get the differential equation

PX =

√

k

X̄

{

1 +
1

3 (c2s)0

[

1−
(

X̄

X̄0

)−1/2
]}3

, (4.13)

which has the solution:

P̄ = P̄0 +
β2

6

(

1

3 (c2s)0

)2
{

2
[

1 + 3
(

c2s
)

0

]3

[

(

X̄

X̄0

)1/2

− 1

]

− 3
[

1 + 3
(

c2s
)

0

]2
log

(

X̄

X̄0

)

− 6
[

1 + 3
(

c2s
)

0

]

[

(

X̄

X̄0

)−1/2

− 1

]

+

[

(

X̄

X̄0

)−1

− 1

]}

. (4.14)

Using the definition of the energy density of the K-essence (2.5), we obtain

ε̄ = 2X̄P̄X − P̄ = ε0 +
β2

6

(

1

3 (c2s)0

)2{

3
[

1 + 3
(

c2s
)

0

]2
log

(

X̄

X̄0

)

+ 12
[

1 + 3
(

c2s
)

0

]

[

(

X̄

X̄0

)−1/2

− 1

]

− 3

[

(

X̄

X̄0

)−1

− 1

]}

, (4.15)

where we have introduce the value of the energy density of the K-essence at the present time,
defined as ε̄0 = −P̄0 + β2(c2s)0.

In the particular case of (c2s)0 = −1/3, we obtain

P̄ = P̄0 +
β2

6

[

(

X̄

X̄0

)−1

− 1

]

= P̄0 +
β2

6

[

(a0
a

)2
− 1

]

, (4.16)

which has the limiting value P̄∞ = P̄0 − β2

6 , and

ε̄ = −P̄0 +
β2

6

[

1− 3

(

X̄

X̄0

)−1
]

= −P̄0 +
β2

6

[

1− 3
(a0
a

)2
]

, (4.17)

with the limiting value ε̄∞ = −P̄∞. If P̄∞ 6= 0, the K-essence behaves (at the background
level) as a two-components perfect fluid: a cosmological constant and a network of frustrated
cosmic strings (c.f. for example [38]). In fact, the effective EoS reads

P̄ =
2

3
P̄0 −

1

9
β2 − 1

3
ε̄ . (4.18)

Therefore, in this particular case the coupled K-essence scalar field can describe the late-
time acceleration of the Universe. If P̄∞ = 0, the K-essence perfectly mimics a network of
frustrated cosmic strings with w = c2s = −1/3.

Now, we analyse the late-time behaviour of the K-essence for a general value of c2s 6=
−1/3. To perform it, we can rewrite Eqs. (4.14) and (4.15) as follows:

P̄ = P̄∞ +
β2

6

[

1−
(

X̄∞

X̄0

)1/2
]−2{

2

[

(

X̄

X̄∞

)1/2

− 1

]

− 3 log

(

X̄

X̄∞

)

− 6

[

(

X̄

X̄∞

)−1/2

− 1

]

+

[

(

X̄

X̄∞

)−1

− 1

]}

, (4.19)
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and

ε̄ = ε̄∞+
β2

6

[

1−
(

X̄∞

X̄0

)1/2
]−2{

3 log

(

X̄

X̄∞

)

+ 12

[

(

X̄

X̄∞

)−1/2

− 1

]

− 3

[

(

X̄

X̄∞

)−1

− 1

]}

.

(4.20)
Here, we have introduced the limiting values of X for large scale factors for which the energy
density and the pressure can be expressed as:

X̄∞ = X̄0[1 + 3(c2s)0]
−2 , (4.21)

P̄∞ = P̄0 +
β2

6

[

1−
(

X̄∞

X̄0

)1/2
]−2{

2

[

1−
(

X̄∞

X̄0

)−1/2
]

− 3 log

(

X̄∞

X̄0

)

− 6

[

1−
(

X̄∞

X̄0

)1/2
]

+

[

1−
(

X̄∞

X̄0

)]

}

, (4.22)

ε̄∞ = ε̄0 +
β2

6

[

1−
(

X̄∞

X̄0

)1/2
]−2

{

3 log

(

X̄∞

X̄0

)

+ 12

[

1−
(

X̄∞

X̄0

)1/2
]

− 3

[

1−
(

X̄∞

X̄0

)]

}

= −P̄∞ . (4.23)

From these expressions, we find that P∞ + ε∞ = 0. Thus, if P∞ = −ε∞ 6= 0, the K-essence
field behaves as a cosmological constant at late time. Hence, in the case c2s 6= −1/3, we
again arrive to the conclusion that the coupled K-essence can provide the current cosmic
acceleration. To describe the considered model in more detail, we examine the next leading
order terms in the expansion 1/a. To do that, we rewrite Eq. (4.10) as

(

X̄

X̄∞

)

=

(

1 +

[

(

X̄∞

X̄0

)1/2

− 1

]

(a0
a

)

)−2

, (4.24)

substitute this expressions in Eqs. (4.19) and (4.20) and expand them around a → ∞:

P̄ = P̄∞ +
β2

6

[

1−
(

X̄∞

X̄0

)1/2
]−2

{

1

3
Ar

(a0
a

)4
+O

(

1

a5

)}

, (4.25)

ε̄ = ε̄∞ +
β2

6

[

1−
(

X̄∞

X̄0

)1/2
]−2

{

Ad

(a0
a

)3
+Ar

(a0
a

)4
+O

(

1

a5

)}

, (4.26)

where

Ad ≡ 2

[

1−
(

X̄∞

X̄0

)1/2
]3

, Ar ≡
3

2

[

1−
(

X̄∞

X̄0

)1/2
]4

. (4.27)

We thus find that if c2s > −1/3 the PKK model compatible with the constraint of the
mechanical approach (3.26) behaves at late-time like a fluid with three components: radiation,
dust, and a cosmological constant. Since Eqs. (4.25) and (4.26) were derived with the help
of Eqs. (3.26) and (3.27), the cosmological constant is a consequence of the condition of
the coupling of the K-essence scalar field to the ”discrete” and inhomogeneous structures
in the Universe; i.e. galaxies. We did not put such a constant by hand in the action. It
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is clear that such a model can provide the late-time cosmic acceleration of the Universe in
the absence of a scalar field potential term. Obviously, radiation and dust are dark (in the
sense that they mimic the ordinary dust and radiation). The ratios between each of the
components depend on the parameter β2 and on the value of the speed of sound squared
of the K-essence at present (c2s)0. As our results above show, in order for the model to be
free of divergences in the evolution of the kinetic variable X, we must constraint the model
to satisfy −1/3 ≤ (c2s)0 ≤ 0. This means that for the coupled K-essence scalar field (in
the considered PKK models) the speed of sound is imaginary. Usually, this leads to ghost
instabilities [39–42]. However, as it was shown in [43, 44], perfect fluids with negative speed
of sound squared could be stable if they are sufficiently rigid. This is our case because, due
to the concentration of fluctuations of the coupled perfect fluids around the inhomogeneities
(e.g. galaxies), they have velocities of the order of these inhomogeneities, i.e. very non-
relativistic. Obviously, the physical speed of sound in this case is close to zero. As noted on
the paper [45], for the ”solid” dark energy, a zero speed of sound is preferable.

4.1.2 Generalized Chaplygin gas model as a PKK model

The pure kinetic K-essence models, as the name indicates, are those K-essence models
whose Lagrangian depends only on the kinetic variable X and not directly on the field itself
(see Eq. (4.3)). These kinds of models have the particularity that the field φ is absent from
the evolution equations at the background level. Only φ′ and derivatives of higher orders
appear in these equations. In practice, this eliminates one degree of freedom from the system
and, as long as ε̄(X̄) is an invertible function, we find that a PKK model is equivalent to a
perfect fluid with barotropic EoS P̄ = −ε̄+ 2X̄(ε̄)P̄X(ε̄) (see Eq. (2.5)). Outside the scope
of the K-essence models various examples of perfect fluids with barotropic equations of state
have previously been studied within the Mechanical Approach as candidates for Dark Energy
[22–27].

The fact that the pressure does not depend on the value of the field φ means that in
a PKK model the last term of equation (2.12) vanishes and we can solve this equation to

obtain the relation (4.6), where k =
√

X̄0P̄
2
X(X̄0). Once the shape of P̄ (X̄) is specified we

can invert Eq. (4.6) in order to obtain a unique solution X̄ = X̄(a) with X̄(a0) = X̄0. This
in turn allows us to write the pressure P̄ , as well as its derivatives P̄X and P̄XX , as a function
of the scale factor2 and then expand the right hand side of Eq. (3.25) in powers of (1/a),
while keeping only those terms that comply with the accuracy of the method. Hence, in a
PKK scenario we dot need to impose additionally the constraint (3.26) in order to analyse
the compatibility of the equations of linear scalar perturbations of the K-essence within the
Mechanical Approach.

As an example we take the case of the Generalised Chaplygin Gas (GCG) [46–48], which
has previously been studied in the Mechanical Approach in [25]. As derived in [48] the GCG
can be interpreted as a K-essence field with the Lagrangian (see [49] for the complementary
phantom case)

LGCG = −A
1

1+α

[

1−X
1+α
2α

] α
1+α

. (4.28)

2Notice that this possibility of writing explicitly the dependence on the scale factor of all the relevant
quantities of the K-essence field is a striking difference between the PKK and the general K-essence models;
in the latter usually such solutions are only found by means of approximations in specific regimes, e.g., the
potential dominated slow-roll of a canonical scalar-field.
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It can now be recognized that the GCG Lagrangian (4.28) falls within the category of PKK
models. Solving Eq. (4.6) with P (X) = LGCG, we obtain

X̄ =

[

1 +

(

X̄
− 1+α

2α

0 − 1

)(

a

a0

)3(1+α)
]− 2α

1+α

, (4.29)

while expanding Eq. (3.25) leads to

∆f + 3Kf − κc4

2
δρ = −κa2

(

2X̄2P̄XX + X̄P̄X

)

f

= −κa2

2

A
1

1+α

α
1 +

1

X̄
− 1+α

2α

0 − 1

(

a

a0

)−3(1+α)


1 +
1

X̄
− 1+α

2α

0 − 1

(

a

a0

)−3(1+α)




1

1+α

f .

(4.30)

This expression is equivalent to Eqs. (3.2) and (3.4) of [25] with β = 0 and δεrad2 = 0 in
that work. Therefore, we can simply apply the results found there.

4.2 Scalar field with constant sound speed

In this subsection, we study K-essence models with constant sound speed. Such models
are defined by the Lagrangian [50]

P (X,φ) = U (φ)Xγ − V (φ) , (4.31)

where γ = (1 + c2s)/2c
2
s = const 6= 1/2, U (φ) and V (φ) are arbitrary functions of φ. For

U (φ) = 1 and c2s = 1, we recover the standard canonical scalar field. In Ref. [50], it
is concluded (on the base of CMB anisotropies and BAO data) that the sound speed is
unconstrained in the range [0 , 1] for the model defined by Eq. (4.31).

In general, models of the form (4.31) do not belong to the class described by the action
(4.1). However, for simplicity, we consider the particular case U (φ) = 1. Therefore, such a
model is within the scope of the present section. With the help of the mechanical approach,
we want to obtain now the potential V , pressure P̄ and the energy density ε̄ as functions of
the scale factor a. Solving Eq. (3.26) for the Lagrangian (4.31) (for U (φ) = 1), we get

X̄ = A

(

a

a0

)−2/γ

, (4.32)

where A =
(

β2

2γ(2γ−1)

)1/γ
. Substituting the solution (4.32) in Eq. (4.2), we find

V =
β2 (1 + γ)

2γ (2γ − 1)

(

a

a0

)−2

+ C , (4.33)

where C is an integration constant. Obviously, C plays the role of the cosmological constant.
If the cosmological constant Λ is already included into the model, we can put C = 0. However,
there is no need in our case to introduce in the action the cosmological constant by hand
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because it appears automatically in our model as a solution of the Eq. (4.2). Therefore, the
K-essence takes the form of a two-components perfect fluid: a cosmological constant and a
frustrated network of cosmic strings. In the particular case C = 0, the pressure (4.31) and
energy density (2.5) of the scalar field in terms of the scale factor a are given by the formulas:

P̄ = − γβ2

2γ (2γ − 1)

(

a

a0

)−2

, ε̄ =
3γβ2

2γ (2γ − 1)

(

a

a0

)−2

. (4.34)

If γ = 1, these formulas exactly coincide with the ones in Eq. (3.26) in Ref. [26]. Moreover,
in the case of an arbitrary γ 6= 1/2 (and C = 0), the EoS for the K-essence field is w = −1

3 .
Therefore we can conclude that, within the mechanical approach the non-canonical model
(with constant speed of sound) defined by Eq. (4.31) for U (φ) = 1 exhibits equivalent
dynamics to that of a canonical scalar field model [26] even though the action is different.
One further difference between these models consists on the value of the speed of sound
squared: for the K-essence model (4.31) the speed of sound squared is an arbitrary constant
c2s = (2γ − 1)−1 (see Eq. (2.7)) but for the canonical model c2s = 1.

4.3 K-essence model with a quartic kinetic term and an arbitrary potential

Here, we study a K-essence model which is defined by the addition of a quadratic term
in X to the kinetic energy of the canonical (b = 1) or phantom (b = −1) scalar field

P (X,φ) = bX + cX2 − V (φ) , (4.35)

where b and c are arbitrary constants. For b = −1 the model is called ghost condensate
DE model which was originally proposed as a mean to avoid various instabilities in phantom
models [51, 52]. Obviously, the case b = 0 belongs to the model analysed on the previous
subsection with γ = 2 and, consequently, with constant sound speed c2s = 1/3. So, we exclude
this case from the analysis carried in the present subsection. Here, we also suppose that X
is non-negative but the parameters b and c may be both negative and/or positive.

Inserting (4.35) in the definition of the background energy density of the K-essence, see
Eq. (2.5), we obtain

ε̄
(

X̄, φc

)

= bX̄ + 3cX̄2 + V (φc) , (4.36)

while for the speed of sound squared, we obtain from Eq. (2.7)

c2s =
b+ 2cX̄

b+ 6cX̄
. (4.37)

From this expression we can define a critical value Xcrit,

Xcrit ≡ −b/(6c),

for which the speed of sound squared c2s(X̄) gets very large values.
Using the mechanical approach constraint given in Eq. (3.26), which in this particular

case reduce to an algebraic equation, we obtain

X̄ =
−b± |b|

√

1 + 12β2c
b2

(

a0
a

)2

12c
= X̄crit

1− λ
√

1 + ∆
(

a0
a

)2

2
, (4.38)
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where λ ≡ ±1 and ∆ ≡ 12β2c/b2. Therefore, we have got two branches which describes the
dependence of X̄ on the scale factor a. In the following analysis, we prefer to eliminate Xcrit

in favour of the parameters β2 and ∆. Notice that from the definition of Xcrit and ∆ we have
Xcrit = −2β2/(b∆) and we can re-write the previous Eq. (4.38) as

X̄ = −β2

b

1− λ
√

1 + ∆
(

a0
a

)2

∆
. (4.39)

It is worth comparing this solution with the one found for the canonical scalar field model
P = X − V (implying b = 1 and c = 0) studied in a previous paper [26]. Taking the limit
∆ → 0 (which is equivalent to the limit c → 0) of (4.39), we find that in the case of λ = 1
we recover the results of [26], not surprising as this solution contains as a limiting case the
model analysed in (4.39), while for λ = −1 the limit is not well defined, i.e., (4.39) diverges
as we approach ∆ = 0. This case is again not surprising as this solution does not contain the
model analysed in [26].

In order for the argument of the squared root in (4.39) to be positive, we must have

a2 > −∆ a20 . (4.40)

The allowed range of values for a will therefore depend on the sign of the parameter ∆. If
∆ > 0, the model is well defined for arbitrarily small values of a, with

X̄(a ≪ a0) ≃ λ
β2

b
√
∆

a0
a

, ∆ > 0 , (4.41)

while for ∆ < 0 there is a minimum value of the scale factor, amin ≡
√

|∆|a0, starting from
which the model is valid. In this case, we find that as the scale factor reaches the minimum
value, the kinetic variable X evolves to the limiting value X̄(amin) = −β2/(b∆) = X̄crit/2.
In order for the model to be valid at the present time, we must have ∆ ≥ −1. It is worth
noting that for the small absolute value of |∆| ≪ 1, we get amin ≪ a0. Since the parameter c
determines the amount of deviation from the canonical linear model, it is natural to suppose
that c should be small, which can provide the smallness of |∆|.

The late time behaviour of the solution found in (4.39) is given by

X̄(a ≫ a0) = −2β2

b

[

1− λ

2∆
− λ

4

(a0
a

)2
+

λ∆

16

(a0
a

)4
+O

(

1

a5

)]

. (4.42)

From this expression, we find that the asymptotic behaviour of the solution depends mainly
on the value of λ. If λ = 1, the constant term inside the squared brackets vanishes and X̄ ∼
(a0/a)

2 for large values of the scale factor. On the other hand, if λ = −1 then the constant
term becomes the dominant one at late time, with X̄(a → +∞) = −2β2/(b∆) = X̄crit.

In addition to the parameters λ and ∆, (4.39) also depends on the ratio β2/b. Therefore,
if we want to restrict our analysis to positive values of X̄ we must impose:

1. β2/b > 0, λ = 1, and ∆ > 0: in this case X̄ is well defined for all values of the scale factor
a ∈ [0,+∞), while taking values X̄ ∈ [0,+∞). In this case X̄crit = −2β2/(b∆) < 0.

2. β2/b > 0, λ = 1, and ∆ < 0: in this case X̄ is well defined for values of the scale factor
a ∈ [amin,+∞), while taking values X̄ ∈ [0,Xcrit/2], where X̄crit = −2β2/(b∆) > 0.
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3. β2/b > 0, λ = −1, and ∆ < 0: in this case X̄ is well defined for values of the scale factor
a ∈ [amin,+∞), while taking values X̄ ∈ [X̄crit/2, X̄crit], where X̄crit = −2β2/(b∆) > 0.

4. β2/b < 0, λ = −1, and ∆ > 0: in this case X̄ is well defined for values of the scale factor
a ∈ [0,+∞), while taking values X̄ ∈ [Xcrit,+∞), where X̄crit = −2β2/(b∆) > 0.

As we will see below, only the first two cases are free of divergences in the physical quantities
ε̄, P̄ of the K-essence as a → +∞ (or, equivalently, as X̄ → X̄crit).

Taking into account the mechanical approach constraint (4.38), we can re-write the
pressure and energy density of the K-essence field, Eqs. (4.35) and (4.36), as

P̄ = −2β2

∆

X̄

X̄crit

[

1− 1

6

X̄

X̄crit

]

− V (φc) =
β2

12





(a0
a

)2
+ 10

λ
√

1 + ∆
(

a0
a

)2 − 1

∆



− V (φc) ,

(4.43)

ε̄ = −2β2

∆

X̄

X̄crit

[

1− 1

2

X̄

X̄crit

]

+ V (φc) =
β2

4





(a0
a

)2
+ 2

λ
√

1 + ∆
(

a0
a

)2 − 1

∆



+ V (φc) .

(4.44)

Hence,

ε̄+ P̄ =
β2

3





(a0
a

)2
+ 4

λ
√

1 + ∆
(

a0
a

)2 − 1

∆



 . (4.45)

To evaluate the expressions (4.43)-(4.45) at the present time, we should simply put a = a0
in these formulas.

According to experimental data (see e.g. [53]), for a given model to account for the
current cosmic acceleration, the condition that |ε̄+ P̄ | is very small must hold (at least from
an effective point of view as it is the case for example on modified theories of gravity (see [54]
and references therein)). Can the considered model satisfy this condition starting at a < a0?
To answer this question, we consider the case of small values of ∆, i.e. |∆| ≪ 1. As we
mentioned above, this is the physically reasonable case. We also consider scale factors such
that the condition |∆|a20/a2 ≪ 1 is fulfilled; i.e. scale factors larger than amin. Obviously,
the condition |∆|a20/a2 ≪ 1 is compatible with a < a0 as we are imposing |∆| ≪ 1. Then,
Eq. (4.45) can be expanded as (for a → +∞)

1. λ = +1 : ε̄+ P̄ = β2
(a0
a

)2
+O

(

∆(a0/a)
4
)

→ 0 , (4.46)

2. λ = −1 : ε̄+ P̄ = −β2

3

[

8

∆
+
(a0
a

)2
]

+O
(

∆(a0/a)
4
)

→ −β2

3

8

∆
. (4.47)

These expressions demonstrate that for sufficiently small values of β2, we can achieve the
desired condition, starting from a < a0, in the first case λ = +1. However, this is quite
problematic for the second case λ = −1.
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To obtain the dependence of the K-essence scalar field potential V on the scale factor,
we insert Eq. (4.39) in Eq. (4.2) and find the following expression for the potential V (a):

V (a) = V∞+
β2

4





(a0
a

)2
+ 14λ

√

1 + ∆
(

a0
a

)2 − 1

∆
− 16

1

∆
log





1 +
√
1 + ∆

2

1 + λ

√

1 + ∆
(

a0
a

)2

1 + λ
√
1 + ∆







 .

(4.48)
where V∞ is an integration constant. This constant is connected with the present time value
V0 as follows:

V0 = V∞ +
β2

4

[

1 + 14λ

√
1 + ∆− 1

∆
− 16

1

∆
log

(

1 +
√
1 + ∆

2

)]

. (4.49)

In the case |∆| ≪ 1 and λ = +1, this expression is reduced to V∞ = V0 − β2 + O(∆). We
shall see below that V∞ corresponds to a cosmological constant. It can be put to zero by
fine tuning V0 and the parameters of the model. It can be also easily seen that in the case
λ = −1 the potential (4.48) diverges if a → +∞ (equivalently, if X̄ → X̄crit).

Substituting (4.48) in Eqs. (4.43) and (4.44), we finally obtain

P̄ = −V∞ − β2

6





(a0
a

)2
+ 5

1− λ

∆
+ 16λ

√

1 + ∆
(

a0
a

)2 − 1

∆

− 24
1

∆
log





1 +
√
1 + ∆

2

1 + λ
√

1 + ∆
(

a0
a

)2

1 + λ
√
1 + ∆







 (4.50)

and

ε̄ = V∞ +
β2

2





(a0
a

)2
− 1− λ

∆
+ 8λ

√

1 + ∆
(

a0
a

)2 − 1

∆

− 8
1

∆
log





1 +
√
1 + ∆

2

1 + λ
√

1 + ∆
(

a0
a

)2

1 + λ
√
1 + ∆







 . (4.51)

In the case λ = −1, these expressions have also logarithmic divergences if a → +∞ (X̄ →
X̄crit).

It also useful to obtain the speed of sound squared as a function of the scale factor.
From Eqs. (4.37) and (4.39) we get

c2s =
1

3
+

2

3

1

1−X/Xcrit
=

1

3
+

4

3

1

1 + λ
√

1 +∆
(

a0
a

)2
. (4.52)

Let us now take a closer look at the late-time behaviour of c2s, V , ε̄, P̄ , ε̄ + P for this
model of K-essence in the limit of very large values of the scale factor, i.e., a ≫ a0. As we
have seen above, the limiting behaviour of the model depends on whether λ = ±1. We start
by analysing the behaviour of these quantities for λ = +1. Expanding (4.45), (4.48), (4.50),
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(4.51), and (4.52) around 1/a = 0, we find

c2s (a ≫ a0) ∼ 1− ∆

6

(a0
a

)2
+

∆2

12

(a0
a

)4
+O

(

1

a5

)

, (4.53)

V (a ≫ a0) ∼ V∞ + β2
(a0
a

)2
− β2∆

16

(a0
a

)4
+O

(

1

a5

)

, (4.54)

ε̄(a ≫ a0) ∼ V∞ +
3β2

2

(a0
a

)2
− β2∆

8

(a0
a

)4
+O

(

1

a5

)

, (4.55)

P̄ (a ≫ a0) ∼ −V∞ − β2

2

(a0
a

)2
− β2∆

24

(a0
a

)4
+O

(

1

a5

)

, (4.56)

(ε̄+ P̄ )(a ≫ a0) ∼ β2
(a0
a

)2
− β2∆

6

(a0
a

)4
+O

(

1

a5

)

. (4.57)

Therefore, for λ = +1 the K-essence scalar field behaves as a three component perfect fluid:
a cosmological constant, a frustrated network of cosmic strings and dark radiation. Notice
that in the limiting case ∆ ≡ 0 we restore the results of our previous paper [26]. In fact, if
we set ∆ = 0 in the previous expressions we recover the exact results of that paper, where
it was imposed V∞ = V0 − β2 = 0. It is worth noting also that the asymptotic formulas
(4.53)-(4.57) also take place in the case |∆| ≪ 1 for the scale factors satisfying the condition
|∆|a20/a2 ≪ 1, that is for a ≪ a0.

Similarly, in the case λ = −1, we obtain instead

c2s (a ≫ a0) ∼ − 8

3∆

(a0
a

)−2
− 1

3
+

∆

6

(a0
a

)2
− ∆2

12

(a0
a

)4
+O

(

1

a5

)

, (4.58)

V (a ≫ a0) ∼ V∞ +
4β2

∆
log

[

4

(1 +
√
1 + ∆)2

(

a

a0

)2
]

− β2

2

(a0
a

)2
+

β2∆

16

(a0
a

)4
+O

(

1

a5

)

, (4.59)

ε̄ (a ≫ a0) ∼ V∞ − β2

∆
+

4β2

∆
log

[

4

(1 +
√
1 + ∆)2

(

a

a0

)2
]

− β2

2

(a0
a

)2
+

β2∆

8

(a0
a

)4
+O

(

1

a5

)

, (4.60)

P̄ (a ≫ a0) ∼ −V∞ − 5β2

3∆
− 4β2

∆
log

[

4

(1 +
√
1 + ∆)2

(

a

a0

)2
]

+
β2

6

(a0
a

)2
+

β2∆

24

(a0
a

)4
+O

(

1

a5

)

, (4.61)

(ε̄+ P̄ )(a ≫ a0) ∼ −8β2

3∆
− β2

3

(a0
a

)2
+

β2∆

6

(a0
a

)4
+O

(

1

a5

)

. (4.62)

We, therefore, find that, for λ = −1, this model of K-essence evolves asymptotically to a
Little Sibling of the Big Rip event [55, 56]; i.e. the Hubble rate and the scale factor blow
up but the cosmic time derivative of the Hubble rate does not. In the distant future, the
energy density and the pressure, driven by the potential, diverge with ∼ log(a) while their
sum remains constant. As it follows from Eq. (4.60), the energy density ε̄ is always positive
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for large values of a if and only if β2/∆ = b2/(12c) > 0; i.e. c > 0. Therefore, we should
demand c > 0, in the case λ = −1, to avoid having negative energies in the future. The
squared speed of sound also diverges with ∼ a2. A simple analysis shows that it is possible
to achieve the late-time cosmic acceleration in this case.

It makes sense to introduce also a dimensionless energy density for the K-essence scalar
field, i.e. we simply redefine the terms involved on the energy density of the K-essence field
as follows (see Eq. (4.51)):

Ωessence ≡
κ2ε̄

3H2
0

(4.63)

= Ωessence,0 +
β2
∗

2





(a0
a

)2
− 1 + 8λ

√

1 + ∆
(

a0
a

)2 −
√
1 + ∆

∆
− 8

1

∆
log





1 + λ

√

1 + ∆
(

a0
a

)2

1 + λ
√
1 + ∆







 ,

where Ωessence,0 = κ2ε̄0/(3H
2
0 ) is its value at the present time and we have absorbed β into

the dimensionless parameter β∗ =
√

κ2/(3H2
0 )β. We can also express the EoS as a function

of the scale factor and in terms of the dimensionless parameters (λ, ∆, β∗, Ωessence,0):

w =
P̄

ε̄
= −1 +

ε̄+ P̄

ε̄
(4.64)

= −1 +

β2
∗

3

[

(

a0
a

)2
+ 4

λ
√

1+∆(a0
a )

2
−1

∆

]

Ωessence,0 +
β2
∗

2

[

(

a0
a

)2 − 1 + 8λ

√

1+∆( a0
a )

2
−
√
1+∆

∆ − 8 1
∆ log

(

1+λ
√

1+∆( a0
a )

2

1+λ
√
1+∆

)] .

At the present time, this equation reads

w0 = −1 +
β2
∗

3Ωessence,0

[

1 + 4
λ
√
1 +∆− 1

∆

]

. (4.65)

In the most interesting and natural case λ = +1 and |∆| ≪ 1, we get

w0 ≈ −1 +
β2
∗

Ωessence,0
. (4.66)

According to the current observations [53], the parameter w of the dark energy EoS must be
rather close to −1. Therefore, we should constrain the parameters of the model as follows:
|β2

∗/Ωessence,0| = |β2/ε̄0| ≪ 1. Taking into account that in the considered case ε̄0 ≈ V0+β2/2,
we get the condition |V0/β

2| >> 1. From (4.49) we have V0 ≈ V∞+β2. Hence, to describe the
current cosmic acceleration in the case λ = +1 and |∆| ≪ 1, we should demand |V∞/β2| >>
1.

5 Conclusion

In the present paper, we have studied the current Universe which we have assumed to be
filled with dust, radiation and a K-essence scalar field playing the role of dark energy. We
have considered the Universe at the late stage of its evolution and deep inside of the cell of
uniformity. At such scales the Universe is highly inhomogeneous: we can clearly see here
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the discrete distributed inhomogeneities in the form of galaxies and groups of the galaxies.
These inhomogeneities represent the dust component of matter in the Universe. We include
the K-essence component to provide an explanation of the late-time acceleration of the
Universe. We have considered the K-essence in a very specific coupled form [21]. The point
is that at the late stage of the Universe evolution and deep inside the cell of uniformity, the
inhomogeneities (e.g. galaxies) have non-relativistic peculiar velocities and the mechanical
approach (which is an ideal technique to study the scalar perturbations and to obtain the
gravitational potential of the inhomogeneities, being the peculiar velocities neglected) is
an adequate tool to describe cosmological models [18–20]. We have studied the possibility
that the fluctuations of the energy density and pressure of the K-essence scalar field are
concentrated around the galaxies and the group of the galaxies. Therefore, they also have
non-relativistic peculiar velocities. Then, if such coupled K-essence scalar fields exist, can
they provide the late cosmic acceleration? Hence, the main objective of the article was
to address these two problems; i.e. what are the K-essence models (at least among those
analysed on this paper) that are compatible with the cosmological scalar perturbations within
the mechanical approach and at the same time are able to describe the current speed up of
the Universe?

First, we have shown that for the K-essence to be coupled, it should satisfy the master
Eq. (3.26). Under such a condition, the fluctuations of the energy density and pressure
of the K-essence are concentrated around the inhomogeneities screening their gravitational
potentials (see Eqs. (3.29) and (3.30)). Then, we have considered a number of particular
types of K-essence fields to study their possibility to accelerate the late-time Universe. These
models are: (i) the pure kinetic K-essence, (ii) the constant speed of sound K-essence and
(iii) the K-essence model with the kinetic term bX + cX2. We have shown that if they
are coupled, all these K-essence scalar fields take the form of multicomponent perfect fluids
where one of the component is the cosmological constant. Therefore, all these models can
result in the late-time cosmic acceleration. In this case, observations provide restrictions on
the parameters of the models.

To conclude, we would like to mention about an interesting generalization of our model
that consists in investigating the coupling between dark matter and dark energy which can
be modelled with scalar fields (see e.g. [57]). Within the scope of the mechanical approach,
we have already considered the interaction between dark matter and dark energy for a more
phenomenological model [58]. It is of course of interest to investigate this problem in the
mechanical approach in the case of interacting scalar fields. This will modify the scheme of
our approach as the conservation of the energy momentum tensor of dark matter and dark
energy will be affected and a careful and detailed analysis will be required. We will tackle
this issue in the near future.
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[54] J. Morais, M. Bouhmadi-López and S. Capozziello, Can f(R) gravity contribute to (dark)
radiation?, JCAP 1509 no.09 (2015) 041 [arXiv:1507.02623v3].
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