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Abstract

We calculate the width of the Roper resonance at next-to-leading order in a systematic expansion
of baryon chiral perturbation theory with pions, nucleons, and the delta and Roper resonances as
dynamical degrees of freedom. Three unknown low-energy constants contribute up to the given
order. One of them can be fixed by reproducing the empirical value for the width of the Roper decay
into a pion and a nucleon. Assuming that the remaining two couplings of the Roper interaction
take values equal to those of the nucleon, the result for the width of the Roper decaying into a
nucleon and two pions is consistent with the experimental value.
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I. INTRODUCTION

At low energies, chiral perturbation theory ﬂ, ] provides a successful description of the
Goldstone boson sector of QCD. It turns out that a systematic expansion of loop diagrams
in terms of small parameters in effective field theories (EFTs) with heavy degrees of freedom
is a rather complicated issue. The problem of power counting in baryon chiral perturbation
theory B] may be solved by using the heavy-baryon approach M@] or by choosing a suitable
renormalization scheme ﬁ, |. The A resonance and (axial) vector mesons can also be
included in EFT (see e.g. Refs. ﬂﬁl—@]) On the other hand, the inclusion of heavier
baryons such as the Roper resonance is more complicated.

Despite the fact that the Roper resonance was found a long time ago in a partial wave
analysis of pion-nucleon scattering data ﬂ2_1|], a satisfactory theory of this state is still missing.
The Roper is particularly interesting as it is the first nucleon resonance that exhibits a decay
mode into a nucleon and two pions, besides the decay into a nucleon and a pion. Also, the
Roper appears unexpectedly low in the spectrum, below the first negative parity nucleon
resonance, the S11(1535). It is therefore timely to address this state in a chiral EFT. First
steps in this direction have been made in Refs. M]

In this work we calculate the width of the Roper resonance in a systematic expansion
in the framework of baryon chiral perturbation theory with pions, nucleons, the delta and
Roper resonances as explicit degrees of freedom.

The paper is organised as follows: in Section [[Ilwe specify the effective Lagrangian, in Sec-
tion [[TI the pole mass and the width of the Roper resonance are defined and the perturbative
calculation of the width is outlined in Section [Vl In Section [V] we discuss the renormaliza-
tion and the power counting applied to the decay amplitude of the Roper resonance, while
Section [Vl contains the numerical results. We briefly summarize in Section [VIIl

II. EFFECTIVE LAGRANGIAN

We start by specifying the elements of the chiral effective Lagrangian which are relevant
for the calculation of the width of the Roper at next-to-leading order in the power counting
specified below. We consider pions, nucleons, the delta and Roper resonances as dynamical
degrees of freedom. The corresponding most general effective Lagrangian can be written as

Lot = Lor+Lon+ Lan+ Lir+ Lona+ Lang + Laar, (1)

where the subscripts indicate the dynamical fields contributing to a given term. From the
purely mesonic sector we need the following structures E, @]

2 2 2
£2 = Fz(aMU(?“UU + M (Ut +u),
1 1
£ = §l4<uuuu><X+> + 1_6(l3 + 1) {x+)?, (2)

where ( ) denotes the trace in flavor space, F' is the pion decay constant in the chiral limit
and M is the leading term in the quark mass expansion of the pion mass E] The pion fields
are contained in the unimodular unitary 2 x 2 matrix U, with v = VU and

U, =1 [u@uu — uauuT ,
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X" = uhul +uxu, x = l 0 2
The terms of the Lagrangian with pions and baryons contributing to our calculation read:
_ ] 1
£7(T1]2, = Uy {zw —m+ 593&75} Uy,
W _ g L s
Lip = Wpiil) —mp+ 59}2?/67 Vg,
L = Up{cf(xX")} ¥,

= Jr
£7(T1]2/R = \I/R { ;VRW“%uu} \IIN + h.C. s

—. 3 i . . . i .
57(3& - Ui {(z’]D]k _ mA(;yk) g —i (,YMDV,Jk + AYquk) 4 W“lD]kv” + mad?Fytat
g1 _j v 92 v,j v,j 93 j v 3
+ 5 g™ + (U s+ Sy sy } ol

_. 3 ,

LBn = hTE20M (2) wl Wy +hec.,

_. 3 N

LR = hp W20 (2) wlWp + he. (4)
where Wy and Wy are isospin doublet fields with bare masses myo and mpgg, corresponding
to the nucleon and the Roper resonance, respectively. The vector-spinor isovector—isapspinor
Rarita-Schwinger field ¥, represents the A resonance ﬂﬁ] with bare mass mag, £2 is the
isospin-3/2 projector, w! = %(Tluo) and OF*(z) = gl + zvyH~4Y, where z is a so-called
off-shell parameter. We fix the off-shell structure of the interactions involving the delta by
adopting ¢y = —g» = —g3 and 23 = Z = 0. Note that these off-shell parameters can be
absorbed in LECs and are thus redundant @, @] Leaving out the external sources, the

covariant derivatives are defined as follows:

DVnr = (0 +Tu) Yn/r,
(Du\I]) . = 8#\111’,i — QiEiiju,k\Py,j + F“\II,,’Z‘ y

B
r, = 3 [u@uu + u&uuq =7l (5)
Note that a mixing kinetic term of the form i)\llifR%D“\IfN — XU U +h.c. can be dropped,

since, using field transformations and diagonalising the nucleon-Roper mass matrix, it can
be reduced to the form of operators of the Lagrangian presented above ﬂﬂ]

III. THE POLE MASS AND THE WIDTH OF THE ROPER RESONANCE

The dressed propagator of the Roper resonance can be written as
B i
P —mro — Zr(p)’

where —i Xg(p) is the self-energy, i.e. the sum of all one-particle-irreducible diagrams con-
tributing to the two-point function of the Roper resonance. The pole of the dressed propa-
gator Sg is obtained by solving the equation

SpH2) =2 —mpo — Br(2) =0. (7)

iSr(p) (6)
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We define the physical mass and the width of the Roper resonance by parameterizing the

pole as
r
zZ=mpg—1 7}2 : (8)
The pertinent topologies of the one- and two-loop diagrams contributing to the self-energy
of the Roper resonance are shown in Fig. [l We use BPHZ renormalization by subtracting
loop diagrams in their chiral limit and replace the parameters of the Lagrangian by their

renormalized values, i.e. counterterm diagrams are not shown explicitly.

PN PN PN /,@\
\ , \
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FIG. 1: One and two-loop self-energy diagrams of the Roper resonance up-to-and-including fifth
order according to the standard power counting. The dashed and thick solid lines represent the
pions and the Roper resonances, respectively. The thin solid lines in the loops stand for either
nucleons, Roper or delta resonances. The numbers in the circles give the chiral order of the
vertices.

We solve Eq. () perturbatively order by order in the loop expansion. We parameterize
the pole as
Z=my + h521 + h2522 + O(h3), (9)

where my = m%+4cEM?, with m% the physical Roper mass in the chiral limit, and substitute
in Eq. (@) in which we write the self-energy as an expansion in the number of loops

Yr=hY + R+ OR?). (10)
By expanding in powers of h, we get
Rz + W20z — W1 (my) — 26215 (my) — h?Sa(my) + O(R*) = 0. (11)
Solving Eq. (IIl) we obtain

52’1 = Zl(mg),
(522 = 21(m2) Z'l(mg) +22(m2). (12)



Eq. (I2) leads to the following expression for the width
Ir = h 2iIm 3 (my)]
+ 17 2i {Im [E1(m2)] Re [ (m2)] + Re [1(m2)] Im [le(mQ)]}
+ 1% 2iTm [Sy(my)] + O(R?). (13)

Using the power counting specified in section [V] it turns out that the contribution of the
second term in Eq. (I3)) is of an order higher than the accuracy of our calculation, which
is 0° (where § is a small expansion parameter). In particular, Im [¥;(ms)] is of order §°,
Re [X](my)] is of order 6*, Re[¥1(mz)] is of order §° and Im [Z](my)] is of order 6%, Also,
modulo higher order corrections, we can replace my by the physical mass mg. To calculate
the contributions of the one- and two-loop self-energy diagrams to the width of the Roper
resonance, specified in the first and third terms of Eq. (I3]), respectively, we use the Cutkosky
cutting rules. As shown in Ref. ﬂ&_ﬂ] in quantum field theories with unstable particles the
scattering amplitude is unitary in the space of stable particles alone. Thus, to calculate the
imaginary part of the self-energy of the Roper resonance at one loop order we need to take
into account only the contribution of the diagrams with internal nucleon lines. At two-loop
order only contributions obtained by cutting the lines, corresponding to stable particles, are
needed. Details of the calculation of the Roper resonance width using the decay amplitudes
are given in the next section.

IV. THE WIDTH OF THE ROPER RESONANCE OBTAINED FROM THE DE-
CAY AMPLITUDES

By applying the cutting rules to the diagrams of Fig. [[l we obtain the graphs contributing
in the decay amplitudes of the Roper resonance into 7N and nw N systems, specified in
Figs. 2 and [B] respectively. The decay amplitude corresponding to R(p) — N(p')7%(q) can
be written as

A = an(p) {Agrs7" } ur(p) . (14)

where a is an isospin index of the pion, and the u,u are conventional spinors. The corre-
sponding decay width reads

NV2(m3, m3, M?)

167 m3,

(M (15)

FR—Mr]\f -

with A(x,y, 2) = (x —y — 2)? — 4yz and the unpolarized squared amplitude has the form
IMPP = 3(my + mp)* [(my —mg)® — M2| AA. (16)
Next, we define the kinematical variables for the decay R(p) — N(p/)7%(q1)7°(q) via

s1= (g1 + @), so= (' +q)°, s3= (0 +q)°, (17)
subject to the contraint

s+ 83+ 83 = m3% +miy +2M2 . (18)
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FIG. 2: Feynman diagrams contribution to the decay R — N7 up to leading one-loop order.
Dashed, solid, double and thick solid lines correspond to pions, nucleons, deltas and Roper reso-
nances, respectively. The numbers in the circles give the chiral orders of the vertices.

The isospin and the Lorentz decomposition of the decay amplitude reads

A = AP et or P x| (19)

P = i) | = g [a] P ), (20)

with the x being isospinors, a and b are isospin indices of the pions. The unpolarized squared
invariant amplitude is given by

M2 = Z Vi F(’ V3R FU)}
1,7=1
Vi =2 [(mN + mR)2 - 81} ;
Yiz = Vo1 = —s1v,
1
y22 = 5 |:(4M7% - Sl)(sl - (mR - mN)2) - $1V2:| ) (21)
with v given by
S2 — 83
L . (22)
my + mpg

The decay width corresponding to the 77 N final state is obtained by substituting [M|? from
Eq. (1) in the following formula

Lromrn = L /(mR " dSl/ dsy [M|?, (23)
32m3,(27)3 Jansz



FIG. 3: Tree diagrams contributing to the R — nw N decay. Crossed diagrams are not shown.
Dashed, solid, double and thick solid lines correspond to pions, nucleons, deltas and Roper reso-
nances, respectively. The numbers in the circles give the chiral orders of the vertices.

where the integration limits over s, are given by

2+ m% +2M?2 — 1
e = DRI S T N2 sy i, mR A (0, MEMEE) . (24)
S1

Let us emphasize here that to obtain the width of the Roper resonance we need to
calculate the imaginary part of the self-energy in the complex region. However, within
the accuracy of our calculation, we only need the imaginary parts of the one- and two-
loop diagrams for the real mass of the Roper resonance. We can relate these to the decay
amplitudes also calculated by putting the Roper external line on the real mass-shell. While
this is an useful approximation well suited for our current accuracy, to define the physical
properties of unstable particles one needs to use the complex on-shell conditions, see, e.g.
Ref. [32].

Thus, the contributions of the one- and two-loop self-energy diagrams in the width of the
Roper resonance, specified in the first and third terms of Eq. (I3)) sum up to

I'r =Troan + Troran, (25)

where I'r_,n and I'g_ .y are given by Eq. ([I3) and Eq. (23)), respectively. The power
counting and the diagrams contributing to each of these decay modes up to a given order of
accuracy are discussed in the next section.

V. RENORMALIZATION AND POWER COUNTING

By counting the mass differences mpr — my, ma — my and mr — ma as of the same
order as the pion mass and the pion momenta, the standard power counting would apply to
all tree and loop diagrams considered in this work. According to the rules of this counting
a four-dimensional loop integration is of order ¢*, an interaction vertex obtained from an
O(q") Lagrangian counts as of order ¢", a pion propagator as order ¢~2, and a nucleon
propagator as order ¢—'. We would also assign the order ¢=! to the A and the Roper
resonance propagators for non-resonant kinematics. The propagators of the delta and the
Roper resonance get enhanced for resonant kinematics when they appear as intermediate
states outside the loop integration. In this case we would assign the order ¢=3 to these
propagators.

As the mass difference mr — my ~ 400 MeV, the above mentioned power counting
cannot be trusted. By considering mp —my as a small parameter of the order §', it is more

appropriate to count M, ~ §2. To work out further details of the new counting, it is a more



convenient to work with the kinematical variable v as defined in Eq. ([22)) for the R — 77 N
decay. Within the range of integration specified by Eq. ([23), v varies from my — mg to
mpg—my (for M, = 0) and therefore we count v ~ §. As s; varies from 4M? to (mg—my)?,
we assign the order 62 to it. We also count mp — ma ~ 62

The R — 7N width of Eq. (I6) is of order §* x order of A*A. The tree and one loop
diagrams, contributing to the R — 7N decay are shown in Fig. 2l The tree order diagram
(t2) is proportional to ¢vs M? and therefore it contributes at order §* to A, while diagram (t1)
gives an order §° contribution. All one loop diagrams are of the order ¢® in the standard
counting. Thus they give order ¢? contributions in A. Expanding these contributions in
powers of M., we absorb the first, M, -independent, term in the renormalization of the
coupling of the tree diagram (t1), which becomes complex. However, the imaginary part is
of the order 4% and can be calculated explicitly. The next term in the expansion in powers
of M, is linear in M, and hence, if non-vanishing, it does not violate the standard power
counting (terms, non-analytic in M? do not violate the standard power counting). Therefore
its coefficient must contain at least one power of (mg — my). That is, the term linear in
M, is at least of order 6%. Further terms are of even higher order. As a result, restricting
ourselves to the order 62 in A, and thus to order ¢° in the width of the Roper resonance, the
only contribution of one loop diagrams of Fig. Plwhich we might need is the M -independent
imaginary part. However, this imaginary part starts contributing in A*A only at order §%.
Thus all contributions of the one-loop diagrams are beyond the accuracy of our calculation.
We have checked that for the numerical values of the couplings, as specified below, the
individual contributions of the diagrams in Fig. @l in the decay amplitude are indeed small
compared to the one of the tree order diagram.

According to Eq. (23) the R — 77N width is of order §* x order of |[M|?. The leading
order tree diagrams contributing to the R — 7n N decay are shown in Fig. The delta
propagators in these diagrams are to be understood as dressed ones. Expanding these
propagators around their pole, we observe that the non-pole parts start contributing at
higher orders and therefore can be dropped. The contributions of the loop diagrams are
suppressed by additional powers of § so that they do not contribute at order §°. Among
these loop diagrams are those contributing to the decay of the Roper resonance to mm/N
system with two final pions in the iso-singlet channel. Due to the presence of an iso-scalar
scalar resonance fy(500) in this channel @] an infinite number of pion-pion finite state
interaction diagrams have to be summed up (see, e.g., Refs. ﬂﬁ, @]) Alternatively one can
include the f(500) as an explicit degree of freedom in the effective Lagrangian @] In both
approaches it turns out that the corresponding contributions to R — w7 N amplitude are of
higher order than §°, and hence estimated to be within the theoretical uncertainty due to
higher order contributions given in Eq. (B0) below.

VI. NUMERICAL RESULTS

To calculate the full decay width of the Roper resonance we use the following standard
values of the parameters @]

M, =139 MeV, my =939 MeV, ma = 1210 MeV, I'a =100 MeV,
mp = 1365 MeV, F, = 92.2 MeV, (26)



in Egs. (I8) and (23]) and obtain

Troxn = 550 g2y 5 MeV,

Lromeny = (14995 92k — 2.76 94 9Nk 9r + 148 92Nk 05

Eq. (21) depends on five couplings in total for the two of which we substitute g4 = 1.27&]
and h = 1.42 4+ 0.02. The latter value is the real part of this coupling taken from Ref. [37]
As noted before, the imaginary part only contributes to orders beyond the accuracy of
our calculations. As for the other unknown parameters, we choose to pin down g,ygr SO
that we reproduce the width I'g_,,y = (123.5 & 19.0) MeV from PDG ﬂﬁ], which yields
gxnr = £(0.47 £ 0.04). In what follows we take both signs into account which contributes
to the error budget. Further we assume gr = g4 and hr = h. With the values specified
above, one can predict the decay width for the decay mode R — 7 N:

Thoseen = [0.53(9) — 0.98(17) + 0.53(9) + 3.57(31) F 4.57(40) + 40.4(1.6)] MeV
= [40.5(1.6) & 1.0(0.5)] MeV , (28)

where the second term is due to the choice of the sign of g,yg. If we incorporate the second
term as error to the first term, then the decay width reads

FR—HTT('N = 405(22) MeV y (29)

where the error is obtained in quadrature from Eq. [28]). As is clearly seen from Eq. (28],
the largest contribution in I'g_ .y width comes from the decay with the delta resonance
as an intermediate state. Further, we estimate the theoretical error due to the omitting the
higher order contributions using the approach of Ref. @], which leads to

Thoren = (4054 2.2 4+ 16.8) MeV. (30)

Our estimation is consistent with I,y = (66.5 £ 9.5) MeV quoted by PDG ﬂﬁ]

VII. SUMMARY

In current work we have calculated the width of the Roper resonance up to next-to-leading
order in a systematic expansion of baryon chiral perturbation theory with pions, nucleons,
delta and Roper resonances as dynamical degrees of freedom. We define the physical mass
and the width of the Roper resonance by relating them to the real and imaginary parts of
the complex pole of the dressed propagator. The next-to-leading order calculation of the
width requires obtaining the imaginary parts of one- and two-loop self-energy diagrams. We
employed the Cutkosky cutting rules and obtained the width up to given order accuracy
by squaring the decay amplitudes. Three unknown coupling constants contribute in the
corresponding expressions. One of them we fix by reproducing the PDG value for the width
of the Roper decay in a pion and a nucleon. Assuming that the remaining two couplings of
the Roper interaction take values equal to those of the nucleon, we obtain the result for the
width of Roper resonance decaying in the two pions and a nucleon that is consistent with
the PDG value, based on the the uncertainties within the given and from higher orders, cf.

Eq. 0).



To improve the accuracy of our calculation, three-loop contributions to the self-energy of
the Roper resonance need to be calculated. Moreover, contributions of an infinite number of
diagrams, corresponding to the scalar-isoscalar pion-pion scattering need to be re-summed
either by solving pion-pion scattering equations or including the fy(500) as an explicit dy-
namical degree of freedom. Note also that new unknown low-energy coupling constants
appear at higher orders, which need to be pinned down.
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