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Abstract

We address the issue of the renormalizability of the gauge-invariant non-local dimension-
two operator A2, . whose minimization is defined along the gauge orbit. Despite its non-local
character, we show that the operator A2, can be cast in local form through the introduction
of an auxiliary Stueckelberg field. The localization procedure gives rise to an unconventional
kind of Stueckelberg-type action which turns out to be renormalizable to all orders of per-
turbation theory. In particular, as a consequence of its gauge invariance, the anomalous
dimension of the operator A2 turns out to be independent from the gauge parameter o
entering the gauge-fixing condition, being thus given by the anomalous dimension of the

operator A% in the Landau gauge.

1 Introduction

Dimension-two condensates have been object of intensive investigations in recent years. These
condensates might play an important role in the non-perturbative regime of Euclidean Yang-
Mills theories, as pointed out by the considerable amount of results obtained through theoretical
and phenomenological studies as well as from lattice simulations [11 2, 3] [4], 5] 6] [7, [8 9] 10} 1T}
19, (13}, [14], [15], (16, (17, (18] [19}, 20, 21, 22, 23] 24, 27, 26, 27, 28, 29, 30, 31 32, 33, 34, [35].

For instance, the gluon condensate <AZAZ> has been largely investigated in the Landau gauge.
As pointed out in [5], this condensate enters the operator product expansion (OPE) of the gluon
propagator. Moreover, a combined OPE and lattice analysis has shown that this condensate can
account for the 1/Q? corrections which have been reported [18| 19} 20, 21, 24} 27, 28|, 29] 30, 31
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33, [34], 35] in the running of the coupling constant and in the gluon correlation functions.

An effective potential for <AZAZ> in Landau gauge has been obtained and evaluated in an-
alytic form at two loops in [7, 10} 11, 15 [16], showing that a nonvanishing value of <AZAZ> is
favoured as it lowers the vacuum energy. As a consequence, a dynamical gluon mass is gener-
ated. We also recall that, in the Landau gauge, the operator AZAZ is BRST-invariant on shell,
a property which has allowed for an all-orders proof of its multiplicative renormalizability [36].
Its anomalous dimension is not an independent parameter, being expressed as a combination of
the gauge S—function and of the anomalous dimension of the gauge field A, [36], namely

a 2
— <& +,7A%andau(a)> , a = #, (1)
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where (B(a),75*48(a)) denote, respectively, the S-function and the anomalous dimension of
the gauge field A, in the Landau gauge. This relation was conjectured and explicitly verified
up to three-loop order in [37].

Dimension-two condensates also play an important role within the context of the Gribov-
Zwanziger approach to confinement [38, [39, 40, 4T, [42] as well as for the formation of a dy-
namical gluon mass within the framework of the Dyson-Schwinger equations in Landau gauge,
as reported in [Il 43| 44]. These non-perturbative effects give rise to the so called decoupling
solution for the gluon propagator [I, 38| B39, 140l 43, [45], i.e. to a propagator which exhibits
positivity violation, while attaining a finite non-vanishing value at zero momentum. Until now,
this behaviour is in very good agreement with the most recent lattice numerical simulations
[46, [47), [48, [49]. The generalization of these results to the linear covariant gauges has been
worked out recently and can be found in [50} 51), 52] 53| [54] 55, 56] 57, 58].

Despite the huge amount of results obtained so far, it seems fair to state that many aspects
related to dimension-two operators deserve a better understanding. This is certainly the case
of the gauge invariance, a central issue in order to give a precise physical meaning to the cor-
responding condensates. This is precisely the topic which will be studied in the present work.
Let us proceed thus by briefly introducing the genuine gauge-invariant dimension-two operator
A2

min*

2

min

1.1 Construction and properties of the operator A

The gauge-invariant dimension-two operator A?ninﬁ is constructed by minimizing the functional
Tr [ d'z Aj A} along the gauge orbit of A, [59, 60, 61}, 62], namely

Az = I?Ui?Tr/d‘la; ALAL
A, = uTAuu—FéuT(‘)uu. (2)

In particular, the stationary condition of the functional (2)) gives rise to a non-local transverse

field configuration AZ, 8#‘42 = 0, which can be expressed as an infinite series in the gauge field

*See Appendix (B]) for more details.
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Remarkably, the configuration AZ turns out to be left invariant by infinitesimal gauge transfor-
mations order by order in the gauge coupling g [63] (see also Appendix [B]) as

sAh = 0,
0A, = —Ow+ig[A,w] . (4)

Thus, from expression (2)) it follows that

min W o

- 5 / d'z [A“ (%— %) AT — g fabe (gQé)A“) ( 828Ab> A;} +0(4Y . (5)

The gauge-invariant nature of expression (B can be made manifest by rewriting it in terms of
the field strength F),,. In fact, as proven in [59], it turns out that

A2 = Tr/d4 Al Al

1 1 1 1 1
A12111n = ——Tl‘/d4$ <FHVﬁFﬂy+2ZﬁF>\u [ﬁDﬁFnMﬁDuFI/H}
D2F>\u |:D2D F.., D2DVF)‘M:|> —|—O(F4) ’ (6)

from which the gauge invariance becomes apparent. The operator (D?)~! in expression (G
denotes the inverse of the Laplacian D?* = D,D,, with D, being the covariant derivative [59].
Let us also underline that, in the Landau gauge 0,4, = 0, the operator (AZAZ) reduces to the
operator A2

(A’;CLA,’;@) = A% AL (7)

1.2 Aim of the paper and its structure

As already mentioned, the main aim of the present work is to face the issue of the gauge invari-
ance of non-Abelian gauge theories in the presence of dimension-two operators. More precisely,
we shall provide a general and detailed analysis of the gauge-invariant quantity (AZAZ), eq. (@),
within the framework of Euclidean Yang-Mills theories quantized in the class of the linear covari-
ant gauges. We shall be able to show that, despite its non-local character, the operator (AZAZ)
can be localized by means of the introduction of an auxiliary Stueckelberg field. Nevertheless,
the resulting theory can be seen as a kind of unconventional Stueckelberg model which does
not suffer from the known drawbacks, i.e. the non-renormalizability, of the usual Stueckelberg
mass term. Therefore, we end up with a well-defined framework accounting for the existence of
a gauge-invariant dimension-two operator.

Relying on an exact BRST invariance, we shall establish the multiplicative renormalizability



of the operator (AZAZ) to all orders of perturbation theory by means of the algebraic renormal-
ization. Moreover, the anomalous dimension of (AZAZ) can be proven to be independent from
the gauge parameter o and turns out to be equal to the anomalous dimension of the operator

A? in the Landau gauge, namely
/8 a andau 92
— (B prin) 0= 0

Y(Aah)2 = VA2

Landau a a 1671'2

We underline that expression () is valid to all orders of perturbation theory, thereby extending
the previous one-loop results obtained in [64].

The paper is organized as follows. In Section 2 we present the localization procedure for the
operator (AZAZ) within the framework of a BRST-invariant action. In Section 3 we derive the
Ward identities and we establish the all-order renormalizability of (AZAZ) by means of the alge-
braic renormalization [65]. In Section 4 we discuss the anomalous dimensions of (AZAZ) and of
the composite operator AZ by means of the renormalization group equations. Section 5 contains
our conclusion. A few appendices collect more details about the construction and the properties
of the operator (AZAZ)

2 A local framework for the operator (AlA")

Our first task will be that of finding a local framework for the non-local operator (AZAZ) of
expression (B)). To that purpose we start with the standard Faddeev-Popov action of Yang-Mills
theory quantized in linear covariant gauges with the inclusion of the mass operator (B]) as well as
of a constraint enforcing the transversality of the field configuration AZ, eq.(3)), i.e. we consider
the action

2
m
S =Skp+ / d'z <Ta DAy + = AZ’“AZ’“> : (9)
where Spp stands for the Faddeev-Popov action in linear covariant gauges
4 1 a a Qara 1 a a —~a ab b
Srp= | d°x ZFHVFHV—i_Eb b" + ib aHAu—I—C @LDMC (10)

and where we have introduced the operator (AZAZ) through the mass parameter m?2. Also, the
transversality of AZ is enforced by the Lagrange multiplier 7¢.

Since the expression for (AZAZ) given in (Bl is an infinite sum of nonlocal terms in the gauge
field, the action (@) should be first put in a local form before it can be of any practical use.
Following [63], [66], [67], this goal can be achieved by the introduction of an auxiliary localizing
Stueckelberg field £%, whose role is to give, for each gauge field A, its corresponding configura-
tion that minimizes the functional A2, i.e., AZ. This is most naturally implemented by defining
a field h which effectively acts on A, as a gauge transformation would act, in order to provide
the minimizing configuration A", that is,

h — ph,aa i
Al = Ao :hTAMth;th‘)uh. (11)

with
h = ¢ = 198" T (12)



where {T%} are the generators of the gauge group SU(N) and &% is a Stueckelberg field.

Therefore, by substituting the expression (II)) for A" in the action (@), we now have a local
theory in terms of the field £. The price one has to pay to have such a local theory is a non-
polynomial action. Indeed, by expanding (III), one finds an infinite series whose first terms
are

a a a g aoc C
(M) = A5, — DPe — S [’ Dy + 0(&7), (13)
where
D = §%0), — gf* A, (14)

is the covariant derivative in the adjoint representation.

The nonlocal expression (B]) for AZ in terms of the gauge field A, can be recovered by im-
posing the transversality condition 8MAZ = 0, i.e. after taking the divergence of both sides of
([13), equating it to zero and solving for the Stueckelberg field £ (see eqgs.(I90),(I91]),([I92)),([T93)
of Appendix (Bl)). This check is not only important for the consistency of the present frame-
work but it also makes it clear that, due to the transversality condition enforced by the Lagrange
multiplier 7%, the Stueckelberg field £% acquires now a specific meaning: it is precisely the field
which brings a generic gauge configuration A, into the gauge-invariant and transverse field con-
figuration AZ which minimizes the functional A?m-n. As it will become clear in the following,
this relevant feature, encoded in the term [ dix OHAZ’G, will give rise to deep differences
between our construction and the standard Stueckelberg mass term. The latter is known to be
a non-renormalizable theory which has to be treated as an effective field theory [66].

An important feature of Aﬁ, as defined by eq.(I]), is its gauge invariance, that is,
h h
AL — AL (15)
as can be seen from the gauge transformations with SU(N) matrix V/

Ay VIV + VIV, Ao VIR, TSRV, (16)
g

The local version of the action (@), in terms of the Stueckelberg field £%, is thus given by

m2
S Srp + /d433 (T“ OHAZv“ + 7 AZ,aAZ,a>
= Srp+ /d4x [T“ <AZ — Dzbgb _ gfabcﬁbDdeﬁd)} n
m2 4 a ab b g abe b ed ~d a ae ee g e .
+ 7/(13:(14”—1)#5 _§f §'D,¢ > (Au_Du§ _§f fg D£g§g>
4+ .. a7

Due to the use of the auxiliary Stueckelberg field £, expression (7)) exhibits a non-polynomial
character. At first sight, this feature might seem to jeopardize its renormalizability. Nevertheless,
this will not be the case, as we shall prove in the following.

Before entering into the detailed proof of the renormalizability, it is worth addressing the
issue of the BRST symmetry as well as taking a look at the propagators of the elementary fields
in order to achieve a better understanding of our action as compared to the usual standard
massive Stueckelberg theory.



2.1 BRST invariance

The local action S, eq.(IT), enjoys an exact BRST symmetry:
sS =0, (18)

where the nilpotent BRST transformations are given by

sAy, = —Dzbcb )
st — g pabechee
sc* = ib*,
sb* = 0,
st = 0,
2 =0 . (19)

From [68], for the Stueckelberg field we have, with i, indices associated with a generic repre-
sentation,

sh' = —ige(T*)kpki | s(Ah)Z =0, (20)
from which the BRST transformation of the field £* can be evaluated iteratively, yielding

2
S0 = =4 TIUAE = T I+ O(E?) 1)

Let us also present a second, equivalent, way of evaluating the BRST transformation of the
Stueckelberg field £*. Owing to the dimensionless character of £€%, one starts by writing

56 = g™ () (22)

where g?(¢) stands for a generic dimensionless quantity which can be expanded in power series
of £%. Imposing now nilpotency of the BRST operator s, i.e.

s = s (9™(&)c") = 0, (23)
one gets the condition
ab a
(2o i) - 220 gm0 ) =~ (o). (24)

The above equation can be easily solved order by order by expanding the quantity g?°(¢) in
power series of £, obtaining

2
a a g aoc ¢C g ac coe e
g (€) = =0 + S — e+ 0(€) (25)
which gives back precisely expression (21]).

Let us end this section by checking out the explicit BRST invariance of AZ. To that purpose, it
is better to employ a matrix notation for the fields, i.e.

sA, = —0Ouc+iglA, ], sc = —igcc
sh = —igch, sht =igh'c, (26)



with A, = AGT?, ¢ =T, £ = £*T. From expression (L) we get

sAl = ighlc A,h+ W (=0uc+ig[A,, c])h —ight A, ch — hTcd,h + h1d,(ch)
= ighlcA,h — h1(d,c)h +igh A, ch —ightc A,h — ight A,ch — RTcd,h + R (9,¢)h + hicd,h
= 0. (27)

2.2 Comparison with the standard Stueckelberg mass term

Let us proceed now by discussing the existing differences between our approach, as expressed by
the local action S of eq.(IT), and the usual Stueckelberg mass term. We begin by recalling that
the standard Stueckelberg formulation amounts to adding the mass term mTQ [d*z AZ’”AZ’” to
the Faddeev-Popov action, yielding thus the following action

2
m
SStueck = SFp + > /d% ARCART (28)
where Spp is the Faddeev-Popov action of the linear covariant gauges, eq.(I0).

In particular, with respect to expression (I7), one notices the absence, in the standard Stueck-
elberg action (28)), of the term [ d'z ¢ GMAZ’G enforcing the transversality condition OMAZ =0.

This means that the Stueckelberg mass term, %2 S d*x AZ’“AZ’“, refers to a generic gauge invari-
ant field configuration AZ. One sees therefore that, while in the ordinary Stueckelberg action
the mass term is related to a generic gauge invariant configuration AZ, in our case, besides
gauge invariance, the configuration AZ is further constrained by the transversality condition
OMAZ = 0. Therefore, unlike the standard Stueckelberg formulation, our action refers to a very
particular and specific mass term, which is the one obtained by mininimizing the operator Afm-n,
as precisely expressed by the presence of the term [ d*x 8HAZ’G. This is a non-trivial feature
of our model, which makes it deeply different from the usual Stueckelberg action (28]).

It is instructive to give a look at the propagators of the Stueckelberg field £* which follow
from both formulations. In the case of the standard Stueckelberg action, eq.(28]), one obtains

2
b b am 1
(D st =5 (14 ) s (29
This expression captures in a direct and simple way all drawbacks of the standard Stueckelberg
formulation, as reviewed in [66]. One notices, in particular, the presence of the mass parameter
m? in the denominator of (29)), a feature which persists even in the Landau gauge, corresponding
to a = 0, namely
b 0 g
a a= _
(€ (P)E"(=P)) Stueck = 2
As one can easily figure out, this property prevents the renormalizability of the standard Stueck-
elberg formulation [66]. In fact, due to the presence of the parameter m? in the denominator
of expressions (29)), ([B0), non power-counting renormalizable divergences in the inverse of the
mass m? will show up, invalidating the perturbative loop expansion. As discussed in [66], the
theory stemming from the action (28]) has to be treated within the realm of an effective non-
renormalizable quantum field theory.

(30)



Instead, the inclusion of the term [ dix @ GMAZ’Q leads to a deep modification of the Stueck-
elberg propagator. In fact, from the quadratic part of the action S, eq.(I7]), one gets (see also
Appendix (C]) where the complete list of propagators has been given)

ab
(EP)E(—p))s = a‘;—4 . (31)

Expression (BI]) displays several properties. First of all, unlike the propagator of eq.(29), one
notices the absence of the mass parameter m?. As far as the UV behaviour is concerned,
expression (B1I]) does not pose any problem for the validity of the power counting, a property
which will ensure in fact the all-order renormalizability of the model, as it will be proven in detail
in the next Section. Another interesting feature displayed by expression (3] is the decoupling
nature of the Stueckelberg field in the Landau gauge, « = 0. In fact, from Appendix (), it

turns out that

(€ P)E" (=) & = (AL PE (=p)§™" = (AT (=p))§ = 0. (32)

This is a remarkable property of the Landau gauge, which expresses in terms of Feynman rules
the decoupling of the Stueckelberg field . It reflects the expected fact that, when 9,4, = 0,
the higher order terms of the infinite series (B]) become harmless, due to the presence of the
divergence 0, A4,. Equation (32]) reveals in a clear way the deep difference existing between the
present formulation and the standard Stueckelberg one for which, even in the Landau gauge, the
field €% does not decouple, see eq.(B0). To some extent, property (32)) makes almost immediate
the perturbative renormalizability of the action S, eq.(IT), in the Landau gauge.

Before ending this section, it is worth spending a few words on the possible implications of
the existence of a double pole, at vanishing Euclidean momentum p? = 0, in the Stueckelberg
propagator ([BI)). Even if such a behaviour does not pose problems for the UV power-counting,
it might give rise to unwanted infrared divergences in the explicit loop calculations. For that,
a BRST invariant infrared regularization will be presented in the next subsection, relying on a
nice property of the BRST transformation of the Stueckelberg field £&*. Moreover, we under-
line the presence, in expression (BII), of the gauge parameter . This is a welcome feature. In
fact, owing to the BRST invariance of the theory, it turns out that the correlation functions
(O(x)O(y)) of BRST-invariant composite operators O(z) are independent from the gauge pa-
rameter «, see ref.[67] for a recent algebraic proof of this statement. This property, combined
with the aforementioned BRST-invariant infrared regularization and with the decoupling nature
of the Stueckelberg field £ in the Landau gauge, ensures that the gauge invariant correlators
(O(x)O(y)) are infrared safe.

Finally, we restate the Euclidean nature of our construction, i.e we shall not attempt to provide a
possible Minkowski interpretation for the action S, eq.(IT). Without entering into details, it will
suffice to mention that we expect a violation of perturbative unitary in Minkowski space, even
if our model displays an exact BRST symmetry. This is precisely corroborated by the presence
of a double pole in the propagator of the Stueckelberg field. Multipole fields are known in fact
to give problems with perturbative unitarity. A nice example of this is offered by the non-local
mass operator F),, (D?)~'F,, which has been studied in detail in [69, [70} [71]. Similarly to the
present case, the non-local operator F),, (D*)7'F, v can be cast in local form by introducing a set
of suitable auxiliary fields, so that a local formulation can be constructed at the end, enjoying



an exact BRST symmetry [69) [70, [7T1]. The resulting action turns out to be renormalizable
[69, [70]. Nevertheless, it violates perturbative unitarity due to the presence of multipole fields
[71]. We point out that the operator F,, (D?)~1F,, is the first term of the infinite series of the
gauge invariant expansion for the operator Agm-n, as one sees from eq.([@). We expect thus that
the same problems encountered in the analysis of the perturbative unitarity for the operator
F,,(D*)~'F,, will show up also in the case of A2, .
Though, as it stands, the Euclidean action S, eq.(IT), turns out to be useful in order to study
non-perturbative aspects of confining Euclidean Yang-Mills theories. In particular, expression
(7)) arises within the context of the BRST-invariant formulation of the Gribov-Zwanziger theory
recently achieved in [54, 55l 67], which takes into account the non-perturbative effects of the
Gribov copies. In addition, the action S can be seen as the BRST-invariant extension in linear
covariant gauges of the effective model considered by Tissier and Wschebor in the Landau gauge
in order to study the positivity violation of the gluon propagator [72] [73]. Lastly, as already
pointed out in the Introduction, the action (I7) might enable us to investigate the formation of
the dimension two-condensate (AZAZ) in a BRST-invariant and a-independent way.

2.3 Infrared BRST-invariant regularization for the Stueckelberg field ¢

As mentioned before, the propagator for the Stueckelberg field in expression (31) could give rise
to potential IR divergences when performing explicit loop calculations. Though, as outlined in
[67], it turns out to be possible to introduce an IR regularizing mass term for the Stueckelberg
field compatible with the BRST invariance. For the benefit of the reader, let us reproduce here
the construction of [67]. It relies on a nice property displayed by the BRST transformation of

the field £ given in egs.(20), (2I), namely

s <£a2£a> = —&%*, (33)

as it follows from eq.(20), i.e. ' '
5(€'9%) = —igee't (34)

Expanding the exponential in Taylor series, one gets
g2 g g2 g
s <1 +ige - Lee - i ece+ ) — —ige <1 +ige - Lee - i ece+ ) L)
Multiplying both sides of eq.(35]) by &, yields
g g9’ g g
s <1 +ige - Lee—iLece + > = gt c <1 +ige - Lee—iLece + ) . (36)

Equating now order by order in g the expression ([B6) immediately provides eq.(33]).

Due to equation (33]), we can introduce the following BRST-exact term

St = [ days(oere) = [ (Garicee o peeet ). (37)

where (p, M) are constant parameters transforming as

sp=M*,  sM*=0. (38)



As it is apparent, the action (S + Srgg) is BRST invariant, i.e.
S(S + SIRR) =0. (39)

The parameter p has ghost number —1, while M has ghost number zero. From equation (37),
it turns out that the propagator of the Stueckelberg field £* behaves now like

ab a

b _
(€*P)E"(—p))s+S1rr = DAt ol (40)
showing that the mass parameter M introduces an IR regularization in a BRST-invariant way.
In Appendix ([C)) one finds the whole list of all propagators of the elementary fields evaluated
in presence of the parameters (p, M), which have to be set to zero at the very end of the

computation of the correlation functions.

3 Renormalizability

We are now ready to face the issue of the all order renormalizability of the action S, eq.(IT).
For later convenience, it turns out to be helpful to employ a slightly different parametrization,
redefining the gauge parameter « as well as the gauge, Lagrange multiplier, and Stueckelberg
fields as

1 1 o
AZ—>§AZ, b* — gb*, 5“—>§£“, a—>g—2. (41)

Accordingly, for the field strength and the covariant derivative, we get

a a a abc Ab fgc
Fy, = 0,4, —0,A, + [ AL AL, (42)
DY = §%9, — fUA, (43)
while for the action S
4 a h,a m2 h,a gAh,a
S = Spp+/d x| 7O Ay +7Au’ At (44)
1 a a a al.a 1. Q a =a al
Spp = / d*z (4—92 Fi By + 5 00" +ib" 0,45 + € 8uDubcb> (45)
where .
A= Abe Tt = nTA B+ ikt O,h b= ST (46)
Also, for the BRST transformation, we have
a __ ab b
sA, = —D;’c,
1
P — 5fabccbcc ,
sc® = ib*,
sb* = 0,
st = 0, (47)
and ] 1
s =g (€, gU(&) = =0+ S — T+ O (48)
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with
sS=0. (49)

The usefulness of the new parametrization in eqs.([d4]),([d5) relies on the property that, acting

on the action S with the differential operator 928%2, gives directly the gauge invariant quantity

[ d*zFg,Fg,, i.e.

oS 1
2 _ 4
ga—gz——@/d IIJ‘FSVFSV, (50)
a feature which will be helpful in order to write down the parametric form of the most general
counterterm allowed by the quantum corrections.

Let us proceed by identifying the Ward identities of the model. To that purpose, following
the algebraic renormalization set up [65], we introduce a set of BRST-invariant external sources

: h h h
(J(z), T (z)g, i (x), L (z), K%(x)) coupled to the composite operators (A, (z)A}(z)) and Aj;(z)
as well as to the non-linear BRST variation of the fields (AZ, c®,£%), namely we consider the
classical complete BRST-invariant action Y defined by

J 1
2::mw/&%ﬂ@%%iaﬂﬂuqmy—%m%+ﬂmﬂ&c
+Kw@@&+gﬂ>, (51)
with
sJ =sJ,) = s, =sL =sK" =0, (52)

which ensure the BRST invariance of X
sy =0. (53)

The action S, eq.(dd]), can be recovered from ¥, modulo a constant vacuum term V%m‘l, by
setting the sources (J, J, €2, L, K) equal to

a
o

J — m2 ja
phys ’ H

=L
phys

=0, (54)

phys phys

i.e.

2‘ =S+V2mt, (55)

phys 2

where V stands for the Euclidean space-time volume. The parameter ( is a dimensionless free
parameter which enables us to take into account possible divergences affecting the vacuum term
J%(z) [T, 10, [11], allowed by power-counting due to the fact that source .J(z) has dimension
two. Let us also mention that the vacuum term %J2 is required in order to investigate the
formation of the dimension two condensate <AZ(:1:)AZ($)> via evaluation of the corresponding
effective potential, see [7), 10, [11]. In particular, the parameter ¢ can be made a function of the
coupling constant g in such a way that the generating functional of the correlation functions of
the theory obeys a homogeneous renormalization group equation [7, [10] [11], a result which will
be employed in Section (@) in order to determine the anomalous dimensions of the operators
(AZAZ) and AZ.
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3.1 Ward identities

The BRST symmetry stated in the previous section can be immediately written as a functional
identity. The complete classical action ¥ turns out to fulfill the following Ward identities:

e The Slavnov-Taylor identity

5T 0E OS 8% 6T 0% 0%
4 = _— e | —
/ d' <5Qa 54zt 5Lase T sKage TP 55a> 0- (56)

In view of the algebraic characterization of the counterterm, we introduce the so-called
linearized Slavnov-Taylor operator By, [65] defined as

B :/d4 0x 9 _|_5E 0 _|_5_Ei_|_5_25 +5Ei+5_2 J _|_Z'b“i
> 008 5AY -~ 0AL QL OLY de*  de OLe T SK* 6E*  5§C OK® dea )7
(57)
which, as the BRST operator s, turns out to be nilpotent
ByBs, =0. (58)
e The gauge-fixing condition and the anti-ghost equation [65]
23 . a a
w = Za“Au + « b 5 (59)
ox ox

In particular, the identity (60]) ensures that the anti-ghost field ¢* and the source (2, enter
only through the combination

Q= Qf + 0" (61)
e The 7 Ward identity
0% 0%
0 = — 2
oTe ”5‘7;} 0, (62)

implying that the field 7% and the source J; appear only in the combination

Tl = T8~ 0, (63)

3.2 Characterization of the most general counterterm

In order to characterize the most general invariant counterterm which can be freely added to
all orders in perturbation theory we follow the set up of the algebraic renormalization [65] and
perturb the classical action ¥ by adding an integrated local quantity in the fields and sources,
¢, with dimension bounded by four and vanishing ghost number. We demand thus that the
perturbed action, (X + eX), where ¢ is an expansion parameter, fulfills, to the first order in e,

12



‘Fields&sources‘A‘b‘c‘E‘S‘T‘Q‘L‘K‘J‘j‘
Dimension 17210 2 (02| 3 4 4 213
Ghost number ojoj1{-1{0(0|-1|-2|-1]01}0

Table 1: The quantum numbers of fields and sources.

the same Ward identities obeyed by the classical action X, i.e. equations (B6), (59)), (€0), and
(62)). This requirement gives rise to the set of equations

S(E+ex?) = 0(?),
i(E +eX%) = i0,AL+ab” + O(e?),

b
i—k@ 0 (B +ex) = 0(?)
ocr  Meqe B ’
O 0 o (B +ext) = 0(?) (64)
ore Hegge N ’
yielding the following constraints on X¢:
BsX = 0, (65)
1)
_th —
5ba 0, (66)
1) 1) ot
<E+auégz>z = 0, (67)
) 0
_ ECt — .
<5T“ Ou 5Jﬁ> 0 (68)

From the constraint (66]) it follows that ¥ is independent from the Lagarange multiplier %,
while equations (67) and (68) ensure that X depends only on the combinations Qf = Q% + 9,

and f[] = J;) — 0,7 of equations (GII),(G3).

From equation (65]) one learns that ¥ belongs to the cohomolgy [65] of the linearized Slavnov-
Taylor operator By, in the space of the integrated local quantities in the fields and sources of
dimension 4 and ghost number zero. Therefore, we can set

= A+ ByAY (69)

where A(=1 denotes a four-dimensional integrated quantity in the fields and sources with ghost
number —1. The term Bs AV in equation ([69]) corresponds to the trivial solution, i.e. to the
exact part of the cohomology of Byx,. Instead, the quantity A identifies the non-trivial solution,
i.e. the cohomology of By, meaning that A # By @, for some local integrated Q.

From the general results on the cohomology of Yang-Mills theories [65], and with the help
of Table [l where the dimension and the ghost number of all fields and sources are displayed, it
follows that A and A1) can be written as

Co a 1a a a a a abc a c
A = / d*z [@ Fo F, 4 c1 (0, Al) 0, Al + 3 (0, Al™) 0, AL + cg fUC Al AL 0, Al
¢

FXP AR ALLADCAL - T OR(A,€) + T O(A6) +eas P (70)
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and
A = [ | e gl + O L+ g Ko ()
where we have taken into account the gauge invariant nature of the field AZ, i.e.

Bo Al = sAl* =0,  AM £ By(p), (72)

for any pf,. The parameters (co,c1, 2, €3, ¢4, X)) in expression (70) are free dimensionless co-
efficients, while O,(A, &) and O(A, ) stand for generic local quantities with dimension 1 and 2
and ghost number zero, respectively, depending only on the fields A7, and {*. Also, the quantities

ab(€), f90(€) and f$°(€) in expression ([TI)) are arbitrary power series in ¢ with ghost number

zero, allowed by the dimensionless character of the Stueckelberg field &¢.

Imposing now the constraint (65]), one immediately gets

BrO%A£) = sO%A€) =0, (73)
BsO(A,€) = sO(A€) =0, (74)

meaning that O}(4, &) and O(A4,§) have to be BRST invariant. Let us work out in detail the
most general solutions of eqgs.(73)),([7d]), beginning with eq.(73]). Taking into account that the
operator OZ(A, ¢) has dimension 1, ghost number 0, and carries both color and Lorentz indices,
it can be parametrized as

O%(A,€) = 0 (§) AL + w™(€) 0,8", (75)

where (0% (€),w™(£)) are dimensionless quantities in the Stueckelberg field £2. Making use of

expression (f]), it turns out to be useful to replace A, by the gauge invariant field AZ’“, upon

a redefinition of the quantities (0% (€),w®(£)), i.e.

Op(A,§) = 6 (€) A" + 0™ (€) 9" (76)
Therefore, from condition (73]) one gets
95 4 d gnp 00 b | b 09"\ o pd L nab bes o
8—509 C A'uj + <a—£bg +w a—£d> C Mé. +w g (%c :O, (77)

which immediately gives

aAab
aagc = 0= 6% =b6™,
o = 0, (78)

where by is a constant. We conclude thus that the most general form for Oy is given by
O%U(A, &) = by Al (79)

The same reasoning applies as well to the case of the operator O(A,¢&) in eq.(74]). Taking into
account now that O(A, &) is of dimension two, we write

ab
O(A,) = ™€) AL AL +0"(6) 3 +3(€) A% 0,8 + L0 90,8+ 0 %6, (s0)
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where (0% (&), w®(€), A\ (€), p®(€), 8*(€)) are dimensionless power series in €. Again, employing
the gauge invariant variable AZ, we obtain, upon a redefinition of (g%, w® A%, p® 3%),

~ Aab A~
(A f) Aab(f) AZ,aAZ,b —l—(i)a(f) 8#‘427(1 + )\ab(f) Ah“c?ufb (5) (aufa)aufb —l—,@a(f) 82§a )

(81)
From equation (74]) we have
95 gle Ahaghb o h,ay b oAb g dag b
— c A aA c Ama c a A ,a c
0 8£d c +8£C > (9, e’ + 8£d + A o6 2 1(0,87)c
1 8ﬁab . ag 82 dc
)\ac cb Ah a dc ad Ad a by ¢
+ ﬁac cb+2ﬁc (a ga)a Cb—l- 8B Cb+ﬁc b (a2£a)cb
o&e i K 850 &
+Bbgba 62Ca , (82)
from which it follows that
j\ab _ [)ab _ Ba — 0’
aa.ab ~ab b2 ab
8—5d = 0= = 5(5 s
owe a . .
9 0 = @* =0 (by color invariance) , (83)
where by is a free coefficient. Finally, for the operator O(A4,¢), we have
0(4,€) = 2 Aol (84)

Therefore, for the most general counterterm, eq.(69]), we get
/d4 [ 5 P + 1 (OHAZ’“) 0, AL + ¢ (aqu}/L’a) 8uAﬁ’a t+c3 fabcAZ’aAﬁ’b aqu}/L’c
¢

bo

FXP ARG ALCAY 0y T AL DT AL e s P (85)

and A1) is given by eq. (7I).

It remains now to characterize the coefficients (c1, ¢z, c3, A%°?). To that aim, we rely on an

important property of the action S in equation ([@4). When the mass parameter m? is set to
zero, i.e. m? = 0, expression reduces to

Sme—g = SFp—l-/d4x <Ta 8MAZ’“) , (86)

Spp = / d*z <— FS,Fe, + —b“b“ + ib" 0, A, —I—E“@uDZbcb) , (87)

which coincides, modulo the term [ dix ¢ OHAZ’G, with the Faddeev-Popov action Sgp of the
linear covariant gauges.
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Nevertheless, as shown in detail in Appendix (A]), the additional term [ d*z @ 8MAZ’G has
no consequences on the evaluation of the Green functions of the elementary fields (4,,b,c, ¢),
meaning that the correlation functions (A, (1)..... Ay, (zn))s ,_, evaluated with the action
S,2—¢ coincide with those computed with the Faddeev-Popov action Sgp, namely

<AM1 (T1)eeene Aun (mn»SmQ:o = <AM1 (ml) """ AMn (‘Tn)>SFP . (88)

From this property, it follows that when the external fields (J,J,K) are set to zero, i.e.
(J,J,K) — 0, the counterterm (85]), (71)) has to reduce to that of the Faddeev-Popov action in

presence of the term [ diz 7¢ OHAZ’G, namely to expressions (I56]),(I64]),([I70) of Appendix (Al).
This requirement gives

Co = ap, 61262263:0, )\ade:O, ffb:aléab, fgb:agéab. (89)

so that for the counterterm 3¢ we obtain

B = /d4l’ [f—;g Fi Fp + b1 T AR + %2 J Al Al 4y % Jﬂ
—I—Bz/d4x [al ﬁﬁAﬁ%—ag L“C“+K“f“(§)} , (90)
where we have performed the following redefinitions:
F& =528, bs=c. (91)

3.3 Parametric form of the counterterm and renormalization factors

Having determined the most general form of the invariant counterterm, eq.(@0), it remains to
check if ¥ can be reabsorbed in the starting action ¥ through a redefinition of parameters,
fields and sources. To that end, let us proceed by casting expression (O0) in the so called
parametric form. From the expressions of the linearized Slavnov-Taylor operator By, eq. (&7,
we can rewrite the counterterm X¢ as

by ¢

ct 4 A0 1a 1a a ph,a a h,a h,a prh,a 2
E = /dx<4—92F/JVFHV+b1"7HAﬂ +b17' 8;,,14'“ +EJA“ AH +b3§z]
0% 0% ) 0%
A= 29 A® _ gy QP2 a9 Y= a %~
+aq ”5/1/61 a1 b* 0, w—ai ”59; +ayc aumz asc 5o
LS 8% 9f 5y
o L0+ () 30 — K5 5Kb>. (92)

where use has been made of the explicit expressions of :7;? and ﬁz given, respectively, in
eqs.(G3),(@T)). In order to analyze the different terms of expression (92]), we set

7
=) %, (93)
n=1
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with
5 = /d4 LRy o0 o
25 = /d4xbl T AL,
2§ = /d433b1 TaauAZ’a’
et = /d4x <b2JAh“Ah“+b <J> ’
X5 = / d'z (—ia b 9, A7),
D¢ = /d4$aléaau 2

6Qa

) ) ) ) of® 6%
c 4 a a a
e = /dx <¢11Au(S - 1ﬂﬂma+ as L 5La+f (g)—(%a—K 960 5K b). (94)

By noticing that

? 7 / d*z ngng = / d4:13— F3FS, (95)

the term ¢! can be rewritten as

0%
ct 2

Taking the variation of the action X with respect to J,; and 7¢,

0 ha 0X h.a
AR R i o7)

the terms 3§ and X are rewritten as

Egount — bl/d4$ «75&7&7

N
yount = by / dg il (98)

oTe
Also, taking the variation of ¥ with respect to J, we obtain

0 1 iha sha
5—514’; Al 4T, (99)

from which it follows that ¥ takes the form

»§ = / diz (bg J— + (b3 — 2by) g J2> . (100)
On the other hand, we also have that
ox 4G 2
8C—/daz2J. (101)
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Thus,

0X 1)
2 =by [ d*z T+ (b3 — 2b2) (- . 102
1 2/ zJ55 + (b3 — 2b2) ac (102)
Now, considering the gauge fixing equation (5J)), we can rewrite % as
3
ye = /d4a: <—a1 ba:;ﬁ + a3 ab“b“) . (103)
Furthermore, from
202% _ / d*z o b"” (104)
oo ’
one gets
0X 1)
net = — b — 4 241 a— . 1
E al/dznb 5b“+ ala@a (105)
The term ¢ can be immediately rewritten using the anti-ghost equation (60) as:
oX
e =~ dive'— . 106
6 al/ T C 5o (106)
Putting together all expressions, for the parametric form of the counterterm we obtain
ox. o%. o%. oX 0%
YU = —aggP=— + (bg — 2by) (— + 2 — /d4 Al — — a1 b — —
ap g 892+(3 2)C8C+ (11048@4- x| al uéAZ aj 5ha
0% oX oX 0% 0% oX
_ a = a ~ b a a o= Q[l_ L[l
e m e TS+ fO5a o T T
0X 0% aft &%
by J0 e+ by J— — K° 1
T Iisge T s T R e 5Ka>’ (107)
which can be finally written as
»e =Ry, (108)
with R being the differential operator
0 0 0 1) 1)
R = —aog’=—= ~+ (b3 —2b2) (— +2 — d* Al —— — a1 b —
apyg 8g2+(3 2)(8C+ a1a8a+/ x(al h3A ar b =2
1) 0 1) 1) 0 )
_ ~a_ - a =~ b a_~ a - Qa_ La
R R A T T el
) 0 oft ¢
b1 Tl + b J— — K° : 109
B R VAT 5Ka> (109)

The usefulness of expression (I08)) relies on the fact that it immediately provides the redefinition
of the fields, parameter and sources needed to show that the counterterm X can be in fact
reabsorbed into the starting action, namely

(D) + eX(D) = X(Dg) + O(e2), (110)

where € is an expansion parameter, ® is a shorthand notation for the fields, parameters and
sources, while @ stands for the corresponding redefinitions. From equation (I08)) it is apparent
that the redefined fields, parameters and sources are given by

o= (14+eR)D. (111)
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In fact, using (III), it is almost immediate to prove that

Y[®] = B[P + e RP| = X[®] + e R(X) + O(e?), (112)
showing that the counterterm ¢ can be reabsorbed into the starting action .
By direct inspection of equation (I12), for the renormalization factors one finds:

AO = Z}{/2A’ b() = Z;/2b7 Co = ZCl/ZC? é0 = 251/267 5(01 = Zgb(f) §b7 T0 = Zq%/27'7
QO:ZQQ’ Lo=2.L, K(C)L:Z?{b(é)Kbv Jo=25J, jOZZij

gOZZgga CYQ:ZaOé, COZZCC7 (113)

where
Z, = l+eap, (114)
7% = ltea, (115)
ZMN? = 1—cay, (116)
Z; = l+4e¢b, (117)
Z; = l+4eby, (118)
ZC = 1+¢ (bg - 2b2) R (119)
Z& = 5 tef5h, (120)

afb 8fbc
gab _ sab _ _ gab 3 ¢cy gha 121
and

Zo=24, =7 =z0=2"7  z\VP=2z;  z,=277" (122)

Observe that in equations (I20) and (IZI)) we have used the definition f%(¢) = f¢°(¢)£ intro-
duced in eq.(@I]). We also underline that, according to (I20]),([I21l), the renormalization factors of
the Stueckelberg field £€* and of the corresponding source K* are nonlinear, i.e. they are power
series in £%. This is an expected feature, due to the dimensionless character of the Stueckelberg
field, a feature common to other renormalizable models displaying massles fields as, for example,
N =1 super Yang-Mills theory in superspace, see [74].

4 The anomalous dimensions of (AZAZ) and of AZ

Let us address now the issue of the anomalous dimensions of the operators (AZ’“AZ’“) and AZ’“.
As a consequence of their gauge invariance, their anomalous dimensions turn out to be inde-
pendent from the gauge parameter «, a result which can be established at the algebraic level
through the use of the extended BRST technique [65]. (See also the recent proof given in [67].)

In particular, due to its a-independence, the anomalous dimension of (AZ’“AZ’“) is the same

as that computed in the Landau gauge, i.e. for a« = 0. Moreover, taking into account that, in
the Landau gauge, the operator (AZ’“AZ’“) reduces to (Af,Aj), we expect that the anomalous
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dimension 7y gny2 of (AZ’“AZ’“) should be equal to the anomalous dimension 742 L of the
andaau

operator (AjAf) in the Landau gauge, namely

Y(Ar)2 = VA2

_ ﬁ(a) Landau _ 92
Landau - < a +fYA (CL) ’ “= 167‘(’2 ’ (123)

where (8(a), 75" (a)) denote, respectively, the S-function and the anomalous dimension of
the gauge field A, in the Landau gaug.

A similar property is expected in the case of the operator AZ, namely

= A" ), (124)

Yah = YAk
o=

i.e. the anomalous dimension of AZ should equal that of the gauge field Aj, in the Landau gauge.
Therefore, both v 4ny2 and y4» would not be independent parameters of the theory.

Let us give a formal proof of equations (I23]) and (I24]) by making use of the renormaliza-
tion group equation (RGE) which, owing to the renormalizability and to the BRST invariance
of the theory, reads

or or or
/’La_+5g2W_’YANAP—’YCNCP—’Y(Ah)Z/d Z'JE
5 or
_ 4 b
7Ah/d T ( N(Sja > /d < 56& +7K(£)K (5K“> 0, (125)

where

HoAL 0be oce ko0

5
_ 4 o a
Ne = /d <C 5ca 5La> ’

Na = /d4az<A“ 0 —b“i—ci—Q“ 0 )—1—204&,

0
ab ac
Yo = (Zg) Mauga
0
ab —1\ac cb
1K = (Zg) /‘@ZK : (126)
Let us act now on the RGE with the test operator
62
S 127
ST @I} W) (120
and set all fields and sources equal to zero. A simple algebraic calculation gives
9 4ha 9 sha
0 = p @(AZ’ (@) AL (y)) + By2 8—92(AZ’ ()AL (y))
a a a
—274 oz£<x4fi’ (@) AL () = 2740 (A (2) AL (y)) - (128)
tFor an all order algebraic proof of the relationship
_ B(a) Landau _ i
Va2 Landau - <T +7A (a)) ’ “= 1672 ’

see [36].
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Moreover, due to the a-independence of the gauge-invariant correlation function (AZ’“(:E)A,},L’b(y»,
it follows that 5

Ao (AL @) AL (y) = 0. (120)

Thus,

0

0
7 @MZ’“(@A}J’I’@/» + B2 a—g2<AZ’“($)Ai"b(y)> — 2y (A4 (@) AL () = 0. (130)

In addition, from ([I29)) we can make direct use of the Landau gauge, namely

(AR (2) AL () = (AR (2) AL (Y))a=o = (Al *(x)AL" (y)) Landau - (131)
Therefore . - S
" D¢l A ()AL (y) e " (e:m?=0)
(Al () Al () = L DAL DA (W) e | (132)
f[D(Zj] e “(a,m2=0)
with [D¢| = DADbDcDéDEDT and
a,m2=0) +1 + c+T . 133
S d'z 412 Fi, F, 4 ib® 0, A% + ¢ 0,D ¢ + 7% 0, Aj*
Integrating out the fields (7,b, ¢, ¢), we get
DADE §(8,AM)6(0,A,.) det(—8 - D) A () AP (y) e S
<AZ’“(:E)A,},"b(y)> _ f é ( H u) ( H ) e( ) (l‘) ( ) ] (134)

fDADf 5(8uAh) ( )det( -D)e —Sym

Employing the result given in Appendix (Bl), see eqs.(I91)),(I92), the equation OHAZ = 0 can be
solved iteratively for £* yielding

0A 9 0A 1 g [0A
¢ = 828 A, +182 [&4 82] i [AH,@L§] +35 [§,6A} +0(A%), (135)
so that we can integrate over £%, obtaining
h,a hb _3
h.a hob B [ DA6(9,A,) det(—0 - D) Ay (z)Ap” (y) e >¥M
@A) = [ DA, A,) det(—0 - D) e S ’ (136)
where AZ is now given by, see eq.(I93)) of Appendix (B]),
Oy 0A g@
h _
AN == Au 828 814 2962 [A,,,@ a2:| - 5@ |:8A, @814]
0
+ g [AM, 82&4} [ 5204, 8’;&4] +0(A?%). (137)

However, due to the presence in eq.(I36]) of the delta function 6(d,A,), all terms containing a
divergence 0A vanish, namely

a , [ DA§D,A,)det(—8 - D) Al (z) AL (y) e S
(Abo(z)AbP(y)) = fDA(Sa 1 )det( 5 DY e-Fox
B [ DA, A,)det(—0- D) A (x)A (y) e~ Svm
B fDA(S(aMAM)det( . D)e=Svm
= <AZ(x)AZ(y)>Landau . (138)

21



Thus, the RGE for the correlation function (Aﬁ’a(x)Aﬁ’b(y» becomes

8 a a a a
1Y @<Au(x)A2(y)>Landau + ﬁgz 8—92<Au(x)142(y)>Landau — 24n <Ap(x)Ag(y)>Landau =0, (139)

which proves equation ([[24]). Of course, the same reasoning can be applied to equation (I23]).

5 Conclusions

2

In this work we have provided a study of the gauge-invariant non-local operator Az,

A2 =Tr / d'z AL AT (140)

with AZ the transverse configuration, OHAZ = 0, given in expression (3]).

Despite the highly non-local character, we have shown that a fully local set up for both op-
erators (AZAZ) and AZ can be constructed, giving rise to a local and BRST-invariant action S,
eq.([IT). The main tool in order to achieve such a local formulation has been the introduction
of an auxiliary Stueckelberg field £, egs.(I),([12]).

As pointed out in Section (2]), the transversality condition, 8!“42 = 0, plays an important role,
giving rise to deep differences between our formulation and the conventional Stueckelberg one,
which is known to be non-renormalizable. Unlike the conventional Stueckelberg formulation, the
novel action S, eq.([I7)), has been proven to be renormalizable to all orders, as shown in details
in Sect.(3). Furthermore, owing to the gauge invariance of (AZAZ) and AZ, the corresponding
anomalous dimensions, (’y( Ah)2,’}’Ah), turn out to be independent from the gauge parameter «
entering the gauge fixing condition, being given by

_ 5(0,) Landau o 92
Landau a < a +fyA (CL) ’ “= 167‘(’2 ’

, — ,Yiandau(a)y (141)

YAmy2 = VA2

Yar = Yar

a=

where (B(a),75*48(a)) denote, respectively, the S-function and the anomalous dimension of
the gauge field A, in the Landau gauge. We see therefore that (7( ARY2, Y an) are not independent
parameters of the theory.

The present results can open the road to several future investigations. For instance, the pos-
sibility of having at our disposal a local and renormalizable framework might enable us to
investigate the formation, through the computation of the effective potential [7, [10] 111 [15] [16],
of the gauge-invariant dimension-two condensate (AZAZ> This result might yield a better un-
derstanding, within a manifestly BRST-invariant set up, of the relevance of the condensate
(AZAZ> for the formation of the dynamical gluon mass [7, [10L 1], 15l [16] as well for the analysis
of the é corrections in the gluon correlation functions within the OPE expansion, as reported
in [18] 19} 20} 211 24], 27, 28|, 29, B30, B1], B3, [34], B5] in the case of the Landau gauge.

Another topic worth to be mentioned is the study of the BRST-invariant and a-independent
correlation function
(AL ()AL (y)) (142)
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within the local present set up. Due to its a-independence, expression (I42]) can be seen as
the natural generalization, in the case of the covariant linear gauges, of the two-point function
(Au(2) A, (Y)) Landan studied in the renormalizable massive Yang-Mills model in the Landau gauge
considered in [72],[73]. As such, expression (I42)) might provide information about the occurrence
of positivity violation, already observed in the Landau gauge [72, [73]. In this sense, expression
(I42]) might be regarded as a powerful and practical tool to detect the positivity violation, in
linear covariant gauges, of the two-point gluon correlation function within a BRST-invariant
formulation.

Acknowledgements.

The Conselho Nacional de Desenvolvimento Cientifico e Tecnolégico (CNPg-Brazil), the Faperj,
Fundagao de Amparo & Pesquisa do Estado do Rio de Janeiro, the SR2-UERJ and the Coor-
denagao de Aperfeicoamento de Pessoal de Nivel Superior (CAPES) are gratefully acknowledged
for financial support.

A A review on the renormalization of the Yang-Mills action in
linear covariant gauges

2

When the mass parameter m= is set to zero, the action S in eq.(45]) reduces to

Sm2:0 = SFP —|— /d4f1}' (Ta aMAZ7a) (143)
where Spp is
1 a a [0 a1a 1a a —Q a,
Spp = / d*z (4—92 Fyi, By + 5 B0 b 9, A5 + & 9, D" > (144)

i.e. Sp2—q coincides, modulo the term [ d*x ¢ OHAZ’G, with the usual Faddeev-Popov action of
the linear covariant gauge. Evidently, the action 5,2 is left invariant by the BRST transfor-

mations given in egs.(4T), 8

Nevertheless, when m? = 0, the additional term J d*z ¢ OHAZ’G has no consequences on the
evaluation of the Green functions of the elementary fields (A,,b,c,¢). More precisely, it turns
out that the correlation functions (A4, (z1)......Ay, (¥n))s ,_, evaluated with the action S,,2_¢
coincide with those computed with the Faddeev-Popov action Sgp, namely

(Ap (1) Ay, (20)) s = (Ap (@1).e Apy, (T0)) Spop - (146)

m2=0

The statement (I406]) can be checked by means of the functional integral. Let us consider ex-
pression

_ f[D(b] Aul (‘Tl) ------ Aun (xn) e~ Sm2=0
[TD9] & Snas ’

(147)
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where [D¢] stands for integration over all fields, i.e. [D¢] = DADbDcDéDEDT. Integrating

over the field 7, one gets

_ [ DADbDcDEDE 6(0,AR) Ay, (21)..... Ay, () 7577
[ DADbDcDeDE 6(0,,Al) e=Ser ’

(148)

Making use of the result given in Appendix (B)), see eqs.([I91]),[I92]), the equation 8#‘42 = 0 can
be solved iteratively for £ yielding

1 g 0A g 0A i g [0A

so that expression (I48]) can be written as

[ DADbDcDeEDE (€ — [power series in A]) Ay, (21)...... Ay, (zn) e75FP
B | DADbDcDeDE (€ — [power series in A]) e=SFr '

(150)
Observing now that the Faddeev-Popov action Sgp, eq.(I43]), does not contain any dependence
from the Stueckelberg field, it follows that the integration over the variable £ in equation (I48))
is straightforward, giving

(A (1) Ay (), 5,

| DADbDcDE Ay, (21)...... Ay, (%) e Srp
<AN1 (.Z'l) ...... A/ML (xn)>Sm2:0 - fDADbDCDE e_SFP )

(151)

which proves the statement (I46]). The same reasoning applies as well to other Green’s func-
tions containing the elementary fields (b, ¢, ¢). In summary, all Green’s function of the elementary
fields (A, b, ¢, ¢) evaluated with the action (I43]) are exactly the same as those computed with
the Faddeev-Popov action (I44]).

In particular, from this result it follows that the action (I43]) is renormalizable, the most general
counterterm being given, modulo terms in the variable 7, by the usual counterterm of the linear
covariant gauges.

Let us give a closer look at the possible local BRST-invariant counterterm Sﬁfzzo affecting the
action S,,2_y at the quantum level. SffLQ:O is a local integrated quantity in the fields bounded
by dimension four. Moreover, it is useful to notice that, besides the BRST invariance, eq.(I43]),
the action S,,2_ is constrained by the additional Ward identity

08,2
dtz—m=8 — ¢ 152

/ ot (152)
which implies that the variable 7 can enter only through a space-time derivative, i.e. 0,7%.
Therefore, owing to the previous considerations, and taking into account that the field 7 has
dimension two, for the counterterm S¢,_ we write

S¥l, o = St — / 0 (9,7)0%(A,€) (153)

where Sf,fp is the usual local BRST-invariant counterterm of the Faddeev-Popov action in linear
covariant gauges and where OZ(A, €) is a local quantity of dimension 1. From BRST invariance,
we immediately get

SOUA,€) =0, (154)
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whose general solution, see eqs.(73))-(79), is
Of(A,€) = b1 AR, (155)

with b; being an arbitrary coefficient. Thus, for the most general counterterm corresponding to
S|m2—o we have
4 h
Sty _y=SEp—bi /d z (DT A (156)

Let us end this subsection by providing the expression of the Faddeev-Popov counterterm Sf,fp,
as derived form the algebraic renormalization procedure [65].

A.1 Renormalizability of the Faddeev-Popov action in linear covariant gauges

Following [65], in order to determine the most general invariant counterterm S%, affecting the
Faddeev-Popov action in linear covariant gauges, eq.(I44]), we start from the complete classical
action

1
So = Spp + / d'z <—Q; Dt + 2 f“bCL“cbcc> , (157)

where we have introduced the external sources (£, L) coupled to the non-linear BRST varia-
tions of the fields (Af,, c?), see eqs. (1), 48).

The action Xy obeys the following set of Ward identities [65]:

6% 050 | 05005y ., 0%

4 0 02 00%0 | ,,0%0)

/d v (ma 544 T 5La g T 5ca> =0 (158)
5%
0 =0, AL+ ab, (159)
6% | 0%
o T Ogag ~ (160)

m

from which it turns out [65] that the most general local invariant counterterm ¢ contains three
free parameters (ag, a1, a2), being given by the expression:

1
¥ = ag / d*z FﬁyFﬁV + By, /d4x (a1 (QZ + 0, A}, + az L“ca) , (161)

where By, is the nilpotent linearized Slavnov-Taylor operator

559 & %9 & 6% 6 0%y 6 5
_ 4 0 0 _0 0 -
520 = /d ! (593 5Az " 54530z | 0L°dce | des oLe i 5ca> ’ (162)

By, Bs, = 0. (163)

Expression (I6I]) can be conveniently written in parametric form [65] as

200 0% ox ox ox
ct 4 a a9=0 4040
X5 = aga2+2aa1a —i—/dm(a A“(SA“ ar b 5ha a1 C 5
2920 2020 2020
—aq Q“ 59‘1 5(3[1 a9 L 5Lfl> 5 (164)
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which is suitable for establishing the renormalizablity of the starting action Xy, i.e. to check
that th can be reabsorbed in ¥y through a redefinition of the fields, parameters and sources,
according to

EO[Av b7 G C, Q7L7g27 Oé] + gz(c]t = EO[A(]v b07607 o, QOv L(]vgg’a()] + 0(62) ) (165)

with € stands for an expansion parameter and where the label “0” denotes the redefined param-
eters, fields and sources. By direct inspection of equation (I65]), it follows that the counterterm
3§ can be reabsorbed through the following redefinitions:

R=Zpg*,  A=2ZPA, =2, (166)

with

Zgp = l-cap,

Zi/2 = 1—|—€a1,

ZM? = 1—cay (167)
and

ayg = ZACY,

b = Z;7°0,

e = 7;'%e,

0 = 7;'%q,

Ly = Z7'?L, (168)

exhibiting the multiplicative all orders renormalizability of the Faddeev-Popov action in linear
covariant gauges.

Finally, setting the external sources (2, L) to zero, for the counterterm 5S¢, eq.(I56), one
gets

Stp = Xfla=r1=0 (169)
OSFrp 0Srp 0Srp 0Srp _,0SFP 0SFrp
_ 2 4 a a a a
= —agyg 32 + 2 aq +/daz<a1Au 5A% —a b 5ha —ayc 5o —asc 5o )
B Properties of the functional f4[u].
In this Appendix we recall some useful properties of the functional f4[u]
falu] = Tr/d4117 ALA, = Tr/d4x (uTAuu + éu@wu) (uTA“u + guTauu> . (170)

For a given gauge field configuration A, fa[u] is a functional defined on the gauge orbit of A,,.
Let A be the space of connections A}, with finite Hilbert norm [|A[[, i.e.

A2 = Tr/d4x Aud =3 /d‘*mAZAZ < too, (171)
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and let U be the space of local gauge transformations u such that the Hilbert norm ||ufdu]] is
finite too, namely

||u Qu| > = Tr/d4x (u@,;u) (uTGMu) < 400 . (172)
The following proposition holds [59} 60, (61, [62]

e Proposition
The functional falu] achieves its absolute minimum on the gauge orbit of A,,.

This proposition means that there exists a h € U such that

ofalh] = 0, (173)
& falh] > 0, (174)
falh] < falu], Yuel. (175)
The operator A?mm is thus given by
A2, = mln Tr/d4x AL AL = falh] . (176)

Let us give a look at the two conditions (I73) and (I74). To evaluate 6f4[h] and 62 f4[h] we setfl
v = he¥* = he!9" T (177)

1
—5% (178)
2
where w is an infinitesimal hermitian matrix and we compute the linear and quadratic terms of
the expansion of the functional f4[v] in power series of w. Let us first obtain an expression for

Ay

Tt = iptee T (TTY) =

A, = vl Ao+ év*@uv
= e_igthAuheigw ‘ e 9 (hT(‘) h> igw Z‘e_’lq“(?ueig“
g g
= e_igwAZeigw + ge_ig“’@“eig“ . (179)
Expanding up to the order w?, we get
v h : pw? i : pw? : 2w’
A, = (1—igw— g— A 1—|—zgw—g7 +§ 1—zgw—97 Oy 1+zgw—97

w? h h hw’
= (1—igw—g27> <A +igA,w — 92A 2>+
(3
g

W2 e 2
+ <1 —igw —g 7) <ig@uw 5 (Opw) w W (8uw)>
h h 9° 4n 2 h 2, Ah 9~ 2 4h
= A, +igAw— ?Auw —igwA; + g wAw T A
i g’ g’ 2 3
+ p <ig(‘9uw -5 (Opw) w — ?wauw +g w@,w) +O0(w”), (180)

iThe case of the gauge group SU () is considered here.
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from which it follows

7

Al = AZ + ig[AZ,w] + 5

o, AR, ] = Do + 65w, D] + O (181)
We now evaluate

faly] = Tr / d'zALA"
2
= v [t | (Al il + G o AL ] = Oy + 5Oyl + O )
2
(48 + ol ] + S llw. 48] 0] — Oy + 151001+ 09 |

2 2
. g g
— Tr / d'z {AZAZ +ig Au[Ag,w] + * AwAjw — T ALALW? — T AP A — AL

DRz
g g g
_ ?AZ(U2AZ - szAZAZ — O“WAZ - ig@uw[AZ, w] + Opwiyw + Z'E[w, 8uW]AZ} + O(w?)

2 2
g g
= falh] — Tr/d4x {Aﬁ,auw} + Tr/d4x <g2AZwAZw - 7AZAZ 2 7Aﬁw2AZ
2 2
— P4 @]+ PwAlw Ay - T AN A) — %w2AﬁAZ> +Tr / d'z (9,000

.g . . .g
zg[w, 8uW]AZ - zg@uw[AZ, w] — zg[AZ,w]auw + Z§Aﬁ[w’ a“w]> + O(w?)
= falh] +2 / datr <w8MAZ) + /d4a: tr {2gzwAZwAZ - 292AZAZw2
2 ( gh h h h 4 -9 h_ .9 h
- g (Auw — wAu> (Auw — wAu>} + /d xtr (E?Mw(‘)uw + zinMwAu — ziﬁuwwAu
— ig(‘)uwAZw + ig@uwwAZ — igAZw(‘)uw + igwAZGMw + igAZwauw — igAZ@uww) + O(w?)

= falh] + 2Tr/d4x <w8MAZ) + Tr/d4117 <8“w8uw + igw@HwAZ - ig@uwwAZ

— 2igBw Al + 2ighwwAl) + O | (182)
Thus
falv] = falh] + 2Tr/d4:17 <W8uAZ> + Tr/d4x (@w@uw + igw@uwAZ — ig@uwwAZ
— ig (Ouw) Aﬁw +ig (Opw) wAZ) + O(w?)
= falh]+ 2Tr/d4:n <W8uAZ> + Tr/d4x {a“w <8“w —ig [AZ,WD} + O(wW?) .
(183)
Finally
falv] = falh] + 2Tr/d4x <w8MAZ) — Tr/d4x w8, Dy (AMw + O(w?) (184)
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so that

Sfalh] = 0 = 0,AL =0,
82 falk] > 0 = —9,D,(A") > 0. (185)

We see therefore that the set of field configurations fulfilling conditions (I8E)), i.e. defining
relative minima of the functional f4[u], belong to the so called Gribov region €2, which is defined
as

Q={4,/0,A4,=0and —9,D,(A) >0} . (186)

Let us proceed now by showing that the transversality condition, 8MAZ = 0, can be solved for
h = h(A) as a power series in A,. We start from

i
Al = hT AR+ EhTauh : (187)
with ' '
h = 99 = 99" 1" (188)
Let us expand h in powers of ¢
g2
h=1+igp— 7¢2 +0(¢?) . (189)

From equation (I87) we have

Ah Au + ZQ[ e ¢] + 92¢A,u¢ - g_A,u¢2 - _¢2A - 8u¢ +i5 [¢a ] + O(¢3) (190)
Thus, condition 8MAZ =0, gives
o = 0, A+igl0, A, B +iglAu, 0,0] + 20,u0A.0 + §7 90, Aud + G2 HALO,0
92 2 g 92 92 92 9 o
= 5 0uAwS” = T ALOGS — T AuPOud — 000D A — 0P, — 9704 A,
+ i516,0%] +0(¢") . (191)

This equation can be solved iteratively for ¢ as a power series in A, namely

0A ; 0A ig |[0A 3
(Zs 828 A +282 |:(9A (92:| 82 |:A/“aﬂ (92:| 2@ |:§,8A:| +O(A ), (192)
so that
Oy 0A 98
h
A, = Ay - 826 0A — 2962 [A,,,@ 82] — iS5 [814, 82&4]
+ g [AM, 82&4} [ 5204, ggaA] +0(A3) . (193)
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Expression (I93]) can be written in a more useful way, given in eq.(3]). In fact

0,0,
ab = (%—’5—2) (A,, [8201414} 5 [azaAaazaAD+0(A3)

O O

= A, - [828AA] o> [82&4 E?MazaA] a28A+ 9828 [623,4,4]
_ g@u 0A 0, 3

2828 [82’82&4 +0(4?)

Oy Ou [0

= A, - 828144—29 H,628A 2 a@A 6“828A +1 962 828AA

9 % 3
+ 282[82,8A]+0(A) (194)

which is precisely expression ([I93]). The transverse field given in eq.(3]) enjoys the property of
being gauge invariant order by order in the coupling constant g. Let us work out the transfor-
mation properties of ¢, under a gauge transformation

0A, = 0w+ ig[A,, w] . (195)

We have, up to the order O(g?),

_ . _ 9 1 g [0A 2
d0p, = LW+ ig [82&4 8,,w} 5 [w,(‘),,mafl} 5 [82’8 }—i—O(g)
_ AP 2
= 8,,w+z2 [8 0A, 0, } 05 [8,,82814,(0] + O(g%) . (196)
Therefore A
.9
5y = =0, <w - iy [W,MD +0(g%) , (197)

from which the gauge invariance of AZ is established.
Finally, let us work out the expression of A2 .

Ay = Tr / d'z AL AL

Cwfee )]
- Tr/d4:n KA“ L{? 8AA] 2 [a aAaHaQaAD
<5W - %) <A,, [826A A } [a2aA 3, 82014})}

1 . 9,0\ ., "y aAa 2N he a AL 0,0 A
_ 5/614:6[14”(5#”— = )A —2f A e A }—I—O(A4).

as a power series in A,,.

(198)

leading to the result quoted in eq.(H).

We conclude this Appendix by noting that, due to gauge invariance, Amm can be rewritten

in a manifestly invariant way in terms of F},, and the covariant derivative D, [59], see eq.(@]).
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C Propagators of the elementary fields

In order to evaluate the tree-level two-point functions of the theory, we start from the local
action

2
S=Spp+ /d4x <7’a OMA’;“ + mT AZ’“AZ’“) + STRrR (199)

where Spp is the Faddeev-Popov term of the linear covariant gauges, eq.(I0]), and S;rgr stands
for the BRST-invariant infrared regularizing mass term for the Stueckelberg field, namely

S = [ dags(oeret) = [t (Gartere s o) (200)

From the quadratic part of expression (I99), one finds the following set of tree-level propagators
in momentum space

AP = 8P+ G (201)
2
AW (p) = P (202)
aab
AR = i, (20)
(AP p) = it (204)
H p2(p4_|_aM4) K
a MY
b () (—p)) = W5b (205)
b (p)&’ I ks 206
V" (P& (-p)) = L S VT (206)
M4
b (p)r"(—p)) = —ip—25“b (207)
AP = i 0 (208)
. T
(W (—p) = Zméb (209)
. B P
()7 (-p) = méb (210)
. B pa .
@ (p)E(-p) = méb (211)
" ad®
(e (-p)) = ol (212)
2
E@T ) = e (213)
m2 4-0[ 4 4,2
(T (p)r"(—p)) = —( (pp2(p4fa)];4§wp >5“b (214)
@) = 50" (215)
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with Py, = (5wj — %’}) being the transverse projector. All other propagators which have

not been listed above are vanishing. Let us also remind that the parameters M and p which
regularize the propagation of the Stueckelberg field in the infrared have to be set to zero at the
end of any actual calculation.
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