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Abstract
In this paper, we study the productions of the newly detected states Ds;(3040) and D ;(3000)
observed by BABAR Collaboration and LHCb Collaboration. We assume these states to be the
D4(2P) and D(2P) states with the quantum number J¥ = 1% in our work. The results of improved
Bethe-Salpeter method indicate that the semi-leptonic decays via Bs; and B into D, ;(3040) and
D ;(3000) have considerable branching ratios, for example, Br(ES — Df,(3040)e™7,)=5.79x 1074,
Br(FO — D7F(3000)e"7.)=2.63 x 107*, which shows that these semi-leptonic decays can be acces-

sible in experiments.
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I. INTRODUCTION

The studys of charmed and charmed-strange mesons have made great progress in re-
cent years, which intrigues great deal of interests in revealing their properties. More
and more new resonances have been observed in experiments. For example, in charmed-
strange family, D, (2700)* was reported by Belle Collaboration through the cascaded decay
B* — D’Dy; — D'DYK+ and identified as a 1~ assignment [1], and D*,(2860)* was dis-
covered by BABAR Collaboration in D,;(2860) — DK™, DTK? [2], which is very likely
to be 3~ state. In charmed family, D(2550), D(2600), D(2750), D(2760) were observed by
BaBar Collaboration with analysis of helicity distribution [3]. (D(2550), D(2600)) are tenta-
tively identified as 2S doublet (07, 17) while D(2750) and D(2760) are 1D doublet (27, 37)
[4]. Recently, two new resonances have been detected experimentally with masses around
3000 MeV, D,;(3040)" was observed in the D*K invariant mass spectrum in inclusive ete™
collision by BABAR [5], which is a good candidate as the radial excitation of Dy (2460)"
[6]. In DT~ and D7 mass spectra, D;(3000)° was observed by LHCb Collaboration [7],
which could be interpreted as the radial excitation of D;(2430)°, and their masses and full
widths are [3, 7]

mp,,zoa0)+ = (3044 £ 8%2%) MeV,
= ( )

I'p,,osoy+ = (239 £ 35715) MeV,

Mp;(3000)° 2971.8 £8.7 MeV,

= )
FDJ(3000 (1881 :l:448) MeV.

Regarding to the topic of radial excited states of D, and D mesons, several works have
been done about their mass spectra and strong decays [8-11]. One thing drawing our
attention is that no other heavy-light 2P state has been confirmed by experiment except
charmonium and bottomonium, which means the study of charmed and charmed-strange
2P states will enlarge our knowledge of bound states and deepen the understanding of
nonperturbative QCD.

We notice that D,;(3040) and D;(3000), assumed to be radial excitation of Dg;(2460)
and D;(2430) in recent studies, can be produced via the semileptonic decays of B, and B,
which are different from the observed production processes. Previous studies show that semi-
leptonic decays could be a good platform to produce charmed and charmed-strange mesons,
for instance, the process of By — D;1(2460)(7; has been calculated through relativistic quark

model based on the quasipotential approach [12], three point QCD sum rule methods [13],
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QCD sum rules under HQET [14], constituent quark meson model [15], and instantaneous
Bethe-Salpeter method [16]. The same order 1072 of the results in various models indicates
that semi-leptonic decays have considerable branching ratios. In addition, the study of semi-
leptonic decay provide an extra source of information for the determination of CKM matrix
elements and the relativistic quark dynamics inside heavy-light mesons. In this paper, we
explore the production of Dg;(3040) and D;(3000) by the improved B-S(Bethe-Salpeter)
method, and give the results of form factors as well as branching ratios.

The rest of this paper is organized in the following arrangements. In section 2 we deduce
the formulation of semi-leptonic decay. The hadronic matrix elements of production are

given in section 3, numerical results and discussions are presented in section 4.

II. THE FORMULATIONS OF SEMI-LEPTONIC DECAY

We take ES — D¥,(3040)I" 7, as an example to illustrate this type of process. The

feynman diagram of this semi-leptonic decay is drawn in figure 1.

-

W

’Yg(l —7s5)
Dg;(2P)

=

FIG. 1. Feynman diagram of semi-leptonic decay ES — D (2P)l y,

The amplitude of B — D,(3040)/~7, is [16]

T = %‘/cbﬂ(pl)”yg(l — 5)v(py,) <D:J(3040)(Pf)|J§\§S(P)> , (2)

where V, is the CKM matrix element, G'r is the fermi constant, J. = V; — A¢ is the charged
weak current, in which Ve = ¢vy¢b, Ac = €y¢y5b, P and Py are the momenta of the initial

meson ES and final meson D7;(3040) respectively. Thus the square of the amplitude is:

2
12 = S|V, 215 b 3)
2
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where the leptonic tensor could be simplified as:
1% =8 (pilpfl +pi0S — pupig™ + z’eff"‘ﬁplang) : (4)
and hadronic tensor is defined as:
hee' = ( BL(P)|J{|DF;(3040)(Py) ) (D2 (3040) (P) | Je | BL(P)) (5)

which can be described as form factors. Explicit forms are present in next subsection.

III. HADRONIC MATRIX ELEMENT OF SEMI-LEPTONIC DECAY

The calculation of hadronic matrix element is model-dependent. In this paper, we deter-
mine the hadronic matrix element through the instantaneous Bethe-Salpeter method with
Mandelstam formalism. As a relativistic quark model, the instantaneous Bethe-Salpeter
method has been applied in many transitions among heavy-light mesons. More details
about instantaneous Bethe-Salpeter equation are given in Appendix A.

Regarding to the classification of heavy-light meson, the heavy-light mesons can be clas-
sified in doublets based on the total angular momentum of the light quark s;. We can
categorize the heavy mesons into several doublets, for example, the S doublet is (07,17)

with s; = 3 , and the T doublet is (1*,2%) with s, = 3 | thus the 17 states can be labeled as

2
Pll/ * and Pf 2. But in our method, we solved the Salpeter equation and obtained the wave
functions of the 3P, and ' P, states, whose forms are given in Appendix B, then the physical
states are mixtures of the 3P, and ' P;:

3

'§> = cosf }1P1> + sin 6 ‘3P1> ,
(6)

B> = —sinf ‘1P1> + cos f ‘3P1>.

In the heavy quark limit, which is mg — oo, the mixing angle § ~ 35.3° [17]. D;,(3040)
is assumed to be the radial excitation of D;(2460) in this paper, which is Pll/ ? state. The
partner has not been discovered yet, which is correspondent to Pl?’ /2 state. By the B-S
method with the instantaneous approach, the hadronic matrix element can be written as

the overlapping integral over the initial and final B-S wave functions [16]:
4

<D:J (Py) ("P1) | Je| B (P)>= Z/ (27:;4% (Xp,, (P, Pyan)(an P + ¢ — ms)ve(1 =) xso (P, q)]

7 [ . P
~ [ s [t (P @) =20 6 (0 o
= Eu (tlpfp‘u + t2Pf£P‘u + tgg§“ + t4€£PP1'u> s
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(D2 CR) IHBP)) = [ Ste i CR) (@261 20) 6 @14

—¢, (tngP” + t6Pre PP + trge! + t8€§PPw) , ®)

where ¢ and ¢ are relative three-momentum between the quark and anti-quark for initial

state and final state. t; to tg are the form factors, which are given in Appendix C.

The wave functions we adopt above are for 'P, and 2P, states. Due to the mixture of

physical states, the form factors for P/? and P3/? states are given as:

ZTitqa =t;co80 + 1,1 4sinb,

x; = —t;sin@ + t; 4 cosb,

where 1 = 1,2, 3, 4.

Another thing we should notice is that the masses of 'P; and 3P, are different from P'/?

and P3/2. There is also a mixture between them and the relation is given as [18]:

m%P1 = m? sin® 6 + m3 cos? 0,
2 2

mgp1 = m3 cos® 0 + m3 sin? 6.
2 2

By giving the form factors, the width of semi-leptonic decay is

G2‘/C%MS M2 9

= 35,3 /—dpl dpf{ +ﬁ+ { (2x(1—m+y)—4x —y)
m2
m;

2 M2
A”;g (8 +4——3 )] (Be+ B5) ~—5 (2 4x+y—2m) (11)

2 2
+ﬁ__;_§<__)+24<1_4“ M)%j(H S,

where M; and M are masses of the final and initial meson respectively, my; is the mass of

the corresponding lepton. «, 544+ and -y are coefficients as functions of the form factors:
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By =B, = 2($1+$2)($1—$2)+(M2_M]%)_ x+$2EM T3 73 (12)
R AM3 4 NN VER ) VIRV VER

5 - 2(9:1—932)2_(2ME+M]%+M2)x?1+ a2 ) ME (22 — 11) 3
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IV. NUMERICAL RESULTS AND ANALYSIS

A. form factors

In our model, the input parameters of calculation are chosen as following: A =0.21 GeV?,
Aqep=0.27 GeV, a=e=2.71, a=0.06 GeV, my=4.96 GeV, m;=0.50 GeV, m.=1.62 GeV,
mg=0.311 GeV, which are the best results to fit the mass spectrum of related mesons [19].
For semi-leptonic decay, we also need CKM matrix elements: V,.=0.0406, and the lifetime
of initial meson 7, = 1.469 x 107 s, the masses of mpo=5279.58 MeV and m o =5366.77
MeV are taken from PDG [20]. We notice that the partners of Dy;(3040) and D ;(3000)
are not discovered yet, the masses required in our calculation are taken as 3022.3 MeV and
2913.8 MeV for D,(2P} / ?) and D(2P; / %) respectively. Varying all the input parameters
simultaneously within + 5% of the central values, we obtain the uncertainties of branching

ratios.

To show the numerical results of wave functions explicitly, we plot the ' P, and 3P, state
for Ds(2P) meson in figure 2. We can see that 1P, and 3P, states share the same shape.
As an example, The form factors z; to z, are shown in figure 3, where t = (P — P;)? =

M? + M7 —2M Ey and t,, is the maximum of ¢.
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FIG. 2. The wavefunctions of ! P and 3P, for Ds(2P) meson
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FIG. 3. The form factors of ES — Ds;(3040)Te" 7,
B. branching ratios
for D (3040)

In table I, we show the branching ratios of semi-leptonic production of Ds(2P)*. Gen-
erally, the cases of e and p are 2 orders of magnitude larger than the case of 7 due to the
phase space. We also notice that the branching ratios of FS — D:J(P‘I’/ 2)1‘?; are 10 times
larger than FS — DjJ(P}/ )7, Ref [21] calculate the same process via covariant light-
front quark model. The result in Ref [22] is obtained through modified harmonic-oscillator

light-front wave function (I) and light-front quark model associated within HQET (II). We
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can see that our results are well consistent with the light-front quark model associated within
HQET but show a little discrepancy with the other two results. All these results indicate

that more theoretical researches should be done in the future.

TABLE I. Branching ratios of ES — D (2P)l 1,

ours [21] I [22] II [22]

B, - DY, 3040)676 (5.797%8) x 10~ (2.49704) % 1074 5.6 x 10~

¢
o
PR
=~

e Ve (2.347159) x 1073 (2.421507) x 1073 1.24 x 1073

e ( )
2 — Djj(3040)u 7, (5.777283) x 1074 (3.571 1) x 107% (2.46794,) x 107* 5.6 x 10~*
BY — D (PY)u 7, (2.367128) x 1073 (4.0704) x 1073 (2.397097) x 1073 1.24 x 1073
BY — DI ,(3040)r~ 7, (4.071195) 5 1076 (9. 9+44) x 1076 (5.2703) x 1076
BY = D (PY*)r7, (3.497239) x 1075 (9.7108) x 105 (0.4379,,) x 10~

Due to the lack of data of Dy(2P) state, as a comparison, we give the informa-
tion about 1P state with J” = 17. The branching ratio of cascaded decay Br(B? —
D41(2536) " p1,) X Br(Dg(2536) — D*~ K? )=(2.5+0.7) x 1073, and the branching ratio
of strong decay is 0.8540.12 [20], so the branching ratio of semi-leptonic decay into 1P state
is 2.94714 % 1073, The corresponding first radial excitation of D, (2536)~ is Dy (PY?)~,
whose production rate via semi-leptonic decay is 2.34 x 1073 in our method [16], this may
imply that our results are reliable.

Although the production ratio of D,;(3040) is very small in FS semi-leptonic decay,
considering that the LHCb experiment will produce more than 10° B, mesons per running
year |22], the branching ratios of FS — D,;(3040) e~ v, around 10~ are considerable, and
are accessible in the current By decay data. So the semi-leptonic approach has a promising

prospect in producing Dy ;(3040).

for D ;(3000)

In table II, the results of B - D*(2P)l" v, are presented. Our results show that the
branching ratios into two doublets are of the same order of 10~ for e and yu, 1076 for 7.

While the results from light front quark model [22] are the same of 10™* for 2P11/ ? state,
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TABLE II. Branching ratios of B - DT (2P)l"p

1. 81+0 .54

x 1076 (5.2703) x 1076

ours [22]
B’ D;(3000)*e~7, (2.637033) x 107* (2.5710:39) x 10~
B’ - D@PY*) e p, (2.627084) x 1074 (2.727092) x 10-3
B’ = D, (3000)* 177, (2.381060) x 1074 (2.54103%) x 104
(2.427050) x 1071 (2.69709%) x 1073
vr ( )
( )

)
) i
B %D( 2)* 7,
)
)

B’ = DPY*) 7, (4.441076) x 1076 (060310 ,,) x 10~

but one order of magnitude smaller than ours for 2P13 /? state. To give some clues for this
discrepancy, we list the results of B = DT (1P)l"7; as the comparison. In table III, we
give the cascaded decay of D(1P) states, in which the D;(2430) and D; (2420) are D(1P;/?)
and D(lPl/ ) respectively.

Considering that the strong decays of D; state are dominant channels at around 67%
due to the isospin symmetry, one thing we should notice in table III is that for D1(1P3/ 2)
and D1(1P11/ %), the branching ratios of semi-leptonic productions are almost the same of

4.5 x 1072 in experiment. Our results are consistent with this data. If the behaviors of 2P

states are similar to 1P states, our results seem to be more reasonable.

TABLE III. Cascaded decay of B® into D~ (1P)

ours exp[20]

Br(B’ — D1(2430)~1+7;) x Br(D;(2430)~ — D*'7~) 3921030 x 1073 (3.1 £0.9) x 103
Br(B" — D1(2420)"1+7;) x Br(D;(2420)~ — D*’x~) 5511097 x 10-3 (2.80 4 0.28) x 103

Similar with BY — D (2P)i"7;, the branching ratios are large enough to be observed in
experiment, so we suggest that the LHCb and Belle IT Collaboration carry out the study of
semi-leptonic decays above.

The possible sources of the uncertainty on the results may come from these following
factors: (1) The spin partners of D;(3000) and D;;(3040) are not detected experimentally
yet. In our work, the masses of D(2P3/ %) and D,(2P; / %) are assumed to be around 3000
MeV and 2913 MeV. It is one of the important sources of uncertainty. (2) P2 and P?/?

states are mixture of 'P; and 3P, states. The mixing equation we use in this paper is



determined by the mixing angle, and this angle we use is derived from heavy-quark limit,
which deviates from the realistic mixing angle, especially for the higher radial excitations
[23]. That is another possible way for the uncertainty to be increased. These sources show
that there are a lot of researches to be done in the future to reduce the uncertainty and

make the prediction more precise.

for 3P states

Although no 3P state of Dy or D meson has been observed in experiment yet, we give
a very preliminary prediction in our method. The masses we used are 3421 MeV and 3427
MeV for D,(3'Py) and D4 (3%Py) states, 3215 MeV and 3220 MeV for D(3'P;) and D(3*P)
states, which are predicted in our model. The mixing angles § ~ 35.3°. The results are

given in table IV.

TABLE 1V. Branching ratios of 3P states of Dy and D meson

Br Br
BY - D3PV} Tem, (7.247255) x 10-¢ B’ = DBPY*)Te v, (2.351020) x 106

s s 1 e —2.18 1 € —0.28
B. = D3P e m, (27010499 x 104 B’ = D3PV te 7, (3.481013) x 104
-0 1/2 R _ -0 1/2 —
B, — Dy(3PY ), (7.32433)) x 1076 B — DBPY?) 7w, (2.367035) x 1076
-0 3/2 N -0 3/2 _
BY — D,(3P¥*)* 1w, (2687040 x 1074 B’ - DBPY*)*uw, (3.47701) x 1074
Bl - D3P r o, (1.36128) x 10710 B° — D@BPY*) 7, (7.357085) x 1079
BY = D3P r 5, (1.621018) x 107 B’ = DBPY*)*r 7, (1.17109) x 10~

In table IV, the branching ratios of 3P states are much lower than those of 2P states,
which presents challenges in current experiment. In addition, we see an interesting result
that two mixing 3P states of D meson show discrepancy in semi-leptonic decay of FO, which

needs more data and researches to give a more precise result.

V. SUMMARY

The accumulative data of charmed and charmed-strange mesons are becoming more and

more abundant with the running of colliders. The study of higher radial excitation in
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charmed and charmed-strange families is becoming a intriguing field. Two of the newly de-
tected states are D,;(3040)" and D;(3000)°, which are very likely to be Ds(2P) and D(2P)
states. The productions of these states in experiment are the inclusive ete™ interaction and
D channel.

Under the instantaneous Bethe-Salpeter framework, we have studied the branching ratios
of semi-leptonic decays into Dy;(3040) and D;(3000). Our results indicate that the semilep-
tonic production from B, and B can be a good platform to produce considerable amount of
D, ;(3040) and D,(3000), so we urge that relevant experiment groups could focus on these
channels. Those phenomenological investigations are important to further experimentally

study of 2P state of D, and D meson.
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APPENDIX A. INSTANTANEOUS BETHE-SALPETER EQUATION

We define the B-S wavefunction as:

olg) = / &z expliq - ) (O|T [ () Py(—en )| P, B) (A1)

where xp(q) is the B-S wavefunction of the relevant bound state. [ is the index other than

m2 J—
mitmgr 4=

momentum, o = Qop1 — 1P, P1, P2 and my, my are the momenta

mi
mi1+ma’ Q2

and constituent masses of the quark and anti-quark, respectively. P is the momentum of

the initial state while £ is the quantum index to identify the state other than momentum.

gp denotes 31352 and ¢, =qp, =q— %'3—1;13.

The B-S equation in momentum space can be written as:

(7’1 - ml) xr(q) (;;g + mz) =i / (Z:;V(P, k.q)xp(k). (A.2)

In the instantaneous approximation, the integral kernel takes a simple form:

V(P k,q)=V(|k—ql) (A.3)
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Three-dimensional wavefunction can be written as:

ola) =i [ Sexe(o) (A4)

Thus, the B-S equation can be rewritten as:

xr(q) = Si(p1)nlap, )Sa(p2), (A.5)

where

Blip,
are) = [ GV, el

The full Salpeter equation takes the form:

) = Nar) ortan) L 8.

In order to do the numerical integral, we need the explicit form of integral kernel. In
this work, we choose the Cornell potential, which was widely used in this interaction. The

Cornell potential is the sum of a linear scalar interaction and a vector interaction.

V(g) = Va(q) + Va(9)° @ 70,

A A 1
Vi(g) = — (a + Vo) 8°(q) + 2@t a2
Vi) — 2 as(q) (A7)
U(Q) = _ﬁf a2
127 1
O‘S(Q)

33— 2n;log(a+ @/ Noep)
where a,(q) is the running coupling constant, A is the string constant, a and « are phe-
nomenal parameters we introduce to avoid divergences when ¢* ~ A3 and ¢* ~ 0, Vj is

a constant in our model to fit the data.

APPENDIX B. WAVEFUNCTIONS FOR DIFFERENT STATES

In this section, we introduce the wavefunctions for different states.
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B.1 Wave function for 'S,

The general form of 1.5, state:

Pg,

0@ = M | L@+ 1+ B + T

fa(@) | - (B.1.1)

Due to the constrains equations in full Salpeter equation, we have the condition <parfzapaf =0,

Thus

_ So(@M(w, — wl),f4(67) __h(@M(ws +wi) (B.1.2)

miWs + Moy miWws + Mowq

f3(9)

Therefore, there are only two independent wavefunctions fi(¢) and f5(§). The relativistic

positive wavefunction could be written as

et (1S) (@) = w [ajf + aj’él + aﬁ‘fﬁp +1

7, (B.1.3)

where u
w1 + Wwo mi1 + Mo
a; = — + ), =1z
! 2 (fl (® f2(® mi + mg) 2 w1 + Wa
W) —w my +m
g = ML gy Tt
mMiWa + Moy mMiWa + Moy
B.2 Wave function for 'P;
The general form of ' P; state:
. . P . Pfg 1 o
p("P)(Gr) = qr € [gl(qf) + QZ(Qf)ﬁf +93(qr)d,, + M§ 94(qr) | 75- (B.2.1)
I f
Constrains equations result in
. W) — wh . L (Wi +wp) My
_ - — ) B.2.2
Thus the relativistic wavefunction is
wy + wh m’1+m’2ﬁ_ Wi — wh

SR () = UL {gl<q*f> i

5 92(<ff)] [1 +

mi +my 4P .
miwy + mhwi My

/ / / / ’ / /ﬁl
my + ms Wi +wy My mijwy + mhw| " f

(B.2.3)
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The Dirac conjugate form is:

_ . € qr1 P Psd,,
P P)(d)) = - 2f asy’ (1 + cwﬁff +asd, +as Mf f) , (B.2.4)
where
. L\ Wyt wy my + mf
as = + R L)
5 = 91(qr) 92(Qf)m,1 T YT W
wy + wh my +mj
ag = ——— WA g = —— oo
MWy + Myw; MWy + Myws

B.3 Wave function for P,

In the same way, we have the wavefunction of 3P, state:

. / !/
vy =t [ s Mh 1 my+my Py wi—wy
e ("P)(qr) 20, 1(qf)+m1+m2 2(d7) T Wi +wy My 7?’L1Wz‘i‘mz‘*)1gfl

my + mj %fJ_Pf
miwh + mhw| My

iey,\pgv”P}‘qJ’ile"] ,
(B.3.1)

and it’s Dirac conjugate

_ . y Py Py
T P)(@r) = — - aseunpe? PR 7 (1 +ar tasd, +a—= |, (B32)

7
2M; M; M;

where

/ /
w7 + Wy

= h(q ho(d, )
ag 1(qr) + Q(qf)m/1+m’2

APPENDIX C. THE FORM FACTOR

In this section, we present the form factors in semi-leptonic decay of B into D,(2P)

state. For the process of D;(2P), the form factors are the same.
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:72]\4;]\542 (2a2Ef1 (E]%IQQM + a2Ef1a8MMf1 + a4Ef1a9Pf1 -q+ a3a8Mf1Pf1 . Q) + 2aEf1
f1

X(—MMfl —|— 2Ef1M(Ef1a9 —|— agangl)X —I— a4Ef1(Mf1 —|— 2a9Pf1 . q)X —I— ag(a7(Pf1 - q —|— EJ2c1X)
—i—angl(qi + Pfl . q))) + Ef1(2(—MMf1 + CL36L7Pf1 - q + aganglqi)X — Efl(CLgEflCL7
+Ef1a9M + CL4Mf1 + a2a8MMf1 + a4a9Pf1 . q)qu + (a3Ef1a7 + EflagM + CL4Mf1

+agasM My + asagPp1 - q)q1 Z),
. a10as

2MZM?,

+2EpagM + asMyy + 2aasM My + asagPpy - q) — asaoq? )X + (asEpa7 + EpagM + as My

Ep(—2aM(aEag + az(ar + aagMy)) + 20aga9q; — 2(asar M + a(azEpar

+asasM My + asagPyy - q)q1Y),
__a1a5(a3Ef1a7 —+ EflagM -+ a4Mf1 + CLQCLgMMfl —+ CL4CL9Pf1 . q)in
2M My, ’
:z'ala5(ag(aa4Ef1 + M) + ag(&7 + aangl))in
2M?M ’
(2a2Ef2(a2Ef2agMM]%2 + CLgMM?Q + C’E]%2a9Pf1 -q + CL4Ef26L8Mf2Pf1 -q+ Ef2

. ae

- 2M2M?,
(Epz — Mp2)(Epz + Myz)(asEpaag + asasMp2) X) 4 Eps(2(ar M M7, + asM My Pyy - q
—az P - q(Mys + agPr1 - q) + azagM7,q7 ) X + Epy(Mys(asEys + asar My — M (Epyas + azagMys))
+azEpa9Pp1 - ¢)q1Y) — (Mpa(azEpy + asarMpg — M (Epaas + asagMy2)) + azEpaa9Pry - q)
01 Z + a(Ep(2(—azMpPpy - g + asM My Py - g — azag(Pyy - ) + asagM7yq?
+Myo(—a3E}y + EfyasM + 2a2Epsa9M My + asM M3, + asEpasPr1 - ) X
+ar MGy (M — ayEp X)) + Eps(—Eg + My2)(Ep2 + M) (asEprag + asasMp)qlY)
+(Epy — Mys)(Eyps + My2)(asE a9 + asasMy2)q3 Z)),

:#65\64?2(—20[2E?2M(QQE]”2Q9 +agMys) — 2a3Mf2qi +2M (a7 P2 - g+ anggqi)
—2(a7(MM]%2 + asEPrs - q) — Pra - q(asEraa9M + asM sy — asM My + aszagPrs - q)
+aszagM7,q7 )X + 20(E}y(asar — asagM)X + asM My (Pyy - g — M7,X) — Efy(arM + (—azM;,
+asMMys + azagPrs - ) X) + Eps(azagM (Prs - q — M7, X) + asasMps(q7 — 2Py - ¢X)))
+a By (B — Mpo)(Epa + Myo)(azEfaag + asagMyo)q3Y — Epa(Mya(azEra + asF' My
—M(Efaas + azagMy2)) + azEp2a9Pra - q)q1Y),

= 1741;;]%2 (202E;sM (Eygy — M) (Egy + M) (a2 Epaag + asMys) — (asaz — azagh)(2(Pys - q)°
—M?q1 (24 2)) + Epap(—2a7M Ppy - q + ¢1 (—asM M3 (2 + Z) + as(agPyz - 2
+Mp(2+ 2)))) + a(E7,(2a7M — agagq’ Z) + Ep My (—2a7 M Mys 4 2a3 Py - ¢ — 4asM Pys -
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+asagMp2q? Z) + asasMpa(—2(Pra - q)° + M7yq3 (2 + 7)) 4 Efy(—4azagM Py - g

+a4(2a7 P - q — asMﬁQi(Q +2)))));
a10¢

NP,

+q1)) (o + X) + (asM My + aEps(azEpaa9 + agagMyps) — az(Mpa 4 agPya - q))q1 Z),

tg = ’i(2Ef2(CL4CL7Pf2 -q + Mfg(CLQM + a4a8(an2 - q + qi)) + Efg(a7M + agag(OéPfg - q

where Ey and Eyy are the energies of 1P, and 3P, states, M 71 and My, are the masses of

- 2
1P, and 3P, states. X = qf};’s‘@,Y = 17;’;“’5 8 7 = —1+ cos? 6.
f f
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