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We consider a composite model in which the standard model fermions are bound states of ele-
mentary spin % particles, the preons, situated in the conjugate product representation of the color
group. In this framework we propose and analyze two mass Ansatze one for the leptons, the other
one for the quarks, based on mass formulae of the Gell-Mann Okubo type. We find that these mass
Ansatze can give an adequate description of the known standard model fermion masses.
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I. INTRODUCTION

The standard model of elementary particles has had remarkable success culminating with the discovery of the Higgs
boson by the ATLAS @] and CMS |2] experiments. However there are still many theoretical unsolved issues like
naturalness of the electroweak scale, the neutrinos masses and mixings, matter and antimatter asymmetry or the
proliferation of fermions and fermion masses. It is this latter problem that we wish to explore in the present work.
In general there are three types of answers to why there are so many generations of fermions in the standard model:
a) the number of fermions is accidental; b) to consider some sort of gauge unification at a larger scale, enlarged
group meaning larger representation of fermions that can accommodate all species; ¢) the standard model fermions
are composite of more elementary fermions or bosons and fermions. Here we shall reexamine the third explanation
although arguably it lacks any experimental support and it is the most controversial.

Models of composite fermions have been proposed since the seventies in different frameworks and set-ups. One
possibility exlored in the theoretical studies B]—ﬂg] is that the fermions are composite of a boson and a fermion.
Another direction [10]-[12] is to rely somewhat on gauge unfication and to build the fermions out of five constituents.
Finally another choice explored in the literature ﬂﬁ]—ﬂ%] is that the fermions are made out of only two constituents
with or without the necessity of an enlarged gauge group. All these studies have one feature in common: all the
standard model fermions are built from a smaller number of constituents in one context or another.

The composite fermion models are plagued with all sorts of issues ﬂﬂ] including the absence of any known form
factors that might be associated with the compositeness of leptons, the possibility of exotic decay processes that have
not been observed experimentally or the appearance in the effective theory of low dimension operators that might
lead to rare processes unaccounted for. We do not aim to resolve these issues in the present work nor the problems
that might appear with the dynamical assumptions but rather to consider a more practical approach: If the standard
model fermions are to be composite at the electroweak scale then the composite nature of these objects should be
able to account for or justify at least partially the proliferation of masses. Thus rather than the underlying dynamics
and structure at higher scales a composite model should be able to give reasonable mass Ansatze inspired by what
we know from another composite theory, that of baryons and mesons of low energy QCD.

In this work we construct the standard model fermions out of only two constituent preons situated in different
combinations of the color group representations. We shall point out only briefly the dynamical assumptions at a
larger scale and address in detail how the known masses of the standard model fermions may fit into a composite
picture.
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II. COMPOSITE FERMIONS

We consider a composite model with two fermions ¥ and y that we should call generically preons (or psions and
chions) situated in the conjugate product representation of the group SU(3)¢. Since the product representation is
reducible it will decompose into a direct sum of irreducible representations: 3* x 3* = 3 4+ 6*. These preons have a
global U(1)y x U(1)a x SU(2)r, x SU(3)r symmetry with the assignment of the quantum numbers given in Table
[l Since we are dealing with Dirac fermions situated in vector representations of the group SU(3)¢ this quantum

Preon” Q |T3L |T3R | SU(3)C|

Wy || 2] 3]0 ]346
Ur ||2]0 |1 [346
xe ||—2|-3] 0 |3+6
xr ||-2] 0 |-3]|3+6"

TABLE I: Quantum number assignment for preons

number assignment is free of anomalies.

Assume that QCD with these fermion species and representations has the property of confining at a larger scale.
Since the phase diagram for an SU(N) gauge theory is mostly dictated by the behavior of the beta function this
assumption is very plausible. Then it might be energetically favorable for two types of bound states to be formed
as higher dimensional representations break into the lower ones: One type that are color singlets and another type
that are color triplets. The actual phenomenon that might take place which we call ”cascade confinement” will be
discussed in a subsequent paper. Alternatively one may consider an additional very strong group SU(3) g (hypercolor)
with preons in the adjoint representation that at a higher scale leads to the formation of hypercolor singlets. However
we shall not enter into detail here since our main purpose of the present work is to find reasonable mass Ansatze for
fermion masses under the assumption that these are composite states of more elementary preons.

Besides scalar and fermion bound states vector and axial vector composite states may form. If the global symmetry
is SU(2)1, x SU(2)g then the two-preon bound states will be triplets and singlets under the global group by analogy
with low energy QCD. We assume that at larger scale a parity violating operator and the formation of a vacuum
condensate lead to the breaking of the group U(1)y x U(1)a x SU(2)r x SU(2)r down to SU(2)r x U(1)y. Since
at this stage vector mesons with quantum number of triplets and singlets exist we can assume that this symmetry is
gauged and the electroweak group is formed. The picture we just outlined may lack detail and may lead to dynamical
issues but apart from these constitute a possible framework in which we will analyze the fermion masses.

The hypercharges associated with the preons after the spontaneous symmetry breaking of the large group down to
the electroweak group are extracted simply from the relation:

Y =2(Q — Ts1) (1)
and are summarized below:
1
Y(¥p) = 3
4
Y(¥r) =5
1
Y(xz) = —3
2
Y(XR) = _g- (2)

Note that these are exactly the hypercharge assignment of the quarks in the standard model.
There are various singlet and triplet bound states that may form but here we will indicate only the scalar singlets
that may be relevant to the spontaneous symmetry breaking of the electroweak group: one scalar doublet with

hypercharge Y = 1:
XRVL
s : 3)
XRXL



and the other with ¥ = —1:

t
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These scalar doublets are doubled if one considers that for each of them there are two possible bindings 3 x 3* or

6* x 6.
We shall discuss separately the fermion bound states.

A. Composite leptons

The singlet three-preon bound states are given by the combinations ¥Wy and yxW first with charge Q = —1 that
we associate with the charged leptons, second with the charge @Q = 0 that we associate with neutrinos. By analogy
with the baryons (neutron and proton) made of up and down quarks, namely by considering the antisymmetry of the

wave function, it is impossible to form states of the type YWW or yxy with spin 5.
Next we need to determine the flavor structure of left handed and right handed states. We consider only one
generation of leptons to find:

er, ol \IJTLXR or Ul ‘I’LXL
eR gl ‘I’RXL or Ul \I!TRXR
v, XexpWh or xIxj ]
VR XLXR\I]E or XRXR‘IﬂL (5)
First note that the right handed states and the left handed ones are related as it should by application of the parity
operator. Second we will show that only the states in the right hand column in Eq. (Bl survive. This stems from the
fact that the total wave function must be completely antisymmetric. Since it is antisymmetric in color and symmetric
in space it must be completely symmetric in flavor and spin. However a completely symmetric wave function in
spin has the spin 3 3 which means that the spin wave function must have mixed symmetry. Consequently the flavor
wave function must have also mixed symmetry and thls requires various symmetrizations and antisymmetrizations in
flavors. If for example one has the structure \I/T l L x ;, where the last two preons form a scalar the symmetrization in
flavor would require moving the last preon on various slots in the composite structure. But this would destroy the
Lorentz properties of a composite state. Similar arguments indicate that no other states are possible. Thus the final
structure for one generation of leptons is:
vl wl
er LX L
eRr \I/T vl Rx R
v X LXTL\I}]L
VR XpXR V- (6)
Next we need to justify the three generations of leptons. This is done by considering various bindings that may
form out of the representations of preons. Thus there are only three possibilities that lead to singlets:
3x3x3=(6°+3")x3=1+10+8
6" X 6% x 6" = (157 + 157 +65) x 6" =1+ ...
IXx3IX6"=(6"+3")x6=1+.., (7)

and each corresponds to a different choice of representations and thus to a different generation of leptons.

B. Composite quarks

We consider those fermionic colored bound states that can be formed in a lower representation of the color group
(the triplet) and that are combinations of a scalar color singlet and triplet and a preon. Note that this type of states
are not uncommon in low energy QCD where it is presumed that the lower scalar and pseudoscalar mesons are mixings



of two quark and four quark states, the latter being molecules of colorless two quark states. Thus we assume that the
quarks are molecules of a colorless or colored scalar and a preon.

Generically the following states are possible: WWW, yyy, YWy and xxY¥. We will show that bound states that
contain three preons of the same type cannot be formed. First we need to select the possible combinations of
representations that lead to the desired bound states. The list narrows down to three possibilities:

1) 3* x 3 x 3 with two poossibilities:

)

) 3* x 3 x3=23"x(3*+6) =3+ ... where the scalar state is formed by the last two preons and is color triplet.

) 6 x 6* x 3 with two possibilities:

)6 x6*x3=1x34..=3+... where the scalar state is formed by the first two preons and is a color singlet

) 6 x 6% x3=06x (3*+15%) = 3+ ... where the scalar state is formed by the last two preons and is color triplet.

) Combined states:

) 3* x 3 x 6% = 3* x (3* + 15*) = 3+ ... where the scalar state is formed by the last two preons and is color triplet.
b) 6 x 3 x3 =06 x (3* + 6) = 3+ ... where the scalar state is formed by the last two preons and is color triplet.
These three possible grouping of representations correspond to three generations of fermions.

We shall discuss first the case where the scalar is formed by the two first preons in the combination. In this case
the first two preons must form a spin singlet so the wave function is antisymmetric in spin. Then the full spin wave
function of the composite fermions has mixed symmetry in the second and third preons. Since the total wave function
of the second and third preons must be totally antisymmetric and we cannot symmetrize in color(since this would
destroy the singlet structure of the scalar formed out of the two first preons) we must symmetrize in flavor. This
includes both symmetrization and antisymmetrization and cannot be done unless the preons on the second and third
slots are of the same type (both left handed or right handed) and different flavors.

For the case when the scalar is formed out of the second and third preons this is an antisymmetric representation
of color and is a spin singlet so it is both antisymmetric in spin and color. Since the wave function must be totally
antisymmetric then it must be antisymmetric in flavor and again the second and third slots are of the same type
(both left handed or right handed) and different flavors.

Finally the following composite quark states emerge (where we depict only one generation of quarks the others
being of the same type but with different bindings):

ur, is xpxrPr or Xixr¥r
uRr is X]}LQXL\IJL or XTRXR\IJR
dy, is \IITLXR\IIR or \I!TLXL\I/L
dr is \II}L%XL\I!L or \II}L%XR\IIR. (8)

Note that the combinations on the third column in the equation above can exist only when the scalar in the composite
quark is formed out of the second and third preons.

IIT. MASS ANSATZE FOR CHARGED LEPTONS AND NEUTRINOS

Charged leptons and neutrinos have the same structure as the baryons so we explore whether formulas similar to
the Gell Mann Okubo formula may apply to them. Therefore we assume that the masses of the charged leptons are
given by:

Me :bl —|—2m1—|—m2

my, :b2—|—2m1 —+ mo

mrs = bg + 2m1 “+ mo (9)
where m; = mg, ma = m, and by, by, bg correspond to the three binding energies corresponding to the three
combinations of representations. Here the intrinsic assumption is made that after spontaneous symmetry breaking
the preons will get constituent masses no matter how large.

Similarly the Dirac masses of the three neutrinos are given by:

my, = b1 + 2m2 —+ mq

my, = by 4+ 2mo + my

my, = b3 + 2mso + my. (10)



However neutrinos have no charge and they may have Majorana masses. We assume that at a higher scale where
the symmetry U(1)y x U(1)a x SU(2)r x SU(2)g is broken and the parity violating operator acts large right handed
neutrino Majorana masses are generated (note that the right handed neutrinos contain only right handed preon states)

corresponding to the breaking of the SU(2) symmetry.
Then the neutrino masse are obtained in a standard way through a see-saw mechanism which we shall review briefly
here. The full mass term Lagrangian has the form:

Ly, = D;;jvvj + BijvgvRj + h.c. (11)
We reexpress the neutrino states 7; and v; in terms of the Majorana states ¢;, w;.:

¢ =VLi + Vi,
Wi = VR + V- (12)

In terms of the latter states the Lagrangian will become:
1 _ ~ _
L = §Dij (Giw; + wiqj) + Bijwiw; (13)

Let us assume for simplicity that neutrinos are degenerate (D;; = Dd;;, B;j = Bd;j) so they have the same masses.
Then there are two mass eigenstates in first order B > D):

D2
™= g
D2

Then it is clear that one very small set of masses (m,1) emerges and one very large m,s. The mixing angle is
tan(9) ~ % ~ 0 and the eigenvalues will be g; corresponding to the small mass and w; corresponding to the large
one. Then the Majorana fermions with small masses are mostly left handed states that couple with the electroweak
sector whereas the Majorana fermions with very large masses are mostly right handed states that decouple from the
electroweak sector.

IV. MASS ANSATZ FOR THE QUARKS

For the quark masses we shall consider a combination of the Gell Mann Okubo formula applied to scalars and
composite fermions. We need to take into account the four possible bindings ( or contribution to the scalar masses)
that we denote as follows: a}/ % for the binding 3* x 3 that leads to the formation of the singlet; aé/ % the binding
energy associated to 6* x 6 that again leads to a scalar singlet; by for the binding 3* x 6 that leads to the formation
of a scalar triplet; bo for the binding 3 x 3 that leads to the formation of a scalar triplet. Since the last two cases also
combine the scalar with the third preon we will use by and by also for this purpose. In the end the following quark
mass Ansatz emerges:

mu:%:M—l— \/a1+(m1+m2)s+m1—|—2m2+\/b%—l—(ml +m2)5+b2:
md—%:M—i— \/a1+(m1+m2)s+m2+2m1—|—\/bg—l—(ml +m2)5+b2:
mC:%:M—I— \/ag—l—(ml +m2)s+m1—|—2m2+\/b%—i-(ml—l—mg)s—l—bl:
mS:%:M—I— \/ag—l—(ml +m2)s—|—m2—|—2m1+\/b%—l—(ml—l—mg)s—i-bl:
mt—%:\/b%—i-(ml—i-mg)s—l—\/b%+(m1+m2)s+b1+b2+2m2]

my = % :\/b%—i- (mq +ma)s + \/b% + (m1 +ma)s + by +b2+2m1] (15)

Here s is a scale that establishes the correct mass dimensionality and m, = mwy, ma = m,. Note that all parameters
including the masses may be positive or negative.
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FIG. 1: Plot of the negative masses of the constituent preons as a function of the scale s; here m1 = my (orange line) ,
ma = m, (thick line). The masses and the parameter s are expressed in MeV.

The equations in (&) further lead to the following relations:

3(my —maq) = Va1 + 2mas — Vay +2mys + my — my
3(me —ms) = Vas + 2mas — Vas + 2mqs +ma —my

mg — My =Mz — My

my =
1

3 [3(mu + me) — 2my — 2ma — Va1 + 2mas — \/al + (m1 +ma)s — Vas + 2mas — \/ag + (ml+ mg)s}. (16)

We denote:

A =3m.— Vas + 2mas — \/az + (m1 +ma)s — 2mae — my
B = 3m, — Va1 + 2mos — \/al + (m1 +ma)s — 2ma — my (17)

to find that:
b — B? — (my +ma2)s
2 2B
A2 — (mq +ma)s
by = . 1
1 5 A (18)

From Eqs. ([I0) and (I8) we were able to determine the parameters ¢; = ai/z, o= aé/z, b1, ba, m1 and mo as a
function of the scale s. The results are plotted in the Figs [l and 2

In Eq. ([I3) we have 6 equations and 7 parameters so it seems that our mass Ansatz is somehow arbitrary and unfit
to make any prediction. However we expect that the binding energies should be very close in value so for our Ansatz
to be meaningful there should be a small region of the parameter s where all these binding energies have the same
approximate values. That this is indeed the case for 4.5 MeV < s < 5MeV as it can be read off clearly from Fig.
This means that in first order approximation the six quarks masses are determined from essentially four parameters;
the masses of the constituent preons, the common binding energy and the scale.

V. DISCUSSION AND CONCLUSIONS

In this work we considered the possibility that the standard model fermions may be bound states of more three
constituents, the preons. In total there are only two preons situated in the conjugate product representaions of the
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FIG. 2: Plot of the binding energies ¢; (orange line), ¢z (thick line), b1 (dashed line), b2 (thin line) as a function of the scale s.
The binding energies and s are expressed in MeV.

color group. What distinguishes the three generation of fermions is the combination of group reprsentations that
participate to the fermion structure. The model is simple and economical and has some predictive power.

Rather than dwelling on the dynamical issues related to the higher scale in the theory we focused on the composite
fermion masses derived from their underlying structure and inspired by what we know from low energy QCD. We
thus apply Gell-Mann Okubo type mass relations to both the leptons and quarks by analogy to similar mass relations
that exist for baryons and pseudoscalar mesons. We find that the composite picture makes sense for both leptons and
quarks. The mass differences between different generations of leptons are due to different binding energies whereas
those between charged leptons and neutrinos are due to a different preon structure. The smallness of the neutrino
masses is associated with the existence of a large Majorana mass for the right handed neutrinos at the scale where
the original group is broken and thus is derived through a see-saw mechanism.

The quark masses are more intricate as in this case the Gell-Mann Okubo formula is applied both to the constituent
scalar that forms in their structure and to the whole composite fermion. By plotting the binding energies against
the scale that appears in the mass formulae one observes that for a scale in the range 4.5MeV < s < 5MeV the
binding energies are similar in values showing that in the first order approximation there is a picture where all binding
energies are the same and the six quark masses can be described only in terms of four parameters; the masses of the
constituent preons, the common binding energy and the scale.

It is assumed that before spontaneous symmetry breaking the dynamics and group structure is such that all
composite fermions have the same binding energy and constituent preon masses such the overall standard model
fermion masses are zero. This can be ensured by a 't Hooft type of mechanism of manifest chirality conservation.
However the purpose of our paper was not to analyze various dynamical issues associated to composite theories in
general but rather to examine and analyze meaningful mass Ansatze that make sense in a particular composite model.
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