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Abstract

We demonstrate that the use of on-shell methods, involving calcu-
lation of the discontinuity across the t-channel cut associated with the
exchange of a pair of massless particles, can be used to evaluate loop
contributions to both the electromagnetic and gravitational scattering
of massive systems. In the gravitational case, the use of factorization
permits a straightforward and algebraic calculation of higher order
scattering results, which were obtained previously by much more ar-
duous Feynman diagram techniques.
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1 Introduction

In classical physics the discussion of Coulomb and of gravitational scattering,
involving long range 1/r potentials, has long been a staple of the curricu-
lum. In quantum mechanics this is also the case for electromagnetic scat-
tering, and there exist, in addition to the lowest order amplitudes, higher
order but long-range scattering corrections, which have been studied over
the years [1],[2],[3],[4]. The leading forms of such modifications are of two
types—a ”classical” term, independent of h̄ and falling as 1/r2, together
with a ”quantum mechanical” component, falling as h̄/mr3. Such correc-
tions to electromagnetic scattering were first studied by Iwasaki [1] and by
Spruch [2], using old-fashioned noncovariant perturbation theory. A rigorous
and detailed evaluation was provided by Feinberg and Sucher using a disper-
sive methods involving the two-photon t-channel cut diagram [3], cf. Figure
1. A conventional Feynman diagram calculation was provided by Ross and
Holstein [4]. The Feinberg-Sucher calculation, since it utilizes unitarity to
evaluate the discontinuity across the 2γ cut, is an example of an on-shell
procedure and we shall in this paper use a similar but simplified technique,
since we are seeking only the long range (power-law fall-off) corrections to
the leading Coulomb potential.

Despite the parallels between electromagnetism and gravitation, exami-
nation of quantum mechanics texts reveals that (with one exception [5]) the
gravitational interaction is generally not discussed, no doubt due to its use
of tensor rather then vector currents and its inherent nonlinearity. However,
in the research literature there has been a good deal of study of higher order
gravitational scattering [6],[7],[8],[9],[10],[11]. The technique used in all these
works is that of a perturbative Feynman diagram expansion.1 The calcula-
tion is a challenging one, since not only bubble, triangle, box, and cross box
diagrams are involved, as in the electromagnetic analog, but also vertex and
bubble diagrams containing the triple-graviton vertex are required. In addi-
tion one must deal with vacuum polarization bubbles due both to gravitons

1An exception is the paper of Bjerrum-Bohr et al. who use on-shell methods[12]. The
difference from our calculation is that they perform the integration to obtain covariant
forms, which are then expanded to find the low energy non-analytic pieces. This requires
considerably more effort than the mothods described in our paper.
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and to ghosts. One indication of the challenge presented by such calculations
is that, between the seminal work of Donoghue in 1994 [6] and the 2003 calcu-
lations of Khriplovich and Kirilin [10] and Bjerrum-Bohr et al. [11], any such
work contained numerical errors [6],[7],[8],[9]. We will show below how, in
the case of spinless scattering, both electromagnetic and gravitational, calcu-
lations can be performed relatively straightforwardly and painlessly using he-
licity techniques and the on-shell procedures of Feinberg and Sucher [3],[12].
In the gravitational case the evaluation is simplified enormously by the use
of factorization, which asserts that the two graviton amplitudes can be writ-
ten as a product of electromagnetic Compton amplitudes accompanied by a
kinematic factor [13],[14],[15].

The structure of the paper is as follows: In section 2 we review the treat-
ment of electromagnetic Compton scattering and show how its use in the
two-photon cut diagram yields the t-channel discontinuity and thereby the
associated higher order amplitude for the scattering of both charged and neu-
tral systems. In section 3, we perform the parallel calculation for the case of
the gravitational interaction, including scattering by a massive polarizable
system. For both electromagnetism and gravity we find complete agreement
with previous evaluations, which required considerably more calculational
gravitas. Our results are summarized in a brief concluding section and out-
lines for future work are described. Needed angular integrals and connection
to recent work are provided in an Appendices.

2 Electromagnetic Interactions

We begin with the simple case of electromagnetism and examine the effects
that arise when the strictures of quantum mechanics are imposed. Making the
connection between the quantum and classical pictures of electrodynamics
can be made by noting that the interaction Lagrangian is of the form

Lint = −eAµJµ (1)

where e =
√
4παem is the electric charge, Aµ is the electromagnetic vector

potential, and Jµ is the electromagnetic current, which at leading order has
the spin-zero matrix element

< p2|Jµ|p1 >= (p1 + p2)µ +O(q) (2)
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where q = p1 − p2. Working in Coulomb gauge—∇ ·A = 0—and using the
Maxwell equation

✷Aµ = eJµ , (3)

which has the solution

Aµ(x) =

∫

d4q

(2π)4
eiq·x

1

q2 + iǫ
Jµ(q) , (4)

the interaction between two such systems both having charge e is given by

Ampem
0 (q) = e2

(p1 + p2) · (p3 + p4)

q2
+ . . . . (5)

where q = pi − pf is the momentum transfer. In the nonrelativisitic limit

qµ
NR−→ (0, q)

so that, including the normalizing factor 1/
√
16E1E2E3E4 ≃ 1/4mAmB

Aem
0 (q) ≡ 1√

16E1E2E3E4

Ampem
0 (q)

NR−→ e2

q2
(6)

Making the transition to coordinate space by taking the Fourier transform
then yields the familiar Coulomb potential2

V em
0 (r) =

∫

d3q

(2π)3
e−iq·rAem

0 (q) =
e2

4πr
(8)

Of course, there exist higher order modifications of this transition am-
plitude in quantum mechanics, which take the form of corrections to the
interaction potential, and these are the quantities that we wish to study.
The traditional way to generate these higher order pieces is to use Feynman
diagrams. This procedure is somewhat involved, and details can be found in
the literature, as referenced above. In the present paper we opt for a simpler
method to provide what we are seeking, which is the long-range component
of these corrections. The key point in this regard is that, as a function of the

2The result Eq. (8) follows from taking the inverse Fourier transform of the Born
approximation

Amp(q) =< pf |V̂ |pi >=

∫

d3reiq·rV (r) (7)
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Figure 1: The two photon cut for the amplitude between a massive scalar particles.
The grey blobs represent tree-level Compton amplitudes.

invariant momentum transfer q2, the corrections are of two types—analytic
and non-analytic. The former include polynomial functions which multiply
the leading 1/q2 amplitude. The result is a polynomial in q2, which, when
Fourier-transformed, yields a sum of terms involving δ3(r) or its derivatives,
i.e., a local function with no support away from the origin. On the other hand,
in the case of nonanalytic functions, such as

√

−q2 or log−q2, the Fourier-
transform yields long-distance power law behavior—1/rn with n ≥ 2—and
it is this type of modification we are seeking. In order to identify such terms
it is sufficient to use the feature that the scattering amplitude is an analytic
function of the Mandelstam variables s, t, u, with discontinuities prescribed
by unitarity. In order to provide the nonanalytic structure in t = q2 we use
the result from S-matrix unitarity that the discontinuity of the scattering
amplitude across the right hand cut is given by

DiscTfi = i(Tfi − T †
fi) = −

∑

n

TfnT
†
ni (9)

so that, in the case of elastic scattering, what we require is the product of the
Compton creation and annihilation amplitudes—P +P → γ+γ → P ′+P ′—
cf. Figure 1. Considering, for simplicity, spin zero-spin zero scattering, the
t-channel spinless Compton amplitude (i.e., the amplitude for two spinless
particles of charge e and mass mA to annihilate into a pair of photons), arises
from the diagrams shown in Figure 2 and is easily found [16]

AmpA
0 = 2e2

(

ǫ∗1 · ǫ∗2 −
ǫ∗1 · p1ǫ∗2 · p2

p1 · k1
− ǫ∗1 · p2ǫ∗2 · p1

p1 · k2

)

(10)
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Figure 2: Shown are the a) seagull, b) Born, and c) Cross-Born diagrams
contributing to Compton scattering. Here the solid lines represent massive
scalars while the wiggly lines are photons.

It is convenient to use the helicity formalism [17], where helicity is defined
as the projection of the photon spin on the momentum axis. The helicity
amplitudes for t-channel spin-0-spin-0 Compton annihilation are found in the
center of mass frame to have the form

AAEM
0 (++) = AAEM

0 (−−) = 2e2
(

m2
A

E2
A − p2

A cos2 θA

)

,

AAEM
0 (+−) = AAEM

0 (−+) = 2e2
(

p2
A sin2 θA

E2
A − p2

A cos2 θA

)

, (11)

wheremA, EA, ±pA are the mass, energy, momentum of the spinless particles
and θA is the scattering angle, i.e. the angle of the outgoing photons—
cos θA = p̂A · k̂. It was shown by Feinberg and Sucher that the annihilation
amplitudes A+A′ → γ1 + γ2 needed in the unitarity relation—Eq. (9)—can
be generated by making an analytic continuation to imaginary momentum
pA → imAξAp̂A, where ξ2A = 1 − t

4m2

A

and t = (pA − p′A)
2 is the momentum

transfer [3]. Then

AAEM
0 (++) = AAEM

0 (−−) = 2e2
1 + τ 2A
dA

,

AAEM
0 (+−) = AAEM

0 (−+) = 2e2
1− x2

A

dA
, (12)

where we have defined τA =
√
t/2mAξA, xA = p̂A · k̂, and dA = τ 2A + x2

A.
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Equivalently Eq. (12) can be represented succinctly via

AAEM
0 (ab) = 2e2OA

ijǫa∗1i ǫ
b∗
2j (13)

where

Oij
A =

1

dA

(

dAδ
ij + 2p̂iAp̂

j
A

)

(14)

Similarly in the outgoing channel γ1 + γ2 → B + B′, again for a spinless
particle of charge e but now with mass mB, we define the corresponding
quantities τB =

√
t/2mBξB, xB = p̂B · k̂, and dB = τ 2B + x2

B and the helicity
amplitudes can be described by

BAem
0 (cd) = 2e2ǫc1kǫ

d
2ℓOB

∗kℓ (15)

where

Okℓ
B =

1

dB

(

dBδ
kℓ + 2p̂kBp̂

ℓ
B

)

(16)

Substituting in Eq. (9), we determine the discontinuity for scattering of
spinless particles having masses mA, mB across the t-channel two-photon cut
for scattering in the CM frame, cf. Figure 13

DiscAmpem
2 (q) = − i

2!

(2e2)2

4mAmB

∫

d3k1
(2π)32k10

d3k2
(2π)32k20

(2π)4δ4(p1 + p2 − k1 − k2)

×
2

∑

a,b=1

[

Oij
Aǫ

a∗
1i ǫ

b∗
2jǫ

a
1kǫ

b
2ℓOkℓ∗

B

]

= −i
e4

16πmAmB

<

3
∑

i,j,k,ℓ=1

Oij
Aδ

T
ikδ

T
jℓOkℓ∗

B >

(17)

where

δTik =
2

∑

a=1

ǫa∗i ǫak = δik − k̂ik̂k (18)

represents the sum over photon polarizations and

< G >≡
∫

dΩ̂k

4π
G

3Note that we have divided by the normalizing factor 4EAEB ≃ 4mAmB since we will
be using this amplitude in the nonrelativistic limit.
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defines the average over solid-angle. Performing the polarization sums, we
find

<

3
∑

i,j,k,ℓ=1

Oij
Aδ

T
ikδ

T
jℓOkℓ∗

B > = <
1

dAdB

(

4(y − xAxB)
2 − 2(1− x2

A)(1− x2
B)

+ 2(1 + τ 2A)(1 + τ 2B)
)

> (19)

where

y = p̂A · p̂B =
2s+ t− 2m2

A − 2m2
B

4mAξAmBξB
(20)

characterizes the angle between incoming and outgoing spinless particles.
Eq. (19) is exact, but since we are seeking the long-range behavior of the
scattering amplitude, we need only the small-t dependence whereby we have

<
3

∑

i,j,k,ℓ=1

Oij
Aδ

T
ikδ

T
jℓOkℓ∗

B >
t<<m2

A
,m2

B−→ <
1

dAdB

(

4(y − xAxB)
2 + 2x2

A + 2x2
B − 2x2

Ax
2
B

)

>

(21)
For small t and at threshold—s → s0 = (mA +mB)

2—

y(s0, t) =
2s0 + t− 2m2

A − 2m2
B

4mAξAmBξB

t→0−→ 1 +O(t) . (22)

so

DiscAmpem
2 (q) ≃ −i

e4

8πmAmB

<
1

dAdB

(

2y2 − 4yxAxB + x2
A + x2

B + x2
Ax

2
B

)

>

y→1−→ −i
e4

8πmAmB

<
1

dAdB

(

2− 4xAxB + x2
A + x2

B + x2
Ax

2
B

)

> .

(23)

The needed angular integrals

Imn =<
xm
Ax

n
B

dAdB
>

have been given by Feinberg and Sucher and are quoted in Appendix B [18],
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yielding

DiscAmpem
2 (q) ≃ −i

e4

8πmAmB

[2I00 − 4I11 + I20 + I02 + I22]

= −i
e4

8πmAmB

[

2

(

−1

3
+ i4π

mrmAmB

p0t

)

− 4

(

−1 + i4π
mr

p0

)

+

(

πmA√
t

− 1

)

+

(

πmB√
t

− 1

)

+ 1

]

= −i
e4

8πmAmB

[

π(mA +mB)√
t

+
7

3
+ i

4πmAmBmr

p0t
+ . . .

]

(24)

where p0 =
√

mr(s−s0)
mA+mB

is the center of mass momentum for the spinless scat-

tering process and mr = mAmB/(mA +mB) is the reduced mass. Since

Disc

[

log(−t),

√

1

−t

]

=

[

2πi, −i
2π2

√
t

]

(25)

the scattering amplitude is

Ampem
2 (q) = − e4

16π2mAmB

[

7

3
L− S(mA +mB) + 4πi

mrmAmB

p0t
L+ . . .

]

,

(26)
where we have defined L = log(−t) and S = π2/

√−t. The imaginary com-
ponent of Eq. (26) represents the Coulomb phase or equivalently the contri-
bution of the second Born approximation, which must be subtracted in order
to define a proper higher-order potential. Using [19]

Bem
2 (q) = i

∫

d3ℓ

(2π)3
e2

|pf − ℓ|2 + λ2

i
p2
0

2mr
− ℓ2

2mr
+ iǫ

e2

|ℓ− pi|2 + λ2

= −i
e4

4π2

mr

p0

log(−t)

t
(27)

what remains is the higher order electromagnetic amplitude we are seeking.
Writing t = q2 and taking the nonrelativistic limit, we find the second-order
effective potential

V em
2 (r) =

∫

d3q

(2π)3
e−iq·r (Ampem

2 (q)−Bem
2 (q)) ,

= −α2
em(mA +mB)

2mAmBr2
− 7α2

emh̄

6πmAmBr3
(28)
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In comparing Eq. (28) with previous calculations, it is necessary to under-
stand an important point made by Sucher [20], which is that the result for
the classical potential depends on the specific form of the lowest order po-
tential and the propagator used to generate the Born subtraction. The result
Eq. (27) follows from use of the simplest nonrelativistic forms for each. In-
clusion of relativistic corrections in either the potential or the propagator
(or both) will yield the same imaginary piece as found above but also, in
general, a term involving π2

√
−t
, which generates a correction to the classical

potential, with the quantum piece remaining unchanged. Consequently, the
result quoted in Eq. (28) agrees with the previous form found by Ross and
Holstein [4] but not with the results of Feinberg and Sucher, of Iwasaki, or
of Spruch. What is the same in each calculation is the form of the on-shell
scattering amplitude

Ampem
2 (q) =

∫

d3re−iq·r(V em
0 (r) + V em

2 (r)) +Bem
2 (q) (29)

Although identical results are obtained from either procedure, as shown in
Appendix A, the Feinberg-Sucher technique is calculationally simpler than
the conventional Feynman diagram method, since the latter involves evalua-
tion of the separate contributions from the bubble, triangle, box and cross-
box diagrams shown in Figure 3. This simplification will be found to be even
more significant in the case of gravitational scattering, as discussed in the
next section.

2.1 Polarizable Electromagnetic Scattering

However, before proceeding to our analysis of gravitational scattering, we
note that it is also straightforward and interesting to evaluate the electro-
magnetic interaction of a charged particle with a neutral spinless system,
wherein the source of a photon pair is characterized by electric and magnetic
polarizabilities αE and βM , defined by the effective Hamiltonian

Heff = −1

2
(4παEE

2 + 4πβMH2) (30)

9



Figure 3: Shown are the a) bubble, b),c) triangle, d) Box and e) Cross-
box diagrams contributing to spinless particle scattering. Here the solid
lines designate the massive spinless particles, while the wiggly lines represent
photons in the case of the electromagnetic interaction or gravitons in the case
of gravitational scattering.
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For a spinless system with mass mA, writing the electric and magnetic fields
in terms of the field tensor Fµν via

Ei =
1

mA

pα1Fαi

Bi = ǫiαβγF
αβpγ1

1

2mA

(31)

the Hamiltonian becomes

H = −4παE

2m2
A

pα1FαβF
βγp1γ −

4πβM

8m2
A

ǫαβγδǫα
ρσλFρσp1λ (32)

The electric and magnetic transition amplitudes for annihilation into a pho-
ton pair are then

AmpE = −4παEǫ
∗
1µǫ

∗
2νT

µν
E (p1, k1, k2)

AmpM = −4πβMǫ∗1µǫ
∗
2νT

µν
M (p1, k1, k2) (33)

with

T µν
E (p1, k1, k2) =

1

m2
A

(ηµνp1 · k1p1 · k2 + pµ1p
ν
1k1 · k2 − pµ1k

ν
1p1 · k2 − kµ

2 p
ν
1p1 · k1)

T µν
M (p1, k1, k2) = T µν

E (p1, k1, k2)− ηµνk1 · k2 + kµ
2k

ν
1 (34)

The corresponding t-channel helicity amplitudes are, after Feinberg-Sucher
continuation, found to be

NA(++) = NA(−−)
FS−→ πt(αA

E − βA
M)

NA(+−) = NA(−+)
FS−→ πt(αA

E + βA
M )(1− x2

A) (35)

i.e.,

Nab
A = πtV ij

A ǫ
a∗
1i ǫ

b∗
2j (36)

with
V ij
A = (αA

Ex
2
A − βA

M(2− x2
A))δ

ij + 2(αA
E + βA

M)p̂iAp̂
j
A (37)
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We find then the discontinuity for spinless charged-neutral scattering to be

DiscAmpN = − i

2!

∫

d3k1
(2π)32k0

1

d3k2
(2π)32k0

2

(2π)4δ4(p1 + p2 − k1 − k2)

×
2

∑

a,b=1

πe2t

mB

V ij
A ǫ

a∗
1i ǫ

b∗
2jǫ

a
1kǫ

b
2ℓOkℓ∗

B =
−ie2t

16mB

3
∑

i,j,k,ℓ=1

<
[

V ij
AP

T
ikP

T
jℓOkℓ∗

B

]

>

FS−→ −iπαemt

2mB

[

−2βA
M <

1

dB
> +(αA

E + βA
M) <

x2
A + x2

B − x2
Ax

2
B + 2(y − xAxB)

2

dB
>

]

(38)

The needed angular integrals

JB
mn =<

xm
Ax

n
B

dB
>

have been given by Feinberg and Sucher and are quoted in Appendix B [18],
and we determine

DiscAmpN

y→1−→ −2πi
αemt

4mB

[

2αA
EJ

B
00 + (αA

E + βA
M)

(

JB
02 + JB

20 − 4JB
11 + JB

22

)]

= −2πi
αemt

4mB

[

(
2πmB√−t

− 11

3
)αA

E − 5

3
βA
M

]

(39)

which corresponds to the scattering amplitude

AmpN(q) = αemα
A
E

π2
√−t

2
+

1

3
αem(11α

A
E + 5βA

M)t log−t (40)

Taking the nonrelativistic limit and Fourier transform, we find the effective
potential describing interaction of a charged and neutral system

VN(r) =

∫

d3q

(2π)3
e−iq·rAmpN(q)

= −αemα
A
E

2r4
+ αem

(11αA
E + 5βA

M)h̄

4πmBr5
(41)

The form of the classical ∼ 1/r4 component of the potential is easily derived.
Suppose a particle of charge e sits at the origin. Then at location r an
electric field E(r) = er̂/4πr2 exists. If there is a neutral particle at this

12



location, there will be an induced electric dipole moment dE = 4παEE and
the corresponding interaction energy is

∆U = −1

2
dE ·E(r) = −1

2
4παEE

2(r) = −αemαE

2r4
(42)

The quantum component was first found by Bernabeu and Tarrach using
dispersive methods [21] and was later reexamined by Feinberg and Sucher,
using a generalization of their charged particle interaction calculation [22].
Qualitatively it can be considered to arise from zitterbewegung. That is,
classically the potential is well defined as a function of the separation r.
However, in quantum mechanics, the location of a particle is uncertain by an
amount of order its Compton wavelength δr ∼ h̄/m. This argument leads to
the replacement

V (r) ∼ 1

r4
−→ 1

(r ± δr)4
∼ 1

r4
± 4

h̄

mr5

which is the form found above.
We can also examine the interaction of two spinless systems, both of

which are characterized by polarizabilities [23]. Then

DiscAmpNN(q) = − i

2!

∫

d3k1
(2π)32k0

1

d3k2
(2π)32k0

2

(2π)4δ4(p1 + p2 − k1 − k2)

×
2

∑

a,b=1

π2t2V ij
A ǫ

a∗
1i ǫ

b∗
2jǫ

a
1kǫ

b
2ℓVkℓ∗

B = −i
πt2

16

3
∑

i,j,k,ℓ=1

<
[

V ij
AP

T
ikP

T
jℓVkℓ∗

B

]

>

FS−→ −i2π
t2

16
< (αA

Eα
B
E + βA

MβB
M)(2 + x2

A + x2
B − 4xAxB + x2

Ax
2
B)

+ (αA
Eβ

B
M + αB

Eβ
A
M )(x2

A + x2
B − 4xAxB + x2

Ax
2
B) > (43)

The needed angular integrals needed in this case

< Kmn >=< xm
Ax

n
B >

are given in Appendix B, and we find

DiscAmpNN (q) = −i2π
t2

16

[

(αA
Eα

B
E + βA

MβB
M)(2K00 +K20 +K02 − 4K11 +K22)

+ (αA
Eβ

B
M + αB

Eβ
A
M )(K20 +K02 − 4K11 +K22)

]

= −i2π
t2

16

[

(αA
Eα

B
E + βA

MβB
M)

23

15
− (αA

Eβ
B
M + αB

Eβ
A
M)

7

15

]

(44)
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which corresponds to the scattering amplitude

AmpNN (q) =
t2L

16

[

(αA
Eα

B
E + βA

MβB
M)

23

15
− (αA

Eβ
B
M + αB

Eβ
A
M)

7

15

]

(45)

Taking the Fourier transform we find the effective potential

VNN(r) =

∫

d3q

(2π)3
e−iq·rAmpNN(q)

=
−23(αA

Eα
B
E + βA

MβB
M) + 7(αA

Eβ
B
M + αB

Eβ
A
M)

4πr7
(46)

which is the familiar Casimir-Polder potential [24],[25]. Eq. (46) represents
the very long distance form of the van der Waals interaction which at closer
distances, where retardation effects are not relevant, has the familiar 1/r6

fall-off.
It is interesting to note here that the electric transition helicity amplitudes

are proportional to the corresponding point particle charged amplitudes

AmpE(ij) = −4παE × dA
2e2

AA
0 (ij) (47)

which implies that the corresponding amplitudes for charged particle-charged
particle, charged particle-neutral particle, and neutral particle-neutral parti-
cle calculations have a simple relation between their angular averages

DiscAmp(charged− charged) = −i
e4

2π
<

1

dAdB
(2− 4xAxB + x2

A + x2
B + x2

Ax
2
B) >

= −i
e4

2π
(2I00 − 4I11 + I20 + I02 + I22)

DiscAmp(neutral− charged) = −i
e4

2π
×−4παA

E

2e2

× <
1

dB
(2− 4xAxB + x2

A + x2
B + x2

Ax
2
B) >

= ie2αA
E(2J

B
00 − JB

11 + JB
20 + JB

02 + JB
22)

DiscAmp(neutral− neutral) = ie2αA
E ×

(

−4παB
E

2e2

)

× < (2− 4xAxB + x2
A + x2

B + x2
Ax

2
B) >

= −i2παA
Eα

B
E(2K00 − 4K11 +K20 +K02 +K22) ,

(48)
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i.e., they can be obtained from one another by the simple substitution Inm →
JB
nm → Knm. This parallel will be found also in the gravitational case.

3 Gravitational Scattering

The case of gravitational scattering of spinless systems can be treated in
parallel with the electromagnetic case. In this case the basic interaction
Lagrangian is

Lint =
κ

2
hµνT

µν (49)

where κ =
√
32πG is the gravitational coupling, gµν ≡ ηµν+hµν is the metric

tensor, and T µν is the energy-momentum tensor, which at leading order has
the spin-zero matrix element

< p2|T µν(x)|p1 >= 2(p1 + p2)µ(p1 + p2)νe
i(p2−p1)·x +O(q) (50)

Working in harmonic (or DeDonder) gauge—∂µhµν = 1
2
∂νh

µ
µ—and using the

(linearized) Einstein equation

✷hµν = −1

2
κ

(

Tµν −
1

2
ηµνT

α
α

)

(51)

we have the solution for a point mass mi

hµν(x) =

∫

d4q

(2π)4
eiq·x

κmiδµν
4q2 + iǫ

(52)

so that the interaction between systems with masses mA, mB is given by

Ampgrav
0 (q) = −κ2

4

(s−m2
A −m2

B + 1
2
q2)2 − 2m2

Am
2
B − 1

4
q4

q2
+ . . . (53)

where q = p1 − p2 = p4 − p3, so that in the nonrelativisitic limit

Agrav
0 (q) ≡ 1√

16E1E2E3E4

Amp0(q)
NR−→ −4πG

mAmB

q2
(54)

We can make the transition to coordinate space by taking the Fourier trans-
form, which yields the familiar Newtonian potential

V grav
0 (r) =

∫

d3q

(2π)3
e−iq·rAgrav

0 (q) = −G
m1m2

r
. (55)
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Figure 4: Shown are the a) seagull, b) Born, c) Cross-Born, and d) gravi-
ton pole diagrams contributing the gravitational Compton scattering. Here
the solid lines represent massive spinless particles while the wiggly lines are
gravitons.

As in the electromagnetic case, there exist higher order corrections to the
transition amplitude generated by quantum mechanics which provide correc-
tions to the lowest order Newtonian form. We use the unitarity condition
Eq. (9), but we now require the discontinuity across the two-graviton t-
channel cut and the result will involve the product of gravitational Compton
scattering amplitudes. For simplicity, we consider spin zero-spin zero scat-
tering, for which the sum of the four diagrams shown in Figure 4 for spinless

16



gravitational Compton amplitude yield the rather complex form

AmpGC(S = 0) = κ2

{

−
(ǫi · pi)2(ǫ∗f · pf )2

pi · ki
+

(ǫ∗f · pi)2(ǫi · pf)2
pi · kf

+

[

ǫ∗f · ǫi(ǫi · piǫ∗f · pf + ǫi · pfǫ∗f · pi)−
1

2
ki · kf(ǫ∗f · ǫi)2

]

+
1

2ki · kf
[

ǫ∗f · pfǫ∗f · pi(ǫi · (pi − pf ))
2

+ ǫi · piǫi · pf(ǫ∗f · (pi − pf ))
2

+ ǫi · (pi − pf)ǫ
∗
f · (pf − pi)(ǫ

∗
f · pf ǫi · pi + ǫ∗f · piǫi · pf)

− ǫ∗f · ǫi
(

ǫi · (pi − pf )ǫ
∗
f · (pf − pi)(pi · pf −m2)

+ ki · kf(ǫ∗f · pfǫi · pi + ǫ∗f · piǫi · pf )
+ ǫi · (pi − pf)(ǫ

∗
f · pfpi · kf + ǫ∗f · pipf · kf )

+ ǫ∗f · (pf − pi)(ǫi · pipf · ki + ǫi · pfpi · ki)
)

+ (ǫ∗f · ǫi)2 (pi · kipf · ki + pi · kfpf · kf
− 1

2
(pi · kipf · kf + pi · kfpf · ki)

+
3

2
ki · kf(pi · pf −m2)

)]}

(56)

However, Eq. (56) can be greatly simplified, since it has been pointed out
that such graviton Compton amplitudes factorize into a products of two
electromagnetic Compton amplitudes multiplied by a simple kinematic fac-
tor [13],[14]

F =
pi · kipi · kf

ki · kf
, (57)

which, in the center of mass frame has the form

F =
E2(E − |p| cos θ)(E + |p| cos θ)

2E2
=

1

2
(E2 − p2 cos2 θ) (58)
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That is, we have the remarkable identity

Ampgrav
C (S = 0) =

κ2

8e4
F [Ampem

C (S = 0)]2

=
κ2

2

(

pi · kipf · kf
ki · kf

)(

ǫi · piǫ∗f · pf
pi · ki

−
ǫi · pfǫ∗f · pi

pi · kf
− ǫi · ǫ∗f

)

×
(

ǫi · piǫ∗f · pf
pi · ki

−
ǫi · pfǫ∗f · pi

pi · kf
− ǫi · ǫ∗f

)

(59)

which may be checked (with a bit of effort).
Again it is convenient to use the helicity formalism. Using factorization,

the center-of-mass helicity amplitudes for spin-0 gravitational Compton an-
nihilation of a particle with mass mA are found to be

ABgrav
0 (++) = ABgrav

0 (−−) =
κ2

4
(E2 − p2

Ax
2)[

m2
A

E2 − p2
Ax

2
A

]2 =
κ2

4

m4
A

E2 − p2
Ax

2
A

,

ABgrav
0 (+−) = ABgrav

0 (−+) =
κ2

4
(E2 − p2

Ax
2
A)[

p2
A(1− x2

A)

E2 − p2
Ax

2
A

]2 =
κ2

4

p4
A(1− x2

A)
2

E2 − p2
Ax

2
A

.

(60)

Making the analytic continuation, as before, we find

ABgrav
0 (++) = ABgrav

0 (−−)
FS−→ κ2m2

Aξ
2
A

4

(1 + τ 2A)
2

dA

ABgrav
0 (+−) = ABgrav

0 (−+)
FS−→ κ2m2

Aξ
2
A

4

(1− x2
A)

2

dA
(61)

and similar forms hold for the final state reaction γ1 + γ2 → P + P ′ wherein
two photons annihilate into a pair of spinless particles with mass mB. We
can write then the succinct forms

ABgrav
0 (ij) =

κ2m2
Aξ

2
AdA

4
Ors

A ǫ∗ir ǫ
∗j
s Ouv

A ǫ∗iu ǫ
∗j
v

BBgrav
0 (ij) =

κ2m2
Bξ

2
BdB

4
ǫirǫ

j
sOrs

B ǫiuǫ
j
vOuv

B (62)

and substituting in Eq. (9), determine the discontinuity for the gravitational
scattering of spinless particles having masses mA, mB across the two-graviton
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t-channel cut, cf. Figure 14

DiscAmpgrav
2 (q) = − i

2!

1

4mAmB

∫

d3k1
(2π)32k0

1

d3k2
(2π)32k0

2

(2π)4δ4(p1 + p2 − k1 − k2)

×
2

∑

a,b=1

κ4m2
Aξ

2
Am

2
Bξ

2
BdAdB

16
Oij

Aǫ
a∗
1i ǫ

b∗
2jOkℓ

A ǫa∗1kǫ
b∗
2ℓǫ

a
1aǫ

b
2bOab∗

B ǫa1cǫ
b
2ℓOcd∗

B

= −i
κ4mAξ

2
AmBξ

2
B

1024π
<

3
∑

i,j,k,ℓ=1

3
∑

a,b,c,d=1

dAdBOij
AOkℓ

A PG
ik;acP

G
jℓ;bdOab∗

B Ocd∗
B >

(63)

where, as before, τi =
√
t/2mi, xi = p̂i · k̂, di = τ 2i + x2

i , with i = A,B and

< G >≡
∫

dΩk̂

4π
G ,

while the sum over graviton polarizations is

PG
ik;ac =

2
∑

r=1

ǫr∗i ǫr∗i ǫraǫ
r
c =

1

2

[

δTiaδ
T
kc + δTicδ

T
ka − δTikδ

T
ac

]

(64)

Performing the polarization sum, we find the exact form

<
[

dAdBOij
AOkℓ

A PG
ik;acP

G
jℓ;bdOab∗

B Ocd∗
B

]

>=<
1

dAdB

[

4
(

2(y − xAxB)
2

− (1− x2
A)(1− x2

B)
)2 − 2(1− x2

A)
2(1− x2

B)
2 + 2(1 + τ 2A)

2(1 + τ 2B)
2
]

(65)

4Note that we have again divided by the normalizing factor 4mAmB.
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Using the angular integrals Imn from Appendix B, we find then

DiscAmpgrav
2 (q)

t<<m2

A
,m2

B−→ −i
κ4mAξ

2
AmBξ

2
B

512π
<

1

dAdB

[

8(y − xAxB)
4

− 8(y − xAxB)
2(1− x2

A)(1− xB)
2 + (1− x2

A)
2(1− x2

B)
2 + 1

]

>

y→1−→ −i
κ4mAξ

2
AmBξ

2
B

512π
<

1

dAdB

[

x4
Ax

4
B + 6x4

Ax
2
B + 6x2

Ax
4
B − 16x3

Ax
3
B

− 16x3
AxB − 16xAx

3
B + x4

A + x4
B + 36x2

Ax
2
B + 6x2

A

+ 6x2
B − 16xAxB + 2

]

= −i
κ4mAξ

2
AmBξ

2
B

512π
[I44 + 6I42 + 6I24 − 16I33 − 16I13 − 16I31

+ I40 + I04 + 36I22 + 6I20 + 6I02 − 16I11 + 2I00]

= −i
κ4m2

Am
2
B

128π

[

1

5
+

1

3
(6 + 6− 16) + 1 · (−16− 16 + 1 + 1 + 36)

+ 6

(

πmA√
t

− 1

)

+ 6

(

πmA√
t

− 1

)

− 16

(

−1 + i4π
mr

p0

)

+ 2

(

−1

3
+ i4π

mrmAmB

p0t

)]

= −i
κ4m2

Am
2
B

128π

[

41

5
+ 6

π(mA +mB)√
t

+ 4πi
mAmBmr

p0t
+ . . .

]

, (66)

so that the gravitational scattering amplitude is

Ampgrav
2 (q) = −κ4mAmB

1024π2

[

41

5
L− 6S(mA +mB) + 4πi

mAmBmr

p0t
L+ . . .

]

(67)
As in the electromagnetic case, the imaginary term is associated with the

scattering phase or equivalently the Born iteration, which must be subtracted
in order to generate a properly defined second order potential

Bgrav
2 (q) = i

∫

d3ℓ

(2π)3

κ2

8
m2

A

|pf − ℓ|2 + λ2

i
p2
0

2mr
− ℓ2

2mr
+ iǫ

κ2

8
m2

B

|ℓ− pi|2 + λ2

= −i
κ4

256π
m2

Am
2
B

mr

p0t
L (68)
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The result is a well-defined second order gravitational potential

V grav
2 (r) = −

∫

d3q

(2π)3
e−iq·r (Ampgrav

2 (q)− Bgrav
2 (q))

= −3GmAmB(mA +mB)

r2
− 41G2mAmBh̄

10πr3
(69)

which agrees with the result calculated via Feynman diagram methods by
Khriplovich and Kirilin and Bjerrum-Bohr et al. [10],[11]. However, use of
factorization has allowed an enormously simpler evaluation. Although identi-
cal results for gravitational scattering are obtained from either procedure, as
shown in Appendix A, the on-shell technique is calculationally much simpler
since the Feynman diagram procedure involves

a) not only the bubble, triangle, box, and cross-box diagrams considered
in the electromagnetic case and shown in Figure 3 (but now with ten-
sor vertices associated with the energy-momentum tensor replacing the
vector vertices associated with the electromagnetic current and fourth-
rank tensor graviton propagators replacing second rank tensor photon
propagators), but also

b) completely new 5a),5b) vertex-bubble and 5c),5d) vertex-triangle dia-
grams involving the sixth-rank tensor triple graviton vertex, together
with the vacuum polarization diagram, which involves two triple gravi-
ton vertices, as shown in Figure 5e). In addition, the vacuum polar-
ization contribution must be modified by subtracting the ghost loop
diagram shown in Figure 5f).

It should also be emphasized that since the discontinuity involves only phys-

ical states, it is unnecessary in the on-shell method to include any contribu-
tions involving ghosts.

3.1 Polarizable Gravitational Scattering

Before concluding, we consider an extension of gravitational scattering to the
situation that the spinless system A is polarizable. Of course, in the grav-
itational case this polarization takes the form of a quadrupole, rather than
a dipole as found in the electromagnetic case, and leads to a bit more com-
plication. The quadrupole arises due to the presence of a gravitational field
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Figure 5: Shown are the a),b) vertex-bubble, c),d) vertex-triangle, e) vac-
uum polarization and f) ghost-loop diagrams contributing to spinless particle
gravitational scattering, all but the ghost-loop involving the triple-graviton
vertex. Here the solid lines represent the massive spinless particles, while the
wiggly lines represent gravitons.
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gradient, and we define the gravitational polarizability αG as the constant
of proportionality between the applied field gradient and the induced dipole
moment, via [26]

Qij ≡ αA
GR0i;0j (70)

where we have expressed the field gradient in terms of the Riemann curvature
tensor. There will exist a classical potential if the field is generated by a mass
mB located at the origin, in which case, if the polarizable system is located
at position r, the local curvature is

R0i;0j =
1

2
∇i∇jh00 = − 1

32π

(

3
rirj
r5

− δij
1

r3

)

κmB (71)

so that the induced quadrupole moment becomes

Qij = αA
G

κmB

32π

(

3
rirj
r5

− δij
1

r3

)

, (72)

leading to the classical potential

U(r) = −1

2

∑

ij

QijR0i;0j = −1

2
αA
G

∑

ij

R2
0i;0j = −3αA

G

Gm2
B

32πr6
(73)

Alternatively, we can derive this classical form together with its quantum
mechanical corrections by finding the amplitude for the creation of a pair of
gravitons by a spin-zero system having mass mA. Using

R0i0j =
1

m2
A

pα1 p
γ
1Rαi;γj (74)

we find the Hamiltonian

H = −1

2
αA
G

∑

ij

R2
0i;0j = − αA

G

2m4
A

pα1 p
γ
1Rαβ;γδR

ρβ;σδp1ρp1σ (75)

Using the linearized approximation for the curvature

Rαβ;γδ =
1

2

(

∂2hαδ

∂xβ∂xγ
+

∂2hβγ

∂xα∂xδ
− ∂2hαγ

∂xβ∂xδ
− ∂2hβδ

∂xα∂xγ

)

(76)

we determine the amplitude for annihilation into a graviton pair to be

AmpG = −1

4
αA
Gǫ

∗
1αǫ

∗
1βǫ

∗
2γǫ

∗
2δT

αβ;γδ
Q (p1, k1, k2) (77)
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where

T αβ;γδ
Q (p1, k1, k2) =

1

m4
A

(

pα1 p1 · k1(k1ρηβσ + ηβρk1σ)− pα1 p
β
1k1ρk1σ − (p1 · k1)2ηαρ ηβσ

)

×
(

pγ1p1 · k2(kρ
2η

δσ + ηδρkσ
2 )− pγ1p

δ
1k

ρ
2k

σ
2 − (p1 · k2)2ηγρηδσ

)

(78)

is the quadrupole transition amplitude. On account of the symmetries of
Rαβ;γδ, the quadrupole amplitude factorizes and can be written in terms of
a product of electric transition amplitudes

T αβ;γδ
Q (p1, k1, k2) = T αγ

E (p1, k1, k2)T
βδ
E (p1, k2, k2) (79)

The quadrupole two-graviton annihilation amplitude is then given as a prod-
uct of dipole electric transition amplitudes

AmpG = −1

4
αA
G ×

(

AmpE

4παE

)2

(80)

so that the corresponding helicity amplitudes factorize

AmpG(++) = AmpG(−−) = −1

4
αA
G ×

(

AmpE(++)

4παE

)2

= −αA
G

t2

64

AmpG(+−) = AmpG(−+) = −1

4
αA
G ×

(

AmpE(+−)

4παE

)2

= −αA
G

t2

64
(1− x2

A)
2

The contact helicity amplitude for emission of a graviton pair can be written
as

Sab
A = −t2U ij;klǫa∗1i ǫ

a∗
1kǫ

b∗
2jǫ

b∗
2ℓ (81)

with

U ij;kℓ
A = −αA

G

64
d2AOij

AOkℓ
A (82)
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For the case of a point mass mB interacting with a polarizable mass mA, we
have then

DiscAmpN−grav
2 = − i

2!

∫

d3k1
(2π)32k0

1

d3k2
(2π)32k0

2

(2π)4δ4(p1 + p2 − k1 − k2)

×
2

∑

a,b=1

t2κ2m2
Bξ

2
BdB

8mB

U ij;kℓ
A ǫa∗1i ǫ

a∗
1kǫ

b∗
2jǫ

b∗
2ℓǫ

a
1uǫ

a
1vǫ

b
2rǫ

b
2sOur∗

B Ovs∗
B

=
−iκ2mBξ

2
Bt

2

128

3
∑

i,j,k,ℓ=1

3
∑

u,v,r,s=1

<
[

U ij;kℓ
A P T

ik;uvP
T
jℓ;rsOur∗

B Ovs∗
B

]

dB >

y→1−→ κ2mBα
A
Gt

2

4096π

[

JB
44 + 6JB

42 + 6JB
24

− 16JB
33 − 16JB

13 − 16JB
31 + JB

40 + JB
04 + 36JB

22 + 6JB
20 + 6JB

02 − 16JB
11 + 2JB

00

]

=
κ2mBα

A
Gt

2

4096π

[

2
πmB√

t
+ 1 · (−2 − 16 + 6 + 6) +

1

3
· (36 + 1 + 1− 16− 16)

+
1

5
· (−16 + 6 + 6) +

1

7

]

=
κ2mBα

A
Gt

2

4096π

[

2πmB√
t

− 163

35

]

(83)

so

AmpN−grav
2 = −GmBα

A
G

256π

(

2mBSt
2 − 163

35
t2L

)

(84)

Setting t = q2 and taking the Fourier transform, we find the effective potential

V N−grav
2 (r) = −

∫

d3q

(2π)3
e−iq·rAmpN−grav

2 (q) = −3Gm2
Bα

A
G

32π

(

1

r6
+

163

7

h̄

πmBr7

)

(85)
Finally, in the case of the long-range interaction of a pair of polarizable
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systems, we have

DiscAmpNN−grav
2 (q) = − i

2!

∫

d3k1
(2π)32k0

1

d3k2
(2π)32k0

2

(2π)4δ4(p1 + p2 − k1 − k2)

×
2

∑

a,b=1

t4U ij;kℓ
A ǫa∗1i ǫ

a∗
1kǫ

b∗
2jǫ

b∗
2ℓǫ

a
1uǫ

a
1vǫ

b
2rǫ

b
2sUuv;rs

B

=
t4

16

3
∑

i,j,k,ℓ=1

3
∑

u,v,r,s=1

< U ik;uv
A P T

ik;uvP
T
jℓ;rsUuv;rs

B >

= −i
αA
Gα

B
Gt

4

32768π
[K44 + 6K42 + 6K24 − 16K33 − 16K13 − 16K31 +K40 +K04

+ 36K22 + 6K20 + 6K02 − 16K11 + 2K00]

= −i
αA
Gα

B
Gt

4

32768π

[

2 +
1

3
(−16 + 6 + 6) +

1

5
(36 + 1 + 1− 16− 16)

+
1

7
(−16 + 6 + 6) +

1

9

]

= −i
αA
Gα

B
Gt

4

32768π

443

315
(86)

so

AmpNN−grav
2 (q) =

αA
Gα

B
Gt

4

32768π2

443

630
L (87)

Taking the Fourier transform, we find the effective potential

V NN−grav
2 (r) = −

∫

d3q

(2π)3
e−iq·rAmpNN−grav

2 (q) = −3987

1024

αA
Gα

B
G

π3r11
(88)

which agrees precisely with the retarded form given in [26],[27], when we take
into account the difference in the definition of polarizability αG used in our
paper and α1S used in theirs—

αA
G ≡ 16πGα1S and αB

G ≡ 16πGα2S (89)

As seen in the case of the electromagnetic interaction, the charged-charged,
charged-polarizable, and polarizabole-polarizable calculations are related by
changing the overall normalization and the substitution Imn → JA

mn → Kmn.

4 Conclusion

Above we have shown how use of the dispersive methods first studied by
Feinberg and Sucher [3], involving evaluation of the discontinuity across the
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t-channel two-photon cut, combined with helicity techniques provides a direct
and relatively simple way to determine the asymptotic (long-range) forms of
the higher order potentials which characterize the interaction of both charged
and neutral spinless systems. Results were found in each case to agree with
previously determined forms, but were obtained with much less calculational
effort. The simplification afforded by the use of on-shell procedures arises es-
sentially due to interchange of the integration and summation steps. That is,
in the traditional Feynman diagram approach, the (four-dimensional) Feyn-
man integration is performed first, yielding a set of (gauge-dependent) dia-
grams which are summed to produced the final (gauge-independent) form.
However, in the on-shell procedure used above the Compton scattering dia-
grams are first summed to produce gauge-independent helicity amplitudes,
which are then combined to provide, via a (two-dimensional) solid-angle in-
tegration, the discontinuity across the right-hand cut. This discontinuity
can be inserted into a Feynman integral or can be integrated directly. In
either case, the result is a scattering amplitude with the correct nonanalytic
structure, and thereby long-range form, but with much less effort. By gener-
alizing to the two-graviton cut, the procedure was also used to calculate the
higher order gravitational interaction, where again results found using these
methods were shown to agree completely with forms previously calculated
using much more complex Feynman diagram methods. In the gravitational
case, the use of factorization allows a representation in terms of the product
of simple electromagnetic Compton scattering amplitudes, and in addition,
the use of these on-shell techniques permits the neglect of any considera-
tion of ghost terms as well as the calculationally cumbersome graviton pole
diagrams.

The evaluation of the long-range behavior of the interaction of massless
scalar systems has then been shown to be straightforwardly and completely
accomplished by the use of on-shell dispersive methods. This technique can
also be successfully applied to the case where one of the scattering systems
is massless, as described in a companion paper elucidating this case and
containing calculational details for both massive and massless systems [28].
A challenge for the future is to understand what happens if one or both of
the scattering systems carries spin and/or if both become massless. These
subjects are under investigation.

Appendix A
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The treatment of spinless electromagnetic and gravitational scattering
given in the above discussion is based on unitarity and is an example of
the use of the simplicities which rise from the use of on-shell methods. It
is similar, but easier to implement than the parallel analysis recently pre-
sented by Bjerrum-Bohr et al. [12], and in this Appendix we demonstrate
the complete equivalence of the two analyses. In the language of [12] the
scattering amplitude is constructed in terms of singlet (same helicity) and
non-singlet (opposite helicity) intermediate state contributions to the discon-
tinuity, which are inserted into a covariant Feynman integral in order to yield
the desired loop amplitude, after which the low energy limit is taken. In the
case of the electromagnetic interaction and spinless scattering

Ampem
2 (q) =

i

2!

e4

2

∫

d4ℓ

(2π)4
d4ℓ′

(2π)4
(2π)4δ4(p1+p2−ℓ−ℓ′)

Nem

ℓ2ℓ′2
∏4

i=1 pi · ℓ
(90)

with
N++

em = m2
Aξ

2
Am

2
Bξ

2
Bt

2 and N+−
em = E2 − 4O (91)

and

E = 2(ℓ · p1ℓ · p4 + ℓ · p3ℓ · p2 − ℓ · ℓ′p1 · p3)
O = (ǫαβγδℓαp1βℓ

′
γp3δ)

2 (92)

In [12] the scattering amplitude is then evaluated by performing the covariant
Feynman integrals directly diagram by diagram, simplifying via the use of
Ward identities when possible.

In order to compare with our result we note that, according to the
Cutkosky rules, the discontinuity of the scattering amplitude across the two
photon cut is

DiscAmpem
2 (q) = − i

2!

e4

2

∫

d3ℓ

(2π)32ℓ0

d3ℓ′

(2π)32ℓ′0
(2π)4δ4(p1 + p2 − ℓ− ℓ′)

Nem
∏4

i=1 pi · ℓ

= −i
e4

32π
<

Nem
∏4

i=1 pi · ℓ
> (93)

Performing the Feinberg-Sucher continuation, we have

E =
t<<m2

A
,m2

B−→ mAξAmBξBt(y − xAxB)

4O =
t<<m2

A
m2

B−→ m2
Aξ

2
Am

2
Bξ

2
Bt

2(1− x2
A)(1− x2

B) sin
2 φ

= m2
Aξ

2
Am

2
Bξ

2
Bt

2(1− x2
A)(1− x2

B)(1− cos2 φ)

= m2
Aξ

2
Am

2
Bξ

2
Bt

2
[

(1− x2
A)(1− x2

B)− (y − xAxB)
2
]

(94)
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where we have chosen

ℓ̂ = ẑ p̂1 = ẑxA+ x̂
√

1− x2
A p̂3 = ẑxB + x̂

√

1− x2
B cosφ+ ŷ

√

1− x2
B sinφ

(95)
so

y = p̂A · p̂B = xAxB +
√

1− x2
A

√

1− x2
B cosφ (96)

Then

E2 − 4O = m2
Aξ

2
Am

2
Bξ

2
Bt

2
[

2(y − xAxB)
2 − (1− x2

A)(1− x2
B)
]

(97)

and

N tot
em = m2

Aξ
2
Am

2
Bξ

2
Bt

2
[

1 + E2 − 4O
]

= m2
Am

2
Bt

2
[

1 + 2(y − xAxB)
2 − (1− x2

A)(1− x2
B)
]

= 16E4m2
Aξ

2
Am

2
Bξ

2
B

[

2y2 − 4yxAxB + x2
A + x2

B + x2
Ax

2
B

]

(98)

Using

D ≡
4
∏

i=1

pi · ℓ = E4(E2 − p2
Ax

2
A)(E

2 − p2
Bx

2
B)

FS−→ E4m2
Aξ

2
Am

2
Bξ

2
BdAdB (99)

we have
N tot

em

D
= 16

2y2 − 4yxAxB + x2
A + x2

B + x2
Ax

2
B

dAdB
(100)

and

DiscAmpem
2 (q) = −i

e4

32π
<

N tot
em

D
>= −i

e4

2π
<

2y2 − 4yxAxB + x2
A + x2

B + x2
Ax

2
B

dAdB
>

(101)
in agreement with Eq. (23).

Likewise in the gravitational case

Ampgrav
2 (q) = − i

2!

κ4

16

∫

d4ℓ

(2π)4
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ℓ2(ℓ− q)2
∏4

i=1 pi · ℓ
(102)

and

DiscAmpgrav
2 (q) = − i

2!

κ4
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In this case

N++
grav =

1

8
t2m4

Aξ
4
Am

4
Bξ

4
B (104)

and

N+−
grav =

1

8t2
[

(E2 − 4O)2 − 16E2O
]

(105)

Again, we can check against our results by taking Feinberg-Sucher limit and
evaluating the discontinuity. Since

N++
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t<<m2

A
,m2

B−→ 2E4m4
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4
Am

4
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4
B (106)

while

N+−
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(107)

we have
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(108)

Then

DiscAmpgrav
2 (q) = −i

κ4

128π
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2
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2
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2
B <

1

dAdB

[

8(y − xAxB)
4
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A)
2(1− x2

B)
2 + 1

]

>

(109)

in agreement with Eq. (66) so that again the scattering amplitude calculated
via the two techniques are identical, up to analytic (short-distance) terms.

The essential difference between the two procedures is that [12] does not
directly integrate the discontinuity, but instead inserts it into the Feynman
loop integral and then performs the various covariant integrations diagram
by diagram using computer evaluation and appropriate simplifying Ward
identities, after which approximations appropriate to the low energy limit
are performed. Since, as shown here, the discontinuities calculated via the
two techniques are the same, the scattering amplitudes are also identical,
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up to possible analytic (short-distance) corrections, but use of the Feinberg-
Sucher results for the angular averages to provide the discontinuity allows a
rather more direct and considerably simpler route to the desired scattering
amplitudes, especially in the gravitational case.

Appendix B

In this Appendix we present the needed solid-angle averaged integrals,
which are of three kinds. The simplest is simply the unweighted solid-angle
integrals Kmn, for which we have

K00 = < 1 >= 1

K11 = < xAxB >=
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3
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3
+ . . .
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+ . . . (110)

For the case of a single factor of dA or dB in the denominator, the ”seed”
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integral J i
00 with i = A,B can be performed directly

J i(00) =<
1

di
>=

1

4π

∫ 2π

0

dφ

∫ 1

−1

dxi
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(111)
and the generalizations can be found via repeated algebraic iterations using
the identity x2

i = di − τ 2i :
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where the ellipses indicate terms higher order in t.
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In the case of integrals involving the product dAdB in the denominator,
the seed integrals I00, I11 have been given by Feinberg and Sucher [18]
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where
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with
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1
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and the generalizations are again found by repeated algebraic iteration
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