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Abstract

We study transverse-momentum-dependent factorization at twist-3 for Drell-Yan processes. The
factorization can be derived straightforwardly at leading order of αs. But at this order we find that
light-cone singularities already exist and effects of soft gluons are not correctly factorized. We regularize
the singularities with gauge links off the light-cone and introduce a soft factor to factorize the effects of
soft gluons. Interestingly, the soft factor must be included in the definition of subtracted TMD parton
distributions to correctly factorize the effects of soft gluons. We derive the Collins-Soper equation
for one of twist-3 TMD parton distributions. The equation can be useful for resummation of large
logarithms terms appearing in the corresponding structure function in collinear factorization. However,
the derived equation is nonhomogeneous. This will make the resummation complicated.

Differential cross-sections of hadron collisions with observed small transverse momenta in final states,
like Drell-Yan processes with the lepton pair at low transverse momentum q⊥, are sensitive to the trans-
verse motion of partons inside hadrons. To consistently describe these processes in QCD, one needs
to establish their Transverse-Momentum-Dependent(TMD) factorization, in which nonperturbative- and
perturbative effects are systematically separated. Using the proven factorizations one can extract from ex-
periment various TMD parton distributions which contain information about inner structure of hadrons.

With TMD factorization the perturbative effects due to large energy scale Q in processes can be safely
calculated with perturbation theory, and the nonperturbative effects are described with TMD parton
distributions defined with QCD operators. To perform such a factorization one expands differential
cross-section in the inverse power of Q. At the leading power of 1/Q or twist-2, TMD factorization
has been established for several processes like e+e−-annihilations[1], Drell-Yan processes[2, 3] and Semi-
Inclusive Deeply Inelastic Scattering(SIDIS)[4, 5]. But, TMD factorization at next-to-leading power or
twist-3 has been not studied at the rigorous level as that of factorizations at twist-2, although TMD
factorization at twist-3 for some observables can be derived in a straightforward way at leading order of
αs. Some results about this can be found, e.g., in [6, 7, 8, 9, 10, 11, 12]. In this letter, we take unpolarized
Drell-Yan process as an example to examine TMD factorization at twist-3.

It is well-known that light-cone singularities appear in twist-2 TMD parton distributions, if they are
defined with light-cone gauge links as used in the definitions of parton distribution functions in collinear
factorizations. These singularities appear at the next-to-leading order of αs and can be regularized by
using gauge links off light-cone direction. In general one can expect that twist-3 TMD parton distributions
defined with light-cone gauge links will also have light-cone singularities as shown in [13]. With explicit
calculations we will show that light-cone singularities already appear at leading order of αs in twist-3
TMD factorization. We regularize them with off light-cone gauge links. Our result shows that a soft factor
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is needed even at the leading order of αs to correctly factorize soft-gluon contributions. However, unlike
the case of TMD factorization at twist-2, the soft factor has to be implemented in twist-3 factorization
in an unique way from our result.

The regularization of the light-cone singularities introduces a regulator-dependence in TMD parton
distributions. The dependence is governed by Collins-Soper equations. It is interesting to note that
this type of equations can be used to resum large log’s of q⊥/Q in perturbative coefficient functions in
collinear factorization, as shown in [1, 2, 4]. The behavior of all structure functions of unpolarized Drell-
Yan processes in the limit q⊥ → 0 has been studied in [14, 15], where one finds that it can be difficult
to resum large log’s in one of the structure functions. It is this structure which is relevant to the twist-3
TMD factorization studied here. We will derive the Collins-Soper equation for the twist-3 TMD parton
distribution involved here. Our result shows that the resummation can be difficult because the needed
Collins-Soper equation is not homogeneous.

We consider the unpolarized Drell-Yan process:

hA(PA) + hB(PB) → γ∗(q) +X → ℓ−(k1) + ℓ+(k2) +X, (1)

where initial hadrons are unpolarized. We will use the light-cone coordinate system. In this system a
vector aµ is expressed as aµ = (a+, a−,~a⊥) = ((a0+a3)/

√
2, (a0−a3)/

√
2, a1, a2) and a2⊥ = (a1)2+(a2)2.

We introduce two light-cone vectors: nµ = (0, 1, 0, 0) and lµ = (1, 0, 0, 0), and two transverse tensors
gµν⊥ = gµν − nµlν − nν lµ, and ǫµν⊥ = ǫαβµν lαnβ. In this system, the momenta of initial hadrons are given
as:

Pµ
A ≈ (P+

A , 0, 0, 0), Pµ
B ≈ (0, P−

B , 0, 0). (2)

The angular distribution is characterized by four structure functions[16]:

dσ

d4qdΩ
=

α2
em

2(2π)4S2Q2

[

WT (1 + cos2 θ) +W∆ sin(2θ) cos φ+WL(1− cos2 θ) +W∆∆ sin2 θ cos(2φ)

]

(3)

where Ω is the solid angle of the observed lepton in Collins-Soper frame. In collinear factorization one
finds in the limit q⊥ → 0 that the first two structure functions have power divergences, Q2/q2⊥ and
Q/q⊥, respectively[14, 15]. The structure function W∆ is relevant to our study here. It is noted that the
resummation of large log terms in the perturbative coefficient function ofWT has been studied extensively.
But it is not clear how to resum the large log terms in W∆, WL and W∆∆, as discussed in [14, 15].

The hadronic tensor for the process is defined as:

W µν =
∑

X

∫

d4x

(2π)4
eiq·x〈hA(PA)hB(PB)|q̄(0)γνq(0)|X〉〈X|q̄(x)γµq(x)|hB(PB)hA(PA)〉 (4)

where spins of initial hadrons are averaged. For brevity we will take the electric charge of quarks as 1
in this work. We are interested in the kinematical region of q2⊥ ≪ Q2. In this region the tensor can be
decomposed as[14]

W µν = −gµν⊥ W⊥ +
1

q−
(

qµ⊥l
ν + qν⊥l

µ)Wl +
1

q+
(

qµ⊥n
ν + qν⊥n

µ)Wn + · · · , (5)

where · · · stand for terms whose effects are power-suppressed. We assume that the polarization of the
leptons in the final state is not observed. Then we need only to consider the symmetric part of W µν . In
the small q⊥ region, the above structure functions are related to WT and W∆ as:

WT =W⊥, W∆ =
q⊥
Q

(Wn −Wl) . (6)
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For W⊥ one can derive its twist-2 factorization[2], while for Wl,n TMD factorization at twist-3 is needed.
TMD parton distributions are defined as hadronic matrix elements of QCD operators. As mentioned

before, we will use the gauge link off the light-cone. This will regularize light-cone singularities as shown
later. We introduce:

Lu(ξ) = P exp

(

−igs
∫ 0

−∞
dλu ·G(λu + ξ)

)

, (7)

with uµ = (u+, u−, 0, 0) and u− ≫ u+. The TMD quark distributions of hA are defined with the quark
density matrix

Mij(x, k⊥) =

∫

dξ−d2ξ⊥
(2π)3

e−ixξ−P+

A
−iξ⊥·k⊥〈hA|

(

q̄(ξ)Lu(ξ)

)

j

(

L†
u(0)q(0)

)

i
|hA〉

∣

∣

∣

∣

ξ+=0
, (8)

where i and j are color- and Dirac-spinor indices. Similarly one has the quark density matrix of hB ,
where the gauge link Lv is along the direction vµ = (v+, v−, 0, 0) and v+ ≫ v−. We consider that the
hadrons are unpolarized. In this letter, we work with Feynman gauges which is a non-singular gauge.
In singular gauges transverse gauge links at ξ− = ∞ should be added to make the density matrix gauge
invariant[17, 18]. In the framework of Soft-Collinear Effective Theory(SCET) such transverse gauge links
are also needed for gauge invariance as shown in [19]. The parameterization of the density matrix have
been studied in [9, 10, 20, 21], where twist-2- and twist-3 TMD quark distributions are defined. The
density matrix for the unpolarized hadron is parameterized with TMD parton distributions up to twist-3
as:

Mij(x, k⊥) =
1

2Nc

{

f1(x, k⊥)γ
− + h⊥1 (x, k⊥)σ

µ− k⊥µ

MA
+
MA

P+
A

[

e(x, k⊥) +
1

MA
f⊥(x, k⊥)γ · k⊥

+h(x, k⊥)σ
−+ − 1

MA
g⊥(x, k⊥)ǫ

µν
⊥ γµγ5k⊥ν

]}

ij
+ · · · , (9)

where · · · stand for those of higher twist. In Eq.(9) the first two terms are of twist-2. f1, f
⊥ and g⊥

are defined with chirality-even operators, while e, h and h⊥1 are defined with chirality-odd operators.
In this letter we will only consider the contributions to W µν involving chirality-even operators. The
contributions involving chirality-odd operators are irrelevant to the behavior the small-q⊥ or to the large
log’s of q⊥/Q appearing in the collinear factorization. They will be studied in a separate work. The
defined distributions depend not only on the momentum fraction x and the transverse momentum k⊥,
but also on the renormalization scale µ and the parameter ζu defined as ζ2u = (2u · PA)

2/u2. Similarly
one can define TMD antiquark distributions of hB . The parameter ζv related to hB is then defined as
ζ2v = (2v · PB)

2/v2. In Eq.(9) it is implied that ζu is large but finite and any contribution proportional
to power of ζ−1

u is neglected.
TMD factorization at leading order of αs can be derived straightforwardly by the diagram expansion.

The factorized form for Wl and Wn have been essentially derived in [9]. If we consider the case that the
process is initiated by a quark from hA and an antiquark from hB , then one needs to consider up to twist-3
diagrams given in Fig.1. In Fig.1 the bubbles are jet-like Green functions related to the initial hadrons.
From Fig.1a one can obtain not only twist-2 contributions to W⊥, but also twist-3 contributions to Wl

and Wn. At the considered order of Q−1 the bubbles or jet-like Green functions in Fig.1a are essentially
the quark density matrices like the one defined in Eq.(8). We have:

W+ν

∣

∣

∣

∣

1a
=W ν+

∣

∣

∣

∣

1a
=

qν⊥
NcP

−
B

∫

d2kA⊥d
2kB⊥

~kB⊥ · ~q⊥
q2⊥

δ2(kA⊥ + kB⊥ − q⊥)f1(x, kA⊥)f̄
⊥(y, kB⊥), (10)
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PA

PB

kB

kA

µ ν

(a) (b) (c)

Figure 1: The Feynman diagrams for W µν . The black dots stand for the insertion of the electromagnetic
current operator.

where f̄⊥ are TMD antiquark distributions of hB . The +- or −-component of q are given by q+ = xP+
A

or q− = yP−
B , respectively.

The calculation of Fig.1b or Fig.1c is straightforward. From Fig.1c we have the result in the first
step:

W+ν

∣

∣

∣

∣

1c
=

1

NcP
−
B

∫

d2kA⊥d
2kB⊥δ

2(kA⊥ + kB⊥ − q⊥)f̄1(y, kB⊥)φ
ν
3(x, kA⊥), (11)

where φν3 is the quark-gluon correlator defined with kµA = (xP+
A , 0,

~kA⊥) as:

φν3(x, kA⊥) =
gs
2

∫ 0

−∞
dλ

∫

dξ−d2ξ⊥
(2π)3

e−iξ·kA〈hA|ψ̄(ξ)γ+
(

gνρ⊥ − iǫνρ⊥ γ5
)

G+
ρ(λn)ψ(0)|hA〉

∣

∣

∣

∣

ξ+=0
. (12)

In Fig.1c only one-gluon exchange has been shown. Additional exchanges of collinear gluons also give
contributions at the same power. These contributions can be summed into gauge links which appear
between field operators in the above. We have suppressed these gauge links. The final result for the
symmetric part of W+ν is the sum of Fig.1a and Fig.1c. Later, we will show that in fact φν3 has the
light-cone singularity. The result in Eq.(11) can be expressed with TMD quark distributions. By using
equation of motion, as shown in [9], the defined quark-gluon correlator can be expressed with TMD quark
distributions:

φν3(x, k⊥) = kν⊥f1(x, k⊥)− xkν⊥f
⊥(x, k⊥) + ikν⊥g

⊥(x, k⊥). (13)

It should be noted that the TMD quark distributions in the right-hand side are not exactly those defined
in Eq.(9). They are defined with gauge links along the direction nµ. Replacing them with those defined
in Eq.(9) and using the relation we obtain the final result of W+ν :

W+ν =
qν⊥

NcP
−
B

∫

d2kA⊥d
2kB⊥δ

2(kA⊥ + kB⊥ − q⊥)

[~kB⊥ · ~q⊥
q2⊥

f1(x, kA⊥, ζu)f̄
⊥(y, kB⊥, ζv)

+
~kA⊥ · ~q⊥
q2⊥

(f1 − xf⊥)(x, kA⊥, ζu)f̄1(y, kB⊥, ζv)

]

. (14)

There is no contribution with g⊥ or ḡ⊥ in the symmetric part of W µν . The result of W−µ can be easily
obtained through symmetries.
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The result in Eq.(14) is derived in a relatively formal way. Its correctness needs to be examined,
because possible singular contributions are hidden as we will show. It is noted that the factorized result
in Eq.(14) also holds in the case that one replaces hadrons with partons, if the factorization is right. This
gives a way to examine the result. For the case considered here, we can replace hA with a quark q with
the same momentum, and hB with an antiquark q̄ with PB . After the replacement, one can explicitly
calculate TMD parton distributions of q or q̄ and the hadronic tensor W+ν. The obtained results can be
used to check Eq.(14).

It is straightforward to calculate the quark-gluon correlator φν3 with hA = q. At leading order of αs

we obtain

φν3(x, kA⊥) =
αsCF

2π2
kνA⊥

k2A⊥

1

1− x
+O(α2

s). (15)

The result is divergent at x = 1. This clearly indicates the existence of light-cone singularity in the
right-hand side of Eq.(11). The left-hand side of Eq.(11) does not have such a divergence. Therefore, the
divergence can spoil the factorization if it is not correctly regularized. If we insert gauge links between
operators in Eq.(12), it will not generate extra contributions at the considered order of αs. This indicates
that the light-cone singularity is still there with the inserted gauge links off-light-cone. A solution to
eliminate the singularity is to use the relation in Eq.(13) to express the factorization with f1 and f⊥

as given in Eq.(14), where TMD parton distributions are defined with the gauge links off light-cone in
Eq.(9). But, as will be seen, the result is not exactly right. This can also be checked with partonic states.

(a) (b) (c) (d)

Figure 2: The Feynman diagrams for the defined distributions. The double lines are for gauge links. The
black dots denote the insertion of quark fields.

We first calculate f⊥(x, k⊥) and k
µ
⊥f(x, k⊥) by taking hA = q. At leading order, the diagrams given in

Fig.2 contribute. In Fig.2 the double lines represent the gauge link Lu or L†
u. Calculating these diagrams

we obtain:

f⊥(x, k⊥, ζu) =
αsCF

2π2
1

k2⊥

(

− 1 +
1

(1− x)+
− 1

2
δ(1 − x) ln

k2⊥
ζ2u

)

+O(α2
s),

kµ⊥f1(x, k⊥, ζu) =
αsCF

π2
kµ⊥
k2⊥

[

x

(1− x)+
+

1

2
(1 − x)− 1

2
δ(1 − x) ln

k2⊥
ζ2u

− 1

2
δ(1 − x)

]

+O(α2
s),

f1(x, k⊥, ζu) = δ(1 − x)δ2(k⊥) +O(αs), (16)

where we also list the leading order result of f1. It is noted that the last term in kµ⊥f1 is from Fig.2d.
The TMD antiquark distributions of an antiquark q̄(PB) can be obtained as:

f̄1(x, k⊥, ζv) = f1(x, k⊥, ζv), f̄⊥(x, k⊥, ζv) = f⊥(x, k⊥, ζv). (17)
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If we take the gauge links in Eq.(8) along the direction nµ, the results of TMD quark distributions can be
obtained by setting ζu = ∞ in Eq.(16). Then the results are divergent. This is the light-cone singularity.
With the large but finite ζu the singularity is regularized. Using these results one can calculate the
right-hand side of Eq.(14). The result is:

W+ν

∣

∣

∣

∣

r.h.s of Eq.(14)
=

qν⊥
P−
B

αsCF

2π2Ncq
2
⊥

[

yδ(1 − x)

(1− y)+
+
δ(1 − y)

(1− x)+
+ δ(1− y)δ(1 − x)

(

ln
ζvζu
q2⊥

− 1

)]

. (18)

Now we calculate the left-hand side of Eq.(14). With the replacement one needs to calculate W+ν of the
process q(PA) + q̄(PB) → γ∗(q) + X. At leading order X is a gluon. The calculation is standard. We
have after taking the limit q⊥ → 0:

W+ν

∣

∣

∣

∣

l.h.s. of Eq.(14)
=

qν⊥
P−
B

αsCF

2π2Ncq2⊥

[

yδ(1− x)

(1− y)+
+
δ(1 − y)

(1− x)+
+ δ(1 − x)δ(1 − y) ln

Q2

q2⊥

]

. (19)

Comparing Eq.(18) with Eq.(19) we find that the twist-3 TMD factorization as given in Eq.(14) does not
hold, even the light-cone singularities are regularized. We notice that the difference between Eq.(18) and
Eq.(19) appears in the region with x = 1 and y = 1, or it is proportional to δ(1−x)δ(1−y). This indicates
that the soft-gluon contribution in the process q(PA)+ q̄(PB) → γ∗(q)+g is not correctly factorized. The
difference may be eliminated by taking ζuζv = eQ2. But one would like to have the factorization with
arbitrary ζu and ζv for evolving TMD parton distributions at different energy scales. In our calculation
of Fig.2 we notice that the contribution from Fig.2d to kµ⊥f1 is not zero and given by the last term in
kµ⊥f1 of Eq.(16). This contribution gives the last term in Eq.(18). But, the corresponding contribution
from the process q(PA) + q̄(PB) → γ∗(q) +X is absent. We note that the exchanged gluon in Fig.2d is a
soft gluon. It is clearly that this soft-gluon contribution should be subtracted.

From the above discussion, the reason for the mismatch between Eq.(18) and Eq.(19) is that the
soft-gluon contribution is not correctly factorized. This can be done correctly by introducing the soft
factor:

S(ξ⊥, ρ) =
1

Nc
〈0|Tr

[

L†
v(ξ⊥)Lu(ξ⊥)L†

u(~0)Lv(~0)
]

|0〉, (20)

with ρ2 = (2u · v)2/(u2v2). Using this soft factor we define the subtracted TMD parton distribution as:

f sub1 (x, k⊥) =

∫

dξ−d2ξ⊥
2(2π)3

e−ixξ−P+

A
−iξ⊥·k⊥

1
√

S(ξ⊥, ρ)
〈hA|q̄(ξ)Lu(ξ)γ

+L†
u(0)q(0)|hA〉

∣

∣

∣

∣

ξ+=0
. (21)

Perturbatively, S(ξ⊥, ρ) = 1 +O(αs). The perturbative result at one-loop with different regularizations
of I.R. divergences can be found in [4, 22]. For our purpose here we only need the real contribution to S
at one-loop. The virtual part at one-loop does not depend on ξ⊥. The real contribution is given by the
diagrams in Fig.2 with the quark lines replaced with the double lines for the gauge links Lv. The result
is:

S(ξ⊥, ρ) = 1− αsCF

2π2

(

2− ln
(2u · v)2
u2v2

)
∫

d2k⊥e
ik⊥·ξ⊥

1

k2⊥
+ · · · , (22)

where · · · stand for the contributions which are ξ⊥-independent or at O(α2
s). Using this result we have:

kµ⊥f
sub
1 (x, k⊥, ζu) =

αsCF

π2
kµ⊥
k2⊥

[

x

(1− x)+
+

1

2
(1− x)− 1

2
δ(1 − x)

(

ln
k2⊥
ζ2u

+
1

2
ln ρ2

)]

+O(α2
s). (23)
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We find that in kµ⊥f
sub
1 the contribution from Fig.2d is subtracted. Additional contribution related to

regulators of light-cone singularities appears. This contribution will make the factorized W+ν regulator-
independent by noting ρ2 = ζ2uζ

2
v/(2P

+
A P

−
B )2. Similarly one can also define the subtracted TMD parton

distribution f⊥sub with the factor 1/
√

S(ξ⊥, ρ). The result of f⊥sub of a quark at leading order αs is the
same as the unsubtracted. If we replace all TMD parton distributions in Eq.(14) with the subtracted
TMD parton distributions, instead of Eq.(18) the right-hand side of Eq.(14) is then given by

W+ν

∣

∣

∣

∣

r.h.s of Eq.(14)
=

qν⊥
P−
B

αsCF

2π2Ncq
2
⊥

[

yδ(1 − x)

(1− y)+
+
δ(1− y)

(1− x)+
+ δ(1 − x)δ(1 − y) ln

Q2

q2⊥

]

(24)

for arbitrary ζu and ζv. The above result exactly matches that in Eq.(19). Therefore, TMD factorization
for W+ν at the leading order of αs only holds, provided that one uses the subtracted TMD parton
distributions as the one defined in Eq.(21). In the result derived with the diagram expansion of Fig.1
the soft-gluon contribution is not correctly factorized, hence the derived factorization with unsubtracted
TMD parton distributions is not correct. The correctly factorized form for W+ν is still given by Eq.(14),
but with the subtracted TMD parton distributions. For completeness we give the factorized form of
W−ν:

W−ν =
qν⊥

NcP
+
A

∫

d2kA⊥d
2kB⊥δ

2(kA⊥ + kB⊥ − q⊥)

[~kA⊥ · ~q⊥
q2⊥

f̄1(y, kB⊥, ζv)f
⊥(x, kA⊥, ζu)

+
~kB⊥ · ~q⊥

q2⊥
(f̄1 − xf̄⊥)(y, kB⊥, ζv)f1(x, kA⊥, ζu)

]

. (25)

In Eq.(14, 25) all TMD parton distributions are subtracted ones. In the following, we will use the index
un to denote unsubtracted TMD parton distributions. We add a factor S−1/2 in the quark density matrix
in Eq.(8) as in Eq.(21), so that the TMD parton distributions in Eq.(9) are subtracted ones.

In the above we have studied the case in which the process is initiated by a quark from hA and an
antiquark from hB . The factorization for the case with a quark from hB and an antiquark from hA
can be easily obtained from symmetries. Besides these cases, there can be those processes where one
gluon comes from hA or hB at leading order of αs. One can show that the contributions are included in
Eq.(14,25). This can also be shown explicitly by calculating W+ν of the partonic processes with a gluon
in the initial state and TMD quark distributions of the gluon.

It is interesting to note that the twist-3 TMD factorization requires the soft factor at leading order
of αs. This is in contrast to twist-2 TMD factorization for W⊥ where the need of the soft factor can only
be realized at next-to-leading order of αs. We also note that the way to implement the soft factor in
twist-2- and twist-3 TMD factorization is different. To discuss this, we take W⊥ and f1 in b-space:

W⊥(x, y, b,Q) =

∫

d2q⊥e
−i~b·~q⊥W⊥(x, y, q⊥, Q), f1(x, b, ζu) =

∫

d2k⊥e
−i~b·~k⊥f1(x, k⊥, ζu). (26)

It can be shown that at leading power W⊥ can be factorized as[2, 3]:

W⊥(x, y, b,Q) = H(ζu, ζv, ρ,Q)
1

S(b, ρ)
fun1 (x, b, ζu)f̄

un
1 (y, b, ζv) (27)

with the perturbative coefficient H = 1 + O(αs). Now one has certain freedom to define subtracted
TMD parton distributions. E.g., in [4] one defines the subtracted TMD parton distributions by dividing
the unsubtracted one by S, so that W⊥ takes the form W⊥ = Hf1f̄1S. One can also define the sub-
tracted TMD parton distributions by dividing the unsubtracted one with

√
S. Then W⊥ takes the form
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W⊥ = Hf1f̄1. Different versions of subtracted TMD parton distributions exist[23, 24]. But in twist-3
factorization for W±ν , one has to define the subtracted TMD parton distributions as the unsubtracted
ones divided by

√
S in order to make the factorization correctly at leading order of αs. The reason for

this is that f1(x, k⊥) appears in our case always in combination with kµ⊥. The one-loop virtual part of
the soft factor will not contribute to kµ⊥f1(x, k⊥) at the considered order. Taking the square root of S
the unwanted contribution from Fig.2d is eliminated. If we write the factorized form of W±ν with the
soft factor explicitly, as we can do this in the case of twist-2, then the virtual part of S may contribute
at the considered order. This will spoil the factorization, since there is no exchange of virtual gluon at
the considered order.

It should be noted that light-cone singularities can be regularized in different ways. This introduces
a scheme-dependence in TMD factorization. TMD parton distributions can be defined differently in
different schemes. In this letter, we take the gauge-links off light-cone in the unsubtracted TMD parton
distributions to regularize the singularity. In [23] the gauge links in the unsubtracted TMD parton
distributions are along light-cone directions, the light-cone singularities are subtracted by a soft factor,
which is defined with gauge links along-light-cone directions and those off light-cone. The difference
between the two schemes results in that the perturbative coefficient H in Eq.(27) is different. This has
been discussed in detail in [25]. TMD factorization at leading twist has been studied in the framework
of SCET in [26, 27, 28]. In SCET the light-cone singularities are regularized differently. In [26, 27]
all relevant gauge links are along light-cone. The related singularities are regularized with the so-called
∆-regulators. The twist-2 TMD factorization in this scheme is equivalent to that with TMD parton
distributions in [23] as shown in [27, 29]. In the scheme with ∆-regulators it is found in [26] that the
subtracted TMD distribution f1 has to be defined as the unsubtracted fun1 divided by the square root
of the soft factor in order to have a clear separation of different momentum modes. This is consistent
with ours although the reasons are different. In [28] the so-called ν-regulator is employed. Twist-2 TMD
parton distributions of an unpolarized hadron has been studied in SCET already at two-loop level in
[30, 31] and the relevant soft factor has been calculated at two-loop[32] and at three-loop[33, 34].

As discussed in the above, TMD factorization at twist-2 has been studied intensively. In this letter
we have only studied twist-3 TMD factorization at leading order of αs. At this order we already meet
light-cone singularities and the problem of how to factorize the soft-gluon effect. Our factorized results
in Eq.(14, 25) hold at the leading order of αs. Beyond this order, the factorized form may be changed,
because some additional effects of soft gluons can appear and are not included in the factorized form
derived at the leading order. To clarify this, one needs to examine the factorization at higher orders
and eventually to prove the factorization at all orders. It is noted that in Eq.(14) we have in fact
two perturbative coefficients because there are two different combinations of TMD parton distributions.
The two perturbative coefficients are 1 at the leading order and will receive corrections from higher
orders of αs. Beyond the leading order the coefficients will depend on light-cone regulators ζu,v and the
renormalization scale µ. These dependences will be cancelled by those of TMD parton distributions.
The µ-dependences of unsubtracted TMD parton distributions are simply determined by the anomalous
dimension of the quark field in the axial gauge. The ζu-dependence of TMD parton distributions is an
interesting aspect of TMD factorization, which we will discuss in the below.

Unlike parton distributions in collinear factorization, which do not depend on the energy of the
hadron, TMD parton distributions depend on the energy of the hadron through the variable ζu,v. The
dependence is determined by Collins-Soper equation. Starting with TMD factorization of W⊥ and using
the equation for f1 one can resum contributions with the large logarithms of q⊥/Q in the perturbative
coefficient functions in collinear factorization of WT [2]. Large logarithms of q⊥/Q in W∆ may also be
re-summed with TMD factorization of W±µ. For this one needs the Collins-Soper equation of f1 and f

⊥.
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The latter is unknown and will be derived here.
Collins-Soper equations are conveniently expressed in b-space. The definition of f⊥ in b-space is

−i∂µb f⊥(x, ξ⊥, ζu) = P+
A

∫

dξ−

4π
e−ixξ−P+

A

1
√

S(~ξ⊥, ρ)
〈hA|q̄(ξ)Lu(ξ)γ

µ
⊥L†

u(0)q(0)|hA〉
∣

∣

∣

∣

ξ+=0
(28)

with ~b = ~ξ⊥ and ∂µb = ∂/∂bµ. The dependence on P+
A is determined by the same dependence of the

unsubstracted f⊥un. Since the dependence is through the variable ζu, we need to calculate the derivative
of f⊥un with ζu. The detail about how to calculate the dependence has been discussed in [1, 35]. We will
not discuss it here.

(a) (b) (c) (d) (e)

Figure 3: The Feynman diagrams for the ζu-evolution. The black dots denote the derivative acting on
the gluon attached to the gauge links. The gray boxes stand for quark density matrix defined before.

At leading order the derivative receives the contributions from Fig.3. In diagrams of Fig.3 the black
dots denote the derivative acting on the vertex:

ζu
∂

∂ζu
= ũµ

∂

∂uµ
(29)

with ũµ = (−u+, u−, 0, 0). Not all diagrams give nonzero contributions. Fig.3a and Fig.3d give no
contribution. The contribution from Fig.3e is power-suppressed and can be neglected. The contributions
from Fig.3b or Fig.3c contains I.R. divergence, the divergence is canceled at the end. From Fig.3 we
derive the Collins-Soper equation for f⊥:

ζu
∂

∂ζu

(

∂µb f
⊥(x, b, ζu)

)

=
αsCF

2πx

[

− ln
x2b2ζ2ue

2γ

4
∂µb

(

xf⊥(x, b, ζu) + f1(x, b, ζu)
)

+2
bµ

b2
f1(x, b, ζu)

]

+O(α2
s). (30)

Comparing the ζu-evolution of f1 calculated in [1, 2]:

ζu
∂

∂ζu
f1(x, b, ζu, µ) = −αsCF

π
ln

(

x2ζ2ub
2

4
e2γ−1

)

f1(x, b, ζu, µ) +O(α2
s), (31)

we note that the ζu-evolution of f⊥ is mixed with f1, or Collins-Soper equation of f⊥ is not homogeneous
in itself. It is noted that the log term in the above evolutions can be written in the K +G form[1, 2]:

K(µ, b) +G(µ, xζu) = −αsCF

π
ln

(

x2ζ2ub
2

4
e2γ−1

)

+O(α2
s), (32)
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where K is the soft gluon contribution and G is the hard-gluon contribution. The sum K +G does not
depend on µ. The µ-dependence of K is given by:

µ
∂K(µ, b)

∂µ
= −γK , γK = 2

αsCF

π
+O(αs) (33)

where γK is the cusp anomalous dimension[36]. In the case of twist-2 TMD parton distributions K(µ, b)
can also be determined by the soft factor[1, 2].

Since Collins-Soper equation for f⊥ is nonhomogeneous, the resummation of large logarithms of q⊥/Q
in collinear factorization of W∆ or Wl,n will be complicated. We note here that the resummed form of
W⊥ is relatively simple, because Collins-Super equation for f1 is homogeneous. This enables to get the
resummed form of W⊥ at high Q2 = Q2

H as the product of W⊥ at a low Q2 = Q2
L multiplied with

Sudakov factor. By taking QL ∼ 1/b, W⊥(x, y, b,QL) does not contain large logarithms terms. The large
logarithms terms in W⊥(x, y, b,QH) are resummed in the Sudakov factor[2, 4]. But for W∆ or Wl,n the
resummed form will be not so simple as that of WT . We leave this for a future study.

To summarize: Some structure functions in Drell-Yan processes can only be factorized with twist-3
TMD parton distributions. We have studied twist-3 TMD factorization of these structure functions.
Although the twist-3 factorization can be derived at leading order of αs with diagram expansion in a
straightforward way, but light-cone singularities exist already at this order. We use off light-cone gauge
links to regularize the singularities. With partonic results we have shown that even at leading order
of αs one needs to introduce a soft factor to correctly factorize soft-gluon contributions. The correct
TMD factorization at twist-3 is obtained only with the subtracted TMD parton distributions. We have
derived Collins-Soper equation for one twist-3 TMD parton distribution relevant here and found that
the equation is nonhomogeneous. This will result in that the resummation of large logarithms term in
the corresponding structure function is complicated. In this work, we have only studied the factorization
with chirality-even operators. In the future we will study the case with chirality-odd operators and the
resummation.

Acknowledgments

We thank Dr. J.W. Qiu for interesting suggestion and discussions. The work is supported by National
Nature Science Foundation of P.R. China(No.11275244, 11675241). The partial support from the CAS
center for excellence in particle physics(CCEPP) is acknowledged.

References

[1] J.C. Collins and D.E. Soper, Nucl. Phys. B193 (1981) 381, Nucl. Phys. B213 (1983) 545(E), Nucl.
Phys. B197 (1982) 446, Nucl. Phys. B194 (1982) 445.

[2] J.C. Collins, D.E. Soper and G. Sterman, Nucl. Phys. B250 (1985) 199, Nucl. Phys. B261, 104
(1985).

[3] X.D. Ji, J.P. Ma and F. Yuan, Phys. Lett. B597 (2004) 299, e-Print:hep-ph/0405085.

10

http://arxiv.org/abs/hep-ph/0405085


[4] X.D. Ji, J.P. Ma and F. Yuan, Phys. Rev. D71 (2005) 034005, e-Print:hep-ph/0404183.

[5] J.C. Collins and A. Metz, Phys. Rev. Lett. 93 252001, e-Print:hep-ph/0408249.

[6] A. Bacchetta, M. Diehl, K. Goeke, A. Metz, P.J. Mulders and M. Schlegel, JHEP 0702 (2007) 093,
e-Print: hep-ph/0611265.

[7] D. Boer, P.J. Mulders and F. Pijlman, Nucl. Phys. B667 (2003) 201, hep-ph/0303034.

[8] D. Boer, R. Jakob and P.J. Mulders, Nucl.Phys. B504 (1997) 345, e-Print: hep-ph/9702281.

[9] P.J. Mulders and R.D. Tangerman, Nucl.Phys. B461 (1996) 197, Erratum-ibid. B484 (1997) 538,
e-Print: hep-ph/9510301.

[10] A. Bacchetta, P. J. Mulders and F. Pijlman, Phys.Lett. B595 (2004) 309, e-Print: hep-ph/0405154.

[11] Z. Lu and I. Schmidt, Phys.Rev. D84 (2011) 114004, e-Print: arXiv:1109.3232 [hep-ph].

[12] A. Metz and M. Schlegel, Eur.Phys.J. A22 (2004) 489, e-Print: hep-ph/0403182.

[13] L.P. Gamberg, D.S. Hwang, A. Metz and M. Schlegel, Phys.Lett. B639 (2006) 508, e-Print:
hep-ph/0604022.

[14] E.L. Berger, J.W. Qiu and R.A. Rodriguez-Pedraza, Phys. Rev. D76 (2007) 074006, e-
Print:arXiv:0708:0578[hep-ph], Phys. Lett. B656 (2007) 74, e-Print:arXiv:0707.3150[hep-ph].

[15] D. Boer and W. Vogelsang, Phys. Rev. D74 (2007) 014004, e-Print: hep-ph/0604117.

[16] C.S. Lam and W.K. Tung, Phys. Rev D18 (1978) 2447.

[17] X.D. Ji and F. Yuan, Phys. Lett. B543 (2002) 66, e-Print: hep-ph/0206057, A.V. Belitsky, X.D. Ji
and F. Yuan, Nucl. Phys. B656 (2003) 165, e-Print: hep-ph/0208038.

[18] D. Boer, P.J. Mulders and F. Pijlman, Nucl. Phys. B667 (2003) 201, e-Print:hep-ph/0303034.

[19] A. Idilbi and I. Scimmemi, Phys. Lett. B695 (2011) 463, e-Print:arXiv:1009.2776[hep-ph], M. Garcia-
Echevarria, A. Idilbi and I. Scimmemi, Phys. Rev. D84 (2011) 011502, e-Print:arXiv:1104.0686.

[20] D. Bore and P.J. Mulders, Phys. Rev. D57 (1998) 5780, e-Print: hep-ph/9711485.

[21] K. Goeke, A. Metz and M. Schlegel, Phys. Lett. B618 (2005) 90, e-Print: hep-ph/0504130.

[22] J.P. Ma, J.X. Wang and S. Zhao, Phys. Rev. D88 (2013) 014027, e-Print: arXiv:1211.7144 [hep-ph].

[23] J. Collins, Foundations of Perturbative QCD, (Cambridge University Press, Cambridge, 2011); Int.
J. Mod. Phys. Conf. Ser. 04, 85 (2011), e-Print: arXiv:1307.2920.

[24] X. Ji, P. Sun, X. Xiong and F. Yuan, Phys. Rev. D91 (2015) 074009, e-Print: arXiv:1405.7640.

[25] P. Sun and F. Yuan, Phys. Rev. D88 (2013) no.11, 114012, e-Print:arXiv:1308.5003[hep-ph].

[26] M.G. Echevarria, A. Idilbi and I. Scimemi, JHEP 1207 (2012) 002, e-Print:arXiv:1111.4996[hep-ph].

11

http://arxiv.org/abs/hep-ph/0404183
http://arxiv.org/abs/hep-ph/0408249
http://arxiv.org/abs/hep-ph/0611265
http://arxiv.org/abs/hep-ph/0303034
http://arxiv.org/abs/hep-ph/9702281
http://arxiv.org/abs/hep-ph/9510301
http://arxiv.org/abs/hep-ph/0405154
http://arxiv.org/abs/1109.3232
http://arxiv.org/abs/hep-ph/0403182
http://arxiv.org/abs/hep-ph/0604022
http://arxiv.org/abs/0707.3150
http://arxiv.org/abs/hep-ph/0604117
http://arxiv.org/abs/hep-ph/0206057
http://arxiv.org/abs/hep-ph/0208038
http://arxiv.org/abs/hep-ph/0303034
http://arxiv.org/abs/1009.2776
http://arxiv.org/abs/1104.0686
http://arxiv.org/abs/hep-ph/9711485
http://arxiv.org/abs/hep-ph/0504130
http://arxiv.org/abs/1211.7144
http://arxiv.org/abs/1307.2920
http://arxiv.org/abs/1405.7640
http://arxiv.org/abs/1308.5003
http://arxiv.org/abs/1111.4996


[27] M.G. Echevarria, A. Idilbi and I. Scimemi, Phys. Lett.B726 (2013) 795, e-Print:arXiv:1211.1947[hep-
ph].

[28] J-Y. Chiu, A. Jain, D. Neill and I.Z. Rothstein, JHEP 1205 (2012) 084, e-Print:arXiv:1202.0814.

[29] J. C. Collins and T.C. Rogers, Phys. Rev. D87 (2013) no.3, 034018, e-Print:arXiv:1210.2100.

[30] T. Gehmann, T. Luebbert and L.L. Yang, JHEP 1406 (2014) 155, e-print:arXiv:1403.6451[hep-ph].

[31] M.G. Echevarria, I. Scimemi and A. Vladimirov, JHEP 1609 (2016) 004, e-
Print:arXiv:1604.07869[hep-ph].

[32] M.G. Echevarria, I. Scimemi and A. Vladimirov, Phys. Rev. D93 (2016) no.5, 054004, e-
Print:arXiv:1511.05590[hep-ph].

[33] Y. Li and H.X. Zhu, Phys. Rev. Lett. 118 (2017) 022004, e-Print:arXiv:1604.01404[hep-ph].

[34] A.A. Vladimirov, Phys. Rev. Lett. 118 (2017) 062001, e-Print:arXiv:1610.05791[hep-ph].

[35] A. Idilbi, X.-d. Ji, J.-P. Ma and F. Yuan, Phys.Rev. D70 (2004) 074021, e-Print: hep-ph/0406302.

[36] G.P. Korchemsky and A.V. Radyushkin, Phys. Lett. B279, (1992) 359.

12

http://arxiv.org/abs/1211.1947
http://arxiv.org/abs/1202.0814
http://arxiv.org/abs/1210.2100
http://arxiv.org/abs/1403.6451
http://arxiv.org/abs/1604.07869
http://arxiv.org/abs/1511.05590
http://arxiv.org/abs/1604.01404
http://arxiv.org/abs/1610.05791
http://arxiv.org/abs/hep-ph/0406302

