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MORREY MEETS MUCKENHOUPT: A NOTE ON NAKATS
GENERALIZED MORREY SPACES AND APPLICATIONS

XIAN MING HOU, QING YAN WU, ZUN WEI FU, AND SHAN ZHEN LU

ABSTRACT. The goal of this paper is to extend Nakai’s generalized Morrey
spaces to a wider function class, the one-sided Muckenhoupt weighted case.
Morrey matching Muckenhoupt enables us to study the weak and strong type
boundedness of one-sided sublinear operators satisfying certain size condi-
tions on the one-sided weighted Morrey spaces. Meanwhile, the boundedness
and compactness of Riemann-Liouville integral operators on locally one-sided
weighted Morrey space are considered. As applications, we establish the exis-
tence and uniqueness of solutions to a Cauchy type problem associated with
fractional differential equations.

1. INTRODUCTION

It is well-known that Morrey ] first introduced the classical Morrey spaces
LP2(Q) to investigate the local behavior of solutions to second-order elliptic partial
differential equations:

1 1/p
fllr ) = sup 7/ fy)[Pdy ;
1712 @ cer>0 \ |B(z,7)[* B(m,r)ﬁﬂ| )l

where 1 < p < 0o, A > 0, 2 € R" is an open set. It is obvious that LP°(Q) = LP(Q)
and LP1(Q) = L>°(Q2). Therefore, it is interesting to consider the case of 0 < A < 1.

As we know, Morrey space is nonseparable. Therefore, there are no approxi-
mation skills in this kind of spaces, which are quite different from the separable
spaces (e.g. continuous or integrable functional spaces). In recent years, there is
an explosion of interest in Morrey type spaces and their applications, see @], ]
and references therein. In @], Mizuhara studied a version of generalized Morrey
spaces and got the boundedness of Calderén-Zygmund operators on these spaces.
Nakai [30] introduced the following generalized Morrey space LP(R™):

Let 1 < p < co and denote Q@ = Q(a,r) = {x € R" : |z; — a;] < r/2,i =
1,2,...,n} for every r > 0

ey = {f e ) s o [ 1@Pds <ocf.

1 1/p
£l = s0p (@ /Q If(:v)l”d:v> ,
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where w : R* x RT — RT and for a € R", w satisfies

(1.1) Pt <o ot < 23D o
w(a,r)
> w(a,t) w(a,r)
(1.2) /T o) dt<C o

The boundedness of Hardy-Littlewood maximal operator, singular integral oper-
ators and the Riesz potentials on LP*(R™) was established. Then LP“(R™) is a
Banach space with norm || - ||p.. If w(a,r) = 1, then LP* = LP. If w(a,r) = r7,
one has LP* = L. And for 0 < A < 1, w(a,r) = r"*, LP¥ is the classical Morrey
space LP*. The article [30] of Nakai has been cited nearly three hundred times and
attracts a great deal of interest. Softova [41] studied singular integrals and commu-
tators in generalized Morrey spaces. Guliyev et al. [9] considered the boundedness
of the maximal, potential and singular operators in the generalized Morrey spaces.
The action of the generalized fractional integral operators and the generalized frac-
tional maximal operators was investigated in the framework of Morrey spaces in
[39]. In |31], Nakai proved basic properties of Orlicz-Morrey spaces and gave a nec-
essary and sufficient condition for boundedness of the Hardy-Littlewood maximal
operator on Orlicz-Morrey space. In [21], Lu et al. established the boundedness of
rough operators and their commutators with BMO functions in generalized Morrey
spaces. Then, Komori and Shirai introduced the weighted Morrey space in |17].
See |4, 15, 7, 18, 110, [14, 19, 127, 132, 135, 138, 140] for more information on this topic.

On the other hand, both the generalization of the theory of two-sided operators
and the requirements of ergodic theory (see [6], [16], |24]) are motivations to study
one-sided estimates for operators. The well-known Riemann-Liouville fractional
integral can be viewed as the one-sided version of Riesz potential, see [3]. The
study of one-sided operators promote naturally the development of one-sided spaces.
See |11, [12, 125, 133, 136] for other works about one-sided operators and spaces. It
is shown that many famous results in harmonic analysis still hold for a class of
smaller operators (one-sided operators) and a class of wider weights (one-sided
weights). It should be pointed out that, in one-sided cases, the classical reverse
Holder’s inequality and doubling condition do not hold. Thus, these new changes
have caused some difficulties in our proofs.

Let w be an A, weight function (see [2§,129]). f 0 < a < 1, 1 < p < 1/a,
w(l) = (flw(ac)d:v)a, then w satisfies (LI) and (L2). As is well-known, the A,
weight functions satisfy doubling conditions (II). However, some one-sided A,
weights do not satisfy (LI]). In fact, let 1 < p < co. One-sided A, weights w satisfy
a so-called one-sided doubling condition:

zo+h zo+h
(1.3) / ws / w
:Eo*h o

for all zp € R and h > 0. See its definition in Section 2. We should mention that
the one-sided weight function w(x) = e® verifies ([IL3]), but does not satisfy (L))
and ([[2). Our goal is to define one-sided weighted Morrey spaces and give some
applications.

This paper will be organized as follows. In Section 2, we establish the weak
and strong type boundedness of one-sided sublinear operators under specific size
conditions and some preliminaries that are essential to our proofs. Section 3 is
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devoted to the boundedness of Riemann-Liouville integral operators on locally one-
sided weighted Morrey space. The representation of functions by fractional integrals
in locally one-sided weighted Morrey spaces will be given in Section 4. In Section
5, by Schauder’s fixed-point theorem, we obtain the existence and uniqueness of
solutions to a Cauchy type problem for fractional differential equations by a new
weighted Fréchet-Kolmogorov theorem.

Throughout this paper, for xg € R and h, A > 0, we will always denote that
I = (xg,x0+h), IT = (x0+h,x0+2h), I~ = (o — h,z0), A = (20,20 + Ah) and
(M)~ = (xo— (A+1)h,x0— h). C stands for a positive constant but it may change
from line to line. We sometimes use the notation a < b as an equivalent of a < Cb.
xq represents the characteristic function of set Q.

2. ONE-SIDED WEIGHTED MORREY SPACES AND RELATED SUBLINEAR
OPERATORS

We will describe the process of defining of one-sided weighted Morrey space in
brief.
Firstly, let 1 < p < oo and 0 < A < 1. We define

1/p
1 xo+h
1z = sup (m / If(y)lpdy> <

xoER,A>0 xo

Set zg = 20— h/2 and h/2 = h/. By a simple estimate, we have LP*(R) = LP(R).
Secondly, we equip the Lebesgue measure on interval (zo,xo + h). Then h* =
|(x0,z0 + h)|*. We deduce

1 zo+h p
Pl = swp (o [ fwPay) <o

zoeR,h>0 \ [(Zo, o + R)N S,y

Finally, for 1 < 6 < oo, we change the Lebesgue measure on interval (2o, 2o+ h)
into the weight function measure w and let w(zg, 2o + h) = f;ooJrh w?. Clearly,
when w = 1, AA 1wl (g, 20 + h) = b,

Let 1<p<o0,0<A<1,1<60<o0. Forany zg € R and h > 0, set

2.1) @ g(wo, h) :=h 1w (2o — by o), B o(x0,h) = W (o, o + R).

Now we give the definition of one-sided weighted Morrey space as follows:

1 zoth 1/p
Wiz =, 20, (o [, Va0 <
and
1 voth 1/p
Whoon = 0 (Gzm [, o) <

We denote HfHLi,A(R’wg) = ||f||L;+,,A(w9).
Let 1 <p<oo,0 <A<1,1<60 < oo We say a function belongs to the
one-sided weighted Morrey spaces of weak type if one of the following norms is
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finite:

1
sup Supfyp T € (xg,T +h): f$ >y
z€R,h>0 (I):,A,e(xm ) v>0 ’ { (w0, zo + h) = [f(2)] }

)

HfH;;VLi”\(R,we) =

1
p — p — .
W cormon) =, S0 0 8o b [{z € @o = howo) : [f @) > 7}

We turn to the one-sided weight functions now. In 1986, Sawyer [36] first in-
troduced the one-sided Muckenhoupt weights A;{ and A, to treat the one-sided
Hardy-Littlewood maximal operators

1 z+h 7 1 T
M f@) s [ f@ldy MS@) s [l

A positive function w is said to belong to A;{ or A, if it satisfies

8500 = mp o [t ([t as) <

c b p—l
Ay (w) = as;;gcﬁ/b w(z)dx (/ w(x)l_p/d:v> < o0,

when 1 < p < oo; also, for p =1,

Af M~w<Cw, A :M'tw<Cuw,
for some constant C. If 1 < p < oo, then A, G A and A, & A, . Notice that the
function w(x) = e* mentioned above is in A but not in A,.

or

Similarly, the double weight classes AE’; 9 and A(_p g) re denoted by

1 b 1/‘1 c 1/;0,
A q -/
@9 " (c— q)l-o (/a w ) </b w > <G,
1 c 1/‘1 b , l/p/
Apa (c—a)—@ (/b ‘*’q) </a w™? ) <C

foralla<b<ceR 0<a<l,l1<p<gqgandl/p—1/qg= q; alsoforp=1,
1-1/q=q,
+ A -
Ay i MTWTS Wl Ay,
In |2], Aimar, Forzani and Martin-Reyes introduced the one-sided Calderén-
Zygmund singular integrals defined by:

s MTw? < wi.

oo

T f(@) = lim | K(z—y)f(y)dy

e~ z+e

and .
7" f(x) = lim K(z —y)f(y)dy,

e—=0t ) _ o
where the kernel K is called the one-sided Calderén-Zygmund kernel (OCZK) which
satisfies

(2.2) <C, 0<a<hb,

/ K(x)dz
a<l|z|<b
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(2:3) |K ()] < C/la|, = #0,

(2.4) |K(z—y) = K(2)| < Clyl/|=*,  |a] > 2]y > 0,

with support in R~ = (—00,0) or Rt = (0, +00), where (2.4) is named Hormander’s
condition. Equation (23]) is also called the size condition for K. An interesting
example is

sin(log |z|)
(zlog|z|)
where x g denotes the characteristic function of a set E, for more details one can
refer to [2].

The one-sided A;{ classes not only control the boundedness of one-sided Hardy-
Littlewood maximal operators, but also serve as the right weight classes for one-
sided singular integral operators. Set 1 < p < oo and let K be an OCZK with
support in R™. Then T* is bounded on LP(w) if w € A}, see [2].

Fractional integral operators also play an important role in harmonic analysis.
Suppose 0 < a < 1. The one-sided fractional maximal operators and the one-sided
fractional integrals are defined by

x+h x
MEf@) =swp i [y, Mz S =sw i [ 17w

r—

W e [T _I®)
i = [ gt = [ g

—oo (Y
respectively. The one-sided fractional integrals are also called the Riemann-Liouville
and Weyl fractional integral operators. For Az; 9 classes, Andersen and Sawyer [1]

K(x) = X(foo,O)(x)v

obtained the boundedness of M on weighted Lebesgue spaces.

In recent years, there are many works on convolution-type one-sided operators.
In this paper, we want to study a kind of one-sided operators with nonconvolution
kernels. We can adopt a definition made in a previous study to introduce one-sided
sublinear operator 7+ and 7. (0 < o < 1) under certain weak size conditions, see
[22, 140, |44]. The size condition can be introduced:

(2.5) |T+f(x)|§/ |y >|dy, forall z € R,

x

We also define the corresponding fractlonal size condition as follows:

(2.6) |7fo(ﬂc)|§/00 (y|f( ))| dy, 0<a<l1,z€R.

It is easy to check that the condition (23] is satisfied by many one-sided opera-
tors, such as M+, T+, one-sided dyadic Hardy-Littlewood maximal operator [20],
one-sided oscillatory singular integrals [11, [12], one-sided singular integrals with
Hormander type kernels [42] and so on. Both M and It satisfy (2.6]). Corre-
sponding to (28) and (2.0), we can also define 7~ and 7 . For simplicity, here we
omit the corresponding parts.

We now give the endpoint estimates of 7+ on one-sided weighted Morrey spaces.

Theorem 2.1. Let 0 < A < 1, w € A , and the one-sided sublinear operator T+
satisfies (ZH). If T+ is bounded from L1 to L1>°, then T is bounded from Li)‘(w)
to WLiA(w).
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Covering the shortage in Proposition 12 of |44], we conclude that

Theorem 2.2. Let 0 < a < 1,0< 8,2 <1, 1<pqg<oo, B/p=2ANg, 1/p=
1/g+aanda—1/¢+(8—1)/p+1<0.
(i) If 1 < p < oo and T;' is bounded from LP to L9, then T is bounded from
Liﬁ(wp) to L‘i”\(wq).
(i) If p=1 and T, is bounded from L* to L9>°, then T\ is bounded from Liﬁ(w)
A

to WLL™ (w?).

Some basic properties of one-sided A, classes will be introduced. As mentioned

above, one-sided A, weights do not satisfy doubling condition. So, we give the
corresponding one-sided doubling condition appeared in [24].

Lemma 2.3. Letw € Af (p>1). For all zo € R and h > 0. then

ro+h ro+h
/ w S / w.
I[)*h Zxo
In [44], Shi and Fu studied the equivalence for one-sided double weight functions.

Lemma 2.4. Suppose 0 < a < 1,1 <p<q<oo, and 1/p—1/q = «. Then the

following statements are equivalent:

(a) we Aaq)'

(b) wie A;r(l_a).

Remark 2.5. Ifw e Az; 9 with 1 <p < ¢ < 0o, we obtain
zo+h xo+h
/ wl < / Wl
xo—h xo
for all zp € R and h > 0 by Lemma and Lemma 2.4

Lemma 2.6. Let k€ N, xg € R, h > 0 and p,q > 1. Then

zo—h To
/ w S 2]“”/ w.
Io—h—2kh Io—h

(b) fwe A?;)q) with 1 < p < oo, we have

zo—h To
/ w? < 2kq/ wi.
Io—h—zkh Io—h

(c) ifwe AL . we have

(1,9)7
zo—h o
/ w? < 2’“/ wi.
Io—h—zkh Io—h

Proof. For the proof of (b) and the case of p > 1 in (a), we can refer to [44,
Proposition 12]. When p = 1, we claim that

1
27) 515 g5 ) V@@

(a) ifwe Af, we have



A NOTE ON NAKAI'S GENERALIZED MORREY SPACES AND APPLICATIONS 7

In fact, for x € I, we have

1 :Eo*h 1 xT
- w(y)dy < —/ w(y)dy.
h /I()Qh h x—2h

Since w € Af, by Lemma 23] we get

x (z—h)+h z
%/I_%W(y)dy - %/(m_h)_h wy)dy %/m_hw(y)dy S M w(x) Sw(x).
Thus
zo—h
%w(]:) - %/ on wy)dy S M~ w(z) S w(x)
Consequently,
ﬁ - |f(z)|dx _|I—1—| i | (@) (@)w(z) " do
1 1
Sﬁ - |f(x)|w(x)M*w(a?)d$
Nw(}) /7 |f($)|w($)dx

Replace I~ with (2¥1)~ and then set f = x;-, we have
w((2*DN)7) < 2kw(I).

(c) for w € A?‘l 4 We obtain w? € Af. Then by (a), we deduce w?((2*1)7) <
2kwa(I7). O

Proof of Theorem 21l For any xo € R, h > 0 and v > 0, it suffices to prove

v

. +
| € om T TS @I> 5 1,

Set f = fi+ f2:= fxar + fx(r) to obtain

T
(I)I,A,l(xov h)

< gl € oot 7A@ > 3
gl
el

=: Jl + JQ.

|{z € (zo, 0 + h) : [T f(2)] >~}

+ € (z0,x0 + ) : [T+ fol)] >1}}

2

Since T is of weak type (1,1), we get

xo+2h
T (@) de < 0 = 2 0)

J < —_— s < > ;
S ), wlao— o) 11 S W
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where the last inequality follows from Lemma By @3), for 2o < < z¢ + h,

we have

< | faly
Tl < [ R,
oo 1 :Eo+2kh
S f(y)ldy
> [,
0o A—1
(2*n) k
< > _ h — okt1 _
N||f||L1+~*(w) ; ok ], w(xo—h—2""h,zo — h)
= w(xg — h — 28 h, 29 — h)
Sl D :
= (2+h)
Thus, we control Jy by
1 xo+h "
Jo 57/ [T fa(x)|dx
q)I,A,l(‘TOvh) Zo
< ||f||L1+>‘(w) /zo-i-h 0 w(aco —h— 2k+1h,$0 _ h) "
Yol (o h) oy (2kh)*>
> 1 w(zo—h—2F1h, 29— h)
< )
N”f”Llf(“’) ; 2k(2=2) w(zg — h,xo)
< N 1
N||f||L1+>‘(w) Z ok(1—N)

>
Il
—

§||f||Li*(w)7

where (a) of the Lemma is used in the fourth inequality. This completes the
proof of Theorem 211 O

Proof of Theorem 2. (i) Let f = f1 + f2 := fxar + fX(2r)e- Then

1 zo+h 1/‘1
/ |7;+f<w>|wx]

(I)I,)\,q(x(h h) To

1 xo+h 1/q
/ |7;+f1(x)|“dx]

(I)L—:,)\,q(‘r07 h)
zo+h 1/q
/ ITsz(x)lqu]

_|_ —
‘I):)Nq(zo,h)
= K1 + KQ.

The fact that 7. is bounded from L? to L? implies that

1 [ xo+2h 1/17
K1 S—— 7 / Lf(y)[Pdy
@Iﬁm(:vo, h)l/q xo
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< HfHLi’ﬁ(wp) [wp(xo —_ 2h, .IO)]l/p
~ORVPEa a(gg — by 2g))

wi(xg — 2h, xg) 1
wq(xo - h’; IO)

ST

ST

where the third inequality follows from Hoélder’s inequality and the last inequality
is due to Remark 2.5

Invoking (226]), we get
Tenl s [ 2L

« x)
oo z0+2%h
kz;: (2k*1h)1 o /zo+2k1h
o0 zo—ht2" 1R 1/p
Y G [ / If(y)lpdy] @y
iz ( zo—h
<§: (w0 — h— 2641k, 2 — b)) /7
Nk—l Qkh 1/p—a—(B-1)/p
B o — ok t1p 1/p
(2k+1h)1 B8 /0 h+2 »
d
X [wp(xo =255 — 1) Juy s |f(y)[Pdy
1/p
<I Z Moo —h P i o 1)
~ L7 (wp) 2’fh 1/p—a—(B—-1)/p )

Substituting the above estimate into K3, we obtain

q 1/q
W < HfHLi’ﬁ(wP) xo+h 0 [WP(JJQ —h— 2k+1h,$0 _ h)]l/P qu
2~ oF (30,h) R /p—a—(B-1/p
w,A\,q\ 0> zo k=1 (2 h)
oo k+1 1/p
SUFN sy h 28 S (k) WPz —h —2 h,x(; —h)]
" k=1 [wi(zo — h, x0)] "/

U(ao — h— 2+ h, g — )]
2k 7% P ) d 0 el
N||f||LP B (wp) Z [ wi(xg — h, o)

k af— B 1
fg”f”yiﬁ(wp) Z 2 T
k=1

SHJI”LiB(wp)a

where the fourth inequality follows from Hélder’s inequality, and (b) of the Lemma
is used in the last inequality.
From the above discussion, we conclude that

||7;+f||Lq+v*(wq) S ||f||yiﬁ(wp)'
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Now we turn to prove (ii). The proof is similar to that of Theorem 21l We write

- 1/q
[7\{1 € (zo,x0 + h) : | TS f ()] > 7}@

(I)I)\q(‘r07h)
i i ~y 1/q
< {WH‘T € (zo,xzo + h) [T, fr(z)] > 5}@
+ [Vqux € (LL'Q iy) —|—h) . |T+f2(£[:)| > 1}‘:|
q);r,\q(ﬂ?o,h) ’ o 5
= Ll +L2.

For Ly, it follows from Remark and the fact 7. is bounded from L' to L%
that

1 zo+2h
Ln—— d
1 N(b+ ($07h)1/q /;EO |f(y)| Y

w,A,q
w(xg — 2h, x0)

[wi(zo — h, 30)] 1

12zt
§||f||L}#5(w)h'8 4

wi(zg — 2h, x0) Ha
SIAllLze ) {m
SIAl L2 )

By (2.8), we get
o :Eo+2kh
T @) S [ 1wy
; 2kh xo+2k—1h
= w(xg — h — 28 h, 29 — h)
SHfHleB w Z 2—a— :
+19) (2kn)* 777
Thus
||f||L1 8 zo+h [ xO _ 2k+1h T — h) q Ha
e Yl (St
oo, woh) foy L5 2 1)

i wx—h_2k+1hx_h
SIS ﬂ(w)hq 122k(a+ﬂ 2@ (o 0/ )
[wi(zo — R Io)] q

< katp1-1) [wi(xo — h — 2" h, 20 — h) Ha
SIfllpes Z 2 a
+ (w) Wq((EO — h7x0)

e g1
SHfHLiB(w)kz2k( +p q)
=1

<
N|‘fHL1+vB(w)u
where the last inequality derives from (c) of Lemma Consequently,
||7;+f|‘WL1*(wq) S ||f||L15(w)-
This completes the proof of Theorem O
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3. LOCALLY ONE-SIDED WEIGHTED MORREY SPACE AND ITS APPLICATION

The subject of fractional derivatives and integrals has gained considerable pop-
ularity and importance during the past several decades, due mainly to its de-
mostrated applications in numerous seemingly diverse and widespread fields of
science and engineering. It does indeed provide several potentially useful tools
for solving differential and integral equations, and various other problems. In re-
cent years many articles and books on this subject have been published (see [1§]
and references therein). In this section, we only consider the situation that the
fractional index a € (0,1).

Definition 3.1 ([18]). For 0 < « < 1, the Riemann-Liouville integral of order « is

defined as
o R G
B0 = 757 |, i

The Riemann-Liouville derivative of order « is defined by

o py L d " f()
D5+ 10 = 71 _a)a/o i na’"

Here 0 <t < T, for some T > 0. It is clear that DS, f(t) = LI3*f(¢).

Many authors studied the representation of functions by fractional integrals in
continuous or Lebesgue spaces (see [43]). Now, we consider the representation of
functions by fractional integrals in local one-sided weighted Morrey space. For

convenience, we work on a local one-sided weighted Morrey space szr’)‘((O, T),w?),
which is defined by

1 1/p
17l oman =, 5w (zr—c— | FlPdy) " < o
LE2((0,T),w) 0<zo<T (I):,A,O(Io’h) (z0,z0+h) (0,T)
0<h<T

for some T > 0, where @, ,(zg,h) is given in (ZI). The following theorem
gives the boundedness of Riemann-Liouville integral operators on local one-sided
weighted Morrey spaces.

Theorem 3.2. Let w € Aaq), andlet 0 < o < 1,1 <pg< oo, 1/p<a<l,

0<B,u<1,1/p=1/q= 0 andq+u < 2. Then I, is bounded from Lf"jﬁ((O,T),wp)
to LY"((0,T),w?).

Proof. For any 0 < z¢g < T and 0 < h < T, using Holder’s inequality, we have

1

—T [ f(t)|7dt
(I)M:;(x% h) ‘/($07I0+h)ﬁ(07T) 0

1 t q/p t _— q/p’
SO If(T)IpdT} U (t—7) VP qr| dt
O (x0, h) /(xo,xo+h)m(o,T) u) 0

1 t ap
o | [iopar| e
®iiq (0, 1) J(@o,z0+n)n(0,7) Lo

A

A
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For 0 < h < T, there exists a nonnegative integer k such that T/2¥+!1 < b < T/2F,

then
Tﬁil P(-T T a/p ap—1)q
KST/ [#/ If(T)IpdT} £ dt
5 (w0, h) J(zo,wo+myn(o,r) LTPtw?P(=T,0) Jo

<l T9(B=1/P [P (=T, 0)]%/" /
~ LP 5 (0,T),wP) h#*lw‘I(IO — h7 xo) (z0,x0-+h)N(0,T)

<If| T9B/P=1a(~T,0) / Jleesta
P
~ LP 5 (0,T),wP) ho— 1wq($o — h :EO) (z0,w0+h)N(0,T)

HfH TB8a/p—1 wi(zo — 2T, 330)Tw
P
~UILEP(0,1) W) hr=2 Wi (29 — h, x0)

k+2
ey i 2@—21@“(](950 — 28F2h, zg)

(ap—1)q

v dt

NHfHLPB ((0,T),wP) wq(IO _ h/,IO)

NHfHLP 5 (0,T),wP) e wl#ﬁil)q 27€H—2k2(k+3)q
YW

_ (ap+B—1)g
NHfHLPB ((0,T),wP) e P ’

where the sixth inequality follows from (b) of Lemma and ¢ + p < 2 are used
in the last inequality. Consequently,
o% fllamo.m.wey SNl L2o (0.7 e

which completes the proof of Theorem O

To study the compactness of operators on Liﬁ((O,T),w), we first establish a
weighted Fréchet-Kolmogorov theorem.

Theorem 3.3. Suppose 1 <p<oo,0< <1, p+<2andw € A;. Let G be
a subset of Lﬁ’ﬁ(((), T),w). Then G is strongly pre-compact set in Liﬁ((O,T),w) if
it satisfies the following conditions:

((0,1),w) < O

(1) G is uniformly bounded, i.e. sup || f]|,».e
feGg L«
(2) G is uniformly equicontinuous, i.e. ;lelg lf(-+1) — f(')HLi’ﬁ((O,T),w) — 0,

asl —0;

(3) G is uniformly vanishes at infinity, i.e. sup | fxpellpr6(0 1)) — 0; as
eG 22 ((0,1),
R — T, where Ep :={x € (0,T) : ¢ > R}.

Proof. For t > 0, denote the mean value of f in G by

Myf(x / f@ +y)d / " )y,

By Holder’s inequality, we get

1 / 1
O (2o 1) | My f(x) — f(x)|de}
[(I)ﬂf(xo’ h) J(zo,z0+h)N(0,T)

1 / 1 /t
<o Yty - f(x)lpdyd:r]
[q)ﬁ:;r(%a h) J(zo,zo+h)n(0,1) t Jo
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1 /t 1 /
S i RN |f(z+y) — f(z)Pdxdy
[t 0 ®51 (20, h) Jiwo,ze+myn(o,1)

< sup 176+ - FOlgoqom oy
0<\y\StH ( ) ()HLi ((0,7),w)

Hence

(3.1) }1_{% | M f — f”Liﬁ((O,T),w) < sup ||f(-+y)-— f(')”Li"B((O,T),w)'

0<|y|<t

This together with condition (2), (3) in Theorem B3] we have
(3.2) }gr(l) | M f — fHLi*B((O,T),w) =0, uniformlyin f € G,

and {M,f : f € G} C Lﬁ’r’ﬁ((O,T),w) satisfies SuprGHMtfHLi‘B((O,T),w) < 0.

According to condition (3) on G, for € > 0, there exists a constant 0 < R < T such
that

€
(3.3) ;1612 ||fXERHLi’ﬁ((O,T),w) < 8

Now we prove that for each fixed ¢, which is sufficiently, the set {M,f : f € G}
is a strongly pre-compact set in C(]0, R]), where C([0, R]) denotes the continuous
function space on [0, R] with uniform norm. By the Ascoli-Arzela theorem, we only
need to show that {M,f : f € G} is bounded and equicontinuous on C([0, R]). For
feG0<z<Randax+t<T, we get

x+t
Ms@l<g [ 1wy
- T+t 1
;[ vwral’

8 2w(x — t, ) / 3
,—7 f(y)|Pdy
.tﬁ lw(.I - t, .I) (z,z+t) N(0,T) | ( )| i|

i 1

<P 2w (- } Y ,

= _t w(—=R, R) Hf”Li’B((O,T),w)

On the other hand, for any x1, 29 € [0, R] and 23 + ¢ < T, we obtain
|Myf(z1) — M f(22)]

[ [ rwa- [ sl

IN

<

1 t 2
1 T2+t 1 T+t
|3 [ty [ sy
T2 T2
11 x4t %
<) [t m o) - fw)Pd]
It /s,
(P 2w(zy — t, ) / :
< 5= ’ |fly+a2—z1) — f(y)|Pdy
_tr@ 1(,0(.’[]2 — t, {Eg) (z2,w24+t) N(0,T) 2 ! :|

1

< [P R B IC+ 22— 01) = FOlles oy

This together with condition (2) implies the equicontinuity of {M,f : f € G}.
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Next we turn to prove that for small enough ¢, the set {M;f : f € G} is also
a strongly pre-compact set in Lﬁ’ﬁ((O,T),w). Because the set {M,f : f € G} is
totally bounded set in C([0, R]). For the above ¢, there exist a finite number of
{f1, f2,.--, fm} C G such that

1

(3.4) sup | M f(z) — M f;(x)| < s[w(—R, 0)] v
0<z<R

We only need to show that for any f € G, 0 < zo <T and 0 < h < T, there exist

fj(1 <j <m) such that

1

1
P
—— M, f () — Mtf<(;v)|1)dx} <e
(I),B:IL(IO’ h) /(10,10+h)ﬁ(0,T) J

(3.5) Hy = [

Case 1: For 0 < zp < R and zg + h < R, there exists a nonnegative integer k£ such
that R/2k*! < h < R/2F. By (34) and (a) of Lemma .6, we obtain

[ 1
Hy <e ?/ w(—R, O)d;v] ’
-(I)ﬂZI (Iovh) (zo,z0+h)N[0,R]

rh?Puw(-R, 0)} 0

<

=] w(xg — h,x0)

<e 128072 R2B (g — 2842, l’o)] »
L w(xo — h,x0)

k(p+5-2) _2-8
<27 v T77 fe

Case 2: For R < z9 < T, by 82) and (B3], we have

1 »
(I’ﬁf;r (20, h) J(@o,20+m)N(R,T) /
1 / =
<\ My f () — f(x)|”d:z:]
LI’ :f(:z;o, h) J(zo,z0+n)N(R,T)

5

Frsd) ) = pyarad]
+ | x) — fi(z)|Pdx

&5 (w0, h) J(wo,z0+m)n(RT) !

)

1
o | My (o) = o)l
(I)B,T(QEOa h) J(@o,z0+m)N(R,T) ’ ’
<|[Mif - f”yiﬂ((o,:r),w) + ||Mtfj - fj”yiﬂ((o,:r),w)

+ ||ijER||Li’B((O7T)7w) + ||fXER||Li‘B((O)T))w)
<e.
Case 3: For 0 < zg < R and zo + h > R, the proof is quite similar to that of Case
1 and Case 2. In fact,

1

el
<1>5j(;v0, h)

/ | M f(x) — M f(x)|Pdx
(z0,z0+h)N[0,R]
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1
o | IMof(z) — Moy (@)Pd
@ﬁ:f(xo, h) (zo,zo+h)N(R,T) I
=:Hy1 + Hyo.

If h < R, then the conclusion (3] in this case can be deduced from Case 1 and
Case 2. If R< h < T, we get Hi3 < ¢ by the same discussion in Case 2. For Hj,
we choose a nonnegative integer k such that 7/2¥+! < h < T/2*. Proceeding the
proof as we do in Case (1), we have Hy; S e.

Finally, we show that the set G is a relative compact set in Lfr’ﬂ ((0,T),w).
Take any sequence {f;}32,; C G. Since the relative compactness of {M;f : f €

G} C L’i’ﬂ((O,T),w), there exists a subsequence {M;f;, }32, of {M,f; : f;} that is
convergent in Liﬁ((o, T),w). For any € > 0 there exists N € N such that for any
k> N and m € N, || M, f;, — MtfjerHLi’ﬁ((o )@y <& Forany 0 <h <T and

xo > 0, using (B2), we get

1 /
ToF . |fi(x) — f'+m(ar)|pd:1:]
{q)ﬁ,’;r(xov h) (z0,z0+h)N(0,T) ! /

. | fi(x) — Mtfj($)|pd:v] ’

{q);:;r(xo’ h) /($07E0+h)ﬂ(O,T)

1
T ——
o5 (20, h)

1
’ {7/ M fim (@) = f-+m<x>lpd4
(I)B:;F(IO’ h) (zo,z0+h)N(0,T) ’ I
S ||Mtfj - fj”Li’B((O,T),w) + ||Mtfj - Mtfj+m||Li’ﬂ((0,T),w)

M fjem = Firmll Lrs (0.1).0)
Se.

<

S

/ M fy o () — My, <x>|pdx}
(:Eo,:l?oJrh)ﬁ(O,T)

=

This implies that the subsequence {f;}22; converges in L?F’B((O, T),w). By noting
that L?F’B ((0,T),w) is a Banach space. Consequently, the set G is a relative compact
set in L?F’B((O,T),w). O

Proposition 3.4. f 0 < 0 < 1,1 < p,q¢ < o0, %(1 + %) <a<l,we AE;Q)’
0<B,u<1,1/p—1/g=o0and g+ p <2, then

Tu(t):x<§8)(t) /0 un g,

is a compact operator from Li’ﬁ((O, T),wP) to LE*((0,T),w?).

Proof. Suppose that K is an arbitrary bounded set in Lfﬁ'@((o, T),wP), it suffices to
prove that T'(K) is strongly pre-compact set in LL"((0,T),w?). By Theorem B3
we only need to prove that (1) — (3) hold uniformly in 7T'(K).
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(1). Without loss of generality, for any u € K, we assume HuHLp,ﬁ((O Tywry <M
280,17,
for some M > 0. Note that Tu(t) = x(o,r)(t)I5s f(t). Then

il
— |Tu(t)|?dt = wi/ |55 f ()] dt.
®id (zo, h) Jiwo,z0+m)n(0,7) @8 (20, h) Jwowormnor)

By the same discussion as in Theorem 3.2 we get
ITull Lo (0,1)we) S M.

(2). Forany z > T, y > 0, it is easy to see that
|Tu(z +y) — Tu(z)| = 0.

For x € (0,T) and y > 0 small enough such that x +y € (0,7). Then

1 T ()
[Tu(z +y) - “Ta) ‘/ I+y_7)1 adT—/O de‘

1 (1)
< - dr|
~I'(a) ’/ :v—l—y—T Ymo (z—7)le ’

—|— ’/ d’?"
:C—i—y—T) -

= x) + Fy(z

Recall that [2* —y*| < |z—y|*, 2,y > 0,0 < A < 1. The fact that %(l—l—%) <a<l
and Holder’s inequality imply that

_ —a _ 11—«
‘ / (x—7) (x+y—71) ir
Gty e e

</‘ ol
~Jo +y—n)te(x—-1)l-@
» 1/p 1 1/p’
oo | o] [ TR e e
1/p 2ap—1—p
1o U |u(T)|pdT] 2225
0

For F5(x), by Holder’s inequality again, we have

[ (T)|Pdf} v y .

If g > T and any h > 0, we get

1

- - |Tu(z +y) — Tu(z)|dz = 0.
(I) 7+((E0, h) /(xo,onrh)m(O,T)
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If 0 < zg < T, combining with estimates for F(z) and Fy(x) lead to

1
/ |Tu(x +y) — Tu(z)|?dzx
( s ) J(@o,@o+h)N(0,T)
1
<o | IFi(x) + Fal)d
(z0, k) J(@o,z0+h)N(0,T)

,u
Yy 17a)q * UP Gap1pg
< o F |u(T)|Pdr x R dx
@, (xo, h) J(zo,20+m)n(0,7) Lo

ylap—1a/p Tty a/p
+ / {/ |u(T)|pdT] dx
Cpilq (0, h) Ji@oao+mno.r) e

=: F11 + F21 .
By the similar discussion as in Theorem [3.2] we have

Fii Syl Syl

L22((0,7),wp) ™~
In view of the estimate for K in Theorem [3.2] we obtain

T a/p
{/ |u(7')|pd7'} da < yler—Da/pppa,

y(ap—l)q/p

Fa Swi/
O3 (20, 1) Jiwo,zotm)n(o,7)

ap—1

1T+ 9) = TuC)llsn oy wn S M (8 +3y ™
Recalling from (1 +1/p)/2 < a <1, weget 1 —a >0 and (ap—1)/p > 0. Then

i [Tu(- 4+ y) = Tu()l L2m(0,1)ws) =0

uniformly in Tw € T'(K).
(3). Tt is easy to check that for any u € K and R > T

1
ITuxzl o g omy = SUD o / Tux i (£)|dt
RILEH(0.T)we) 0<zo<T 5 (20, 1) J(wosoo+n) 0T "
0<h<T
=0.

Therefore,
A (Tu)xEallow (0.1),00) = 0

uniformly in Tu € T(K).
Consequently, by Theorem B.3] we conclude that T'(K) is a relative compact set
in L4*((0,T),w?). This completes the proof of Proposition 3.4l O

4. REPRESENTATION OF FUNCTIONS BY FRACTIONAL INTEGRALS IN LOCALLY
ONE-SIDED WEIGHTED MORREY SPACES
The integral equation
(4.1) I o(x) = f(x), x>0,
where 0 < o < 1, is called Abel’s equation [43]. Denote by

(4.2) fi-al@) = 1y, f(2) = r(11_a> /0 (i(j)f)t“'
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The solvable condition of ([1]) is usually associated with the absolutely contin-
uous functions in continuous or Lebesgue spaces.

Definition 4.1. A function f(x) is called absolutely continuous on an interval €2,
if for every € > 0 there exists § > 0 such that for any finite set of pairwise disjoint
intervals [ag,bx] C Q, k=1,2,--- ,n, such that Y, (bx — ap) < 4, the inequality
Y p—q |f(br) — f(ax)| < € holds. The space of these functions is denoted by AC().

It is well known [43] that the space AC(£2) coincides with the space of primitives
of Lebesgue summable functions:

T b
(4.3) f(z) € AC([a, b)) & f(z) = c+/ o(t)dt, / [(t)]dt < o0.
Samko et al. [43] introduced the following representation of functions by frac-

tional integrals in Lebesgue spaces.

Theorem 4.2. Let 0 < a < 1. Abel equation (@I is solvable in L*(0,T) if and
only if

(4.4) fia(z) € AC([0,T]),  f1-a(0) = 0.

These conditions being satisfied the equation has a unique solution given by
1 d [* f(t)dt

4' = = - Da .

(4.5) o) = T | T = D 1)

For w € A]L, 0 < A < 1, the corresponding characterization of the solution to
(@J) in locally one-sided weighted Morrey space Li"A((O, T),w) also holds.

Theorem 4.3. Let 0 < A < 1 and w € Af. Abel equation [T is solvable in
LiA((OaT),w) if and only if (&4) holds and
fi—al@) € LY((0,T),w),

where f{_,(z) = 4L fi_o(z). These conditions being satisfied the equation has a
unique solution given by ([EX).

Proof. The proof is quite similar to that of Theorem 2.1 in [43]. Assume that ([1))
is solvable in Li’)‘((O, T),w). By the Fubini theorem, we get

@ @ dt B T fydt
, #or || Gti= =e , ae

Note that N . N

Theref /0 (@ ftf)“ /o (¢ ip(:))“‘ = P(a)/() (i(j)td;a'
| B(a,1 — «) /OI o(r)dr =T(«) /Om (jj(i)j;a

Then

(4.6) /Owga(r)dr - F(ll— = /O (i(f);l)ta — (@),

If p € L}F’A((O,T),w), we get

1
—_—— d
TR oy PN < 00
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which implies ¢ € L2*((0,T),w) ¢ L'(0,T). By @3), fi—a(z) € AC([0,T]) and

f1-a(0) = 0.
After differentiation in ([6l), we have

B 1 d [* ft)ydt
(47) (p(i[]) - F(l _ OZ) dt‘/o (I _ t)o‘ - flfa(x)'
Thus f{_,(z) € L3((0,T),w).
On the other hand, from f{_,(z) € Li)‘((O,T),w) we know that the function

o(x) given by A1) exists and p(x) € L}F’A((O, T),w). Next we need to show that
it is indeed a solution of ([I]). Substitute ¢(x) into the left hand side of [I]) and
denote the result by g(x), i.e.

L [" el 1 /m fima(®)
4. t = t=: .
S o e s of el
It suffices to show that g(z) = f(z). Note that (L8] is an equation of type (&I
with respect to fi__(z). Using (1), we get

/ _ 1 d [T gdt
fia(@) = md_l‘/o w—1)° = g1_a(®).

Since f1_q is absolutely continuous, and by (@8) with g(x) substituting for f(x)
on the right hand side, we deduce that g;_, is also absolutely continuous. Then

fl—a(x) - gl—a(x) =C.
Since (L)) is a solvable equation, we get g1_,(0) = 0. This together with f;_,(0) =

0 leads to ¢ = 0. Hence
T ) — gt
[0,
o (z—1)~

which is also an equation of type ([@I]). The uniqueness of its solution implies that
f(z) = g(z) = 0. This completes the proof of Theorem 3] O

5. NONLINEAR FRACTIONAL DIFFERENTIAL EQUATIONS IN LOCALLY ONE-SIDED
WEIGHTED MORREY SPACES

Consider the classical Cauchy problem for the nonlinear fractional differential
equation:

D¢ ou(t) = f(t,u(t
(5.1) 10;11( ) = f(t,u(t)),

Iy “u(0) = 0.
The initial condition /;7*u(0) = 0 in (5I)) is (more or less) equivalent to the
following initial (weighted) condition:

lim '~ %u(t) = 0.
t—0+

For more details, see [18]. Kilbas and Trujillo |18] established the following relation
between the fractional integration operator [, and the fractional differentiation
operator D, .

Lemma 5.1 ([18]). Let 0 < a < 1. If f(x) € LY(0,T) and fi_o(x) € AC([0,T)),
then the equality
_ fl—a(o) xa—l

( 3+D8+f)(x):f($) F(Oé)
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holds almost everywhere on [0,T], where f1_q(x) is defined in [@2).
Next, we recall the famous Schauder fixed-point theorem.

Lemma 5.2 (|37]). Let H be a convex and closed subset of a Banach space. Then
any continuous and compact map T : H — H has a fized point.

By fixed-point theorem above, we establish the existence and uniqueness of so-
lutions to the Cauchy problem (5.1)) in locally one-sided weighted Morrey spaces.

Theorem 5.3. Let 0 < 0 < 1,1 < pg< o0, 0< B,u<1, 1/p—1/q = o,

w € Az; g ond g+ p < 2. Suppose the operator F' : F(u) = f(t,u(t)) is bounded,

continuous from LL*((0,8),w?) to Liﬁ((o,é),wp). If $(1+ %) < a <1, then the
Cauchy problem (B1) has at least a solution u € LY"((0,8),w?) for a sufficiently
small §. Furthermore, if there exists a constant Crp > 0 such that

(52) |[[Fu- FUHLgB((o,g),wp) < Crlu— U||Lj’“((o,5),wq)7 u,v € LY"((0,0),w?),
then the solution of (B is unique in L9*((0,0),w?) for a sufficiently small 0.

Proof. Since f(t,u(t)) € L?F’B((O,é),wp) C L(0,6) and Dg,u(t) = LI 7“u(t), by

E3), we have
u—o = 1,7 %u(t) € AC([0, 8]).

By Lemma [5.1] the derivative equation (G.1)) in L%"((0,0),w?) is equivalent to the
following integral equation:

1t foun)
u(t) = {F(a) Jo (t_ﬂl—adﬂ t<9d

53) 0, . ae. t>0,
~ x0s)@) [T fru(n) ;. "
- X2, /O(t_T)l_ad — T(f(t, u)).
Set

_ _ X)) [* flru(r)
Ault) = T((t.) = 220 [ LA o
Then the equation (5.3) has a solution in L%*((0,0),w?) if and only if the operator

A has a fixed point in LL#((0, ), w?).

Next, we show that A is completely continuous. Recalling from Proposition [3.4]
we deduce that T is a compact operator from Lﬁ’ﬁ((o,&),oﬂ)) to LL((0,0),w9).
Since F': u — f(t, ) is bounded and continuous from L%*((0,§), w?) to Lﬁ’ﬁ((o, ), wP)
and Au(t) = TFu(t), we conclude that A is a compact operator from LL*((0,4),w?)
to LL"((0,0),w?) and is also continuous. Hence, A : LY#((0,6),w?) — LL*((0,9),w?)
is completely continuous.

Choose a positive constant 0 < M* < oo, set D := {u : ||u||Li,u((015)1wq) < M+
Then D is a bounded closed convex set. For any 0 < g < § and 0 < h < §, we
have

1

(I)l‘j:; (‘TOv h) ~/(10110+h) N(0,9)
S

@i (w0, () J(zo,m0+1) N(0.6)

=: K.

| Au(t)|9dt

q

dt

[ e,
0

(t—7)l-@
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For h < §, there exists a nonnegative integer K such that §/28*! < h < §/2%. By
the Holder inequality, we get

1 g % (ap—1)q
K < /,/ [/ |f(T,u(T))|PdT] £S5 g
®ji2q (w0, )T (@)1 (SE7) " J(woszotn) N(0,6) Lo

(@p—1+8)a/p—1|| ooy |4
o v HFu”L’iB((Oﬁ),wP) wi(xo — 28, x0)

(c;)p_—ll)q/p/r(a)qhuﬂ wi(xg — h, o)
C”FHqRq W"'l—ﬂ
- a/v’ .
I'(a)e (0;p:11)
Then
C||F||R Bt 1
Al opon S —— L g,
D) ( - )
Set
ap—1\1/p' | (eptB=1  1-p\-1
5= [M (5=
CllF|
Hence

HAUHLi‘B((O,(s),wP) S J\4>k

That is to say A: D — D. It follows from Lemma that A has a fixed point in
D. Therefore, Equation (G.1)) has at least a solution in LL#((0,0),w?).
In addition, if (5.2) holds, then for ui, us € L%*((0,d),w?), by the similar

discussions as above, we have

(5.4)

CllFu — FuallL3(0,8) wr) (ops
T(a) (250177
CCr ap=1_ 1-p

a0 7w~ ullpew 7).
ap—1 ’ ((0)5))"" )

T (a)(S2)1 e

1—p
+=

| Auy — AUzHLi“((Oﬁ)M‘“ =

IN

Set
qg—1
CCp

Then A is a contraction mapping in L$"((0,6),w?) and has a unique fixed point in
L%*((0,6),w?). This implies that the Cauchy problem (G.1]) has a unique solution
in LE*((0,6), w?). O

5<[£@Bfi31ir%%+%ﬂl.

Remark 5.4. The conditions that operator F : F(u) = f(t,u(t)) is bounded,
continuous from L%"((0,d),w?) to Lﬁ’ﬁ((O, §),wP), +(1+ %) < a < 1 are sufficient
but not necessary.

Indeed, for the following differential equation of fractional order 0 < av < 1 (see
[13, Example 4.4)),

55) {Damw—xﬂwwv,

I;7%u(0) = 0,
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where t > 0, A,y € R and X # 0. Note that equation (5.0 has the exact solution

Fl—a—y) t*(OH”Y)

u(t) = {m ,

0, a.et>94,

0<t<é,

where 0 < a + v < 1. Moreover, in this case, we also have

wi&:&ﬂq%fﬁwﬂ, 0<t<éd,

ft,u(t)) = {X F(i=2a=7)

0, a.e.t>9.

Take w = |z|~1/(29) ¢ Aaq)’ we claim that u € LY#((0,0), [z|7/2) for 1—(a+7)q—

>0, > 1/2. Meanwhile, we also obtain that f(t,u(t)) ¢ L%?((0,6), x|~/ (29)
for 2(ac+~)p > 1.
For 0 <zg <6,0< h<J, we have

1
e / lu(t)|9dt
Piq (w0, h) J(zo,20+h) N(0.6)
1 / _
< _ t—(e+v)a g
he= [ 2112 de S (y,w0+m) N(0,6)
:ZHQ.

If zg > h > 0, then

1 et
H, < t\eTag
? ~hrm(/To — Vxo — h) /m

< Vo +hx/uwo —h [(IO + p)l-(etna _ I(l)—(a-i-v)q}

0

<§s—(atMa—n o

If zg < h <6, then

! et
Hy < t=(e+Magy
2 Nh“‘l(\/wo+\/h—wo)/m

0

1 1—(at) 1-(a+7)q
Sm |:(I0+h) ’Yq—flfo

Sg%—(fﬁ-v)q—u < 0.

Combining with the above estimates, we have u € L ((0,6), |z|71/2).

On the other hand, we turn to prove f(t,u(t)) ¢ Lfr"@((O,é), || ~P/(29)). Take
h =46 and zg = 0. Then

8
1 / 1 [ F'l-—a—-9) }QPt—(%ri-v)pdt
§p—1 fis |z|=p/2adz Jo AP LD(1 —2a —7)

! i[ 'l—a-9) rp /6 1~ (2at)p gy
= §B-P/2a \ LT(1 — 200 — ) 0

= Q.

This implies that f(¢,u(t)) ¢ Lfr"@((O, 5), || 7P/%9).

Acknowledgments The third author would like to express his gratitude to Pro-
fessor Dachun Yang for his valuable comments and discussion. This work was
partially funded by the National Natural Science Foundation of China (Grant Nos.



11

A NOTE ON NAKAI'S GENERALIZED MORREY SPACES AND APPLICATIONS 23

671185 and 11771195), the Natural Science Foundation of Shandong Province

(No. ZR2018LA002).

10.

11.

12.

13.

14.

15.

16.

17.

REFERENCES

. K. Andersen and E. Sawyer, Weighted norm inequalities for the Riemann-
Liowville and Weyl fractional integral operators. Trans. Amer. Math. Soc.,
308(2) (1988), 547-588.

. H. Aimar, L. Forzani and F. Martin-Reyes, On weighted inequalities for one-
sided singular integrals. Proc. Amer. Math. Soc., 125 (1997), 2057-2064.

. P. Butzer and U. Westphal, Introduction to fractional calculus, in fractional cal-
culus. Applications of Fractional Calculus in Physics, World Sei. Publ., (2000),
1-85.

. V. Burenkov, H. Guliyev and V. Guliyev, Necessary and sufficient conditions
for the boundedness of fractional mazimal operators in local Morrey-type spaces.
J. Comput. Appl. Math., 208(1) (2007), 280-301.

. V. Burenkov, A. Gogatishvili, V. Guliyev and R. Mustafayev, Boundedness of
the Riesz potential in local Morrey-type spaces. Potential Anal., 35(1) (2011),
67-87.

. A. Calderén, Ergodic theory and translation invariant operators. Proc. Nat.
Acad. Sci. USA, 59 (1968), 349-353.

. Y. Chen, Y. Ding and X. Wang, Compactness of commutators for singular
integrals on Morrey spaces. Canad. J. Math., 64(2) (2012), 257-281.

. V. Guliyev, Boundedness of the mazimal, potential and singular operators in the

generalized Morrey spaces. J. Inequal. Appl., 2009 (2009), Article ID 503948,

20 pages.

V. Guliyev and L. Softova, Generalized Morrey regularity for parabolic equations

with discontinuous data. Proc. Edinburgh Math. Soc. Ser. 2, 58(1) (2015), 199—

218.

D. Fan, S. Lu and D. Yang, Boundedness of operator in Morrey space on ho-

mogeneous spaces and its application. Acta Math. Sin. (Engl. Ser.), 14 (1998),

625—634.

Z. Fu, S. Lu, S. Shi and Y. Pan, Some one-sided estimates for oscillatory

singular integrals. Nonlinear Anal., 108 (2014), 144-160.

Z. Fu, S. Lu, S. Sato and S. Shi, On weighted weak type norm inequalities for

one-sided oscillatory singular integrals. Studia Math., 207(2) (2011), 137-150.

Z. Fu, J. Trujillo and Q. Wu, Riemann-Liouville fractional calculus in Mor-

rey spaces and applications. Comput. Math. Appl., https://doi.org/10.1016/

j.camwa.2016.04.013.

D. Fan, Y. Pan and D. Yang, A weighted norm inequality for rough singular

interrals. Tohoku Math. J., 51(2) (1999), 141-166.

H. Hanche-Olsen and H. Holden, The Kolmogorov-Riesz compactness theorem.

Expo. Math., 28(4) (2009), 385-394.

R. Jones, R. Kaufman, J. Gosenblatt and M. Wierld, Oscillation in ergodic

theory. Ergo. Th. Dynam. Syst., 18(4) (1998), 889-935.

Y. Komori and S. Shirai, Weighted Morrey spaces and a singular integral oper-

ator. Math. Nachr., 282 (2009), 219-231.



24

18

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

XIAN MING HOU, QING YAN WU, ZUN WEI FU, AND SHAN ZHEN LU

. A. Kilbas, H. Srivastava and J. Trujillo, Theory and applications of fractional
differential equations. North-Holland Mathematics Studies, 204, Elsevier Sci.
B.V., Amsterdam, 2006.

K. Kurata, S. Nishigaki and S. Sugano, Boundedness of integral operators on
generalized Morrey spaces and its application to Schrodinger operators. Proc.
Amer. Math. Soc., 128(4) (2000), 1125-1134.

M. Lorente and F. Martin-Reyes, The one-sided dyadic Hardy-Littlewood max-
imal operator. Proc. Roy. Soc. Edinburgh Sect. A, 144 (2014), 991-1006.

S. Lu, D. Yang and Z. Zhou, Sublinear operators with rough kernel on general-
ized Morrey spaces. Hokkaido Math. J., 27 (1998), 219-232.

X. Li and D. Yang, Boundedness of some sublinear operators on Herz spaces.
Mlinois J. Math., 40(3) (1996), 484-501.

C. Morrey Jr., On the solution of quasi-linear elliptic partial differential equa-
tion. Trans. Amer. Math. Soc., 51(2) (1938), 126-166.

F. Martin-Reyes, P. Ortega and A. de la Torre, Weights for one-sided operators.
in Recent Development in Real and Harmonic Analysis, Applied and Numerical
Harmonic Analysis, Birkh&user, Boston, Mass, USA (2009).

R. Macias and M. Riveros, One-sided extrapolation at infinity and singular
integrals. Proc. Roy. Soc. Edinburgh. Sect. A., 130 (2000), 1081-1102.

T. Mizuhara, Boundedness of some classical operators on generalized Morrey
spaces. In: Igari, S. (ed.) Harmonic Analysis, pp. 183-189. ICM 90 Satellite
Proceedings, Springer, Tokyo (1991).

T. Mizuhara, Commutators of singular integral operators on Morrey spaces with
some growth functions. Proceedings of the second ISAAC Congress. Springer
US (2000).

B. Muckenhoupt, Weighted norm inequalities for the Hardy mazimal function.
Trans. Amer. Math. Soc., 165 (1972), 207-226.

B. Muckenhoupt, The equivalence of two conditions for weight functions. Studia
Math., 49 (1974), 101-106.

E. Nakai, Hardy-Littlewood mazximal operator, singular integral operators and
the Riesz potentials on generalized Morrey spaces. Math. Nachr., 166 (1994),
95-103.

E. Nakai, Orlicz-Morrey spaces and the Hardy-Littlewood mazimal function.
Studia Math., 188(3) (2008), 193-221.

L. Persson and N. Samko, Weighted Hardy and potential operators in the gen-
eralized Morrey spaces. J. Math. Anal. Appl., 377(2) (2011), 792-806.

M. Riveros and A. de la Torre, On the best ranges for Az‘f and RH;T. Czechoslo-
vak Math. J., 51(2) (2001), 285-301.

H. Rafeiro, N. Samko and S. Samko, Morrey-Campanato spaces: an overview.
In Operator Theory, Pseudo-Differential Equations, and Mathematical Physics.
Springer Basel. (2013), 293-323.

N. Samko, Weighted Hardy and singular operators in Morrey spaces. J. Math.
Anal. Appl., 350(1) (2009), 56-72.

E. Sawyer, Weighted inequalities for the one-sided Hardy-Littlewood mazimal
function. Trans. Amer. Math. Soc., 297 (1986), 53-61.

J. Schauder, Der Fizpunktsatz in Funktionalrdumen. Studia Math., 2 (1930),
171-180.



38

39.

40.

41.

42.

43.

44.

45.

46.

P.

A NOTE ON NAKAI'S GENERALIZED MORREY SPACES AND APPLICATIONS 25

. Y. Sawano, Generalized Morrey spaces for non-doubling measures. NoDEA
Nonlinear Differential Equations Appl., 15(4-5) (2008), 413-425.

Y. Sawano, S. Sugano and H. Tanaka, Generalized fractional integral operators
and fractional mazimal operators in the framework of Morrey spaces. Trans.
Amer. Math. Soc., 363(12) (2011), 6481-6504.

F. Soria and G. Weiss, A remark on singular integrals and power weights. In-
diana Univ. Math. J., 43 (1994), 187-204.

L. Softova, Singular integrals and commutators in generalized Morrey spaces.
Acta Math. Sin. (Engl. Ser.), 22(3) (2006), 757-766.

S. Shi, On weighted inequalities for one-sided singular integrals with Hérmander
type kernels. Acta Math. Sin.(Chinese Ser.), 56(4) (2013), 613-624.

S. Samko, A. Kilbas and O. Marichev, Fractional Integrals and Derivatives:
Theory and Applications. Gordon and Breach Science Publishers, Switzerland,
1993.

S. Shi and Z. Fu, Estimates of some operators on one-sided weighted Morrey
spaces. Abstr. Appl. Anal., 2013 (2013), Artcle ID 829218, 9 pages.

A. de la Torre and J. Torrea, One-sided discrete square function. Studia Math.,
156 (2003), 243-260.

W. Yuan, W. Scikel and D. Yang, Morrey and Campanato meet Besov, Lizorkin
and Triebel. Lecture Notes in Math., Springer, Berlin, 2005 (2010).

XIANMING HOU, SCHOOL OF MATHEMATICAL SCIENCES, XIAMEN UNIVERSITY, XIAMEN 361005,
R. CHINA
E-mail address: houxianming37@163.com

QINGYAN WU, DEPARTMENT OF MATHEMATICS, LINYI UNIVERSITY, LINYI 276005, P.R. CHINA

AND DEPARTMENT OF MATHEMATICS, MACQUARIE UNIVERSITY, NSW, 2109, AUSTRALIA

E-mail address: wugingyan@lyu.edu.cn

ZUNWEI Fu, DEPARTMENT OF MATHEMATICS, LINYI UNIVERSITY, LINYI 276005, P. R. CHINA

AND DEPARTMENT OF INFORMATION AND TELECOMMUNICATIONS ENGINEERING, THE UNIVERSITY

OF

SUWON, WAU-RI, BONGDAM-EUP, HWASEONG-SI, GYEONGGI-DO, 445-743, KOREA
E-mail address: zwfu@mail.bnu.edu.cn or zwfu@suwon.ac.kr

SHANZHEN LU, SCHOOL OF MATHEMATICAL SCIENCES, BEIJING NORMAL UNIVERSITY, BEIJING,

100875, P. R. CHINA

E-mail address: lusz@bnu.edu.cn



	1. Introduction
	2. one-sided weighted Morrey spaces and related sublinear operators
	3. Locally one-sided weighted Morrey space and its application 
	4. Representation of functions by fractional integrals in locally one-sided weighted Morrey spaces 
	5. Nonlinear fractional differential equations in locally one-sided weighted Morrey spaces
	References

