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MORREY MEETS MUCKENHOUPT: A NOTE ON NAKAI’S

GENERALIZED MORREY SPACES AND APPLICATIONS

XIAN MING HOU, QING YAN WU, ZUN WEI FU, AND SHAN ZHEN LU

Abstract. The goal of this paper is to extend Nakai’s generalized Morrey

spaces to a wider function class, the one-sided Muckenhoupt weighted case.

Morrey matching Muckenhoupt enables us to study the weak and strong type

boundedness of one-sided sublinear operators satisfying certain size condi-

tions on the one-sided weighted Morrey spaces. Meanwhile, the boundedness

and compactness of Riemann-Liouville integral operators on locally one-sided

weighted Morrey space are considered. As applications, we establish the exis-

tence and uniqueness of solutions to a Cauchy type problem associated with

fractional differential equations.

1. Introduction

It is well-known that Morrey [23] first introduced the classical Morrey spaces
Lp,λ(Ω) to investigate the local behavior of solutions to second-order elliptic partial
differential equations:

‖f‖Lp,λ(Ω) := sup
x∈Ω,r>0

(
1

|B(x, r)|λ
∫

B(x,r)∩Ω

|f(y)|pdy
)1/p

,

where 1 ≤ p < ∞, λ ≥ 0, Ω ∈ Rn is an open set. It is obvious that Lp,0(Ω) = Lp(Ω)
and Lp,1(Ω) = L∞(Ω). Therefore, it is interesting to consider the case of 0 < λ < 1.

As we know, Morrey space is nonseparable. Therefore, there are no approxi-
mation skills in this kind of spaces, which are quite different from the separable
spaces (e.g. continuous or integrable functional spaces). In recent years, there is
an explosion of interest in Morrey type spaces and their applications, see [34], [46]
and references therein. In [26], Mizuhara studied a version of generalized Morrey
spaces and got the boundedness of Calderón-Zygmund operators on these spaces.
Nakai [30] introduced the following generalized Morrey space Lp,ω(Rn):

Let 1 ≤ p < ∞ and denote Q = Q(a, r) = {x ∈ Rn : |xi − ai| ≤ r/2, i =
1, 2, . . . , n} for every r > 0

Lp,ω(Rn) :=

{
f ∈ Lp

loc(R
n) : sup

Q

1

ω(Q)

∫

Q

|f(x)|pdx < ∞
}
,

‖f‖p,ω := sup
Q

(
1

ω(Q)

∫

Q

|f(x)|pdx
)1/p

,
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where ω : Rn × R+ → R+ and for a ∈ Rn, ω satisfies

r ≤ t ≤ 2r =⇒ C−1 ≤ ω(a, t)

ω(a, r)
≤ C,(1.1)

∫ ∞

r

ω(a, t)

tn+1
dt ≤ C

ω(a, r)

rn
.(1.2)

The boundedness of Hardy-Littlewood maximal operator, singular integral oper-
ators and the Riesz potentials on Lp,ω(Rn) was established. Then Lp,ω(Rn) is a
Banach space with norm ‖ · ‖p,ω. If ω(a, r) = 1, then Lp,ω = Lp. If ω(a, r) = rn,
one has Lp,ω = L∞. And for 0 < λ < 1, ω(a, r) = rnλ, Lp,ω is the classical Morrey
space Lp,λ. The article [30] of Nakai has been cited nearly three hundred times and
attracts a great deal of interest. Softova [41] studied singular integrals and commu-
tators in generalized Morrey spaces. Guliyev et al. [9] considered the boundedness
of the maximal, potential and singular operators in the generalized Morrey spaces.
The action of the generalized fractional integral operators and the generalized frac-
tional maximal operators was investigated in the framework of Morrey spaces in
[39]. In [31], Nakai proved basic properties of Orlicz-Morrey spaces and gave a nec-
essary and sufficient condition for boundedness of the Hardy-Littlewood maximal
operator on Orlicz-Morrey space. In [21], Lu et al. established the boundedness of
rough operators and their commutators with BMO functions in generalized Morrey
spaces. Then, Komori and Shirai introduced the weighted Morrey space in [17].
See [4, 5, 7, 8, 10, 14, 19, 27, 32, 35, 38, 40] for more information on this topic.

On the other hand, both the generalization of the theory of two-sided operators
and the requirements of ergodic theory (see [6], [16], [24]) are motivations to study
one-sided estimates for operators. The well-known Riemann-Liouville fractional
integral can be viewed as the one-sided version of Riesz potential, see [3]. The
study of one-sided operators promote naturally the development of one-sided spaces.
See [11, 12, 25, 33, 36] for other works about one-sided operators and spaces. It
is shown that many famous results in harmonic analysis still hold for a class of
smaller operators (one-sided operators) and a class of wider weights (one-sided
weights). It should be pointed out that, in one-sided cases, the classical reverse
Hölder’s inequality and doubling condition do not hold. Thus, these new changes
have caused some difficulties in our proofs.

Let ω be an Ap weight function (see [28, 29]). If 0 < α < 1, 1 ≤ p ≤ 1/α,

ω(I) =
(∫

I ω(x)dx
)α

, then ω satisfies (1.1) and (1.2). As is well-known, the Ap

weight functions satisfy doubling conditions (1.1). However, some one-sided Ap

weights do not satisfy (1.1). In fact, let 1 ≤ p < ∞. One-sided Ap weights ω satisfy
a so-called one-sided doubling condition:

∫ x0+h

x0−h

ω .

∫ x0+h

x0

ω(1.3)

for all x0 ∈ R and h > 0. See its definition in Section 2. We should mention that
the one-sided weight function ω(x) = ex verifies (1.3), but does not satisfy (1.1)
and (1.2). Our goal is to define one-sided weighted Morrey spaces and give some
applications.

This paper will be organized as follows. In Section 2, we establish the weak
and strong type boundedness of one-sided sublinear operators under specific size
conditions and some preliminaries that are essential to our proofs. Section 3 is
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devoted to the boundedness of Riemann-Liouville integral operators on locally one-
sided weighted Morrey space. The representation of functions by fractional integrals
in locally one-sided weighted Morrey spaces will be given in Section 4. In Section
5, by Schauder’s fixed-point theorem, we obtain the existence and uniqueness of
solutions to a Cauchy type problem for fractional differential equations by a new
weighted Fréchet-Kolmogorov theorem.

Throughout this paper, for x0 ∈ R and h, λ > 0, we will always denote that
I = (x0, x0 + h), I+ = (x0 + h, x0 + 2h), I− = (x0 − h, x0), λI = (x0, x0 + λh) and
(λI)−− = (x0− (λ+1)h, x0−h). C stands for a positive constant but it may change
from line to line. We sometimes use the notation a . b as an equivalent of a 6 Cb.
χΩ represents the characteristic function of set Ω.

2. one-sided weighted Morrey spaces and related sublinear

operators

We will describe the process of defining of one-sided weighted Morrey space in
brief.

Firstly, let 1 < p < ∞ and 0 ≤ λ < 1. We define

‖f‖L̃p,λ(R) := sup
x0∈R,h>0

(
1

hλ

∫ x0+h

x0

|f(y)|pdy
)1/p

< ∞.

Set x0 = z0−h/2 and h/2 = h′. By a simple estimate, we have L̃p,λ(R) = Lp,λ(R).
Secondly, we equip the Lebesgue measure on interval (x0, x0 + h). Then hλ =

|(x0, x0 + h)|λ. We deduce

‖f‖Lp,λ(R) := sup
x0∈R,h>0

(
1

|(x0, x0 + h)|λ
∫ x0+h

x0

|f(y)|pdy
)1/p

< ∞.

Finally, for 1 ≤ θ < ∞, we change the Lebesgue measure on interval (x0, x0 + h)

into the weight function measure ω and let ωθ(x0, x0 + h) =
∫ x0+h

x0
ωθ. Clearly,

when ω ≡ 1, hλ−1ωθ(x0, x0 + h) = hλ.
Let 1 ≤ p < ∞, 0 ≤ λ < 1, 1 ≤ θ < ∞. For any x0 ∈ R and h > 0, set

Φ+
ω,λ,θ(x0, h) := hλ−1ωθ(x0 − h, x0), Φ

−
ω,λ,θ(x0, h) := hλ−1ωθ(x0, x0 + h).(2.1)

Now we give the definition of one-sided weighted Morrey space as follows:

‖f‖Lp,λ
+ (R,ωθ) := sup

x0∈R,h>0

( 1

Φ+
ω,λ,θ(x0, h)

∫ x0+h

x0

|f(y)|pdy
)1/p

< ∞,

and

‖f‖Lp,λ
−

(R,ωθ) := sup
x0∈R,h>0

( 1

Φ−
ω,λ,θ(x0, h)

∫ x0+h

x0

|f(y)|pdy
)1/p

< ∞.

We denote ‖f‖Lp,λ
+ (R,ωθ) = ‖f‖Lp,λ

+ (ωθ).

Let 1 ≤ p < ∞, 0 ≤ λ < 1, 1 ≤ θ < ∞. We say a function belongs to the
one-sided weighted Morrey spaces of weak type if one of the following norms is
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finite:

‖f‖p
WLp,λ

+ (R,ωθ)
:= sup

x0∈R,h>0

1

Φ+
ω,λ,θ(x0, h)

sup
γ>0

γp
∣∣ {x ∈ (x0, x0 + h) : |f(x)| > γ}

∣∣,

‖f‖p
WLp,λ

−
(R,ωθ)

:= sup
x0∈R,h>0

1

Φ−
ω,λ,θ(x0, h)

sup
γ>0

γp
∣∣ {x ∈ (x0 − h, x0) : |f(x)| > γ}

∣∣.

We turn to the one-sided weight functions now. In 1986, Sawyer [36] first in-
troduced the one-sided Muckenhoupt weights A+

p and A−
p to treat the one-sided

Hardy-Littlewood maximal operators

M+f(x) := sup
h>0

1

h

∫ x+h

x

|f(y)|dy, M−f(x) := sup
h>0

1

h

∫ x

x−h

|f(y)|dy.

A positive function ω is said to belong to A+
p or A−

p if it satisfies

A+
p (ω) := sup

a<b<c

1

(c− a)p

∫ b

a

ω(x)dx

(∫ c

b

ω(x)1−p′

dx

)p−1

< ∞

or

A−
p (ω) := sup

a<b<c

1

(c− a)p

∫ c

b

ω(x)dx

(∫ b

a

ω(x)1−p′

dx

)p−1

< ∞,

when 1 < p < ∞; also, for p = 1,

A+
1 : M−ω ≤ Cω, A−

1 : M+ω ≤ Cω,

for some constant C. If 1 ≤ p < ∞, then Ap $ A+
p and Ap $ A−

p . Notice that the

function ω(x) = ex mentioned above is in A+
p but not in Ap.

Similarly, the double weight classes A+
(p,q) and A−

(p,q) are denoted by

A+
(p,q) :

1

(c− a)1−α

(∫ b

a

ωq

)1/q (∫ c

b

ω−p′

)1/p′

< C,

A−
(p,q) :

1

(c− a)1−α

(∫ c

b

ωq

)1/q
(∫ b

a

ω−p′

)1/p′

< C

for all a < b < c ∈ R, 0 < α < 1, 1 < p < q and 1/p − 1/q = α; also for p = 1,
1− 1/q = α,

A+
(1,q) : M

−ωq . ωq, A−
(1,q) : M

+ωq . ωq.

In [2], Aimar, Forzani and Mart́ın-Reyes introduced the one-sided Calderón-
Zygmund singular integrals defined by:

T+f(x) = lim
ε→0+

∫ ∞

x+ε

K(x− y)f(y)dy

and

T−f(x) = lim
ε→0+

∫ x−ε

−∞

K(x− y)f(y)dy,

where the kernelK is called the one-sided Calderón-Zygmund kernel (OCZK) which
satisfies

(2.2)

∣∣∣∣∣

∫

a<|x|<b

K(x)dx

∣∣∣∣∣ ≤ C, 0 < a < b,
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(2.3) |K(x)| ≤ C/|x|, x 6= 0,

(2.4) |K(x− y)−K(x)| ≤ C|y|/|x|2, |x| > 2|y| > 0,

with support in R− = (−∞, 0) or R+ = (0,+∞), where (2.4) is named Hörmander’s
condition. Equation (2.3) is also called the size condition for K. An interesting
example is

K(x) =
sin(log |x|)
(x log |x|) χ(−∞,0)(x),

where χE denotes the characteristic function of a set E, for more details one can
refer to [2].

The one-sided A+
p classes not only control the boundedness of one-sided Hardy-

Littlewood maximal operators, but also serve as the right weight classes for one-
sided singular integral operators. Set 1 < p < ∞ and let K be an OCZK with
support in R−. Then T+ is bounded on Lp(ω) if ω ∈ A+

p , see [2].
Fractional integral operators also play an important role in harmonic analysis.

Suppose 0 < α < 1. The one-sided fractional maximal operators and the one-sided
fractional integrals are defined by

M+
α f(x) = sup

h>0

1

h1−α

∫ x+h

x

|f(y)|dy, M−
α f(x) = sup

h>0

1

h1−α

∫ x

x−h

|f(y)|dy,

I+α f(x) =

∫ ∞

x

f(y)

(y − x)1−α
dy, I−α f(x) =

∫ x

−∞

f(y)

(y − x)1−α
dy,

respectively. The one-sided fractional integrals are also called the Riemann-Liouville
and Weyl fractional integral operators. For A+

(p,q) classes, Andersen and Sawyer [1]

obtained the boundedness of M+
α on weighted Lebesgue spaces.

In recent years, there are many works on convolution-type one-sided operators.
In this paper, we want to study a kind of one-sided operators with nonconvolution
kernels. We can adopt a definition made in a previous study to introduce one-sided
sublinear operator T + and T +

α (0 < α < 1) under certain weak size conditions, see
[22, 40, 44]. The size condition can be introduced:

(2.5) |T +f(x)| .
∫ ∞

x

|f(y)|
y − x

dy, for all x ∈ R.

We also define the corresponding fractional size condition as follows:

(2.6) |T +
α f(x)| .

∫ ∞

x

|f(y)|
(y − x)1−α

dy, 0 < α < 1, x ∈ R.

It is easy to check that the condition (2.5) is satisfied by many one-sided opera-
tors, such as M+, T+, one-sided dyadic Hardy-Littlewood maximal operator [20],
one-sided oscillatory singular integrals [11, 12], one-sided singular integrals with
Hörmander type kernels [42] and so on. Both M+

α and I+α satisfy (2.6). Corre-
sponding to (2.5) and (2.6), we can also define T − and T −

α . For simplicity, here we
omit the corresponding parts.

We now give the endpoint estimates of T + on one-sided weighted Morrey spaces.

Theorem 2.1. Let 0 ≤ λ < 1, ω ∈ A+
1 , and the one-sided sublinear operator T +

satisfies (2.5). If T + is bounded from L1 to L1,∞, then T + is bounded from L1,λ
+ (ω)

to WL1,λ
+ (ω).
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Covering the shortage in Proposition 12 of [44], we conclude that

Theorem 2.2. Let 0 < α < 1, 0 ≤ β, λ < 1, 1 ≤ p, q < ∞, β/p = λ/q, 1/p =
1/q + α and α− 1/q + (β − 1)/p+ 1 < 0.
(i) If 1 < p < ∞ and T +

α is bounded from Lp to Lq, then T +
α is bounded from

Lp,β
+ (ωp) to Lq,λ

+ (ωq).

(ii) If p = 1 and T +
α is bounded from L1 to Lq,∞, then T +

α is bounded from L1,β
+ (ω)

to WLq,λ
+ (ωq).

Some basic properties of one-sided Ap classes will be introduced. As mentioned
above, one-sided Ap weights do not satisfy doubling condition. So, we give the
corresponding one-sided doubling condition appeared in [24].

Lemma 2.3. Let ω ∈ A+
p (p ≥ 1). For all x0 ∈ R and h > 0. then

∫ x0+h

x0−h

ω .

∫ x0+h

x0

ω.

In [44], Shi and Fu studied the equivalence for one-sided double weight functions.

Lemma 2.4. Suppose 0 < α < 1, 1 < p < q < ∞, and 1/p− 1/q = α. Then the

following statements are equivalent:

(a) ω ∈ A+
(p,q).

(b) ωq ∈ A+
q(1−α).

Remark 2.5. If ω ∈ A+
(p,q) with 1 ≤ p < q < ∞, we obtain

∫ x0+h

x0−h

ωq .

∫ x0+h

x0

ωq

for all x0 ∈ R and h > 0 by Lemma 2.3 and Lemma 2.4.

Lemma 2.6. Let k ∈ N, x0 ∈ R, h > 0 and p, q ≥ 1. Then

(a) if ω ∈ A+
p , we have

∫ x0−h

x0−h−2kh

ω . 2kp
∫ x0

x0−h

ω.

(b) if ω ∈ A+
(p,q) with 1 < p < ∞, we have

∫ x0−h

x0−h−2kh

ωq . 2kq
∫ x0

x0−h

ωq.

(c) if ω ∈ A+
(1,q), we have

∫ x0−h

x0−h−2kh

ωq . 2k
∫ x0

x0−h

ωq.

Proof. For the proof of (b) and the case of p > 1 in (a), we can refer to [44,
Proposition 12]. When p = 1, we claim that

(2.7) |fI− | . 1

ω(I−− )

∫

I−

|f(x)|ω(x)dx.
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In fact, for x ∈ I−, we have

1

h

∫ x0−h

x0−2h

ω(y)dy ≤ 1

h

∫ x

x−2h

ω(y)dy.

Since ω ∈ A+
1 , by Lemma 2.3, we get

1

h

∫ x

x−2h

ω(y)dy =
1

h

∫ (x−h)+h

(x−h)−h

ω(y)dy .
1

h

∫ x

x−h

ω(y)dy . M−ω(x) . ω(x).

Thus

1

h
ω(I−− ) =

1

h

∫ x0−h

x0−2h

ω(y)dy . M−ω(x) . ω(x).

Consequently,

1

|I−|

∫

I−

|f(x)|dx =
1

|I−|

∫

I−

|f(x)|ω(x)ω(x)−1dx

.
1

|I−|

∫

I−

|f(x)|ω(x) 1

M−ω(x)
dx

.
1

ω(I−− )

∫

I−

|f(x)|ω(x)dx.

Replace I− with (2kI)− and then set f = χI− , we have

ω((2kI)−−) . 2kω(I−).

(c) for ω ∈ A+
(1,q), we obtain ωq ∈ A+

1 . Then by (a), we deduce ωq((2kI)−−) .

2kωq(I−). �

Proof of Theorem 2.1. For any x0 ∈ R, h > 0 and γ > 0, it suffices to prove

γ

Φ+
ω,λ,1(x0, h)

∣∣{x ∈ (x0, x0 + h) : |T +f(x)| > γ}
∣∣ . ‖f‖L1,λ

+ (ω).

Set f = f1 + f2 := fχ2I + fχ(2I)c to obtain

γ

Φ+
ω,λ,1(x0, h)

∣∣{x ∈ (x0, x0 + h) : |T +f(x)| > γ}
∣∣

≤ γ

Φ+
ω,λ,1(x0, h)

∣∣∣
{
x ∈ (x0, x0 + h) : |T +f1(x)| >

γ

2

}∣∣∣

+
γ

Φ+
ω,λ,1(x0, h)

∣∣∣
{
x ∈ (x0, x0 + h) : |T +f2(x)| >

γ

2

}∣∣∣

=: J1 + J2.

Since T + is of weak type (1, 1), we get

J1 .
1

Φ+
ω,λ,1(x0, h)

∫ x0+2h

x0

|f(x)|dx .
ω(x0 − 2h, x0)

ω(x0 − h, x0)
‖f‖L1,λ

+ (ω) . ‖f‖L1,λ
+ (ω),
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where the last inequality follows from Lemma 2.3. By (2.5), for x0 < x < x0 + h,
we have

|T +f2(x)| .
∫ ∞

x

|f2(y)|
y − x

dy

.

∞∑

k=1

1

2k−1h

∫ x0+2kh

x0+2k−1h

|f(y)|dy

.‖f‖L1,λ
+ (ω)

∞∑

k=1

(2kh)
λ−1

2kh
ω(x0 − h− 2k+1h, x0 − h)

.‖f‖L1,λ
+ (ω)

∞∑

k=1

ω(x0 − h− 2k+1h, x0 − h)

(2kh)
2−λ

.

Thus, we control J2 by

J2 .
1

Φ+
ω,λ,1(x0, h)

∫ x0+h

x0

|T +f2(x)|dx

.
‖f‖L1,λ

+ (ω)

Φ+
ω,λ,1(x0, h)

∫ x0+h

x0

∞∑

k=1

ω(x0 − h− 2k+1h, x0 − h)

(2kh)
2−λ

dx

.‖f‖L1,λ
+ (ω)

∞∑

k=1

1

2k(2−λ)

ω(x0 − h− 2k+1h, x0 − h)

ω(x0 − h, x0)

.‖f‖L1,λ
+ (ω)

∞∑

k=1

1

2k(1−λ)

.‖f‖L1,λ
+ (ω),

where (a) of the Lemma 2.6 is used in the fourth inequality. This completes the
proof of Theorem 2.1. �

Proof of Theorem 2.2. (i) Let f = f1 + f2 := fχ2I + fχ(2I)c . Then

[
1

Φ+
ω,λ,q(x0, h)

∫ x0+h

x0

|T +
α f(x)|qdx

]1/q

≤
[

1

Φ+
ω,λ,q(x0, h)

∫ x0+h

x0

|T +
α f1(x)|qdx

]1/q

+

[
1

Φ+
ω,λ,q(x0, h)

∫ x0+h

x0

|T +
α f2(x)|qdx

]1/q

=: K1 +K2.

The fact that T +
α is bounded from Lp to Lq implies that

K1 .
1

Φ+
ω,λ,q(x0, h)

1/q

[∫ x0+2h

x0

|f(y)|pdy
]1/p
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.
‖f‖Lp,β

+ (ωp)

h1/p−1/q

[ωp(x0 − 2h, x0)]
1/p

[ωq(x0 − h, x0)]
1/q

.‖f‖Lp,β
+ (ωp)

[
ωq(x0 − 2h, x0)

ωq(x0 − h, x0)

]1/q

.‖f‖Lp,β
+ (ωp),

where the third inequality follows from Hölder’s inequality and the last inequality
is due to Remark 2.5.

Invoking (2.6), we get

|T +
α f2(x)| .

∫ ∞

x

|f2(y)|
(y − x)1−α

dy

.

∞∑

k=1

1

(2k−1h)
1−α

∫ x0+2kh

x0+2k−1h

|f(y)|dy

.

∞∑

k=1

1

(2kh)
1−α

[∫ x0−h+2k+1h

x0−h

|f(y)|pdy
]1/p

(2kh)1−1/p

.

∞∑

k=1

[
ωp(x0 − h− 2k+1h, x0 − h)

]1/p

(2kh)
1/p−α−(β−1)/p

×
[

(2k+1h)1−β

ωp(x0 − h− 2k+1h, x0 − h)

∫ x0−h+2k+1h

x0−h

|f(y)|pdy
]1/p

.‖f‖Lp,β
+ (ωp)

∞∑

k=1

[
ωp(x0 − h− 2k+1h, x0 − h)

]1/p

(2kh)
1/p−α−(β−1)/p

.

Substituting the above estimate into K2, we obtain

K2 .





‖f‖q
Lp,β

+ (ωp)

Φ+
ω,λ,q(x0, h)

∫ x0+h

x0

{ ∞∑

k=1

[
ωp(x0 − h− 2k+1h, x0 − h)

]1/p

(2kh)
1/p−α−(β−1)/p

}q

dx





1/q

.‖f‖Lp,β
+ (ωp)h

(2−λ)/q
∞∑

k=1

(2kh)α−
1
p
+ β−1

p

[
ωp(x0 − h− 2k+1h, x0 − h)

]1/p

[ωq(x0 − h, x0)]
1/q

.‖f‖Lp,β
+ (ωp)

∞∑

k=1

2k(α−
1
q
+ β−1

p
)

[
ωq(x0 − h− 2k+1h, x0 − h)

ωq(x0 − h, x0)

]1/q

.‖f‖Lp,β
+ (ωp)

∞∑

k=1

2k(α−
1
q
+ β−1

p
+1)

.‖f‖Lp,β
+ (ωp),

where the fourth inequality follows from Hölder’s inequality, and (b) of the Lemma
2.6 is used in the last inequality.

From the above discussion, we conclude that

‖T +
α f‖Lq,λ

+ (ωq) . ‖f‖Lp,β
+ (ωp).
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Now we turn to prove (ii). The proof is similar to that of Theorem 2.1. We write
[

γq

Φ+
ω,λ,q(x0, h)

∣∣{x ∈ (x0, x0 + h) : |T +
α f(x)| > γ}

∣∣
]1/q

≤
[

γq

Φ+
ω,λ,q(x0, h)

∣∣{x ∈ (x0, x0 + h) : |T +
α f1(x)| >

γ

2
}
∣∣
]1/q

+

[
γq

Φ+
ω,λ,q(x0, h)

∣∣{x ∈ (x0, x0 + h) : |T +
α f2(x)| >

γ

2
}
∣∣
]1/q

=: L1 + L2.

For L1, it follows from Remark 2.5 and the fact T +
α is bounded from L1 to Lq,∞

that

L1 .
1

Φ+
ω,λ,q(x0, h)1/q

∫ x0+2h

x0

|f(y)|dy

.‖f‖L1,β
+ (ω)h

β−1−λ−1
q

ω(x0 − 2h, x0)

[ωq(x0 − h, x0)]
1/q

.‖f‖L1,β
+ (ω)

[
ωq(x0 − 2h, x0)

ωq(x0 − h, x0)

]1/q

.‖f‖L1,β
+ (ω).

By (2.6), we get

|T +
α f2(x)| .

∞∑

k=1

1

(2kh)
1−α

∫ x0+2kh

x0+2k−1h

|f(y)|dy

.‖f‖L1,β
+ (ω)

∞∑

k=1

ω(x0 − h− 2k+1h, x0 − h)

(2kh)
2−α−β

.

Thus

L2 .






‖f‖q
L1,β

+ (ω)

Φ+
ω,λ,q(x0, h)

∫ x0+h

x0

[ ∞∑

k=1

ω(x0 − h− 2k+1h, x0 − h)

(2kh)2−α−β

]q
dx






1/q

.‖f‖L1,β
+ (ω)h

1
q
−1

∞∑

k=1

2k(α+β−2)ω(x0 − h− 2k+1h, x0 − h)

[ωq(x0 − h, x0)]
1/q

.‖f‖L1,β
+ (ω)

∞∑

k=1

2k(α+β−1− 1
q
)

[
ωq(x0 − h− 2k+1h, x0 − h)

ωq(x0 − h, x0)

]1/q

.‖f‖L1,β
+ (ω)

∞∑

k=1

2k(α+β− 1
q
)

.‖f‖L1,β
+ (ω),

where the last inequality derives from (c) of Lemma 2.6. Consequently,

‖T +
α f‖WLq,λ

+ (ωq) . ‖f‖L1,β
+ (ω).

This completes the proof of Theorem 2.2. �
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3. Locally one-sided weighted Morrey space and its application

The subject of fractional derivatives and integrals has gained considerable pop-
ularity and importance during the past several decades, due mainly to its de-
mostrated applications in numerous seemingly diverse and widespread fields of
science and engineering. It does indeed provide several potentially useful tools
for solving differential and integral equations, and various other problems. In re-
cent years many articles and books on this subject have been published (see [18]
and references therein). In this section, we only consider the situation that the
fractional index α ∈ (0, 1).

Definition 3.1 ([18]). For 0 < α < 1, the Riemann-Liouville integral of order α is
defined as

Iα0+f(t) =
1

Γ(α)

∫ t

0

f(τ)

(t− τ)1−α
dτ.

The Riemann-Liouville derivative of order α is defined by

Dα
0+f(t) =

1

Γ(1− α)

d

dt

∫ t

0

f(τ)

(t− τ)1−α
dτ.

Here 0 < t < T , for some T > 0. It is clear that Dα
0+f(t) =

d
dtI

1−α
0+ f(t).

Many authors studied the representation of functions by fractional integrals in
continuous or Lebesgue spaces (see [43]). Now, we consider the representation of
functions by fractional integrals in local one-sided weighted Morrey space. For

convenience, we work on a local one-sided weighted Morrey space Lp,λ
+ ((0, T ), ωθ),

which is defined by

‖f‖Lp,λ
+ ((0,T ),ωθ) := sup

0≤x0≤T
0<h≤T

( 1

Φ+
ω,λ,θ(x0, h)

∫

(x0,x0+h)
⋂
(0,T )

|f(y)|pdy
)1/p

< ∞

for some T > 0, where Φ+
ω,λ,θ(x0, h) is given in (2.1). The following theorem

gives the boundedness of Riemann-Liouville integral operators on local one-sided
weighted Morrey spaces.

Theorem 3.2. Let ω ∈ A+
(p,q), and let 0 < σ < 1, 1 < p, q < ∞, 1/p < α < 1,

0 ≤ β, µ < 1, 1/p−1/q = σ and q+µ ≤ 2. Then Iα0+ is bounded from Lp,β
+ ((0, T ), ωp)

to Lq,µ
+ ((0, T ), ωq).

Proof. For any 0 ≤ x0 ≤ T and 0 < h ≤ T , using Hölder’s inequality, we have

1

Φω,+
µ,q (x0, h)

∫

(x0,x0+h)∩(0,T )

|Iα0+f(t)|qdt

.
1

Φω,+
µ,q (x0, h)

∫

(x0,x0+h)∩(0,T )

[∫ t

0

|f(τ)|pdτ
]q/p [∫ t

0

(t− τ)(α−1)p′

dτ

]q/p′

dt

.
1

Φω,+
µ,q (x0, h)

∫

(x0,x0+h)∩(0,T )

[∫ t

0

|f(τ)|pdτ
]q/p

t
(αp−1)q

p dt

=: K.
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For 0 < h ≤ T , there exists a nonnegative integer k such that T/2k+1 < h ≤ T/2k,
then

K .
1

Φω,+
µ,q (x0, h)

∫

(x0,x0+h)∩(0,T )

[
T β−1ωp(−T, 0)

T β−1ωp(−T, 0)

∫ T

0

|f(τ)|pdτ
]q/p

t
(αp−1)q

p dt

.‖f‖q
Lp,β

+ ((0,T ),ωp)

T q(β−1)/p [ωp(−T, 0)]
q/p

hµ−1ωq(x0 − h, x0)

∫

(x0,x0+h)∩(0,T )

t
(αp−1)q

p dt

.‖f‖q
Lp,β

+ ((0,T ),ωp)

T qβ/p−1ωq(−T, 0)

hµ−1ωq(x0 − h, x0)

∫

(x0,x0+h)∩(0,T )

t
(αp−1)q

p dt

.‖f‖q
Lp,β

+ ((0,T ),ωp)

T βq/p−1

hµ−2

ωq(x0 − 2T, x0)

ωq(x0 − h, x0)
T

(αp−1)q
p

.‖f‖q
Lp,β

+ ((0,T ),ωp)
T 1−µ+ (αp+β−1)q

p 2kµ−2k ω
q(x0 − 2k+2h, x0)

ωq(x0 − h, x0)

.‖f‖q
Lp,β

+ ((0,T ),ωp)
T 1−µ+

(αp+β−1)q
p 2kµ−2k2(k+3)q

.‖f‖q
Lp,β

+ ((0,T ),ωp)
T 1−µ+ (αp+β−1)q

p ,

where the sixth inequality follows from (b) of Lemma 2.6 and q + µ ≤ 2 are used
in the last inequality. Consequently,

‖Iα0+f‖Lq,µ
+ ((0,T ),ωq) . ‖f‖Lp,β

+ ((0,T ),ωp),

which completes the proof of Theorem 3.2. �

To study the compactness of operators on Lp,β
+ ((0, T ), ω), we first establish a

weighted Fréchet-Kolmogorov theorem.

Theorem 3.3. Suppose 1 < p < ∞, 0 ≤ β < 1, p+ β ≤ 2 and ω ∈ A+
p . Let G be

a subset of Lp,β
+ ((0, T ), ω). Then G is strongly pre-compact set in Lp,β

+ ((0, T ), ω) if
it satisfies the following conditions:

(1) G is uniformly bounded, i.e. sup
f∈G

‖f‖Lp,β
+ ((0,T ),ω) < ∞;

(2) G is uniformly equicontinuous, i.e. sup
f∈G

‖f(· + l) − f(·)‖Lp,β
+ ((0,T ),ω) → 0,

as l → 0;
(3) G is uniformly vanishes at infinity, i.e. sup

f∈G
‖fχER

‖Lp,β
+ ((0,T ),ω) → 0, as

R → T , where ER := {x ∈ (0, T ) : x > R}.
Proof. For t > 0, denote the mean value of f in G by

Mtf(x) :=
1

t

∫ t

0

f(x+ y)dy =
1

t

∫ x+t

x

f(y)dy.

By Hölder’s inequality, we get
[

1

Φω,+
β,1 (x0, h)

∫

(x0,x0+h)∩(0,T )

|Mtf(x)− f(x)|pdx
] 1

p

≤
[

1

Φω,+
β,1 (x0, h)

∫

(x0,x0+h)∩(0,T )

1

t

∫ t

0

|f(x+ y)− f(x)|pdydx
] 1

p



A NOTE ON NAKAI’S GENERALIZED MORREY SPACES AND APPLICATIONS 13

≤
[
1

t

∫ t

0

1

Φω,+
β,1 (x0, h)

∫

(x0,x0+h)∩(0,T )

|f(x+ y)− f(x)|pdxdy
] 1

p

≤ sup
0<|y|≤t

‖f(·+ y)− f(·)‖Lp,β
+ ((0,T ),ω).

Hence

lim
t→0

‖Mtf − f‖Lp,β
+ ((0,T ),ω) ≤ sup

0<|y|≤t

‖f(·+ y)− f(·)‖Lp,β
+ ((0,T ),ω).(3.1)

This together with condition (2), (3) in Theorem 3.3, we have

lim
t→0

‖Mtf − f‖Lp,β
+ ((0,T ),ω) = 0, uniformly in f ∈ G,(3.2)

and {Mtf : f ∈ G} ⊂ Lp,β
+ ((0, T ), ω) satisfies supf∈G ‖Mtf‖Lp,β

+ ((0,T ),ω) < ∞.

According to condition (3) on G, for ε > 0, there exists a constant 0 < R < T such
that

sup
f∈G

‖fχER
‖Lp,β

+ ((0,T ),ω) <
ε

8
.(3.3)

Now we prove that for each fixed t, which is sufficiently, the set {Mtf : f ∈ G}
is a strongly pre-compact set in C([0, R]), where C([0, R]) denotes the continuous
function space on [0, R] with uniform norm. By the Ascoli-Arzelà theorem, we only
need to show that {Mtf : f ∈ G} is bounded and equicontinuous on C([0, R]). For
f ∈ G, 0 ≤ x ≤ R and x+ t ≤ T , we get

|Mtf(x)| ≤
1

t

∫ x+t

x

|f(y)|dy

≤
[1
t

∫ x+t

x

|f(y)|pdx
] 1

p

≤
[ tβ−2ω(x− t, x)

tβ−1ω(x− t, x)

∫

(x,x+t)
⋂
(0,T )

|f(y)|pdy
] 1

p

≤
[
tβ−2ω(−R,R)

] 1
p ‖f‖Lp,β

+ ((0,T ),ω).

On the other hand, for any x1, x2 ∈ [0, R] and x2 + t ≤ T , we obtain

|Mtf(x1)−Mtf(x2)|

=
∣∣∣
1

t

∫ x1+t

x1

f(y)dy − 1

t

∫ x2+t

x2

f(y)dy
∣∣∣

=
∣∣∣
1

t

∫ x2+t

x2

f(y + x2 − x1)dy − 1

t

∫ x2+t

x2

f(y)dy
∣∣∣

≤
]1
t

∫ x2+t

x2

|f(y + x2 − x1)− f(y)|pdy
] 1

p

≤
[ tβ−2ω(x2 − t, x2)

tβ−1ω(x2 − t, x2)

∫

(x2,x2+t)
⋂
(0,T )

|f(y + x2 − x1)− f(y)|pdy
] 1

p

≤
[
tβ−2ω(−R,R)

] 1
p ‖f(·+ x2 − x1)− f(·)‖Lp,β

+ ((0,T ),ω).

This together with condition (2) implies the equicontinuity of {Mtf : f ∈ G}.
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Next we turn to prove that for small enough t, the set {Mtf : f ∈ G} is also

a strongly pre-compact set in Lp,β
+ ((0, T ), ω). Because the set {Mtf : f ∈ G} is

totally bounded set in C([0, R]). For the above ε, there exist a finite number of
{f1, f2, . . . , fm} ⊂ G such that

sup
0≤x≤R

|Mtf(x)−Mtfj(x)| < ε
[
ω(−R, 0)

] 1
p

.(3.4)

We only need to show that for any f ∈ G, 0 ≤ x0 ≤ T and 0 < h ≤ T , there exist
fj(1 ≤ j ≤ m) such that

H1 :=

[
1

Φω,+
β,1 (x0, h)

∫

(x0,x0+h)∩(0,T )

|Mtf(x)−Mtfj(x)|pdx
] 1

p

. ε.(3.5)

Case 1: For 0 ≤ x0 ≤ R and x0 + h ≤ R, there exists a nonnegative integer k such
that R/2k+1 < h ≤ R/2k. By (3.4) and (a) of Lemma 2.6, we obtain

H1 ≤ε

[
1

Φω,+
β,1 (x0, h)

∫

(x0,x0+h)∩[0,R]

ω(−R, 0)dx

] 1
p

≤ε
[h2−βω(−R, 0)

ω(x0 − h, x0)

] 1
p

≤ε
[2k(β−2)R2−βω(x0 − 2k+2h, x0)

ω(x0 − h, x0)

] 1
p

.ε2
k(p+β−2)

p T
2−β
p . ε.

Case 2: For R < x0 ≤ T , by (3.2) and (3.3), we have

H1 =

[
1

Φω,+
β,1 (x0, h)

∫

(x0,x0+h)∩(R,T )

|Mtf(x)−Mtfj(x)|pdx
] 1

p

≤
[

1

Φω,+
β,1 (x0, h)

∫

(x0,x0+h)∩(R,T )

|Mtf(x)− f(x)|pdx
] 1

p

+

[
1

Φω,+
β,1 (x0, h)

∫

(x0,x0+h)∩(R,T )

|f(x)− fj(x)|pdx
] 1

p

+

[
1

Φω,+
β,1 (x0, h)

∫

(x0,x0+h)∩(R,T )

|Mtfj(x) − fj(x)|pdx
] 1

p

≤‖Mtf − f‖Lp,β
+ ((0,T ),ω) + ‖Mtfj − fj‖Lp,β

+ ((0,T ),ω)

+ ‖fjχER
‖Lp,β

+ ((0,T ),ω) + ‖fχER
‖Lp,β

+ ((0,T ),ω)

.ε.

Case 3: For 0 ≤ x0 ≤ R and x0 + h > R, the proof is quite similar to that of Case
1 and Case 2. In fact,

H1 ≤
[

1

Φω,+
β,1 (x0, h)

∫

(x0,x0+h)∩[0,R]

|Mtf(x) −Mtfj(x)|pdx
] 1

p
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+

[
1

Φω,+
β,1 (x0, h)

∫

(x0,x0+h)∩(R,T )

|Mtf(x)−Mtfj(x)|pdx
] 1

p

=:H11 +H12.

If h ≤ R, then the conclusion (3.5) in this case can be deduced from Case 1 and
Case 2. If R < h ≤ T , we get H12 . ε by the same discussion in Case 2. For H1,
we choose a nonnegative integer k such that T/2k+1 < h ≤ T/2k. Proceeding the
proof as we do in Case (1), we have H11 . ε.

Finally, we show that the set G is a relative compact set in Lp,β
+ ((0, T ), ω).

Take any sequence {fj}∞j=1 ⊂ G. Since the relative compactness of {Mtf : f ∈
G} ⊂ Lp,β

+ ((0, T ), ω), there exists a subsequence {Mtfjk}∞k=1 of {Mtfj : fj} that is

convergent in Lp,β
+ ((0, T ), ω). For any ε > 0 there exists N ∈ N such that for any

k > N and m ∈ N, ‖Mtfjk − Mtfj+m‖Lp,β
+ ((0,T ),ω) < ε. For any 0 < h ≤ T and

x0 ≥ 0, using (3.2), we get

[
1

Φω,+
β,1 (x0, h)

∫

(x0,x0+h)∩(0,T )

|fj(x)− fj+m(x)|pdx
] 1

p

≤
[

1

Φω,+
β,1 (x0, h)

∫

(x0,x0+h)∩(0,T )

|fj(x) −Mtfj(x)|pdx
] 1

p

+

[
1

Φω,+
β,1 (x0, h)

∫

(x0,x0+h)∩(0,T )

|Mtfj+m(x)−Mtfj(x)|pdx
] 1

p

+

[
1

Φω,+
β,1 (x0, h)

∫

(x0,x0+h)∩(0,T )

|Mtfj+m(x)− fj+m(x)|pdx
] 1

p

≤ ‖Mtfj − fj‖Lp,β
+ ((0,T ),ω) + ‖Mtfj −Mtfj+m‖Lp,β

+ ((0,T ),ω)

+ ‖Mtfj+m − fj+m‖Lp,β
+ ((0,T ),ω)

. ε.

This implies that the subsequence {fj}∞j=1 converges in Lp,β
+ ((0, T ), ω). By noting

that Lp,β
+ ((0, T ), ω) is a Banach space. Consequently, the set G is a relative compact

set in Lp,β
+ ((0, T ), ω). �

Proposition 3.4. If 0 < σ < 1, 1 < p, q < ∞, 1
2 (1 + 1

p ) < α < 1, ω ∈ A+
(p,q),

0 ≤ β, µ < 1, 1/p− 1/q = σ and q + µ ≤ 2, then

Tu(t) =
χ(0,T )(t)

Γ(α)

∫ t

0

u(τ)

(t− τ)1−α
dτ,

is a compact operator from Lp,β
+ ((0, T ), ωp) to Lq,µ

+ ((0, T ), ωq).

Proof. Suppose that K is an arbitrary bounded set in Lp,β
+ ((0, T ), ωp), it suffices to

prove that T (K) is strongly pre-compact set in Lq,µ
+ ((0, T ), ωq). By Theorem 3.3,

we only need to prove that (1)− (3) hold uniformly in T (K).
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(1). Without loss of generality, for any u ∈ K, we assume ‖u‖Lp,β
+ ((0,T ),ωp) ≤ M

for some M > 0. Note that Tu(t) = χ(0,T )(t)I
α
0+f(t). Then

1

Φω,+
µ,q (x0, h)

∫

(x0,x0+h)∩(0,T )

|Tu(t)|qdt = 1

Φω,+
µ,q (x0, h)

∫

(x0,x0+h)∩(0,T )

|Iα0+f(t)|
q
dt.

By the same discussion as in Theorem 3.2, we get

‖Tu‖Lq,µ
+ ((0,T ),ωq) . M.

(2). For any x ≥ T, y > 0, it is easy to see that

|Tu(x+ y)− Tu(x)| = 0.

For x ∈ (0, T ) and y > 0 small enough such that x+ y ∈ (0, T ). Then

|Tu(x+ y)− Tu(x)| = 1

Γ(α)

∣∣∣
∫ x+y

0

u(τ)

(x+ y − τ)1−α
dτ −

∫ x

0

u(τ)

(x− τ)1−α
dτ
∣∣∣

≤ 1

Γ(α)

∣∣∣
∫ x

0

u(τ)

(x+ y − τ)1−α
− u(τ)

(x− τ)1−α
dτ
∣∣∣

+
1

Γ(α)

∣∣∣
∫ x+y

x

u(τ)

(x+ y − τ)1−α
dτ
∣∣∣

= : F1(x) + F2(x).

Recall that |xλ−yλ| ≤ |x−y|λ, x, y ≥ 0, 0 < λ < 1. The fact that 1
2 (1+

1
p ) < α < 1

and Hölder’s inequality imply that

F1(x) =
1

Γ(α)

∣∣∣
∫ x

0

u(τ)
(x − τ)1−α − (x+ y − τ)1−α

(x+ y − τ)1−α(x− τ)1−α
dτ
∣∣∣

.

∫ x

0

|u(τ)|y1−α

(x+ y − τ)1−α(x − τ)1−α
dτ

. y1−α

[∫ x

0

|u(τ)|pdτ
]1/p [∫ x

0

1

(x+ y − τ)(1−α)p′(x − τ)(1−α)p′
dτ

]1/p′

. y1−α

[∫ x

0

|u(τ)|pdτ
]1/p

x
2αp−1−p

p .

For F2(x), by Hölder’s inequality again, we have

F2(x) ≤
1

Γ(α)

[∫ x+y

x

|u(τ)|pdτ
]1/p [∫ x+y

x

1

(x+ y − τ)(1−α)p′
dτ

]1/p′

.

[∫ x+y

x

|u(τ)|pdτ
]1/p

y
αp−1

p .

If x0 ≥ T and any h > 0, we get

1

Φω,+
µ,q (x0, h)

∫

(x0,x0+h)∩(0,T )

|Tu(x+ y)− Tu(x)|qdx = 0.
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If 0 ≤ x0 < T , combining with estimates for F1(x) and F2(x) lead to

1

Φω,+
µ,q (x0, h)

∫

(x0,x0+h)∩(0,T )

|Tu(x+ y)− Tu(x)|qdx

≤ 1

Φω,+
µ,q (x0, h)

∫

(x0,x0+h)∩(0,T )

|F1(x) + F2(x)|qdx

.
y(1−α)q

Φω,+
µ,q (x0, h)

∫

(x0,x0+h)∩(0,T )

[∫ x

0

|u(τ)|pdτ
]q/p

x
(2αp−1−p)q

p dx

+
y(αp−1)q/p

Φω,+
µ,q (x0, h)

∫

(x0,x0+h)∩(0,T )

[∫ x+y

x

|u(τ)|pdτ
]q/p

dx

=: F11 + F21.

By the similar discussion as in Theorem 3.2, we have

F11 . y(1−α)q‖u‖q
Lp,β

+ ((0,T ),ωp)
. y(1−α)qM q.

In view of the estimate for K in Theorem 3.2, we obtain

F21 .
y(αp−1)q/p

Φω,+
µ,q (x0, h)

∫

(x0,x0+h)∩(0,T )

[ ∫ T

0

|u(τ)|pdτ
]q/p

dx . y(αp−1)q/pM q.

Thus

‖Tu(·+ y)− Tu(·)‖Lq,µ
+ ((0,T ),ωq) . M

(
y1−α + y

αp−1
p

)
.

Recalling from (1 + 1/p)/2 < α < 1, we get 1− α > 0 and (αp− 1)/p > 0. Then

lim
y→0

‖Tu(·+ y)− Tu(·)‖Lq,µ
+ ((0,T ),ωq) = 0

uniformly in Tu ∈ T (K).
(3). It is easy to check that for any u ∈ K and R > T

‖TuχER
‖q
Lq,µ

+ ((0,T ),ωq)
= sup

0≤x0≤T
0<h≤T

1

Φω,+
µ,q (x0, h)

∫

(x0,x0+h)
⋂
(0,T )

|TuχER
(t)|qdt

=0.

Therefore,

lim
R→T

‖(Tu)χER
‖Lq,µ

+ ((0,T ),ωq) = 0

uniformly in Tu ∈ T (K).
Consequently, by Theorem 3.3, we conclude that T (K) is a relative compact set

in Lq,µ
+ ((0, T ), ωq). This completes the proof of Proposition 3.4. �

4. Representation of functions by fractional integrals in locally

one-sided weighted Morrey spaces

The integral equation

(4.1) Iα0+ϕ(x) = f(x), x > 0,

where 0 < α < 1, is called Abel’s equation [43]. Denote by

(4.2) f1−α(x) = I1−α
0+ f(x) =

1

Γ(1− α)

∫ x

0

f(t)dt

(x − t)α
.
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The solvable condition of (4.1) is usually associated with the absolutely contin-
uous functions in continuous or Lebesgue spaces.

Definition 4.1. A function f(x) is called absolutely continuous on an interval Ω,
if for every ε > 0 there exists δ > 0 such that for any finite set of pairwise disjoint
intervals [ak, bk] ⊂ Ω, k = 1, 2, · · · , n, such that

∑n
k=1(bk − ak) < δ, the inequality∑n

k=1 |f(bk)−f(ak)| < ε holds. The space of these functions is denoted by AC(Ω).

It is well known [43] that the space AC(Ω) coincides with the space of primitives
of Lebesgue summable functions:

(4.3) f(x) ∈ AC([a, b]) ⇔ f(x) = c+

∫ x

a

ϕ(t)dt,

∫ b

a

|ϕ(t)|dt < ∞.

Samko et al. [43] introduced the following representation of functions by frac-
tional integrals in Lebesgue spaces.

Theorem 4.2. Let 0 < α < 1. Abel equation (4.1) is solvable in L1(0, T ) if and

only if

(4.4) f1−α(x) ∈ AC([0, T ]), f1−α(0) = 0.

These conditions being satisfied the equation has a unique solution given by

(4.5) ϕ(x) =
1

Γ(1− α)

d

dx

∫ x

0

f(t)dt

(x− t)α
= Dα

0+f(x).

For ω ∈ A+
1 , 0 < λ < 1, the corresponding characterization of the solution to

(4.1) in locally one-sided weighted Morrey space L1,λ
+ ((0, T ), ω) also holds.

Theorem 4.3. Let 0 < λ < 1 and ω ∈ A+
1 . Abel equation (4.1) is solvable in

L1,λ
+ ((0, T ), ω) if and only if (4.4) holds and

f ′
1−α(x) ∈ L1,λ

+ ((0, T ), ω),

where f ′
1−α(x) = d

dxf1−α(x). These conditions being satisfied the equation has a

unique solution given by (4.5).

Proof. The proof is quite similar to that of Theorem 2.1 in [43]. Assume that (4.1)

is solvable in L1,λ
+ ((0, T ), ω). By the Fubini theorem, we get
∫ x

0

ϕ(τ)dτ

∫ x

τ

dt

(x − t)α(t− τ)1−α
= Γ(α)

∫ x

0

f(t)dt

(x− t)α
.

Note that ∫ x

0

dt

(x− t)α

∫ t

0

ϕ(τ)

(t− τ)1−α
dτ = Γ(α)

∫ x

0

f(t)dt

(x− t)α
.

Therefore,

B(α, 1 − α)

∫ x

0

ϕ(τ)dτ = Γ(α)

∫ x

0

f(t)dt

(x− t)α
.

Then

(4.6)

∫ x

0

ϕ(τ)dτ =
1

Γ(1− α)

∫ x

0

f(t)dt

(x− t)α
= f1−α(x).

If ϕ ∈ L1,λ
+ ((0, T ), ω), we get

1

T λ−1ω(−T, 0)

∫

(0,T )

|ϕ(τ)|dτ < +∞,
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which implies ϕ ∈ L1,λ
+ ((0, T ), ω) ⊂ L1(0, T ). By (4.3), f1−α(x) ∈ AC([0, T ]) and

f1−α(0) = 0.
After differentiation in (4.6), we have

(4.7) ϕ(x) =
1

Γ(1− α)

d

dt

∫ x

0

f(t)dt

(x− t)α
= f ′

1−α(x).

Thus f ′
1−α(x) ∈ L1,λ

+ ((0, T ), ω).

On the other hand, from f ′
1−α(x) ∈ L1,λ

+ ((0, T ), ω) we know that the function

ϕ(x) given by (4.7) exists and ϕ(x) ∈ L1,λ
+ ((0, T ), ω). Next we need to show that

it is indeed a solution of (4.1). Substitute ϕ(x) into the left hand side of (4.1) and
denote the result by g(x), i.e.

(4.8)
1

Γ(α)

∫ x

0

ϕ(t)

(x− t)1−α
dt =

1

Γ(α)

∫ x

0

f ′
1−α(t)

(x− t)1−α
dt =: g(x).

It suffices to show that g(x) = f(x). Note that (4.8) is an equation of type (4.1)
with respect to f ′

1−α(x). Using (4.7), we get

f ′
1−α(x) =

1

Γ(1− α)

d

dx

∫ x

0

g(t)dt

(x− t)α
= g′1−α(x).

Since f1−α is absolutely continuous, and by (4.6) with g(x) substituting for f(x)
on the right hand side, we deduce that g1−α is also absolutely continuous. Then

f1−α(x)− g1−α(x) = c.

Since (4.8) is a solvable equation, we get g1−α(0) = 0 . This together with f1−α(0) =
0 leads to c = 0. Hence ∫ x

0

f(t)− g(t)

(x− t)α
dt = 0,

which is also an equation of type (4.1). The uniqueness of its solution implies that
f(x)− g(x) = 0. This completes the proof of Theorem 4.3. �

5. Nonlinear fractional differential equations in locally one-sided

weighted Morrey spaces

Consider the classical Cauchy problem for the nonlinear fractional differential
equation:

(5.1)

{
Dα

0+u(t) = f(t, u(t)),

I1−α
0+ u(0) = 0.

The initial condition I1−α
0+ u(0) = 0 in (5.1) is (more or less) equivalent to the

following initial (weighted) condition:

lim
t→0+

t1−αu(t) = 0.

For more details, see [18]. Kilbas and Trujillo [18] established the following relation
between the fractional integration operator Iα0+ and the fractional differentiation
operator Dα

0+ .

Lemma 5.1 ([18]). Let 0 < α < 1. If f(x) ∈ L1(0, T ) and f1−α(x) ∈ AC([0, T ]),
then the equality

(Iα0+D
α
0+f) (x) = f(x)− f1−α(0)

Γ(α)
xα−1
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holds almost everywhere on [0, T ], where f1−α(x) is defined in (4.2).

Next, we recall the famous Schauder fixed-point theorem.

Lemma 5.2 ([37]). Let H be a convex and closed subset of a Banach space. Then

any continuous and compact map T : H → H has a fixed point.

By fixed-point theorem above, we establish the existence and uniqueness of so-
lutions to the Cauchy problem (5.1) in locally one-sided weighted Morrey spaces.

Theorem 5.3. Let 0 < σ < 1, 1 < p, q < ∞, 0 ≤ β, µ < 1, 1/p − 1/q = σ,
ω ∈ A+

(p,q) and q + µ ≤ 2. Suppose the operator F : F (u) = f(t, u(t)) is bounded,

continuous from Lq,µ
+ ((0, δ), ωq) to Lp,β

+ ((0, δ), ωp). If 1
2 (1 +

1
p ) < α < 1, then the

Cauchy problem (5.1) has at least a solution u ∈ Lq,µ
+ ((0, δ), ωq) for a sufficiently

small δ. Furthermore, if there exists a constant CF > 0 such that

(5.2) ‖Fu− Fv‖Lp,β
+ ((0,δ),ωp) ≤ CF ‖u− v‖Lq,µ

+ ((0,δ),ωq), u, v ∈ Lq,µ((0, δ), ωq),

then the solution of (5.1) is unique in Lq,µ((0, δ), ωq) for a sufficiently small δ.

Proof. Since f(t, u(t)) ∈ Lp,β
+ ((0, δ), ωp) ⊆ L(0, δ) and Dα

0+u(t) = d
dtI

1−α
0+ u(t), by

(4.3), we have

u1−α = I1−α
0+ u(t) ∈ AC([0, δ]).

By Lemma 5.1, the derivative equation (5.1) in Lq,µ
+ ((0, δ), ωq) is equivalent to the

following integral equation:

u(t) =

{
1

Γ(α)

∫ t

0
f(τ,u(τ))
(t−τ)1−α dτ, t ≤ δ

0, a.e. t ≥ δ,

=
χ(0,δ)(t)

Γ(α)

∫ t

0

f(τ, u(τ))

(t− τ)1−α
dτ =: T (f(t, u)).

(5.3)

Set

Au(t) := T (f(t, u)) =
χ(0,δ)(t)

Γ(α)

∫ t

0

f(τ, u(τ))

(t− τ)1−α
dτ.

Then the equation (5.3) has a solution in Lq,µ
+ ((0, δ), ωq) if and only if the operator

A has a fixed point in Lq,µ
+ ((0, δ), ωq).

Next, we show that A is completely continuous. Recalling from Proposition 3.4,

we deduce that T is a compact operator from Lp,β
+ ((0, δ), ωp) to Lq,µ

+ ((0, δ), ωq).

Since F : u → f(t, u) is bounded and continuous from Lq,µ
+ ((0, δ), ωq) to Lp,β

+ ((0, δ), ωp)
and Au(t) = TFu(t), we conclude that A is a compact operator from Lq,µ

+ ((0, δ), ωq)
to Lq,µ

+ ((0, δ), ωq) and is also continuous. Hence, A : Lq,µ
+ ((0, δ), ωq) → Lq,µ

+ ((0, δ), ωq)
is completely continuous.

Choose a positive constant 0 < M∗ < ∞, set D :=
{
u : ‖u‖Lq,µ

+ ((0,δ),ωq) ≤ M∗
}
.

Then D is a bounded closed convex set. For any 0 ≤ x0 ≤ δ and 0 < h ≤ δ, we
have

1

Φω,+
µ,q (x0, h)

∫

(x0,x0+h)
⋂
(0,δ)

|Au(t)|qdt

≤ 1

Φω,+
µ,q (x0, h)Γ(α)q

∫

(x0,x0+h)
⋂
(0,δ)

∣∣∣∣
∫ t

0

f(τ, u(τ))

(t− τ)1−α
dτ

∣∣∣∣
q

dt

=: K.
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For h ≤ δ, there exists a nonnegative integer K such that δ/2k+1 < h ≤ δ/2k. By
the Hölder inequality, we get

K ≤ 1

Φω,+
µ,q (x0, h)Γ(α)q

(
αp−1
p−1

)q/p′

∫

(x0,x0+h)
⋂
(0,δ)

[ ∫ δ

0

|f(τ, u(τ))|pdτ
] q

p

t
(αp−1)q

p dt

≤
δ(αp−1+β)q/p−1‖Fu‖q

Lp,β
+ ((0,δ),ωp)

(
αp−1
p−1

)q/p′

Γ(α)qhµ−2

ωq(x0 − 2δ, x0)

ωq(x0 − h, x0)

≤ C‖F‖qRq

Γ(α)q
(

αp−1
p−1

)q/p′
δ

(αp+β−1)q
p

+1−µ.

Then

‖Au‖Lq,µ
+ ((0,δ),ωq) ≤

C‖F‖R
Γ(α)

(
αp−1
p−1

)1/p′
δ

αp+β−1
p

+ 1−µ
q .

Set

δ =

[
Γ(α)

(
αp−1
p−1

)1/p′

C‖F‖

](αp+β−1
p

+ 1−µ
q )−1

.

Hence

‖Au‖Lp,β
+ ((0,δ),ωp) ≤ M∗.

That is to say A : D → D. It follows from Lemma 5.2 that A has a fixed point in
D. Therefore, Equation (5.1) has at least a solution in Lq,µ

+ ((0, δ), ωq).
In addition, if (5.2) holds, then for u1, u2 ∈ Lq,µ

+ ((0, δ), ωq), by the similar
discussions as above, we have

‖Au1 −Au2‖Lq,µ

+ ((0,δ),ωq) ≤
C‖Fu1 − Fu2‖Lq,µ

+ ((0,δ),ωq)

Γ(α)(αq−1
q−1 )1/p′

δ
αp−1

p
+ 1−µ

q

≤ CCF

Γ(α)(αp−1
p−1 )1/p′

δ
αp−1

p
+ 1−µ

q ‖u1 − u2‖Lq,µ((0,δ),ωq).

(5.4)

Set

δ <

[
Γ(α)

(
αq−1
q−1

)1/p′

CCF

][αp−1
p

+ 1−µ
q ]

−1

.

Then A is a contraction mapping in Lq,µ
+ ((0, δ), ωq) and has a unique fixed point in

Lq,µ
+ ((0, δ), ωq). This implies that the Cauchy problem (5.1) has a unique solution

in Lq,µ
+ ((0, δ), ωq). �

Remark 5.4. The conditions that operator F : F (u) = f(t, u(t)) is bounded,

continuous from Lq,µ
+ ((0, δ), ωq) to Lp,β

+ ((0, δ), ωp), 1
2 (1 +

1
p ) < α < 1 are sufficient

but not necessary.

Indeed, for the following differential equation of fractional order 0 < α < 1 (see
[13, Example 4.4]),

(5.5)

{
Dα

0+u(t) = λtγ(u(t))2,

I1−α
0+ u(0) = 0,
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where t > 0, λ, γ ∈ R and λ 6= 0. Note that equation (5.5) has the exact solution

u(t) =

{
Γ(1−α−γ)

λΓ(1−2α−γ) t
−(α+γ), 0 < t < δ,

0, a.e.t ≥ δ,

where 0 < α+ γ < 1. Moreover, in this case, we also have

f(t, u(t)) =

{
1
λ

[ Γ(1−α−γ)
Γ(1−2α−γ)

]2
t−(2α+γ), 0 < t < δ,

0, a.e.t ≥ δ.

Take ω = |x|−1/(2q) ∈ A+
(p,q), we claim that u ∈ Lq,µ

+ ((0, δ), |x|−1/2) for 1−(α+γ)q−
µ > 0, µ ≥ 1/2. Meanwhile, we also obtain that f(t, u(t)) /∈ Lp,β

+ ((0, δ), |x|−p/(2q))
for 2(α+ γ)p > 1.

For 0 ≤ x0 ≤ δ, 0 < h ≤ δ, we have

1

Φω,+
µ,q (x0, h)

∫

(x0,x0+h)
⋂
(0,δ)

|u(t)|qdt

.
1

hµ−1
∫ x0

x0−h
|x|−1/2dx

∫

(x0,x0+h)
⋂
(0,δ)

t−(α+γ)qdt

=: H2.

If x0 > h > 0, then

H2 .
1

hµ−1(
√
x0 −

√
x0 − h)

∫ x0+h

x0

t−(α+γ)qdt

.

√
x0 +

√
x0 − h

hµ

[
(x0 + h)1−(α+γ)q − x

1−(α+γ)q
0

]

.δ
3
2−(α+γ)q−µ < ∞.

If x0 ≤ h ≤ δ, then

H2 .
1

hµ−1(
√
x0 +

√
h− x0)

∫ x0+h

x0

t−(α+γ)qdt

≤ 1

hµ−1/2

[
(x0 + h)1−(α+γ)q − x

1−(α+γ)q
0

]

≤δ
3
2−(α+γ)q−µ < ∞.

Combining with the above estimates, we have u ∈ Lq,µ
+ ((0, δ), |x|−1/2).

On the other hand, we turn to prove f(t, u(t)) /∈ Lp,β
+ ((0, δ), |x|−p/(2q)). Take

h = δ and x0 = 0. Then

1

δβ−1
∫ 0

−δ
|x|−p/2qdx

∫ δ

0

1

λp

[ Γ(1− α− γ)

Γ(1− 2α− γ)

]2p
t−(2α+γ)pdt

≥ 1

δβ−p/2q

1

λp

[ Γ(1− α− γ)

Γ(1− 2α− γ)

]2p ∫ δ

0

t−(2α+γ)pdt

= ∞.

This implies that f(t, u(t)) /∈ Lp,β
+ ((0, δ), |x|−p/2q).
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