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Abstract

In this paper we show that if ¢; : A; — A is a semisimple pointed K-rational f-isogeny graph of
order n for a prime ¢, then the group of ¢-torsion points A[¢](K) contains a subspace of dimension n
generated by K-rational points. We also show that the same result is true for elliptic curves without
the semisimplicity condition. Furthermore, we give an explicit counterexample for abelian varieties of
higher dimension to show that the semisimplicity condition is indeed necessary.

1 Introduction

Let £ be a prime. Let A be an abelian variety over a field K of characteristic p # ¢ and let G =
Gal(K (A[{])/K). Suppose we have n isogenies ¢; : A; — A over K, whose kernels are generated by
K-rational points of order £. We refer to such a collection of isogenies as a K-rational pointed ¢-isogeny
graph. If the corresponding injections of function fields K(A) — K(A4;) are linearly disjoint, we say that
the pointed isogeny graph is of order n.

Elliptic curves give rise to the simplest examples of nontrivial pointed isogeny graphs. Here we have the
following theorem:

Theorem 3.1. Let

B -2 E<” R

be a K -rational pointed (-isogeny graph of order two. Then E[¢|(K) ~ (Z/{Z)? as G -modules.

For abelian varieties of dimension g > 1, the situation is slightly more complicated. Here we will assume
that the representation
pe GK — Gng(Fg) (1)

is semisimple, in the sense that G g-invariant subspaces admit Gx-invariant complements. This condition
is satisfied for instance when ¢t |G|, where G = Gk /ker(pg). In the semisimple case, we have the following
theorem:

Theorem 4.1. Let ¢; : A; — A be a semisimple pointed K -rational £-isogeny graph of order n. There then
ezists an injection of G x-modules

(Z/0Z)" — A[((K). (2)

Here (Z/¢Z)™ has the trivial G g-action. The semisimplicity condition is indeed necessary as we will see
in Section 4, where we give an explicit counterexample over Q using products of elliptic curves.

The problem arose from considering descent problems and their applications to finding number fields
K with a class group having a high ¢-part (see [Hell4]). Given a K-rational point on A, one can pull this
point back through all n isogenies. This gives n extensions and by class field theory one obtains a part of
a generalized class group. Imposing some extra conditions can make most of these extensions unramified
everywhere, which then gives subgroups of the ordinary class group.

The paper is structured as follows: we begin by introducing the necessary concepts in Section 2. After
this, we will consider the case of elliptic curves in Section 3 and prove Theorem 3.1. In Section 4, we consider
abelian varieties of dimension greater than one and prove Theorem 4.1. We will then give a counterexample
to show that the semisimplicity condition in Theorem 4.1 is necessary.
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2 Preliminaries

Let £ be a prime and let K be a field of characteristic p # £. Let K* be a separable closure of K with Galois
group G = Gal(K?®/K). We refer the reader to [Mil08], [vdGM18| and [Mum12| for an introduction to
abelian varieties. We will give a quick summary of the facts needed here.

An abelian variety over K is an algebraic group A that is geometrically integral and proper over K.
Such a variety A is always commutative and projective, see [Mil08, Corollary 1.4 and Theorem 6.4]. For
any n € Zsg, we let A[n] be the kernel of the multiplication map [n] : A — A. We then have

Lemma 2.1. Let A be an abelian variety of dimension g over K. If p{n, then A[n] is étale over K and
A[n)(K®) ~ (Z/nZ)*9.

Proof. See [Liu06, Chapter 7, Theorem 4.38]. Note that the fact that A[n| is étale over K implies that the

geometric points A[n](K) are defined over K*. O

We now specialize to a prime n = ¢ and we will use the notation A[¢](K), which is equal to A[¢](K*®)

by Lemma 2.1. The group A[{](K) is naturally an F,-vector space of dimension 2¢g and for any subspace

V C A[¢(K), we denote its dimension by dim(V).

An isogeny of abelian varieties is a homomorphism ¢ : A — A’ such that ¢ is finite and surjective.
We define the degree of ¢ by deg(¢) := |(ker¢)(K)|. There is then a dual isogeny ¢ : A’ — A such
that qgo ¢ = [m]a. We will only be interested in separable isogenies in this paper. That is, isogenies for
which the injection of function fields K(A’) — K(A) is a separable field extension. For any K-rational
point P € A[{](K), we consider the corresponding isogeny ¢ : A — A/ < P > over K. Let us write
A" = A/ < P >. Then ¢ induces a finite injection of function fields K(A") — K(A) of degree £.

Definition 2.1. Let A;/K be a finite collection of abelian varieties over K with K-rational points P; €
A;[/](K) and assume that they induce isogenies to a single abelian variety A. That is, we have isogenies
¢; + A; — A. We then say that they form a pointed K-rational ¢-isogeny graph, or just: pointed isogeny
graph.

Definition 2.2. Let ¢; : A; — A be a set of n isogenies forming a pointed K-rational ¢-isogeny graph. We
say that the pointed isogeny graph is of order n if the field extensions

K(4) = K(A,) (3)
are linearly disjoint.
Remark 2.1. We have the following equivalent conditions for a pointed isogeny graph to be of order n:
1. The field K, := []}", K(A;) has dimension (™ as a vector space over K(A).
2. The induced map @, K(A;) — K, is an injection.

We have a natural action of Gx on A[¢](K). This gives a representation
pPe - Gk — Gng(Fg). (4)

We say that p, is semisimple if every G-invariant subspace V C ]F?g = A[{](K) has a G-invariant
complement. That is, there exists a G g-invariant subspace V'’ such that V @ V' = F?g . Here G acts
through the representation py.

Definition 2.3. A pointed isogeny graph ¢; : A; — A is said to be semisimple if the representation py is
semisimple.

Remark 2.2. The representation is semisimple for example when ¢ 1 |G|, where G = Gal(K (A[{])/K), see
[Ser77, Chapter 1, Theorem 1].



3 Pointed isogeny graphs for elliptic curves

Let E/K be an elliptic curve over a field K of characteristic p # ¢. We will prove the following

Theorem 3.1. Let

B, 1 E 2 E,

be a K -rational pointed (-isogeny graph of order two. Then E[¢|(K) ~ (Z/{Z)? as Gk -modules.

Proof. Let {P;,Q1} be a basis for F1[¢](K) and {P,,Q2} a basis for F5[¢](K) such that ker(¢;) =< P; >.
We claim that Ry := ¢1(Q1) and Ry := ¢2(Q2) are linearly independent and K-rational. Write H; =< R; >.

Lemma 3.1.
Hy # Hs. (5)

Proof. Let H = H; N Hs. Since H C H;, we have induced morphisms
E—-FE/H—E/H — E, (6)
where the last arrow is given by ¢;. This gives rise to injections of function fields
K(F)— K(F;) > K(E/H) — K(E). (7)

By assumption, we have that K (E;)- K(FE3) has dimension ¢? over K (E). In other words, the last injection
is an isomorphism and thus H = (1), giving the Lemma. O

Lemma 3.2. The R; are K-rational.

Proof. Let o € Gg. Consider R} := ¢5(R;). Then R} € ker(¢s), meaning that it is K-rational. This gives
o(R}) = R} and thus o(R1) — Ry € Ha. But H; =< R; > is Gg-invariant (as it is the kernel of ¢1) and
thus o(Ry) — Ry € Hy N Hy = (1). Similarly, we have o(Rz2) = Ra, yielding the Lemma. O

In other words, we now have two K-rational points R; € E[¢](K) which are linearly independent by

Lemma 3.1. This gives the theorem.
O

4 Semisimple pointed isogeny graphs

We now turn to pointed K-rational ¢-isogeny graphs for abelian varieties of dimension g > 1. These isogeny

graphs A; — A can exist without an injection of Gx-modules (Z/¢Z)" — A[{](K), as we will see after
Theorem 4.1. If the representation
pe GK — Gng(Fg) (8)

is semisimple however, we have the following theorem:

Theorem 4.1. Let A be an abelian variety of dimension g > 1 and let A; — A be a semisimple K -rational
l-isogeny graph of order n. There then exists an injection

(Z/ez)" — A[f(K) (9)

of G -modules.

Proof. Let {P;, ..., Pag.;} be a basis of A;[¢](K) such that ker(¢;) =< Py,; >. Define
Hi = ¢i(Span{P21i, Pgﬁi, ceey PZg,i}) = ¢1(AZ[£](F)) (10)

Note that H; is Gi-invariant, since it is the kernel of the dual isogeny QAﬁi. Let J be any nonempty subset
of I:={1,2,...,n}. We define

HJ = m Hj. (11)
jeJ
Thus if J; C J5 then
H; D Hy,. (12)

Note that any H; is again G k-invariant, since it is an intersection of G g-invariant subspaces.
We will start by proving the following



Lemma 4.1. Let J C I ={1,..,n} and consider the subgroup H;. Then
dim(H,) = 29 — #J. (13)

Proof. We will prove this by induction on the order of J. For J = {i}, we have dim(H;) = 2¢g — 1 by
definition of the H;. Suppose that the statement is true for subsets of order k and let J be a subset of order
k + 1. Consider any j € J and let J' = J\{j}. We consider two cases:

1. Hy C Hj,
2. Hy C H;.
Suppose that Hy C H;. We then have the following induced injections of function fields
K(A) - K(Aj) » K(A/Hy) — K(A). (14)

Note that K(A/H)/K(A) has degree £I7'| by the induction hypothesis. Note also that the product

[Tx@) (15)

ieJ

is contained in K(A/H/) and has degree ¢I71. But ¢17| > ¢I7'l| yielding a contradiction. We thus conclude
that H;» C H;. There is then an 2 € H, such that x ¢ H;. But then < z > +H; = A[{|(K), since
H; is 2g — 1-dimensional. We then also have that H; + H; = A[{](K), since < # >C H;. Applying the
inclusion/exclusion formula, we obtain

dim(Hy) = 2¢g —dim(H;) + dim(Hy ) =29 — (29 — 1) + dim(H /) = 1 + dim(H 5 ). (16)

This then gives dim(Hy) =1+ dim(Hy ) =1+ 2g — |J'| = 2g — |J|, as desired. By induction, we conclude
that the formula holds for all subsets of I, yielding the Lemma. O

Now consider the inclusions Hp\; O Hy, where I = {1,...,n}. By applying the semisimplicity assumption
to every inclusion, we obtain G g-invariant subspaces W; such that

By Lemma 4.1, we then find that dim(W;) = 1 and we can thus write W; =< Q; > for Q; € A[¢](K). Note
that W; N H; = (1) for every i.

Lemma 4.2. The @QQ; are K-rational.

Proof. Consider the points Q) := $:(Q:) € A;[f](K). They are K-rational, since they are in the kernel of
¢;. We thus find that o(Q;) — Q; € ker(¢;) = H;. But the W; are invariant, so o(Q;) — Q; € W; N H; = (1).
This yields 0(Q;) = Q;, as desired. O

Lemma 4.3. The Q; are linearly independent.

Proof. We will prove this by induction on i. For ¢ = 1, we have that @1 is not trivial by construction (see
Equation 17). We now suppose that the Lemma is true for ¢ and we will show that Q;; is independent of
the other @y for £ <. Suppose for a contradiction that

Qi1 = ZCij- (18)

J=1

By construction, we find that ; € H;;q for every j < 4. But then Q;y1 € H;11, a contradiction. By
induction, we conclude that the @; are linearly independent.
O

We now have a set {Q;} of n linearly independent, K-rational points in A[¢](K). These give a natural

injection of G g-modules (Z/¢Z)" — A[¢](K), which finishes the proof. O

We note that the condition on the Galois group in Theorem 4.1 is necessary by the following counterex-
ample. Let ¢1 : Ef — FE; and ¢3 : E), — E5 be two isogenies of degree ¢ whose kernels are generated by
K-rational points. Suppose furthermore that F; and Es contain no K-rational /-torsion points. We then
have the isogeny graph



B x B Y gy gy Y2 By By

Note that by construction, (F; X E2)[¢] does not contain any K-rational points. More explicitly, let
¢ =3 and K := Q. We then have the following universal families

Es :y? + way + vy = 23,
Bl y? +wry + vy = 2° — bwox — v(w® + Tv).

Here P := (0,0) € E3(Q(w,v)) is a point of order three and E} = E3/ < P >. Taking values (vo, wp) € Q2
of (v,w) such that E% has no rational three torsion then yields the desired curve. For instance, vo = 2 and
wp = 1 work. Taking E] = E} and E; = Ey = E}/ < P > then yields the explicit counterexample over Q.
The formulas for the universal families can be found in [Hell4, Page 15].
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