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EXISTENCE OF BOUND AND GROUND STATES FOR FRACTIONAL
COUPLED SYSTEMS IN R¥

JOSE CARLOS DE ALBUQUERQUE, JOAO MARCOS DO O, AND EDCARLOS DOMINGOS SILVA

ABSTRACT. In this work we consider the following class of nonlocal linearly coupled systems
involving Schrédinger equations with fractional laplacian

(=AY ru+ Vi(z)u = fi(u) + Mz)v, = €RY,

(—=A)*20 + Va(z)v = fo(v) + Ma)u, = €RYN,
where (—A)® denotes de fractional Laplacian, s1,s2 € (0,1) and N > 2. The coupling function
A : RY — R is related with the potentials by |\(z)| < §1/Vi(z)Va(z), for some & € (0,1). We
deal with periodic and asymptotically periodic bounded potentials. On the nonlinear terms fi and
f2, we assume “superlinear” at infinity and at the origin. We use a variational approach to obtain
the existence of bound and ground states without assuming the well known Ambrosetti-Rabinowitz
condition at infinity. Moreover, we give a description of the ground states when the coupling function

goes to zero.

1. INTRODUCTION

In this work we consider the following class of linearly coupled systems involving Schrodinger

equations with fractional laplacian

(=A)Su+ Vi(2)u = fi(u) + Mz)v, xRN,

(—A)*20 + Va(z)v = fo(v) + Mz)u, xRN, (1)

where N > 2, 51,59 € (0,1) and Vj, V5 are bounded and continuous potentials. Here \ : RY 5 R
is also a bounded and continuous function satisfying some suitable hypotheses. It is worthwhile to
mention that a solution (u,v) of finite energy for (1.1) is called a bound state solution. It is well
known that (u,v) # (0,0) is called ground state solution if admits the smallest energy among all
nontrivial bound states of (1.1). Our main contribution here is to consider fractional Schrodinger
equations which are linearly coupled finding existence of bound and ground state solutions. We deal
with two classes of potentials: periodic and asymptotically periodic. Furthermore, we study the
behavior of the ground state solutions when the coupling function goes to zero. By using variational
arguments we get our main results taking into account that the nonlinear terms does not verify the
well known Ambrosetti-Rabinowitz condition.
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1.1. Motivation and related results. In order to motivate our results we begin by giving a brief
survey on this subject. In the last few years, a great attention has been focused on the study
of problems involving fractional Sobolev spaces and corresponding nonlocal equations, both from
a pure mathematical point of view and their concrete applications, since they naturally arise in
many different contexts, such as, among the others, obstacle problems, flame propagation, minimal
surfaces, conservation laws, financial market, optimization, crystal dislocation, phase transition and
water waves, see for instance [7,15] and references therein.

Coupled elliptic systems arise in various branches of mathematical physics and nonlinear optics
(see [1]). Solutions of System (1.1) are related with standing wave solutions of the following two-

component system of nonlinear equations

i = (A1 + Vi(z)y — fi(¥) — Mx)g, = eRN, t>0,

n (1.2)
9B _ Ay Vg 1) Na # R, 130,

where i denotes the imaginary unit. For System (1.2), a solution of the form (¢ (z,t), ¢(x,t)) =
(e7"u(x),e " u(z)) is called standing wave. Assuming that fi(eu) = € fi(u) and fao(efv) =
e fo(v), for u,v € R, it is well known that (i, ¢) is a solution of (1.2) if and only if (u,v)
solves System (1.1). For more information on the physical background we refer the readers
to [1,5,6,27,28,39] and references therein.

Notice that if A = 0, s = s = s and V3 = V5 = V, then System (1.1) reduces to the general
class of nonlinear fractional Schrédinger equations (—A)*u + V(x)u = f(u), in RY. It is known
that when s — 1, the fractional Laplacian (—A)® reduces to the standard Laplacian —A, see [15].
There is a huge bibliography concerned to nonlinear Schrodinger equations, we refer the classical
works [4, 14,22, 35] and references therein. Recently, fractional Schrédinger equations have been
studied under many different assumptions on the potential V(z) and on the nonlinearity f(u). For
instance, in [20], in order to overcome the lack of compactness, the authors used a comparison
argument to obtain positive solutions for the case when V = 1. Another way to overcome this
difficulty is requiring coercive potentials, that is, V(z) — 400, as |x| — +oo. In this direction,
we refer the readers to [11,36]. For existence results involving another classes of potentials, we
refer [8,16,21,37] and references therein.

There are some papers that have appeared in the recent years regarding the local case of
System (1.1), which corresponds to the case s; = so = 1. In [2,3], A. Ambrosetti et al. considered
the following class of linearly coupled systems involving subcritical terms of the form

—Au+ pu = (14 a(x))|uP u+ v, xRV,
—Av+vv = (1+b(z)|v) v+ u, xRN

They used concentration compactness type arguments to prove the existence of positive bound and
ground states when p=v =1, A € (0,1), 1 <p=¢ < 2" —1, a(zr) and b(x) vanishing at infinity.
In [9], Z. Chen and W. Zou extended and complemented some results introduced in [3] by studying
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the following class of coupled systems

—Au+ pu = fi(u) + M, zeRY, 13)
1.3
—Av+vv = fo(v)+ I, xRV

In [18,19], the authors studied the existence of positive ground states for System (1.3) when N = 2

and p = Vi(z), v = Va(z), A = A(z) are nonnegative functions satisfying suitable assumptions.

For more existence results regarding to coupled systems in the local case, we refer the readers

to [10,13,23-25,32,33] and references therein. However, there are few works regarding to coupled

systems in the nonlocal case, that is, when s1,s9 € (0,1). In [26], it was studied the following class
of coupled systems

{ (—A)*u +u = (|u|?” + blu|P~|v[PT)u, z e RN, (1.4)

(=A% + w?v = (|v|? + bluP~HulpT v,  z e RN,

where w > 0, b > 0 and 2 < 2p+ 2 < 27. By using the Nehari manifold method, the authors proved
the existence of ground states for the nonlocal system (1.4). Moreover, they proved that if b > 0 is
large enough, then System (1.4) admits a positive ground state solution. Their results extend and
complement the results obtained in [33] for the local case. In [31], it was considered the fractional
linearly coupled system (1.1) involving Berestycki-Lions type nonlinearities. In [17], the authors
studied System (1.1) involving nonlinear terms with critical exponential growth of Trudinger-Moser
type. We also refer the readers to [12,34] and references therein.

It is important to emphasize that in most of the cited works it was considered the case where the
nonlinear term is a powerlike function or a sum of powerlike functions. In this setting was proved
several results concerned in existence of solutions with different assumptions on the potentials. For
example, in [33] was a considered the case where fi, fo are a cubic. Another works considered a
more general nonlinear term which satisfies the well known Ambrosetti-Rabinowitz condition at
infinity. Namely, for ¢ = 1,2 there exist 6; > 2 in such way that

t
0<6;F;(t) = 02-/ fi(r)ydr <tfi(t), forall teR. (AR)
0

Under this condition it follows that any Palais-Smale sequence is bounded. However, there are some
superlinear functions f; such that (AR) is not satisfied, see Remark 1.4. In the present paper we
consider the nonquadraticity condition at infinity introduced by D.G. Costa and C.A. Magalhaes
[14]. Taking into account the nonquadraticity condition, we are able to prove that any Cerami
sequence for the energy functional associated to System (1.1) is bounded. This is a powerful tool
in order to recover the compactness required in variational procedures.

The class of systems considered here imposes several difficulties. The first one is the presence of
the fractional laplacian which is a nonlocal operator, that is, it takes care of the behavior of the
solution in the whole space. This class of systems is also characterized by its lack of compactness
inherent to problem defined on unbounded domains. Here we emphasize that we consider potentials
V1, Vo that are bounded from below and above by positive constants. Then the loss of compactness
provide a serious difficulty in order to guarantee existence of solutions for the System (1.1). Another
obstacle is the fact that the nonlinearities does not verify the well known Ambrosetti-Rabinowitz
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condition. Moreover, the Schrodinger equations are strongly coupled because of the linear terms in
the right hand side of System (1.1). In order to overcome these difficulties, we apply a fractional
version of a result due to P.L. Lion’s (see Lemma 4.2) and we explore the fact that Vi, V5 are periodic
or asymptotically periodic. Our approach is variational based on a minimization technique over the
Nehari manifold. To our best acknowledgment this is the first work where it is proved the existence
of ground states for this class of systems under assumptions involving periodic and asymptotically
periodic potentials and nonlinearities which do not satisfy the Ambrosetti-Rabinowitz at infinity.

1.2. Assumptions and main theorems. Initially, we deal with the following class of coupled
systems
{ (=A) u+ Vi p(z)u = fi(u) + Ap(z)v, xRN, (S31)
(=A)20 + Vo p(2)v = fa(v) + Np(z)u, € RV, AP
where Vi, Vo, and )\, are l-periodic functions for each xi,22,...,xx. In order to establish a
variational approach to treat System (S ,), we need to require some suitable assumptions on the
potentials V; , and Va,,. For each i = 1,2, we assume that:

(V1) Vip € C(RY) and there is a constant V,, > 0 such that V; ,(z) >V, for all z € RY.
(V2) [M\p(7)] < 6+/Vip(x)Va (), for some § € (0,1), for all z € RY.

Since we are looking for positive solutions we suppose that f;(s) = 0 for all s < 0. Furthermore, for
1 = 1,2, we make the following assumptions on the nonlinearities:

(Hy) fi € C(R) and satisfies
fi(t) fit)

lim —= =0 and lim —* = +4o0.
t—0t t t—+oo

(Hz) There exist a; > 0 and p; € (2,2,) such that
1£i(t)] < ar(14P71),  for all t > 0.
(H3) There exist az > 0 and o > I (py — 2) such that
fi(t)t —2F;(t) > agt®, for all t >0,
where F;(t) = fg fi(1)dr and pg = max{pi,p2}.

Now we can state our first result in following form:

Theorem 1.1 (Periodic case). Suppose (V1), (Va), (H1)-(Hs). Then System (S\,) admits at least
one nontrivial weak solution. If A\y(z) > 0 for all x € RN, then System (S\,) admits at least one
weak solution which is strictly positive.

We are also concerned with the existence of solutions for the following class of coupled systems

(=AY u+ Vi(x)u = fi(u) + Mx)v, z e RN, (53)
(—A)20 + Va(z)v = fo(v) + A(z)u, z e RN, A

when the potentials Vi, V5 and A satisfy an asymptotic periodicity condition at infinity. More
specifically, for any € > 0, we define the following class of functions

F={ge CRY)NL®R"Y): |{z eRY :|g(x)| > e} < oo},
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where | - | denotes the Lebesgue measure of a set. For i = 1,2, we assume the following hypotheses:
(V3) Vi, — Vi € F and there is a constant Vg > 0 such that V; ,(z) > Vi(z) > Vg, for all x € RY.
(V1) A\p — A € F, M) > A\p() and |A(z)| < 5/ Vi(x)Va(z), for some § € (0,1), for all z € RY.

The assumptions (V3) and (V4) imply that V3, Vo and A are perturbations of periodic functions at
infinity. This class of asymptotic periodic functions was introduced by Elves A.B. Silva and Haendel
F. Lins in [29].

In order to obtain a ground state solution, we also consider the following hypothesis:

fi(t)

(Hy) — is increasing on (0, 4+00).

The assumption (Hy) allows us to compare the mountain pass level with the energy level associated
with Nehari manifold (see Lemma 5.3). Under these conditions we are able to state our second
main result which can be write in the following form:

Theorem 1.2 (Asymptotically periodic case). Suppose (V1)-(Vy), (Hy)-(Hy). Then System (S))
admits at least one ground state solution. If \(x) > 0 for all x € RN, then the ground state is
strictly positive.

Finally, we study the behavior of the ground state solutions of System (Sy) when the coupling
function goes to zero. In fact, we prove that the sequence of solutions goes to a positive ground
state solution of the uncoupled Schrodinger equation. Precisely, we obtain the following result:

Theorem 1.3. Suppose (V4)-(Vy), (Hy)-(Hs). Let (Ap)n C L¥(RYN) be a sequence of positive
functions such that ||[An|lec — 0 as n — 4o00. For each n € N, let (uy,,,vx, )n be a positive ground
state solution for System (S\) with A = \,. Then, up to a subsequence, (uy,,vy,) — (Uo, Vo) as
n — +oo with one of the following conclusions holding:

(i) Vo =0 and Uy is a positive ground state of

(A u+Vi(z)u= fi(u), zeRY.
(ii) Uy =0 and Vy is a positive ground state of

(=A)*20 + Va(z)v = fo(v), = eRN.

Remark 1.4. A typical example of nonlinearity satisfying (Hy)-(Hy) is given by f(t) = tin(1+ |t])
fort >0 and f(t) =0 fort < 0. More generally, we can consider also f;(t) = tinVi(1+ |t|) fort >0
with v; > 1 and fi(t) =0 fort <0, i =1,2. In these examples the functions satisfy assumptions
(H1)-(H4). However, these functions do not verify the Ambrosetti-Rabinowtiz condition. In fact,
if Ambrosetti-Rabinowitz condition (AR) is satisfied then we have Fj(t) > ci|t|%,t > 0 for each
i = 1,2 and for some ¢c; > 0. In particular, we obtain that tETOOE(t)/HWi > 0 holds true. A simple

calculation shows that these examples satisfy . li4n_f1 Fi(t)/|t|% = 0 for any 0; > 2, which implies that
—+00
(AR) does not work.



6 J.C. DE ALBUQUERQUE, J.M. DO O, AND E.D. SILVA

1.3. Outline. The remainder of this paper is organized as follows: In the forthcoming Section,
we recall some preliminary concepts about the fractional Laplace operator and we introduce the
variational framework to the coupled systems (S) ;) and (Sy). Section 3 is devoted to the mountain
pass geometry to the elliptic system (S ,). In Section 4 we give the proof of Theorem 1.1. In order
to obtain ground states, in Section 5 we introduce and give some properties of Nehari manifold.
Moreover, we study the behavior of the ground state energy level. Finally, Sections 6 and 7 are
devoted to the proof of Theorems 1.2 and 1.3 respectively.

1.4. Notation. Let us introduce the following notation:

e C.C, Cy, Cy,... denote positive constants (possibly different).

on(1) denotes a sequence which converges to 0 as n — oo;
The norm in LI(RY) and L>(RY), will be denoted respectively by | - ||, and || - [|ec-
The norm in LI(RY) x LY(RYN) is given by ||(u,v)||l, = (||lul|d + HUHZ)I/q.

2. PRELIMINARIES AND VARIATIONAL FRAMEWORK

In order to give a variational approach to our problems, we start this section recalling some
preliminary concepts about the fractional Laplace operator, for a more complete discussion we
refer the readers to [15]. For s € (0,1), the fractional Laplace operator of a measurable function
u: RN — R is defined by

(~A)u(z) = —5C(N, ) /R i (e +y) +|Z|(1x+2_s D - 2u@)

where .
1 —cos(&) -
N,s) = _— = .
C( 78) </RN |£|N+23 dg) RS (517 7£N)
We recall the definition of the fractional Sobolev space
HS(RY) = {u e L*(RY) : [u]s < o0},

endowed with the natural norm

) ) 1/2 )|2 1/2
s = d , 5 = dad
[l ([U]SJF/RNU x) (/RN /RN |x_y|N+2s x y)

where the term [u]s is the so-called Gagliardo semi-norm of the function uw. In light of [15
Proposition 3.6] we have that

2
2C (N, s)7H|(=A)*2u)2 = / /]RN T ’N+2)s‘ dzdy, for all u e H(RY).

For the sake of simplicity, throughout the paper we omit the normalization constants. In view of
the presence of the periodic potentials Vi , and V5, in System (S} ,), we denote by E; ), the Sobolev
space H* (R") endowed with the inner product
(u,v)E,, :/ (—A)Sgu(—A)?vdx—k/ Vip(x)uv de,
RN RN
to which corresponds the induced norm HUH%W = (u,u)g, ,- The fractional critical Sobolev exponent
is given by 2% = 2N/(N — 2s). In light of [15, Theorem 6.7] we recall that E;, is continuously
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embedded into LI(RY), for ¢ € [2, 2;.]. Here we set the product space Ej, = Fy ), x Eaj;, which is a
Hilbert space endowed with the natural inner product

32

((u,v), (w,2))E, = /RN <(—A)571u(—A)871w + Vi p(2)uw + (—A)Fo(=A) Tz + Vg,p(x)fuz) dz.

We consider the induced norm H(u,v)H%p = ((u,v), (u,v))E,. Associated to System (5 ;) we have
the energy functional Iy j, : £, — R given by

1
I plv) = 3 <||(u,v)||2Ep _ 2/ M (2)uv d:z:> —/ (Fy(u) + Fo(v)) da.
RN RN
It follows from assumptions (H;) and (Hz) that for any € > 0 there exists C. > 0 such that
Fi(t) <elt? + C|t|P, forall t€R and i=1,2. (2.1)

Therefore, I, is well defined functional on E),. Furthermore, we check that I, € C 1(Ep, R) and

(10,00, (6,09) = (0,00, 6,0, — |

RN

(F1(w)¢ + (o)) da — /R Agla) () + v0) dr

Hence, critical points of Iy, correspond to weak solutions of System (S) ;) and conversely.
Now we shall consider the elliptic system (S)). Taking into account the presence of the bounded
potentials Vi and V, we denote by E; the Sobolev space H® (R") endowed with the inner product

(u,v) g, :/ (—A)%u(—A)%vdx—k Vi(z)uv de,
RN RN

to which corresponds the induced norm ||u\|%z = (u,u)g,. By the same reason of periodic case, we
have that E; is continuously embedded into LZ(RY), for ¢ € [2,2} ]. Here we set the product space
FE = E; x E5 which is a Hilbert space endowed with the natural inner product

((u,0), (w,2))m :/

. ((—A)%u(—A)%w + Vi (@)uw + (—A) Fo(—A)F 2+ Vg(ﬂ:)m) da.

Moreover, we also consider the induced norm ||(u,v)||% = ((u, ), (u,v))E.
Associated to System (S)) we have the energy functional I : E — R given by

Iy (u,v) = % (H(u,v)H% -2 - Az)uw d:z:> - /]RN (Fi(u) + F5(v)) dx. (2.2)

By similar arguments it can be checked that I, € C'(E,R) and

(T, 0), (6, 8)) = ((u,v), (6 9)) — / (A6 + L)) dz— | M) (uw +ve) da.

RN RN

Hence, critical points of Iy correspond to weak solutions of System (.S)) and conversely.
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3. MOUNTAIN PASS GEOMETRY

In this section we give the mountain pass geometry to the energy functional associated to System
(Sxp). The same ideas discussed in this section can be applied for the elliptic system (Sy). It is
important to mention that some kind of compactness is required in variational methods. Let X be
a Banach space and I : X — R a functional of C! class. It is important to recall that a sequence
(un)n, C X is said to be a Palais-Smale sequence at the level ¢ € R, whenever I)(u,) — ¢ and
Il (un)||x — 0 as n — oo. Recall also that a sequence (uy,), C X is said to be a Cerami sequence
at the level ¢ € R, in short (Ce). sequence, whenever I)(u,) — ¢ and (1 + [Juy||x)||L' (un)||x» — O
as n — oo. Since the Ambrosetti-Rabinowitz condition (AR) it is not available in our setting,
we are not able to consider the Palais-Smale condition. In fact, under this condition, we can not
verify that any Palais-Smale is bounded. However, by considering the nonquadraticity assumption
(Hs), we are able to ensure that any Cerami sequence is bounded. For this purpose, in order to
get a nontrivial solution for the fractional coupled systems (S) ;) and (Sy), we shall make use of
the following variant of the Mountain Pass Theorem (see [38]) where it is considered the Cerami
condition instead of the Palais-Smale condition.

Theorem A. Let X be a real Banach space with its dual space X*, and J € C1(X,R) be such that

(I ) there exists T > 0 and o > 0 such that J(u) > 7 provided ||u||x = o;
(I3) there exists e € X with |le||x > o such that J(e) < 0.

Define

:= inf J(y(t
¢i= inf max (v(1)),

where
I'={yeC([0,1],X) : v(0) = 0 and v(1) = e}. (3.1)
Then, there exists a sequence (uy)n, C X such that

J(up) = ¢ and (1 + ||un||x)||J (un)||x+ — 0.

The following Lemma is a consequence of assumption (V3) and will be useful to overcome the
difficulty imposed by the coupling function when we study the geometry of the energy functional.

Lemma 3.1. If (V3) holds, then
ol =2 [ M@uode> 0=, foral o) € B (32
RN

Proof. In fact, for all (u,v) € E, we have

2
0= (Vanolul = Vgl ) = Viplede? - 2y/Thp luly Vo (ol + Vaylo)

Thus, by using assumption (V5) we deduce that

-2 Ap(z)uvdr > -5 </ Vip(2)u? de +/
RN RN R

which implies (3.2). O

| Vaplo? d) = 3w 0l
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In the next Lemma we check that I, satisfies the mountain pass geometry introduced in
Theorem A.

Lemma 3.2. The energy functional Iy, satisfies the mountain pass geometry (I1) and (I2).
Proof. Using (2.1), (3.2) and Sobolev embedding we can deduce that
Dyp(u,0) 2 (1= 0) | (w, )15, — e(llull3 + 0]3) — Cellullbt — Cellv]E2
> |(w, 0)l1E, (1= 8 = Ce = Cull(w, 0) 157 = Celw, w2 7)
for all (u,v) € E,. Let € > 0 be fixed such that 1 — ¢ — Ce > 0. Hence, since pi,p2 > 2 we

may choose ¢ > 0 sufficiently small such that 1 — 6 — Ce — C.oP* 2 — C.0">~2 > 0. Therefore, if
[|(u,v)||g, = o then Iy ,(u,v) > 7, where

=0 (16— Ce—Cep’ % — Cep”7 %) >0,
which finishes the proof of (Iy).
In order to prove (I3), notice from assumption (H;) that
lim 210
t—+oo 12
Let o € C°(RY), ¢ > 0 be fixed. Thus, using Fatou’s Lemma we have that

. Iy p(t% t‘P) 1 2 2 oo 1(7590) + 1 2(7590) 2
liﬂlsup 2 =5 (e, (P)”Ep 2/N Ap(a)p” da /N ltnnmf (tp)? Y dr = —00.

= +o00, foreach i=1,2.

Therefore, the result follows considering (eq, e3) = (te, tp) for t sufficiently large. O

Remark 3.3. We emphasize that all results of this section remain true for asymptotically periodic
functions proving that I given in (2.2) has the mountain pass geometry.

4. PROOF OF THEOREM 1.1

As we checked in the preceding section (Lemma 3.2), the energy functional I, satisfies
the mountain pass geometry. Therefore, in view of Theorem A there exists a (Ce). sequence
(Un, Un)n C Ep, that is,

Iyp(tin; vn) = ¢ and - (1+[|(un, vn)ll5,) 113, (un, vn) |55 — 0, (4.1)

where c is the mountain pass level introduced in Theorem A. Notice that we can take a nonnegative
Cerami sequence. In fact, let us denote u,, = u;) —u,, and v, = v, — v, where u; := max{u,, 0},
u,, := max{—uy,0}, v} := max{v,,0} and v, := max{—wv,,0}. It follows from (V}) that

/)\ x)(unv,, + vpu, )de > —2//\p(:n)u;v; dz > —5||(ug,vg)||2.

Thus, since f;(s) =0 for s <0 and ¢ = 1,2, by using (4.1) we conclude that

0n(1) = I} p (tn, va) (—uzy, —v7) = ||y, 0)|I* + /Ap(w)(unv; +onuy) dz > (1= 0)|(ugy vy,

which implies that (u,, — 0 strongly E,. Therefore, (u;},v;}), is a Cerami sequence. For the

n? n) n»-n

sake of simplicity we keep the notation (uy, vy )n.
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Proposition 4.1. The sequence (uy, vy )n given just above is bounded in E,.

Proof. First of all, by using assumption (Hs) we have

1
c+o,(l) = IA,p(un,fun)—§<Ig7p(un,vn),(un,vn)>

— %/RN(fl(un)un —2F (uy)) dz + % /RN(fz(vn)vn — 2F(v,)) dz

a2
2 5 ll(un,va)lla,

|& < C. Now, recall the following interpolation inequality

which implies that ||(uy,,v,)
lullp < lullgllully™,  we LY®RY) N LP(RY),

where 0 < a < p< B, p ' =ta” ! + (1 —t)8~! and t € [0,1]. Without any loss of generality we
assume that o < p;, for i = 1,2. Hence, by choosing 8 = 27, we get

1—t) 1—t)p
[unllpy < 2lfun Ht’“llun\l( P and - oaB2 < 2lfon Ht”zllvn\l( : (4.2)

By using (3.2) one has

1
5(1 - 5)”(umvn)H?Ep S /RN(Fl(QM) + Fy(vn)) dz + Iy p(un, vn),
which together with (2.1), (4.1) and Sobolev embedding implies that
1

5 (1= ) (n, v), < €Cll(tn, o), + Celllunllf} + llvallp3) + C

Taking € > 0 small such that 1 —§ —eC > 0 and using (4.2) we deduce that
1 1 ~ 1—
S(1= 8 = <C)ums 00), < Cell(um, w57 + Cll(um, )77 4 0. (43)

Since a > %(Po — 2) we conclude that (1 —t)pg < 2. Therefore, (4.3) implies that (uy,,vy), is
bounded in E,. This ends the proof. ]

According to Proposition 4.1, we may assume, up to a subsequence, that

(Un,vn) = (ug,vo) weakly in E,;
e u, — ug strongly in L _(RY), for all 2 < r < 2% ;

s17

vy, — v strongly in LT (RY), for all 2 < s < 2* ;

S92

un () — uo(z) and v, (x) — vo(x), almost everywhere in RY.
Since C°(RM) x C$°(RY) is dense into the space E,, it follows by standard arguments that
I3 ,(uo,v0) = 0, that is, (ug, vo) is a solution for System (S ;).

The next result is important tool to overcome the lack of compactness. The vanishing lemma was
proved originally by P.L. Lions [30, Lemma I.1] and here we use the following version to fractional
Sobolev spaces (see [36, Lemma 2.4]).

Lemma 4.2. Assume that (uy,), is a bounded sequence in H*(RN) satisfying

lim sup / u?dr =0, (4.4)
Br(y)

n—-4o0o yERN
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for some R > 0. Then, u, — 0 strongly in L"(RY), for 2 < r < 2%.
In order to get a nontrivial solution, we shall consider the following result:

Proposition 4.3. Let (up,vn)n C E, be the (Ce). sequence satisfying (4.1). Then, (un,vp)n
satisfies exactly one of the following conditions:

(1) (un,vn) — (0,0) strongly in E,;

(ii) There exist a sequence (yn)n, C RN and constants R,n > 0 such that |y,| — oo as n — oo,

and
liminf/ (u? +v2)dz >n > 0. (4.5)
Br(yn)

n——+00

Proof. Let us suppose that (i) does not hold. Thus, for any R > 0 we have

lim sup / (u2 +v2)dz = 0.
Br(y)

n—oo yERN

Hence, it follows from Lemma 4.2 that u, — 0 strongly in L"(RY) for r € (2,2%) and v, — 0

) S1

strongly in L*(RY) for s € (2,2},). Hence, using growth conditions (H1), (Hz), (4.1) and Lemma 3.1,
we deduce that

on(1) = <I$\,p(umvn)v (Un,vn)) > (1 =0 — EC)”(unavn)”%p + on(1).
Therefore, taking ¢ > 0 small enough such that 1 —§ — eC > 0 we conclude that (i) holds. O

Proof of Theorem 1.1 completed. If (ug,vp) # (0,0), then we already have a nontrivial solution for
System (Sx,). If (ug,v0) = (0,0), since Iy ,(upn,vn) — ¢ > 0 and I, is continuous, it follows
that (uy,vp)n can not go to zero strongly in E,. Thus, from Proposition 4.3, we obtain a sequence
(Yn)n € RY and constants R,n > 0 such that

liminf/ (u? +v2)dz >n > 0. (4.6)
Br(yn)

n—-+00

Let us consider the shift sequence (@, (x),0n(2)) = (up(x + Yn), vn(x + yn)). Since Vi py(-), Va,(-)
and A,(-) are periodic, it follows that the energy functional Iy , is invariant by translations of the
form (u,v) + (u(- — 2),v(- — 2)) with z € Z". By a standard computation we can deduce that

||(umvn)||Ep = H(am@n)”Ep and IA,p(umvn) = IA,p(ﬂm@n) — C.
Furthermore, we also have
(L + [, o)1 5, 11 p (s D) | 5 — O
Moreover, arguing as in the proof of Proposition 4.1 we can conclude that (i, 0,), is a bounded
sequence in E,. Thus, up to a subsequence, (i, ?,) — (4,0) weakly in E, and (4, 0,) — (4,0)
strongly in L?(Bg(0)) x L?(Bg(0)). Moreover, (%, ) is a critical point of Iy ,. Using (4.6) we obtain
/ (@% 4 9?) dx = liminf/ (@2 4+ 92)da = liminf/ (uZ +v2)dx >n > 0.
Br(0 Br(0) Br(yn)

) n—oo n—oo
)

Therefore, (u,7) is a nontrivial weak solution for System (Sy ;).
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Finally, let us prove that if A,(z) > 0 for all z € RY, then the weak solution is positive. First,
let us prove that 4 % 0 and © #Z 0. Suppose without loss of generality that @ £ 0. If ¥ = 0, then

0= (B4, (.. (0.0)) == [ Af@iwdr, forall v € CE(RY)

Since A, (z) > 0 for all z € RY we have that % = 0 which is a contradiction. Therefore, ¥ # 0. Let us
denote & = 4" — 4~ and © = 0" — 07, where 4" := max{a,0}, @~ := max{—u,0}, 0 := max{v,0}
and 0~ := max{—0,0}. It follows from (V}) that

/ Ap(z) (@™ + ou~ ) de > —2/ Mp(@)a™ 0~ dw > 6| (a,57)||
RN RN

Thus, since f;(s) =0 for s <0 and ¢ = 1,2, we have that
0= 1 ,(a,0)(~a",—o") = [|(a",o7)|” +/ Mp(@) (@0~ +oa~)dz > (1 —6)||(@, 7))
RN

which implies that |[(@a=,97)||> = 0. Therefore, (a~,9~) = (0,0) and (@,9) = (a*,o") is a
nonnegative solution for System (S),). By using Strong Maximum Principle in each equation
of System () ,), we conclude that @ and v are positive which finishes the proof of Theorem 1.1. [

5. THE NEHARI MANIFOLD

In order to get a ground state solution, we introduce the Nehari manifolds associated to
Systems (S) ) and (Sy) respectively defined by

Nop = {(u,v) € E)\{(0,0)} = (I}, (u, v), (u,0)) = 0},

Ny = {(u,0) € E\{(0,0)} : (I3 (u,v), (u,v)) = 0}.
Since f;(t) = 0 for all ¢ <0 and each ¢ = 1,2, it is not hard to check that if (u,v) € N} p, Ny, then
{u > 0} > 0 or [{v > 0}] > 0. Let us define the set

Ei = {(u,v) € E\{(0,0)} : |[{u > 0}| > 0 or |{v > 0}| > 0}.
By similar ideas to [18,19] we can obtain the following Lemma:
Lemma 5.1. For any (u,v) € E, there exists a unique ty > 0, depending on (u,v) and X\, such that
(tou,tov) € Ny and  I\(tou,tov) = max I (tu, tv).
Lemma 5.2. If (Hy4) holds, then f;(t)s — 2F;(t) is increasing for t > 0 and i = 1, 2.

Proof. In fact, let 0 < t; < to be fixed. Using (H4) we deduce that

() — OF filts) o o "
fl(tl)tl 2F; (tl) < t 7 2E(t2) + 2 fZ(T) dr. (51)
t1
Moreover, , ,
2 [ fir)ar < pJill2) / " rar = fil02) (t3 — 7). (5.2)
t1 2 Ju to

Combining (5.1) and (5.2) we conclude that
filt)tr = 2F;(t) < fi(t2)ta — 2F5(t2),
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which finishes the proof. O
We introduce the Nehari energy levels associated with Systems (S) ,) and (S)) respectively by
c = inf L y,(u,v) and cpn, = inf I)(u,v).
N)\yp (U,U)ENAYP )\7])( 9 ) NA (u,U)ENA )\( 9 )
By using standard arguments it is not hard to check that under our assumptions the levels cy, , and
c, are positive for all nonnegative coupling function A. The remainder of this section is devoted to
study the behavior of ¢y, , and ¢y, . The next Lemma establish some estimates in order to compare
the mountain pass level and the least energy level.

Lemma 5.3. The following estimates hold:

(1) ¢ <eny s
(11) cn, < CNyp-

Proof. Let (u,v) € Ny be fixed. In view of Lemma 5.1 we have that Iy (u, v) = max;>o I)(tu,tv). Let
v :10,1] — E be defined by ~(t) = (ttou, ttgv), where to > 0 large enough such that I (tou, tov) < 0.
Thus, v € I'. Therefore,

c< tlél[(fi}l(} IL(~(t)) < max I\ (tu, tv) = I\(u,v). (5.3)
Since (5.3) holds for all (u,v) € Ny, we conclude that ¢ < cpy, .

In order to prove (ii), let (un,vn)n C Nip be a minimizing sequence for cy, , that is,
I p(up,vn) — CNy - It is well known that under our assumptions N Ap is a natural constraint
to our problem, that is, critical points of Iy | Ny, are critical points of I ;. This is a consequence
of Lagrange multiplier Theorem. Hence, similarly to Section 4, we are able to prove that, up to
a subsequence, (u,,v,) = (u,v) weakly in E,, where u > 0, v > 0 and I;\7p(u,v) = 0. Obviously,

Ny, S I p(u,v). On the other hand, in view of Lemma 5.2 and Fatou’s Lemma, we deduce that

1

CNp + On(l) = I)\,p(um 'Un) - §<I$\7p(u’ﬂ7 'Un)v (um Un)>

1
—5 | tunun — 2R ds+ 5 [ (oo, — 2Fan) ds

> %/RN(ﬁ(u)u — 2F (u)) dz + % /RN(f2(v)v — 2F,(v)) dz 4 0, (1)

= Do) — {74, 0), (0,0)) + on(1)
= I p(u,v) + 0,(1),

which implies that cy, , > Iy p(u,v). Therefore, Iy ,(u,v) = cy;, . In light of (V4) one has
. {Vi(z) = Vip(@)u? + [Va(x) — Vap(2)]v? + [Mp(2) — Mz)uv} dz < 0.
R

In view of Lemma 5.1, there exists a unique tg > 0 such that (tou,tov) € Ny. Hence, it follows that
I (tou, tov) — I p(tou, tov) < 0. Therefore, we have

eny, < Dy(tou, tov) < Iy p(tou, tov) < max Dyp(tu, tv) = I p(u,v) = cn
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which implies (i7) and finishes the proof. O

Proposition 5.4. The map A — cy;, s decreasing in the following sense: if A, A2 € L>®(RN)
satisfy A\ (x) < Aa(z) for all z € RN, then Ny, < CAY, -

Proof. Let (u,v) € Ny, be such that Iy, (u,v) = cy;, (see Section 6). In view of Lemma 5.1, there
exists top > 0 such that (tgu,tov) € Ny,. Notice that Iy, (tou,tov) < Iy, (tou,tov). Thus, we have

Ny, < D (tou, tov) < Iy, (tou, tov) < max Iy, (tu, tv) = I, (u,v) = cn,, -
Therefore, CNy, < CNy, and the map A — cy;, is decreasing. ]

Proposition 5.5. Let (\,), C L®(RY) be a sequence of positive functions such that A\, — X
strongly in L>°(RN). Then, one has

lim ¢ = Cp, -
n——+oo NA" N

Proof. Let (uy,vy) € Ny be a positive ground state solution for System (S)) (see Section 6). For
each n € N, there exists t,, > 0 such that (t,uy,t,v)) € Ny, . Thus, taking account that A, — A
strongly in L>°(R"™) we can deduce that

on(1) = /RN (MUA - fl(uA)UA> d$+/RN <MUA - f2(UA)UA> dz.

tn tn

We claim that lim, 4 t, = 1. In fact, arguing by contradiction let us suppose that
limsup,, ., t, > 1. Hence, t,, > 1 + &g for n € N large. By using (H4) we obtain

on(1) > /RN (fl((lli—ioo)ux)u/\ - fl(UA)UA> d9€+/RN <f2((11—2)))m)m - f2(UA)UA> dx.

Thus, it follows that

ou() > [ (i) = fitun)n) de+ [ (aluos = a(enon) do =0,

which is not possible. Thus, we have concluded that limsup,,_, .. t, < 1. If we suppose that
limsup,, , . tn <1, we get a contradiction applying similar arguments. Hence, limsup,, , . t, =
1. Analogously, we can check that liminf, , ¢, = 1. Therefore, lim,,— 4 t, = 1. Finally, since

(thun, tauy) € Ny, , we have that

n’
cny, < Iy, (Bnun, thoy)

2
_ %" (H(UA,UA)HE — Z/RN An () Uupv) d:z:> - /RN(Fl(tnuA) + Fy(tyvy)) da

— 1 <H(u)\,v)\)HE — 2/]RN Az)upvy dx) — /RN(Fl(U)\) + Fy(vy)) dz + 0, (1)

2
= Iy(uy,vy) + 0n(1),
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which implies that lim,, 1o ¢y, < cn- On the other hand, for each n € N let (up,v,)n € N, be
such that Iy, (un,vs) = cn, . Notice that

1

ey +on(1) = Iy, (up,vy) — §(If\n(umvn), (tn, vn))
-1 /[R () — 2P ) /R (o) — 2F) da

as
> EH(UW UH)Hgv

which implies that ||(un,v,)||% < C. Arguing as in the proof of Proposition 4.1, we can conclude
that (uy, v, ), is bounded in E. In view of Lemma 5.1, there exists a sequence (t,), C (0,+00)
such that (t,un,t,vn)n C Ny. Arguing as before, it is not hard to check that lim, oo t, = 1.
Therefore, we have

ey, < I(tpun, thvy)
ta

= <H(umvn)HE — 2/RN M@ )unvn da;) — /RN(Fl(tnun) + Fy(tyon)) dz

= Ly (bt tnvn) + £ / O (@) — M@)oy da
]RN

< Iy (tu,.t 1
< max I, (tun, ton) + on(1)

= I)\n (’LLn, UTL) + On(1)7

which implies that cy, < limy,— o cnr,, and finishes the proof. ]

6. PROOF OF THEOREM 1.2

In this Section we study the existence of ground states for the class of linearly coupled systems
(Sy). For this purpose, we introduce the following sets:
1Y .= {(u,v) € E : I)(u,v) < b},
K = {(u,v) € E: I}(u,v) = 0},
Ky = {(u,v) € K : I\(u,v) = b}.
In order to get a nontrivial solution for (S)), we can not repeat the idea used in Section 4, since

the energy function [ is not invariant by translations. In order to overcome this difficulty, we shall
use the following local version of the Mountain Pass Theorem (see [29]):

Theorem B. Let X be a real Banach space. Suppose that J € C1(X,R) satisfies J(0) = 0, (I1)
and (I2) (see Theorem A). If there exists v € I', T defined by (3.1), such that

TR TN = gy T 0) >0

then J possesses a nontrivial critical point u € K. N ~y([0, 1]).

For any ¢ > 0, R > 0 and h € F we set D.(R) := {z € RY : |h(z)| > }. In [29], the authors
proved the following lemma:
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Lemma 6.1. For h € F it follows that |D.(R)| — 0, as R — oo.
In order to get a nontrivial solution for System (S)), we prove the following technical lemma:

Lemma 6.2. Let (uy,v,), C E be a bounded sequence and (pn(x),Yn(x)) = (@(x —yn), v(x —yn)),
where (¢,1) € CP(RN) x C§(RYN), where (yn)n C RY such that |y,| — oo, as n — oo. Then, we
have the following convergences

(Vl,p(x) - Vl(x))uncpn — 07 (61)
(V2,p(‘7:) - V2(‘T))Un1/}n — 07 (62)
(Ap(z) = A(@)) (unthn + vigpn) — 0, (6.3)

strongly in L' (RN), as n — oo.

Proof. The proof is quite similar to [29, Lemma 5.1] and for reader’s convenience we sketch the
proof here. Let us consider the proof for (6.1). It is well known that given ¢ € L?(R) and § > 0,
there exists ¢ € (0,8) such that for every measurable set A C RY satisfying |A| < ¢, we have

/Agodx <. (6.4)

It follows from Lemma 6.1 that for any ¢ > 0, there exists R > 0 such that |D.(R)| < e. By using
Holder inequality we deduce that

Lo Wigl@) = Vi@lullenlds < 2Vl [ unllnl dz
RN\BR(0) (RN\BR(0))NDe (R)

+ a/ | on] da
RN\ B(0)D: (R)"

IN

2IViplloollunlli2p.rylenll2(p.(r)) + Ellunll2llell2,

which together with (6.4) and the fact that (uy,vy), is bounded in E implies that
Lo Wigla) = Vi@lunllonlde < G152 + ). (63
RN\Br(0)
On the other hand, using the fact that ¢ € L2(R") and |y,,| — oo, we obtain ng € N such that
[, Vaol®) = Vi@lllonl de < Callolliz ooy < Cof forall nzmo.— (66)
Br(0

Since § > 0 is arbitrary, the inequalities (6.5) and (6.6) imply (6.1). The convergences (6.2) and
(6.3) follow by a similar argument. O

Proof of Theorem 1.2 completed. 1t is easy to see that Lemma 3.2 remains true for the energy
functional I, that is, I satisfies the mountain pass geometry. Thus, it follows from Theorem A that
there exists a nonnegative (Ce). sequence (uy,vy), C E, that is,

Ix(un,vn) = ¢ and  (1+ [[(tn, va)l[B) LA (un, vn) |5+ — 0. (6.7)

By the same ideas used in Proposition 4.1 we can conclude that (u,, v, )y is bounded in E. Thus, we
may assume, up to a subsequence, that (u,,v,) — (ug,v9) weakly in F. Hence, by using a density
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argument, we can deduce that I} (ug,v9) = 0. If (ug,vp) # (0,0), then we are done. Now, let us
suppose that (ug,vg) = (0,0). Since Proposition 4.3 also holds for the asymptotically periodic case,
there exist a sequence (yy), C R and constans R, 7 > 0 such that

lim inf (u? +v2)dx > n > 0. (6.8)
n——+0o00 BR(yn)

Let us consider the shift sequence (u, (), 0n(z)) = (un(z + Yn), vn(T + yn)). Note that (dy,Dy), is
not necessarily a (Ce). sequence for Iy. On the other hand, using (V3) we can check that (u,, 0y )n
is bounded in E,. Hence, up to a subsequence, we have that

o (Up,vpn) — (Go, Vo) weakly in E;
e @, — i strongly in L (RYM), for all 2 < r < 2% ;

817

e U, — ¥y strongly in L; (RY), for all 2 < s < 2% ;

5927
o i, (x) — fp(x) and ¥, (x) — Tp(x), almost everywhere in RY.

Thus, we can deduce from (6.8) that (g, o) # (0,0).
Claim. I§\7p(?10,?~]0) = 0.
By density, it suffices to prove that

(I3 (70, Do), (2, )) = 0, for all (p, %) € CP(RY) x CF(RY). (6.9)

For (p,¢) € CF°RY) x C3°(RY) we denote (0n(2), ¥n(2)) = (#(z = yn), ¥ (2 — yz)). Thus, using
Lebesgue Dominated Convergence Theorem, we can deduce that

(I3 p(T0, Do), (9, 1)) = (I} (Un; Un), (¥, ¥n)) + 0n(1). (6.10)
Moreover, we have that
<I$\,p(umvn), (PnsPn)) = (I3 (tn, vn), (ny ¥n)) + /RN(Vl,p(x) — Vi(2))unpn da+

+ [ Vap@) = Va@)ostinda = [ (yla) = @)t + ) do

N

By using Lemma 6.2 we conclude that

<I§\,p(um Un)s (@ns ¥n)) = (I (Uns 0n),s (00, ¥n)) + 0n(1). (6.11)

Thus, since ||(¢n, ¥n)lE, = [(¢, V)| E,, it follows from (V3) and (6.7) that

<I$\(unavn)a (0n,¥n)) < ‘|I§\(unavn)‘ (Pn Yn)llE < ‘|I§\(unyvn)‘

E* E* (@nv¢n)‘|Ep — 0, (6'12)

as n — oo. Therefore, combining (6.10), (6.11) and (6.12) we get (6.9) and the claim is proved. [
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Hence, using Lemma 5.2, (6.7), Fatou’s Lemma and the preceding assertion, we have
1
¢+ on(1) = Iy(un, vp) — §<Ig\(umvn)’ (n, vn))
1 1
— 5 [ () = 2B ) ot 5 [ (alvn)vn — 2Fa(wn) da
RN 2 RN

=5 [ (@i =2 @) ot 5 [ (a5u)5n — 2Pa(5) da

2 2
> %/RN(fl(fLO)ﬂo —2F1(ﬂ0))d$+%/RN(f2(z7o)@o — 2F5(#)) dz + on(1)

= I)\,p(ﬂ(]v ,DO) + On(l)v
which implies that I ,(to,0p) < ¢. Thus, using (V3) and (V) we conclude that

¢ < max I)\(ttp, t0g) < T§S<IA7p(tﬂo,tﬁo) = I p(tio, 7o) < c.

Therefore, there exists 79 € I' such that ¢ = max,c(g 1] Ix(70(t)). It follows from Theorem B that
I possesses a nontrivial critical point (ug,v9) € K. N ([0, 1]). By using Lemma 5.3 (i), we note
that I (ug,vo) = ¢ < cpy,. Since (ug,vp) € Ny, it follows that (ug,vg) is a ground state solution for
System (S)). Arguing as in the proof of Theorem 1.1, we conclude that if A is positive, then ug and
vy are positive. ]

7. PROOF OF THEOREM 1.3

This Section is devoted to the proof of Theorem 1.3. For this purpose we obtain the following
Lemma which study the sign of the ground state solution of System (.S)) in the limit case, that is,
when A = 0.

Lemma 7.1. Let (ug,vo) € E be a ground state solution for System (Sx) with A = 0. Then either
ug >0, vg =0 or ug =0 and vy > 0.

Proof. Let Iy be the energy functional associated to System (S)) with A = 0. Notice that

Io(u,v) > Ip(u,0), for all (u,v) € E with v # 0,
Io(u,v) > In(0,v), for all (u,v) € E with u # 0.

Since (ug, vg) is a ground state, that is, Ip(ug, vo) has minimum energy among all nontrivial solutions,
we conclude that either ug = 0 or vg = 0. By using similar ideas of the preceding sections jointly
with the fact that f;(¢) =0 for s <0 and i = 1,2, we conclude that either ug > 0 or vy > 0. O

From now on, for any n € N, we consider (uy,,v),)n € N), the positive ground state solution
for System (S)) with A = \,,. Suppose that || A\,||coc = 0 as n — oo. It follows from Proposition 6.2
that ¢y, — co, as n — 400 where ¢ is the least energy level for the System (S)) with A = 0. Thus,
the sequence (cy, ), is bounded. By similar ideas to used in Proposition 4.1, it is not difficulty to
prove that (uy,,vy,)n is bounded in E. Thus, up to a subsequence, (uy,,vy,) — (Uy, Vo) weakly
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in E. We claim that (Up, V) # (0,0). Suppose by contradiction that (Uy, V) = (0,0). Notice that
(un,, U, )n can not converge stronlgy to (0,0). Indeed, in this case, there holds

O0<cp= lim ¢, = lim I, (uy .,vy)=0
0 et i An s too )\n( An s )\n) 5

which is not possible. Thus, in light of Proposition 4.3, there exist a sequence (yy), C RY and
constants R,n > 0 such that |y,| — oo as n — oo, and

lim inf/ (v}, +03 )dz >n>0. (7.1)
Br(yn)

n——+o0o

We denote (uy, (z), 0z, (2)) = (ux, (T + yn),vr, (x + yn)). By using (V3) it follows that (@y,, 0z, )n
is bounded in E,. Hence, up to a subsequence, (@y,,0y,) — (Uo, Vo) weakly in E,. Arguing as in
(6.9), it is not hard to conclude that I g\n,p(UO’ Vo) = 0. Therefore, we can deduce that

~ o~ 1 ~ o~ -~
cNAn,P < I)‘nm(UO’ ‘/0) - _<*[3\n7p(U07 ‘/0)7 (U(), ‘/E))>

— ;/RN(fl(Uo) 0—2F1(U0))dl:17+%/]R (f2(Vo)Vo — 2F2(Vp)) da
< %/RN(fl(ﬂAn)ﬂ)\n - 2F1(?1>\n))dx+%/RN(fQ(T),\n)@)\n — 2Ry (3y,)) de + 0n(1)
1

— 5 [ (s, ~2Fa(, ) do +

2 1/}RN(!)"2(1&")1&" —2Fy(vy,)) dx + 0,(1)

2
L
= ’[)\n (uAn Y /U>\n) - 5 <I)\n (uAn Y /U>\n)7 (u)\n Y /U>\n)> + On(l)
= CNy,, + On(l)y
which contradicts Lemma 5.3 (ii). Therefore, (Uy, Vp) #

(0,
(Tjr,:02,). () = (B, (0,000,010 + [ @), 0+ 00,9 = 0,1,
for all (¢,9) € CRY) x C°(RY). Moreover, one has
T (Uo, Vo), (9, 9)) = (To(trns 0r,)s () — (un, — Vs )i, — (0r, — Voo ),
- [ (Bl = A eda = [ (falon) = £208)dr = 0, (1),

for all (¢,9) € CP(RY) x C§°(RY), which implies that I}(Uy, Vo) = 0. Hence, it follows that
Iy(Uy, V) > ¢o. On the other hand, we have

0). Now, notice that

1
IO(U(]v VYO) = IO(U(]v VYO) - 5(1(/](U07 W))v (U07 VYO)>

— %/]sz(fl(Uo)UO —2F(Up)) dz + % /RN(fz(Vo)Vo — 2F5(Vp)) dw
< %/RN(ﬁ(uxn)u,\n —2F1(uy,))dz + % /sz(fz(%)w" — 2F,(vy,)) dx + o, (1)

1
= IAn(uA'nJ'U)\n) - §<I$\n(u)\n7v)\n)7 (u)\n7v>\n)> + On(l)

=cn,, T on(1).
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Therefore Iy(Uy, Vo) = co and (U, Vp) is a ground state solution for System (S)) with A = 0. By
using Lemma 7.1, we conclude that one of the following conclusions holds:

(i) Vo =0 and Uy is a positive ground state of
(=A) '+ Vi(z)u = fi(u), x€RV. (7.2)
(ii) Up = 0 and Vj is a positive ground state of

(=A)20 + Va(z)v = fa(v), xRN (7.3)

In particular, ¢y = min{c Ny, C sz} where ¢ N, and ¢ N, denotes the least energy level for the scalar

equations (7.2) and (7.3), respectively. The sets Ny, and Ny, denotes also the Nehari manifold for

the scalar equations (7.2) and (7.3), respectively. This finishes the proof of Theorem 1.3.
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