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Asymptotic theory for longitudinal data with missing
responses adjusted by inverse probability weights
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Abstract

In this article, we propose a new method for analyzing longitudinal data which
contain responses that are missing at random. This method consists in solving the
generalized estimating equation (GEE) of [6] in which the incomplete responses are
replaced by values adjusted using the inverse probability weights proposed in [13].
We show that the root estimator is consistent and asymptotically normal, essentially
under the some conditions on the marginal distribution and the surrogate correlation
matrix as those presented in [I1] in the case of complete data, and under minimal
assumptions on the missingness probabilities. This method is applied to a real-
life dataset taken from [9], which examines the incidence of respiratory disease in
a sample of 250 pre-school age Indonesian children which were examined every 3
months for 18 months, using as covariates the age, gender, and vitamin A deficiency.
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1 Introduction

Longitudinal data sets are encountered frequently in biostatistics when repeated measure-
ments are made on the same individual. Due to their complexity, the analysis of such
data sets presents many challenges for statisticians. Often, one is interested to analyze
the relationship between a response variable (for instance the presence of lung cancer)
and several explanatory variables (for instance the age, smoking status or family income).
In this case, a commonly used method (introduced by Liang and Zeger in the seminal
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article [0]) is to assume that the marginal distribution of each response follows a gener-
alized linear model (GLM) with regression parameter 3, while the correlation between
the responses is modeled by a surrogate correlation matrix which depends on another
parameter . The goal of this method is to obtain a consistent estimator of (3, defined
as the root of the generalized estimating equation (GEE). We refer the reader to [7] for a
comprehensive account on GLMs, and to [5] for more details about longitudinal data.

Building upon earlier work of [3] and [I5] for estimating equations for classical datasets,
the article [II] contains a thorough analysis of the asymptotic properties of the GEE
estimator, including the case when the number of observations made on each individual
(called the cluster size) goes to infinity. Similar theoretical investigations were pursed
in [I] for fixed cluster size, for an estimator defined as the root of a pseudo-likelihood
equation, which contains an estimator of the correlation matrix based on the data.

In the presence of incomplete observations, the analysis of longitudinal data becomes
even more complex. Several methods for dealing with longitudinal data which contain
missing responses (or missing covariates, or both) have been proposed by various authors.
We refer the reader to [4, [10, 12| 13 14] for a sample of relevant references.

The goal of the present article is to adapt the GEE method of [6l 1] to the case when
the responses are missing at random (a term whose meaning will be explained below).
For this, we will replace the incomplete responses by values adjusted using the inverse
probability weights proposed in [I3]. Under minimal assumptions on the missingness
probabilities, we will show that the root estimator of 8 is consistent and asymptotically
normal, under essentially the some conditions on the marginal distribution and the sur-
rogate correlation matrix as in [L1].

We say few words about the notation. We use the convention of omitting the true
parameter [y when it is the argument as a function. For instance, we write ¢; instead of
ei(Bo). For sequences (X,,),>1 and (Y},),>1 of random variables with Y,, # 0 for all n > 1,
we write X,, = O,(Y,,) if the sequence (X,,/Y,),>1 is bounded in probability, i.e. for any
e > 0 there exists M. > 0 and an integer N. > 1 such that P(|X,/Y,| < M.) > 1—¢
for all n > N.. We write X,, = 0,(Y,) if X,,/Y, 20, where 5 denotes convergence in

probability. We write X, A X if (X)n>1 converges in distribution to X.

We conclude the introduction by recalling some basic facts about matrix analysis. We
refer the reader to [§] for more details. We denote by diag(v) the diagonal matrix with
entries given by v = (vq,...,v,). We denote by [|x|| the Euclidean norm of a vector x.
If A is a symmetric matrix, then all its eigenvalues are real. In this case, we write A > 0
if x” Ax > 0 for any vector x, and A > 0 if x’ Ax > 0 for any vector x. For a symmetric
p X p matrix A, we use the following inequality: (see Theorem 3.15 of [§])

Amin(A)xTx < xTAx < A\ (A)x"x  for any x € R?, (1)

where A\pin(A) is the minimum eigenvalue of A and Apax(A) is the maximum eigenvalue of
A. In particular, A > 0 if and only if A\, (A) > 0, and A > 0 if and only if Ay (A) > 0.
If A > 0, then Apax(A2) = Dac(A)2 A > 0, Apax (A1) = 1/\uin(A). The left
square-root of a matrix A > 0 is the matrix A2 such that A2(AY%)T = A. We let
A2 = (A1) We let [|A]l = supj, -, |AX]] = ()\max(ATA))l/2 be the spectral

norm of a matrix A = (a;;)i<n,j<m, Which is equivalent to its Euclidean norm given by

2



Al = (X >y afj)l/z. We denote by tr(A) the trace of matrix A and by det(A)
its determinant. Note that tr(A) is the sum of the eigenvalues of A and det(A) is the
product of the eigenvalues of A (see Theorem 3.5 of [§]).

This article is organized as follows. In Section Pl we introduce our framework, we
define the estimating equation and we discuss some of its properties. In Section Bl we
prove the consistency and asymptotic normality of the root estimator, under essentially
the same conditions as in [II] in the case of complete data. The most complicated of
these conditions involves the derivative of the estimating equation and is called condition
(CC). In Section Ml we give some sufficient conditions for (CC). In Section Bl we apply
our method to a real-life data set. Finally, Appendix A contains some auxiliary results
which are used in Section [l

2 The estimating equation

In this section, we introduce our framework and we define a generalized estimating equa-
tion which can be used when some of the responses are missing at random.

We consider n individuals whose measurements are recorded on m occasions. For each
t=1,...,nand j = 1,...,m, we denote by Y;; the response of individual 7 at time j.
Some of these responses are missing. We let

{1, if Y;; is observed
ij =

0, if Y}, is missing

We let Y; = (Yi1,...,Y;n)T be the vector of responses of the " individual and I; =
(L1, ..., Iim)T be the vector of missingness indicators for this individual.

For each i = 1,...,n, and j = 1,...,m, we let X;; = (Xi(jl),...,Xi(f))T be the p-
dimensional vector of covariates for individual 7 at time j. We assume that X;; is random.

The following m X p matrix contains the covariates of the " individual:

X7 xP o xP
Xi=| :|=|: -
X7, xM o x®

m m

We assume that {(Y;, X;,L;)},, are independent and identically distributed (i.i.d.),
and there exists a one-to-one differentiable function p on R such that

pig(B) = B(Yy|Xy) = w(X[6) and  of(8) := Var(Yy|X;) = o/ (X6),  (2)
for a p-dimensional parameter § and a nuisance parameter ¢. In the present article, we
will assume that ¢ = 1. The inverse g of the function p is called the link function. Let

wi(B) = (1ir(B), - - -, prim(B)T. We denote by D;(3) the m x p matrix:

D;(8) = 8/525(5) -




Note that %(ﬁ) = Xg,u’(Xg ) and hence D; () = A;(8)X;, where A;(3) is the diagonal

matrix with entries p/(X43),..., /(XL B) for j=1,...,m.

Example 2.1. (Normal Linear Regression for Quantitative Responses) When the re-
sponses Y;; represent quantitative measurements, we may assume that Y;; has an normal
distribution with mean p;;(3) = X;fgﬂ and known variance afj (B8) = ¢, for a nuissance
parameter ¢ which is estimated separately. In this case, u(z) = x and p/(x) = 1. The
link function is g(x) = =.

Example 2.2. (Log-linear Regression for Count-type Responses) When the responses Y;;
represent count-type measurements, we may assume that Y;; has a Poisson distribution
with mean p;;(5) = exp(X7,;3). In this case, pu(z) = e” and p/(z) = e”. The link function
is g(z) = log x for x > 0.

Example 2.3. (Logistic Regression for Binary Responses) When the responses Y;; repre-
sent binary measurements, we may assume that Y;; has a Bernoulli distribution with mean

ex X;ﬂ . e e . . .
wii () = %(XJZTJ-)B)’ In this case, pu(r) = 155 and p'(x) = ez The link function is

g(x) =log = =:logit(x) for x € (0,1).

We consider the following marginal model:

Yij =pi;(B) +e5(B) j=1,....m.

We let ;(8) = (gi1(B), ..., gim(B))" be the residuals, for i = 1,...,n. Let ¥;(8) =
(0iik(5))1<jk<m be the conditional covariance matrix of Y; given X, with entries o; j1(5) =
Ele;;(8)ean(8)|Xs]. In particular, o;;;(8) = o7;(8) = p/(X;3). Note that

%i(8) = Ai(B)PRiA(B) 12,
where R; = (T, j1.)1<j.x<m is the conditional correlation matrix of Y; given X; with entries:
Tijk = 0ijk(B)/[0i(B)oir(B)]- B

The method proposed in [6] consists in replacing the unknown correlation matrix R;

by a surrogate correlation matrix R;(«) depending on a parameter « (to be estimated

separately), and solving the Generalized Estimated Equation (GEE):

>_DI(B)VIH(B,a)(Yi = m(B)) =0, (3)

where V;(8) = A;(8)"?R;(a)A;(3)"/? is an approximation of the unknown covariance
matrix ¥;(5). Equation ([B]) can be written equivalently as:

> XTAB) "Rila) " AB) Y — u(8) = 0. (4)
i=1
Typical examples of matrices R;(a) are:
(1 a 0 0 ... 0 0 | - N
(03] 1 9 0 ... 0 0 a 1 a
a) Ri(a)=| ¢+ = Do 0 0 or b) Ri(a)=]. ,
0O 0 0 0 . 1 Q1 0 a 1
_0 0O 0 0 . Q1 1 |




Case a) is called 1-dependent, whereas case b) is called exchangeable.
The case R;(a) =1 for all : = 1,...,n is called working independence. In this case,

equation (4]) becomes
n m

DD XYy — u(XE8) = 0. (5)
i=1 j=1
In 2003, Xie and Yang proved rigorously in [I1] that equation (B]) has a root Bn which
is a consistent estimator of 3, and derived the asymptotic normality of this estimator. In
this article, we develop a method similar to that of [I1] which can be applied when some
of the responses are missing.
We assume that the the responses are missing at random (MAR), i.e.

Y, and I; are conditionally independent given X;, for any i = 1,...,n.

For any 1= 1, o andj = 1,. .., m, we let Ty = P(IZJ = 1‘X2,Y2) = P([Z] = 1‘X2)
Then E(I;|X;) = E(I};|X;) = m;;. We consider the inverse probability weighted response

Yiilij

7Tij

Y = (6)

We let Y; = (Yii,..., Y )T be the vector of weighted responses for the i individual
and &(8) = (4(B). ... (D)7 where 5(8) = Y — py(8). j = L,....m.

The next result shows that the weighted response Y;} has the same mean as the original
response Yj;.

Lemma 2.4. Foreachi=1,...,n andj=1,...,m, BE(Y;}X;) = w;;(8). Therefore

E(e ()| Xi) =0 for all i > 1.

Proof. Note that
. 13
vivi= (2 1)y, g

71'2']'

Using () and double conditioning, we have:

B(YSIX0) = E(Y; ~ YX0) + B(G1X0) = B[ (22— 1) ¥ + ()

g
I;;
— E[VyB[ - — 10, Y] IXi] + 155(8) = 1y (8),
ij
where for the last line, we used the fact that,
E[— . 1|YZ-,X,} - E[— - 1|X,-] = —B(I;[X) - 1=0. 8)
T4 g T4

due to the (MAR) assumption. O

For each + = 1,...,n and j,k = 1,...,m, we consider the probability that both
responses Y;; and Yj;, are missing, given Xj:



Qi jk = P(Izy =11 = 1|XZ)

In the next lemma, we compute the conditional covariance matrix of Y given X,.
Note that the expected value of a matrix A = (Aj;)1<jr<m Whose elements are random
variables Ajj is, by definition, the matrix E(A) = {E(Ax) }1<jr<m.

Lemma 2.5. The conditional covariance matriz of Y given X; is

S5 (8) = Ele; (B)er(8)T1X:] = (07 ;5(B)1<shzms

where
x i
o1b() = 00 0) + (22— 1) (01008) + (), )
i\
In particular, for any j =1,...,m, the conditional marginal variance of Y given X; is:
. 1
i) = 30+ (£ ~1) (6 5) + ()
ij
1 /
= 1K) + (o = 1) (WKL) + (X5 ), (10)
ij

Proof. For any 7,k =1,...,m fixed,
o;k(B) = E[(Yi}‘- — 1145 (8)) (Vi — paw(8))| X
(Vi = Vi) (Vi — Vi) | Xa] + E[(Yi; = Yij) (Yie — pan(8))|Xi]
(Y3

(Y, = Y ) (Vig — 3 (B))1Xi] + E[(Yij — i (8) (Yie — par(B))[X]. - (11)

We treat separately the four terms. By (), the second term is equal to

E
E

BI(Y; = i) (Vi — 1ae(8))Xi] = E|Yi(Ya — iy (B)E[ 2 = 11X, Y| %] = 0.

ij

using () for the last equality. Similarly, the third term in (I is also equal to 0. Note
that the fourth term in (II]) is equal to o; ;1(5). Hence,

0;56(8) = Bl(Y;; = Yig) (Vi = Yi) IXa] + 03 3x(5). (12)

By (@),
)(ﬁ . 1) |XZ-,YZ-] |X] (13)

E[(Y = Yi) (Vi — Ya) | Xi] = E[Y YkEKI Tik

1,
J i

We compute separately the inner conditional expectation. By the (MAR) assumption,

I;; I; 1 1 1
E[(—J . 1) (—’f . 1) |XZ-,Y,} - B(Iy L|X:) — —B(I;|X:) — —B(I]X,) + 1
Tij Tk g Tk Tij ik
1
= Gk — L.
T35 Tk



Coming back to (I3]), we obtain

B(Y; — Yi) (Vi — Y Xi) = (—

ij
ij ik

Qi jk — 1) E[Y;'jY;'k|Xi]

= ( ! Qi jk — 1) (ijk + pij(B)in(8)) - (14)

g Tk
Relation (@) follows from relations (I2) and (I4]). The last statement follows from (@) and
our model assumptions (2)), using the fact that ¢; ;; = P(l;; = 1|X;) = 7. O

Let A7(3) be the diagonal matrix with entries o7 ,,(3),7 = 1,...,m. Then
55(8) = A{(B)PRIAL(5)2, (15)
where R} = (77 ;)1<jk<m is the conditional correlation matrix of Y; given X;:
. Cov (Y5, Vi [Xi) Uuk(ﬁ)

177
rr. J

i,jk — = )
Var Y*|X Var }/:];‘X \/ zj] \/O-’::k‘k(ﬁ>

In practice, the matrix R} is unknown. Following the same idea as in [6] in the case
of complete data, we replaced the matrix R by a surrogate matrix R;(«) which depends
on an unknown parameter « (to be estimated separately). We define

Vi(B,a) = A{(B)°Ri(a) A7 ()", (16)

We are interested in solving the equation
ZDT B)V;(B,a) (Y] — () = 0. (17)

Note that equation (7)) is the analogue of equation (B]) for the case of missing responses
which are adjusted using the inverse probability weights. Note that

ZXTF ()" AT(B) "1 (B),

where F;(3) = A;(B)A;(8)~Y/2 is the diagonal matrix with entries fi;(3),j = 1,...,m:

£ii(8) = Uz’j(ﬁ) _ :u/(Xij) ‘ (18)

a;4;(5) \/uf(xg. )+ (n%—l) (W(XLB) + p2(XEB))

The following result gives the mean and the covariance matrix of g, ().



Lemma 2.6. g, () is an unbiased estimating function, i.e. E[g,(8)] =0 for all 5. The
covariance matriz of g, () is

M,,(8) := Elgn(8)gn(8)"] = E[M;(8)],
where

ZDT BVi(8,0) 'Ti(B)Vi(B.0) ' D(B).
Proof. The first statement follows by Lemma 2.4 since
=Y ED(B)V;(8,0) Ele; (8)|Xi]] =
i=1

We proceed now with the calculation of the covariance matrix of g, (/). Note that

g.(8) Z Z D/ (3 “ler(B)el (B)TV (8, ) " Dy(B).

=1 [=1

Since m;; = P(1;; = 11X;) = h;(X;) for a function h;,
Yii1i

ij

e5;(B) = Yi; — n(Xi;8) = — n(X5B) = @;(Yi;, Xy, Iy, B)

for a certain function ®;. Since {(Y;, X;,I;) },5, are independent, it follows that {7 (5)},-,

are independent. The same argument shows that {D] (3)V}(3,a) 'ei(8)},., are inde-
pendent. Note that N

E[D{ (B)Vi(8,a) "¢} (8)]

E[ED] (B)V;(8,a) e (8)[X])
= E[D] (8)V; (8, a)'Ele; (8)1X]]
=0,

where for the last equality we used Lemma 2.4 Therefore if ¢ # [,
E[D{ (B)Vi(8,a) "7 (B)ei (B)Vi (B, ) 'Du(B)] = 0.
Coming back to the calculation of E[g,(8)g.(3)"], we obtain using conditioning again

Elgn ZE E[D; (8)Vi (8, @) '/ (B)e; (B) Vi (8, a) ™' Di(8)[Xi]]
—ZEDT BIVI(B,a) 'Ele; (B)e(B)"1Xi] Vi (B, 0) ' Di(B)]

_ Z E[D} (B)V(8,a) "2 (B)V; (8, a) ' Di(B)]

i=1
= E[M;,(8)]
This finishes the proof. O



Remark 2.7. Using the fact that D;(8) = A;(8)X; and relations (I5) and (I6]), we
obtain the following alternative formula for M. (3):

M, (8) = > XIFi(B)Ri(a) ' RiRq(a) ' Fi(8)X;.
i=1
We denote 7, = max Amax (Ri (@) 7V2RIR; () 74/?) = max Amax (R (@)R]). By (@),
M;,(8) < 7,H,,(5), where :

n

H(9) = D XTFu(B)Ri(o) Fi(0)Xs = 3 _DilB)TVi(B,0)Di(B).  (19)

i=1

By taking the expectation on both sides of this inequality, we infer that

where H,,(8) = E[H*(3)]. Note that 7, < m\,, where A, = max;<, Amax(Ri(c)™). The
advantage of working with A, instead of 7, is that )\, does not depend on the unknown
correlation matrix R;.

3 Consistency and asymptotic normality

In this section, we show that under certain conditions, equation (I7]) has a solution Bn
which is a consistent estimator of 5. The proofs are similar to those presented in [11] in
the case of complete data.

We consider the negative derivative of our estimating function g, (3):

D,(B) = _a‘%gn(5>

This derivative plays an important form in the present article. Its explicit formula is given
in Section M below. It is important to note that D, (/) is non-symmetric. We consider

the ball BX(r) = {; |[HY*(8 — 6y)| < Té/zr}, where [y is the true value of £.
Similarly to [I1], we consider the following conditions:

(I%) Amin(Hy) /7 — 00 as n — oo.

(L) There exists a constant ¢y > 0 such that for any r > 0,

P(xTH,'?D, (8)H,?x > ¢, for any € B*(r) and x € R? with ||x|| =1) — 1.

(Df) For any r > 0, P(D,(8) is non-singular for any g € B (r)) — 1.

Under (7)), Amin(H,) > 0 for n large enough. Hence, H,, > 0 for n large enough.

The following result shows that under these conditions, there exists an estimator Bn
which is the root of the equation g, () = 0 and this estimator is consistent.



Theorem 3.1. Under conditions (I}), (L) and (D}), we have:

-~

a)P(there exist r > 0 and B € B,,(r) such that g,(5,) =0) — 1

Proof. This use the same argument as in the proof of Theorem 2 of [I1]. We give only
the sketch of this argument.

a) Let Q0 (r) be the event where XTH;1/2DN(5)H;1/2X > ¢p for any § € Bf(r) and
for any o € R? with ||x|| = 1, and D, (/) is non-singular for any 5 € B (r). By conditions
(L) and (D7), P(S%(r)) — 1 for any r > 0.

On the event Q(r), the function T, (5) = H;lpgn(ﬁ) is one-to-one, since its deriva-
tive is non-singular. This function is also differentiable. Let E*(r) be the event where

IT(Fo)l < infacons) I Ta(8) — TulG)l, where 0B;(r) = 18 [HY?(3 — o)l = m/*r}.
Let Q,(r) be the event that there exists 3, € B} (r) such that g,(8,) = 0. By Lemma A

of [3], N
EX(r)nQ(r) C Q,(r). (20)

Therefore, it suffices to show that for any € > 0, there exists » = r. > 0 and an integer
N. > 1 such that
PEN(r)NQ(r) >1—¢ foralln>N.. (21)

Let € > 0 be arbitrary and r = i,/%p. By applying Talyor’s formula to T,(3), it
can be proved that on the event Q(r), infgeop: () || Tn(B) — Tn(Bo)| > cor/*r. Hence,

the event {||T,(6o)| < c(ml/zr} N QF (r) is contained in E(r) N QF (r). By Chebushev’s

inequality and the choice of r, for any n > 1, we have:

DO ™M

P(|ITu(Bo)|| < cor*r) > 1~ %T}EHITn(ﬁo)Hz] =1-

Since P(€(r)) — 1, there exists an integer N. > 1 such that P(€(r)) > 1 — /2 for all
n > N.. Relation ([2]]) follows by Bonferroni’s inequality.

b) Let 6 > 0 and € > 0 be arbitrary. Let r = r. and N, as in part a). By condition (I}),
there exists N > 1 such that 2min®n) > % for all n > Nj. On the event 2 (r) N E(r),

Tn

~ —~ 1/2
1B — oll < IIFM2) - V2B = Bo)| < |5ty 7/°r <0 for all n = N;. By @),

P(||B. = Bl < 8) > P (r)NE:(r)) >1—c¢ for all n > N, 5 = max (N, Ny). O

Remark 3.2. Since 7, < mxn, Theorem [3.1] remains valid if we replace 7, by an in
conditions (1) and (L7).

For the asymptotically normality of B\n, we consider the following condition:

(CC) For any r > 0 and § > 0,

P(sup sup sup [x'H;Y*D,(5)H; Y’y —xTy| <§) — 1.
Ixll=1 llyll=1 8B (r)

Lemma 3.3. Condition (CC) implies condition (LZ).
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Proof. We denote by €,(d,r) the event in condition (C'C). Choose § € (0, 1) arbitrary.
In particular, on the event €2,(9, ), for any g € B} (r) and for any x € R? with ||x|| = 1,

x"H,,'*D,(8)H,"*x — 1| <,

and hence, XTH51/2D,1(B)H;1/2X > 1—0 =: ¢y. Therefore

2,(0,r) C Q,(r), (22)
where Q7 (r) is the same event as in the proof of Theorem Bl Since P(£,(5,7)) — 1, it
follows that P(Q2(r)) — 1. D

Let ¢, = Amax (M, 'H,,). We consider the following boundedness condition:

(B) There exists ¢ > 0 such that 7,¢, < ¢ for all n.

Theorem 3.4. Under conditions (1Y), (DX), (CC) and (B),
M, g, = M,,"*H,. (B, — bo) + 0,(1).

Proof. Let n > 0 and € > 0 be arbitrary. We have to prove that there exists an integer
N, > 1 such that for all n > N, .,

P(|M, g, = M PH (B, — Bo)l| < m) > 1 —e.

Let ¢y € (0,1) be a constant which will be specified later, § = 1 — ¢y and 7 = L~/ %.

o
Let E*(r), Q(r) and Q,(r) be the same events as in the proof of Theorem Bl Let
2,(6,7) be the event in condition (CC). By 20) and (22),

EX(r)y N8, 7) C EX(r) N Q5 (r) € Qu(r).

Using Taylor’s formula and the fact that gn(gn) = 0, we infer that there exists 3, € B (r)
such that

=D, (E )(B - 50)
We multiply this identity by the matrix M, /2. We denote U,,(3) = H,"/*D,,(3)H, /> ~1.
We obtain
M;?g, = M;'*D,,(B,)(B, — Bo)
= M, *HY*U,,(B)HY2(B, — Bo) + M, *H,(B, — Bo).
Note that
1
)\min(H—l/ZM HT—Ll/Z)
1

= = (M, 'H,) = ¢
)\min(Hy_Lan) ( ) ‘

||M—1/2H1/2||2 _ )\maX(Hl/2M—1H1/2) _

11



On the event EX(r) N Q,(d,r), for all 5 € Bi(r), |Un(8)] < c1]|Un(B)||e < c1pd (since
all the elements of U, (/) are bounded in modulus by §), and so by condition (B)

125 1/2 1/2 1/2
n = \tnin 1 =
Mgy — M, YPHL (B, = B)| < (cumn)erpdr < ¢Peipsr
=l m @ [P oy
Co £
if we choose ¢y € (0,1) (depending on 7 and ¢) such that - -~ < 1+ 57—, /3,- This means

that
Ex(r) N Q,(6,7) € {|IM, g, — M, *H, (3, — 5o)|| <n}.

Similarly to (2I)), it can be shown that there exists IV, . > 1 such that
P(ENr)NQ,(0,1) >1—¢
for all n > N, .. The conclusion follows. O

We define Y; = (A7)~1/2e* and 47 = max D) yhere

n,g )

Tt = Ama (H 2D (V) DH).
We consider the following condition:

(N5) There exist constants 6 > 0 and K > 0 such that max;<, max;<,, E(Y] 2+2/5|X ) < K,
and there exists a constant K.\ > 0 such that 74" < K and (cn)\n)H‘;Kr(LD) — 0.

The following result is the analogue of Lemma 2 in [I1] in our case.
Theorem 3.5. Under condition (Ns), we have
M, g, < N, (0, I).
Proof. By the Cramer-Wold theorem, it suffices to show that for any A € R? with ||[A|| = 1,
MM g, — N(0,1). (23)
Fix A € R? with | Al = 1. Then A"M,, g, = ) " Z,; where Z,; = A"M, //*D] (V;)~'e;.
i=1
The variables (Z, ;)i<, are independent. By Lemma 2.4]
E[Z.i] = EN'M, D] (V) T E(e]1X))] =
Let s2 = Var(ATM,/?g,,). By Lemma 23
Sp = ZE(Zi,i) = > EN'M, D] (V) TE[ ()X (V) T DM, AN
' i=1
= BNM; Z D! (V 12*(Vj)‘1DZ~> M;, 12\ = EN" M, /MM, V2
_ )\TMn 1/2E[Mn] nl/2)\ _
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By the Central Limit Theorem for triangular arrays (see e.g. Theorem 27.2 of [2]), relation
([23)) will follow, once we prove that the following Lindeberg condition holds: for any € > 0,

lim » B(Z; I{||Znill > }) = 0. (24)
n— 00 — ’

[t remains to prove (24)). Let ¢ > 0 be arbitrary. Using the Cauchy-Schwartz inequality
xTy < ||x| - |ly]| for any p-dimensional vectors x and y, we see that

Zni < |NTMG 2DV 2P - [V 2P
= (\'M DY (V) TIDM AN - ()T (V) e
=T ()T (A7) VPRI () (A]) V%]

where 7, ; = AM,, L2DT(v¥)~1D,M; Y2\, Using inequality (@), it follows that
(1) (AD) VPR (@) (AT %e] < Ao (R (@)IYl* < Ml Y1
We obtain that L
Zrzz,i < Vnitn IYi][?,  for any i <n. (25)

We also need another upper bound for Z?2 ,, which is obtained as follows. By (),

TLZ7

Ti < Amax(H, V2D (V) TIDH, V2) - ATM, V2H, M, V2
< AN e (M V2P H, M H2).

n,i

Recalling that ¢, = Amax (M7 H,) = Amax (M Y2H, M-1/2) | we obtain that Vi < vﬁfz)cm
and hence
72 < cah Xy PUY|2, for any i < n. (26)

Coming back to (24]), and using (23] and (20), we obtain:

;mﬁﬂaedm&iﬁ%mﬂWM{WW ——@%&H

i=1 CnAnYn
_ n Y, |2 ? 2 1/68 N 2
<Sum By, I (¥lEmy > —= Vx|
iz1 SLome (@2 (me, A ))1/5 CnAn
- A K 178 Y, |2 1+1/(0)
< (B S (L) |
€ ’ m

1=

Since the function ¢(t) = t'*1/9 is convex,

m m

1o o) /0 1 ~q)\ 1+1/0 1 ~242/8
<E||Yi’| ) = <EZY’7) < EZYU’ ,

Jj=1 J=1

13



and hence, by condition (Nj),

1Y ]|2 1178 1 = o009/
EK ) XZ}<_ E(Y2X,) < K.
)] < e

Therefore

n £ (D) n
S B2 1 Zus > ) < R (P P e 375, ] (27)
i=1 =1

Note that, by the definition of 7, ;,
i%,z = "M i DI (Vi)™'DI )M, Y2\ = XM VPH M2,
i=1 i=1
Taking expectation on both sides of the previous equality, we obtain:
E[iﬁn} — NTM,PE(H,)M,2) = ATM; VPH, M A < .
i=1

Introducing this in ([21), we obtain:

n _ anKT(LD) 1/6 1/6 ~
Y ElZ: 02, >¢] < Anm<m72> Ken = m(%) (cadn) FO(E) 2.
’ £ €
i=1
The last term converges to 0 by condition (Ns). This finishes the proof of (24]). O
the following result is an immediate consequence of Theorems B.4] and

Corollary 3.6. Under conditions (1Y), (DX), (CC), (B) and (Ns),
M, H, (B, — B) = N,(0, I).
Remark 3.7. In practice, we replace the matrices M,, and H,, by
M, = > Di(B.)"Vi(B ) 'S (B Vi (Ba. a) ' Dy(B)
i=1

H, =Y Di(3,) Vi (B a) 'Di(B),
i=1

where S5(8) = (Y:—p:(8)) (Y —11:(8))7. Note that the weighted response Y5 depends on
the missingness probability 7;; which is unknown (see definition (@) of Y;%). Moreover, the
matrix VI(B\”, a) depends on Af(B\n) (see (I6)), which also depends on the probabilities
(7)1 <j<m (see ([0) for the definition of components o7 ;;(5),7 = 1,...,m of the diagonal
matrix A(5)). To avoid this problem, we may use a logistic regression model to “posit
the missing data process”, as suggested on page 155 of [13]. This consists in fitting a

14



logistic regression model to the complete data consisting of (I;, X;) for ¢ = 1,...,n, with
a new regression parameter 7. As in Example (applied to the case when Yj; is replaced
by I;;), we assume that I;; is a Bernoulli random variable with mean

exp(XF;7)

14 exp(XZﬂ) (28)

mij = (V) =

To estimate -y, we solve the classical GEE with working independence matrices R;(a) =1
forall i =1,...,n: (see equation ([{))

s exp(X7y) \
ZZXU(IU m)_o (29)

i=1 j=1

Let 7 be the solution of the equation (29). Then, in the calculation of Y} and o; ﬂ(ﬁn)
we replace m;; by T;; = m;; (7).

4 Verification of condition (CC)

In this section, we give some sufficient conditions which ensure that condition (CC) holds.
Proceeding as in Remark 1 of [I1] (see also Appendix A of [I1]), we write the derivative
of g,(B) as the sum of three terms:

D, (5) = %gn«a) — H(8) + B.(8) + Ea(8).

where H* () is given by ([d), B,(8) = Bg)(ﬁ) + Bg)(ﬁ), En(B) = 57(11)(@ + &(zz)(ﬁ) and

B(8) =Y XTdiag[Ri(a) ' AL(B) (s — mi(8))] GV ()X,

i=1
B ( }jﬁF o)~ Adiag [ — 1i(8)] G (B)X,
ZXleag o)A ()] GV (B)X;

ED(B) =Y XTFi()Ri(e) 'diag[e]] G (8)X..

=1

Here ng)(ﬁ) = diag(gi(f)(ﬁ), - ,gz(:; (8)) for k = 1,2, where

0 0
g i) = 9 (OXG and ooz [ol, (9] = 97 (B)X,

15



with functions gl(j1 )(ﬁ) and gi(]?)(ﬁ) given by:

wxtg) 2 (= 1) uXEB) (W (XE8) + 2 (X5 ) (XT5)
[U;jj (5)]1/2 Q[Uij (ﬁ)]?’/z

2) 2 (TIJ - 1) n(X5B) ' (X 6) + %ju”(Xg )

9ij (5) == 2[0*“(5)]3/2 (31)

We treat separately the three terms. For this, we introduce the same constants and
smoothness assumption as on pages 330-331 of [11]:

9 (B) = (30)

. <n Amax (Ri() ")
(0 _ XTH1X.. * _ (0) _ MaX1<i<n Amax (T .
Tn I?Sa;LXIJHS%(( wn U)’ Tn TnTn s T minlgign )\min(Ri(Oé)_l)

Assumption (AH). kY = O,(1) for i =1, 2,3 where

W (XEB) w(X50)
KO = sup max ——2 = kD = sup max -
ey 1 (XEP) ey i W (X5P)

We impose the following assumption on the missingness probabilities:
Assumption (M). p, = O,(1), where
1

pPn = Maxmax —.
isn jSm
Assumption M says that for any € > 0, there exists a constant C. > 0 and an integer
N; > 1 such that for any n > N,, with probability greater than 1 — ¢, m;; > C; for all
t <n and j < m. Intuitively speaking, this means that the missingness probabilities 7;;
are bounded away from 0. Note that the case when all probabilities 7;; are equal to 0
corresponds to the case when all the data is missing.
The following three lemmas are the counterparts of Lemmas A.1.(ii), A.2.(ii) and
A.3.(ii) of [I1], when the covariates are random and the responses are missing at random.

Lemma 4.1. Suppose Assumptions (AH) and (M) hold. If m,~; 50 then

Ssup sup sup |XTH;1/2H;(5)H;1/2y — xTy| £o.
lIx[|=1[lyll=1 Be B} (r)

Lemma 4.2. Suppose Assumptions (AH) and (M) hold. If w2~} 50 then

sup sup sup |x'H;Y?B,(3)H;%y| 5 0.
Ix[|=1[lyll=1 BeB;;(r)

Lemma 4.3. Suppose Assumptions (AH) and (M) hold. If v 5o, mg%ﬁ‘” = 0,(1) and
w2\ E(7,) 5 0 then

sup sup sup |xTHY2E,(B)H Y2y 5 0.
lIx[|=1[lyll=1 BeB;;(r)
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Proof of Lemma E.I: Writing F;(8) = F,; + (F;(8) — F;) in definition (I9), we obtain

that
3

x"H,PH; (B)H, Py - xTy = Ty(x,y) + Y _Ti(B,%,y),

i=1

where Ty(x,y) = x'H,, l/QH*H 1/2y —x'y and

T(B,x,y) = zn:XTHfLmXZ-T(Fi(ﬁ) —F)R;(a)  (Fi(8) - F)XH, Py (32)

i=1

(8, x,y) = Y x"H,'*XI(F;(8) - F))R;(a) ' F:X;H, %y
=1

Ty(8,%,y) = Y x"H, "X FiR,(0) 7 (F,(8) — F)X.H, 2y,

i=1

To treat To(x,y), note that HY = > U, where U; = D (V)"'D;,i = 1,...,n
are iid. random matrices. By the strong law of large numbers, 1H; — E(U;) a.s
(component-wise), and hence ||1H? — E(U;)|| — 0 a.s. Since H,, = nE(U;), we obtain:

|H,PHH, "2 — 1] - 0 as. (33)
Therefore, sup, , |To(x,y)| — 0 a.s. Using inequality (), we have:

sup [T1(8,x,y)| <y sup max A2 (F7UF(8) — 1) - sup [xTHV2H H- 2y
Xy

x,y,5

= WnOp(’Vn)Op(l) = M7, 0p(1) = 0p(1), (34)

where the first equality above is due to Lemma [A.4] (Appendix A) and relation (33).
To treat T»(f3,%x,y), we use Cauchy-Schwatz inequality: for any p-dimensional vectors

(ai)izl ..... n and (bz’)izl ..... n

Tb;

< (o) (3owm) " @)

i=1

Letting a; = xTHZLl/zX;fFF,-Ri( )12 and b! = R;(0)V2(F; 'Fi(8)—-DR;(a) " 'F, X, H,, %y,
we obtain |T3(8,x,y)| < T4(x)V2TY (8, y)1/2, with T%(x) = xH, /*H*H, "*x and

max

Arguing as above, we get supg . o [T2(3,%,y)| = 0,(1). The term T3(3,x,y) is similar. [J

Proof of Lemma [4.2: We begin by treating Bg)(ﬁ). Note that for any p x p diagonal
matrix A and for any p-dimensional vectors v and w,

diag(v)Aw = Adiag(w)v. (36)
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We use this with v = Ry(a) A7 (8)"/2(u: — m(8)), A = GV(8) and w = X;H, "y,
We obtain that XTHﬁl/ng)(ﬁ)Hﬁl/zy is equal to

i x"H, XTI G (B)diag(XH, 2y)Ri(a) T A (B) 2 (s — pa(8).

i=1
Using Cauchy-Schwarz inequality (35, it follows that
X"H B (B)H, Py | < 81(8.x,y) 252 (8)'?, (37)

where

Si(B.x,y) =Y x"H, XTI G (8)diag(X;H,, "y R, (o) ' diag(X;H,, %y) (38
i=1

G (8)X;H, " *x

n

Sa(B) = (i — pa(B))T A (B) P Ri(e) A (B) (s — p1i(3))- (39)

i=1

Using ([{l) and the fact that

A2 (diag (XH;, 2y )) < A9, (40)
it follows that
Si(B.xy) < A0 xTH VXTI [GH (8))PXH, x (41)
=1

< A max Ao (Ri(@) °F [GEY (8)F ' Ri(0)/?) - x"H, VP HH,  x

< m) max AL, (F7'G{Y(6)) - xH/PH; H, .

max

By relations (59) and (G0) (given in Appendix A), max;<, A2 (F;ngl)(ﬁ)) = 0,(1). By

max

Lemma [LT], supj - (XH;1/2HZH;1/2X) = O,(1). From this, we infer that

sup sup sup Si(6,x,y) < v V0,(1). (42)
[xl=1 llyll=1 BB (r)

We now treat S(3). By Taylor’s formula, for any 3 € Bj(r), there exists 8;; € B;(r)
such that p1;;(8) — i (Po) = (X5 8, X5 (8 —fo). Then pi () —pi = AiXy(5—fo), where
A, is the diagonal matrix with entries z/(XJ;5,;),7 = 1,...,m. Note that AAL(B)7V? =
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Az (B)"Y/2A,; since A; and A¥(3)~/? are diagonal matrices. Using inequality (1), we get:

So(B) =Y (8= o) XTA;(B) /P AR, () "AAL(B) X8 — Bo)

i=1

= Zn:(ﬁ = Bo) " XTFi(B)A:(8) " AR (@) T AA(B)TTF(8)X(8 — fo)

i=1
n

< X max AL (AGA(B) ™) D (8 = o) 'XTTFA(B)Xa(5 — fh)
- i=1
< o max N (AiA(8) ™) - (8 = o) THL(B)(8 = fo)
< o e A (AGAG(5) ™) - [[H2HE () H 2 [HG (5 — o) |

max

< max A (AGAG(6) ™) - [[HGPHG (B)HG V2| 7

max n

By Lemma Il supgep. () [Hn /2H;(8)H, 2| = 0,(1). Note that A;A;(5)7" is a di-
agonal matrix with entries p/(XJ;3;;)/1/(X55),5 = 1,...,m. By relation (B9) (given in
Appendix A), it follows that supge g, () Maxi<n Ax (AiA(B) 1) = Op(1). Hence,

max

sup  S2(8) < 11 Op(1). (43)

peB;(r)
Using relations (37), (42) and (3), we infer that

Sup Ssup sup ‘XTH;UzBS)(ﬁ)Hr_LIMY‘ < Wn(V;;)lpOp(l) = 010(1)-
lzll=1 llyl|=1 B€B;; (r)

We continue with the treatment of B (B). Using relation (B6), we see that

x"H, B ()H, Py = x"H XTI F(8)Ry() " diag(XH,2y) G (8) (11— p(8)).

i=1

We use Cauchy-Schwarz inequality (5] with a7 = x7H,, "*XTF;(8)R; ()~ 'diag(X,;H, " %y)
G (5)A1(5)"Ri()"/? and b; = Ri(a)~/2AL(5)™"* (s — us(5)). We obtain:

x"H, '?BP(B)H,*y| < S3(8,%,y)"/%S:(8)"?, (44)

where Sy(/3) is given by (89) and

S5(8,%,y) = fjxTH,:l/QXZ-TFi<5>R2-<a>—1diag<XiH;1/2y>G§2’ (B)AL(B)*Ri(or) (45)

i=1

A7(8)2GY (8)diag(XH, ' y)Ri(a) ' Fi(B)XH, ' x.
Using inequalities (Il) and (40), we obtain that:

S3(8,%,y) < mr? max A2 (A7 (8)'2GE (8)) - X H, /PH; (B)H, ' x.

n max
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Note that AZ(8)/2G*(B) is a diagonal matrix with elements , /o’ ]](ﬁ)gf)(ﬁ),j =1,...,m.
)

By Lemma [A3] (Appendix A), supsep: (,) max;<, A2 (AX(B)V2GP ()
Lemma [4.], we obtain:

sup sup sup Sy(8,%,y) < 1y D0,(1). (46)
lz||=1[lyll=1 BB, (r)

Using relations (@), ([A6]) and (@3]), we infer that:

sup sup sup [x"H,PBR(B)H, 2y | < m(77) 120, (1) = 0,(1).
=1 Iyll=1 5€B; ()

U
Proof of Lemma [4.3: We first treat the term &(Ll)(ﬁ). Using relation (30]), we see that

xTH, e (B)H, Py = > xTH,VPXT G (8)diag(XH, 2y ) Ri(a) T AL (B) %

1=1

= Ui(x,y) + Us(B,x,y) + Us(B,x,y),

where
U _ - Try-1/2xT () 3 r-1/2 =1 A *\—1/2 %
1(X> Y) - ZX Hn Xz Gz dlag(Xan y)R,(a) (Az) Ei
i=1

Us(8,%,y) :anxTH;WXZ GV (8)diag(X;H, "2y Ri(e) ' (A7(8)7* — (A]))e;

i i
=1

Us(8,x,y) = > x"H,'?XT (G (8) — GI") diag(X;H, /2y)R;(a) 7" (A}) ™27,

i=1
We first treat U;(x,y). By the Cauchy-Schwarz inequality (35,
‘Ul (Xu y)| < Sl (/807 X, y)1/2U1/27 (47)

where Sl(ﬁ X,y) is given by (BBI) and U = Y1 W, with W; = (e1)T(A7)"Y2R;(a) !
(A7)~/2ez. Using the fact that x"x = tr(xx”) for any p-dimensional vector x, we obtain:

E(W;)

E[E[tr{Ri(a)‘l/z(A*) Y26} (5) (AT ()X
Eltr{R;(a) (A} 2E[ () T1Xi] (A]) T Rala) 2]

= Eltr{Ri(a) " *RiRy(0)"?}] < mBEAnax (Ri(@) "’ RiRi(a)™/2)] < mE(r,),

for any ¢ = 1,...,n, using (I5) for the last equality. Hence, >, E(W;) < mnE(7,).
Since {(Y,,X,,I )} ,,,,, n are 1id., (W;);=1. ., are independent. Therefore, by Cheby-
shev’s weak law of large numbers, 22:1(Wi — E(W;)) = 0,(n). Hence,

U < o,(n) +mnE(r,). (48)
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Using (A7), (#2), (48) and the hypotheses of the lemma, it follows that

sup sup [U(x.¥)| < {77 Q0,(n)) 2 + (1O E(7,)) 1230, (1) = 0,(1).

Next, we treat Us(f3,x,y). By the Cauchy-Schwartz inequality (B3]), it follows that
|Us(8, %, )| < Us(8,%,y)2U*2, (49)

where U is the same as above and

U(8.x,y) = Y x"H,2GY(8)diag(X:H, /y)Ri(a) ™ (A7(8)/2(A)? — ) Ri(a)

i=1

(AZ(B)V2(ADY2 ~ T)Ri(0)  diag(X;H, /2y)G (" (5)H, x.

Using inequalities () and (40), we see that

U3(8,%,y) < mahal max AL, (A7 (5)7/2(AD)Y2 - ZXTH V2XT(GH (B)PXH, .

max
=1

Proceeding as in ([{I]) and using Lemma [A.2] (Appendix A), we get:

sup sup sup  U3(6,x,y) < oy Op(1). (50)
=1 yll=1 553 ()

Using (49), (50) and (48]), we obtain by the hypotheses of the lemma that

sup sup  sup |Us(8,%,y)| < {(721D0,(n))"* + (x27OnE(7,)) *10,(1) = 0,(1).
lz]|=1||y||=1 B€B;; (r)

We now treat Us(3,%,y). By the Cauchy-Schwartz inequality (B5), it follows that
|Us(8,%,y) < Us(8,%,y)" U2, (51)

where U is the same as above and

U(B.x,y) = > x"H,2(G{(8) — GIV)diag(X;H, *y)R;(a) " diag (X H, /2y
=1

(G(8) - GI")XH, .
Using inequalities () and (40)), it follows that

U3(8,%,y) < moyd max AL (F; (G (8) — GiY)) - xTHPHH, A

The matrix F;l(Ggl)(ﬁ) - Ggl)) has j-th element given by

9 (8) =9 (B) _ 9 (B)  fu(B) 9y (Bo)
fi(Bo) fi(B)  fij(Bo)  fii(Bo)
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By relation (60) (Appendix A), max;<, A2

2 (FTHGHM(B) — GM)) = 0,(1). By Lemma
il

)

sup sup sup UL(B,x,y) < D0, (1). (52)
lzl=1[lyll=1 BB (r)

Using (B1)), (52) and (@8]), we obtain by the hypotheses of the lemma that

1/2 1/2
sup sup sup [Us(8,%,3)| < {(mao,(m) 4 (rrPn () 10,(1) = 0,(1).
z||=1||y||=1 BeB;; (r

We now treat &) (). Using (B4, we see that

xTH, 2R (B)H, 2y =) xTH,V2XTF (B)Ri(0) ~ diag(XH,, 2y) G (B)e]
i=1

= Us(x,y) + Us(B,x,y) + Us(B, %, y),

where
Us(x,y) = > x"H, " *XTF.R;(a) 'diag(X.H; 2y)GV <}
=1

Ui(8,x,y) = > x"H,'?XT (F;(8) — F;)R;(0) ' diag(X;H, 2y) G (B)e;

i=1

Us(B,x,y) = Y x"H, " ?XIFRi(o) ' diag(X,;H, " *y) (G (8) — G{)er.

i 7
1=1

By the Cauchy-Schwarz inequality (B3)), |Ux(x,y)| < S5(8o, %, y)Y2U"2, where S3(83,x,y)
is given by (@) and U is the same as above. Using (@0]) and (48), it follows that

sup sup |Uz(x,y)| = 0p(1).
Jall=1 flyl=1

Similarly, [Us(8, %, )| < Uj(Bo, x, y) /202, where

U8, x,y) = Y x"H,'2XT (F;(8) — Fy)R;(a) " diag(X;H, 2y) G (8)(A])*Ri(a)

i=1
(ADY2G P (8)ding(XH, V2y)R(0) ™ (Fi(B) — F) X.H, ox
Using inequalities ([Il) and (40), it follows that

Ui(8,%,y) < mol) max AL, (G (8)(AT) V)T (8, x, %),

max

where T (8,x,y) is given by B2). The matrix G\? (8)(A7)"/2 has j-th element given by:

U;jj(ﬁo) gz(jz)(ﬁ) = Z*H



By Lemmas and (Appendix A),

sup max A2, (G (8)(AD)Y?) = 0,(1). (53)

. max (A
BeB;(r) 1SN

Using (B4)) and the fact that v = 0,(1), it follows that

sup sup sup Uj(3,x,y) < wi%(f)y;;Op(l) = 7TT2L’}/7(10)0p(1).
BeEB; (1) x[I=1[lyll=1

Using ([48)) and the hypotheses of the lemma it follows that

sup sup sup |Us(B,x,y)| = 0,p(1).
BBy (r) xI|=1 ly|=1

It remains to treat Us(f,x,y). By Cauchy-Schwarz inequality (33]),
|Us(8,%,y)| < Ué(ﬁ,x, y)1/2U1/2’

where U is the same as above and

U8, x,y) = > x"H, ' ?XTF;R; (o) diag(X;H, 2y)(GP (8) — GIP)(AD)/*Ry(a)
=1

(ANVHGP(B) — G )diag(XH, V2y)R, (o) ' FXH, 2k,
Using inequalities (II) and (40), it follows that Ug(83,x,y) is less than or equal to

T max A2 (G (AN max 2, (G ()(GE) ™! = 1) - x"HL VL H, o

max - max i
i<n

By (B3), maxi<, A2, (G (A})?) = O,(1). By Lemma [T sup, x"H,,*H;H,"*x =

0,(1). In can be shown that max;<, max;<, A2 (G?(8)(G?)~1 —1I) = 0,(1). Arguing
as above, we infer that

sup sup sup |Us(B,x,y)| = o,p(1).
BBy (r) xI|=1 ly|=1

O

5 Real-life example

In this section, we discuss an application of our method to a subset of the real-life dataset
taken from [9]. This subset consists of n = 250 preschool age rural Indonesian children
which were examined every 3 months for 18 months for the presence of a respiratory
disease. So each child was observed on m = 6 occasions. The response Y is a binary
variable which takes value 1 if the respiratory disease is present and value 0 if the disease is
absent. We consider a marginal logistic regression model (see Example [Z3]) with intercept
parameter 3y and 3 covariates: X is a binary variable with values 0 and 1 giving the
gender, X is another binary variable with values 0 and 1 giving the vitamin A deficiency,
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and X® is the child’s age in years at the beginning of the study, with possible values
1,2,...,7. In this case, pu(z) = e*/(1 + €”). The model is
logit(Vyy) = fo + i X + B X+ BXY), i=1,...n, j=1,....m.

1y

Here 8 = (o, 51, B2, B3), s0 p = 4. We let X;; = (X, X, X2 X)) where X)) = 1.

Since this data does not contain missing values, we generated missingness 1nd1cat0r
variables I;; using a Bernoulli distribution with probability 0.95 of success. This gives
3.33% missing responses.

We fit a logistic regression model with parameter v to the complete data set consisting
of (I;,X;) for i = 1,...,250, and we solved equation (29). The root of this equation is
7 = (3.514,0.025,0.391, —0.076). The estimates 7;; for the missingness probabilities 7;;
are calcualted using the formula 7;; = 7;;(), where m;;(7) is given by ([28). We compute
the inverse probability weighted responses
. Yily
Y;'j - @
and we solve the working independence GEE with weighted responses, which in this case
is a system of 4 equations:

" exp(XE
S X0 (v - p( “ﬁT) —0, 1=01,23
J 7 1+ exp(XY;8)

i=1 j=1

yielding the root B™4P = (—0.444, —0.552, 0.258, —0.066).
We now apply our method to the dataset described above. We start by computing
the standardized values Y;; = Y;;(™%P), where

- Y —
708 = i tld)
;5 (B)

and o7 ;,(3) was calculated using (I0) with 7;; replaced by ;.
Recall that the conditional correlation matrix R} of Y; given X; has elements:

e B = (8D (i — (81X
Vo (B) - \[oi(8)

To estimate the matrix R}, we use the same matrix R;(a) = R = (Tjk)jk=1,...m for all i,

with 7j; = 1 for all j =1,...,m, and for j # k, 7}, are as in Examples 2 and 3 of [0]:
Case 1: (1-dependent) 7, = 0 if [j — k| > 2 and 7} ;.1 = Tj41; = @; where

= E[iy(ﬁ)ik(ﬁ”xl]

1 n
a; = ViYiia, j=1,....m—1
7 n— p; ,J+1 J

This produces the values a; = 0.534, @y = 0.559, a5 = 0.562, a4 = 0.443, a5 = 0.521.
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1-dependent | estimate | s.e. | p-value || exchangeable | estimate | s.e. | p-value
intercept -0.448 | 0.268 | 0.095 intercept -0.447 | 0.272 | 0.101
gender -0.487 | 0.219 | 0.026 gender -0.550 | 0.220 | 0.012
vitamin A 0.243 | 0.224 | 0.279 vitamin A 0.256 | 0.226 | 0.256
age -0.068 | 0.056 | 0.220 age -0.065 | 0.056 | 0.241

Table 1: Parameter estimates, standard errors (s.e.) and p-values for Case 1 (1-dependent)
and Case 2 (exchangeable) correlation matrices

Case 2: (exhangeable) 7j, = a for all j,k =1,...,m with j # k, where

Ead

n m k-1
A S S , m(m — 1)

E Yii Yk th N=n——m—=
o = W1 n 9

1 k=2 1

<.
Il

This produces the value a = 0.492.
Using these two cases, we solve equation ([I7)), taking into account that in the calcu-
lation of o7, (5), mi; is replaced by %Z-j. This consists of a system of 4 equations:

i (Xﬁ )

\/ 2]3 \/ zkk

. We obtained the following estimates:

=0, 1=0,1,2,3,

where W = R~

B(l) —
5(2) —

To evaluate the precision of these estimates, we compute the standard error of these
estimates and the p-value of the two-sided test for § = 0, using the asymptotic normality
of 8 given by Corollary

= (Wjk)jk=1,...m
(—0.448, —0.487,0.243, —0.068)
(—0.447, —0.550, 0.256, —0.065)

for the 1-dependent case

for the exchangeable case.

B3 - 8) ~

Where B =H_ 'M,H_ ' We estimate the matrix B by B= H 11\/I H ! with matrices
l\/I and H computed as in Remark B77l From (54)), we deduce that B [ has approx-
imately a p-variate normal distribution with mean vector 0 and covariance matrix B.
Hence, for [ =0,1,2,3, B(l) — By = N(0,b;), where b, is the [-th element on the diagonal
of B. It follows that the standard error (s.e.) of BO s s{g(l)} = /b, and the p-value of
the test of Hy: f; = 0 versus Hy : 5, # 0is 2P(Z > \B\(l)/\/bﬂ) In Table 1, we report the
estimates, their standard errors and p-values for the two examples of correlation matrices
considered above (1-dependent and exchangeable).

Ny(0.1), (54)

We conclude that at a 5% significance level, we reject the hypothesis 8; = 0, but we do
not have enough evidence to reject the hypothesis 5 = 0 or the hypothesis f3 = 0. This
means that the gender seems to have a significant effect on the presence of respiratory
disease, but vitamin A deficiency and age do not influence the presence of this disease.
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A Some auxiliary results

In this appendix, we gather some auxiliary results which were used in the proofs of Lemmas

4.1l A2 and 4.3

Lemma A.1. Suppose Assumption (AH) holds. If ER 0, then

“/(Xg;ﬂ) 4l #\1/2
(X7 o) 1l = Op((7)77) (55)

Sup max max
BEBx(r) 1SN j=m

M _ — x\1/2
Nz(XZﬂO) 1 = Op((72) 7). (56)

sup max max
BeBy(r) 'Sn =M

Proof: This follows by Taylor’s formula, using the fact that LY = O,(1), respectively
kY = O,(1). See also Lemma B.1 of [11]. O

Lemma A.2. Suppose Assumption (AH) holds. If ), 50 then

0753(5)
U;jj(ﬁO)

sup max max

. . n
BEB: (r) <N j=m

~1 = 0,62

U;jj(ﬁ)

Uf,jj (Bo)

Proof: Note that — 1 is equal to

W (XEB) — 1/ (XEBo) + (L - 1) (' (X58) — 1 (X5 B0) + 1*(XB8) — 1*(XT;50))
#(X580) + (5 = 1) ((XEB) + u2(X5 o)

Since 4 is non-negative and m;; <1,

L) < WXEB) — 1w (XE )| | wXEB) — 12(XE )
U;jj(ﬁ(J) N M/(Xz;ﬁO) Nz(Xz;ﬁO)

The conclusion follows by Lemma [Al [

Lemma A.3. Suppose Assumptions (AH) and (M) hold. Then

* (2) -
b macmax (1/o1,,(5) 1 (9)]) = Oy(1).

Proof: Recalling definition (31I) of gi(f)(ﬂ), we see that:

1 1
L 1) p(XEQ) (XEB) + L (XEB)

(2) 2 (
O-;'k,jj(ﬁ) 9ij (B)=— 207 (B) )
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and hence

- @ 1 WXL (XEB) 1 " (XEP)]
= (5 ) e e

*

In the first term on the right-hand side of this inequality, we use the fact that o} ;;(3) >
(% — 1) (W (XLB) + p*(XE8)) > (ﬂ—lm — 1) (X 3), whereas for the second term we use

the fact that o7 ;;(8) > p/(X];3). We obtain that

! T " T
[ 2) < | (X555 1| p"(X50) < 1.0 1

The conclusion follows by Assumptions (AH) and (M). OJ.
Lemma A.4. Suppose Assumptions (AH) and (M) hold. If ~; 50 then

fi;(B)

sup max max
pEBy(r) TSn JSm

~1| = 0607,

Proof: Recall that E)’%fij(ﬁ) = gi(;)(ﬁ)XiTj. By Taylor’s formula, for any § € B (r), there

exists Bij c B;’;(’f’) such that fU(ﬁ> — fzy(ﬁO) = gl(;) (BZ])XZI;(ﬁ — B(]) Since
X358 = Bo)ll < IXEHL Y2 - [HY2(8 — Bo)ll < (3) 2 (m)2r = (),

it follows that )
fij (B) gfj)(ﬁij) fij(ﬁij)
fi5(Bo) fii(Bij) i (Bo)

o -~ fuB) _ HXGB) /9850
By definition [I8) of f;;(53), we have ey = u’(Xﬂjﬁo) NCOR By Lemmas [A.T] and
A2

(y2)' . (58)

_1#

’ £is(B)
fij (50)

A direct calculation based on definition (B0) of gl(j1 )(ﬁ) and relation (B57)) shows that

= Op(1). (59)

sup max max
BeBy(r) SN =M

(1) " T
9ij (5) (ijﬁ) *
£i®) Z’<X£ﬁ> +1/0755(8) 95 (8B)-

By Assumption (AH) and Lemma [A3] it follows that

9(8)
fii(8)

The conclusion follows from relations (58)), (59) and (60). O

sup max max
BEBy(r) 'Sn =M

’ = 0,(1). (60)
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