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ABSTRACT. An important consequence of the theory of entropy of Z-actions
is that the events measurable with respect to the far future coincide (modulo
null sets) with those measurable with respect to the distant past, and that
measuring the entropy using the past will give the same value as measuring
it using the future. In this paper we show that for measures invariant under
multiparameter algebraic actions if the entropy attached to coarse Lyapunov
foliations fail to display a stronger symmetry property of a similar type this
forces the measure to be invariant under non-trivial unipotent groups. Some
consequences of this phenomenon are noted.

1. INTRODUCTION

Let M = [T,~, SL(d, k) with k; local fields of either zero or positive character-
istic (not necessarily the same for all £). Let G be a closed subgroup of M, T" a
lattice in G and aq, a9, ..., a, be r elements in G so that for every i, all of the com-
ponents of a; in SL(d, k) are diagonal matrices; in particular all the a; commute.
For n € Z" we denote a™ = af''...al".

Suppose 1 < ¢ < m and for distinct 1 < 4,7 < d let Efj denote the elementary
unipotent subgroup of SL(d, k¢) with one on the diagonal, arbitrary element of k; on
the 7, j entry and zero elsewhere. Then there is some linear functional v : Z" — R
so that for every h € Ef;

la®(h — 1)a™®| = e*® |n — 1]

These functionals will be called the Lyapunov exponents of the action of a on M,
and the set of such functionals will be denoted by ®. Two Lyapunov exponents
a,a’ € @ will be said to correspond to the same coarse exponent if o = ca/ for
some ¢ > 0. The equivalence class of a Lyapunov exponent o under this equivalence
relation will be denoted by [a], and the set of equivalence classes, a.k.a. the coarse
Lyapunov exponents will be denoted by [®].

For every n € Z" we define the corresponding expanding horospherical subgroup
G of G by

GIZ{gEG:a_jngajnﬁlasj%oo}.
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We can attach a subgroup Uj,) to every coarse Lyapunov exponent [a] € [®] as
follows:

U[a] = ﬂ G:

n:a(n)>0

Somewhat more explicitly, let M, denote the subgroup of M generated by all
elementary one parameter unipotent groups Efj for which the corresponding Lya-
punov exponent is in [a]. Then it can be shown that Uy, = G M],. Note that our
definitions imply that if & € ® so is —a, but it may well happen for some G that
Ulq is nontirivial but Uj_,) = {1}. We will say that a coarse Lyapunov exponent
[a] is a coarse Lyapunov exponent for G (or appears in G) if Uj) # {1}.

Let p be an A-invariant and ergodic probability measure on G/I. To each

coarse Lyapunov exponent [a] € [®], we attach a system of leafwise measures ug[f‘].

Formally,  + p3 " is a Borel measurable map from G//T" to the space of equivalence
classes up to a positive multiplicative constant of locally finite measures on Ul
satisfying a suitable growth condition (enforcing such a growth condition makes
the space of locally finite measures up to a multiplicative constants into a compact
metrizable space).

[ma] (o]

Let L[Ea] be the group of u € Ul satisfying that pu; u = pz . As a locally
compact nilpotent group, Ig[ca] is unimodular. It would be convenient to have also
a notation for the Haar measure on L[Ea] considered as a locally finite measure up

[od Using Poincare

to multiplicative constant — we denote this measure by s, ..
recurrence and ergodicity one can easily show that if Ig[ca] is nontrivial on a set
of positive p-measure then it is nontrivial a.s. and moreover contains arbitrarily
small and arbitrary large elements of Ul,), i.e. the group Ig[ga] is neither discrete nor
bounded.

We define for n € Z" and « € ® with a(n) > 0 the entropy contribution of « for
n, denoted by D, (n, [a]), and the entropy contribution from the invariance group

Dy (n, [a]) by

) _ log MLCO‘] (a—fngoaén)
D, (n,[a]) = éhrn 7
(1.1) o [o] ¢ ¢
inv L —log py (a7 Q0a™)
DY (n,[a]) = lim

£— 00 /

)

where g is a relatively compact open neighborhood of 1 in Up,). For notational
convenience, we set D, (n,[a]) = D™ (n,[a]) = 0 if a(n) < 0. Formally, these
quantities depend on the choice of z € G/I' and strictly speaking to make sense of
the expressions inside the limits above one needs to choose a particular measure in
the proportionallity class 1. and ,uf‘], - Both limits in (II]) are known to exist
and moreover 7

for every n,m € Z" with a(n),w(m) > 0 (and similarly for D (e, [a])) — see
e.g. . We will write a® for the group {a™ :n € Z"}.
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Theorem 1.1. Let v be an a®-invariant and ergodic measure on G /T, with a®, G
and T' as above. Let [a] € [®] and n € Z" satisfy a(n) > 0. Then

D, (n,[a]) = Dy(n,[a]) = Dy(—n, [—a]).

In particular, if D,,(n,[a]) > D, (—n, [—q]) the invariance group 1) contains ar-
bitrarily small and arbitrary large elements. Moreover, if D,(n,[—a]) =0, and in
particular if U_q = {1}, then u[ma] = /43‘]/:5 a.s.

For o for which Uj_,) = {1}, Theorem [[.T] essentially reduces to the main tech-
nical result of Katok and Spatzier’s paper [KS| (see also [KK]). The symmetry
of the entropy contribution has been an important component in the classifica-
tion of measures invariant under a maximal split torus in semisimple groups, e.g.
[EKT) Cor. 3.4], [EL2] Thm. 5.1]. In those papers, this symmetry was derived from
more detailed analysis and using additional structure; the main point of this paper
is that this symmetry is a rather general feature of higher rank diagonal actions.
Thus one can view Theorem [T as a common generalization of both the techniques
of [KS] and the above auxiliary results from [EKTI[EL2].

Specializing further, we obtain a sharper result in the same vein. Suppose now
all the local fields k; are either R or @, (of course, more than one prime p may
be used). Suppose further that aq,as,...,a, are not only diagonal but satisfy the
following further assumption:

Class-A’:

The components of all a; over R are positive diagonal matrices, and for every Q,

there is some 0, € Q)¢ with |0, > 1 so that all the entries in the diagonal of the

Qp-components of all the a; are powers of 8,,.

Theorem 1.2. Let G be as above, I' < G a discrete subgroup, and assume that
ai, ..., a, satisfy the Class-A' assumption. Let u be an a®-invariant and ergodic
measure on G/T. Then there is a closed subgroup L < G containing the group {a®},
an element go € G and a closed normal subgroup (possibly trivial) H < L so that p
is H-invariant and supported on the single L-orbit L.[go]r, go_ngO NI is a lattice
in gy "Hgo, and if 7 : L — L/H is the natural projection A = m(goTgy* N L) is a
discrete subgroup of L/H. Moreover, the corresponding ay = w(a1), ..., a1 = 7(ay)
invariant probability measure i on (L/H)/A satisfies that for each coarse Lyapunov
exponent [a] € [®] and for every n € Z",

(1.2) Dy(n, [a]) = Du(=n, [-a]).

In (L2)), the entropy contributions Dj(n, [o]) are defined as above using the
leafwise measures for the action of 7(Upy)) on (L/H)/A.

To illustrate better the implications of Theorems [I.1] and we consider the
action of the full diagonal group A < SL(n,R) on SL(n,R) x R"/SL(n,Z) x Z".

Theorem 1.3. Let G = SL(n,R) x R” and T' = SL(n,Z) x Z", and let A be
the mazimal diagonalizable subgroup of SL(n,R) < G for n > 3. Let pu be an A-
invariant and ergodic measure on G /T such that for some a € A the ergodic theoretic
entropy hy(a) is positive. Then either p is homogeneous or p is an extension of a
zero entropy A-invariant measure fi on SL(n,R)/SL(n,Z) (i.e. hy(a) = 0 for any
a € A) with Haar measure on the fibers of the extension G/T' — SL(n,R)/ SL(n,Z).

In addition to Theorem[I.1] the proof of this theorem uses a measure classification
results by A. Katok and the two authors of this paper [EKL] and a result from our
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paper [EL3]. We note that the proof of Theorem also uses a previous measure
classification result — the classification of invariant measure under groups generated
by one-parameter unipotent subgroups in the setting of products of real and p-adic
linear algebraic groups by Ratner [R4] and Margulis and Tomanov [MT1], extending
Ratner’s measure classification theorem in the real case [R3].

2. PRELIMINARIES ON LEAFWISE MEASURES

We recall some basic facts about the construction of leafwise measures. These are
defined in [ELT] §6] in the following general setup: let X be a locally compact second
countable metric space, and U a unimodular locally compact second countable
group equipped with a proper right invariant metric. Let BY (u) denotes the open
ball of radius r around u € U, and BY = BY(1). We assume U acts continuously
on X (i.e. the map (u,x) — w.z is a continuous map U x X — X) which is locally
free, i.e. for every compact K C X there is a § > 0 so that for all x € K the map
u — w.z is injective on BY. Let Ay denote the Haar measure on U normalized so
that Ay (BY) = 1.

Given a strictly positive function p on U we can consider the space PMZ (U)
of equivalence classes under proportionality of Radon measures 9 on U for which
Jiy p(u) dd(u) < oco. For a locally compact second countable group U one can
introduce a metric on this space under which it is relatively compact. Indeed, one
may take a sequence f; € C.(U) spanning a dense subset of C.(U), and define

o = Ny | Ju fiedv(w) [y fipd (u)
d( ) ) ;2 fUpdV(U) fUPdV/(U)

The space PM* (U) depends implicitly on the choice of p, but we shall keep this
dependence implicit in our notation. We say that a countably generated o-algebra
A of subsets of X is subordinate to U on'Y C X if for every x € Y there is some
0 > 0 so that

(2.1) BY .x C [x]4 € BY., ..
If x satisfies ([2I), we say that [z] 4 is a U-plaque for x.

Proposition 2.1 ([ELI, Thm. 6.3 and Thm. 6.29]). Let X, U be as above. Then
there is a strictly positive function p on U so that for every probabilily measure
on X such that the action of U on (X, ) is a.e. free, we have a Borel measurable
map x + pY from X to the space of proportionality classes of Radon measures
PMZ (U) with the following properties:

(1) there is a co-null set X' so that for every x € X' and u € U for which
uw.x € X' we have that p¥ = p¥ u, with p% u denoting the push forward
of uY . under right multiplication by wu.

(2) for a.e. x € X, we have that 1 € suppuY (i.e. the identity is a.s. in the
support of uY ).

(3) suppose A is a countably generated o-algebra subordinate to U on'Y C X.
Forz eV, let V, .= {ueU:ux€[z]a}. Then for p-ae. z €Y, the
conditional measure (ju|p)2t on [x]4 is proportional to (uY|y, ).z, i.c. the
pushforward of uY |y, under the map u — u.x.
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(4) for any r, T o0 and b, > 0 such that Y., b,* < co we have that

= nY (BY)
1m

el

for p-a.e. x.

For proof, see [ELI] §6]. Part (3) is stated in a slightly different but equivalent way
in §6], see §7.24] for a brief discussion. Note that by (4), every choice
of r, T 00 and by, > 0 such that > b, ! < 0o it follows that the function

1
plu) =Y WlB}Jn (u)

Tn+2

is in L' (1Y), hence can be used as the p defining PM? (U). Moreover, the proof
actually gives that for any sequence of measurable subsets B,, C U

— Y(B
(2.2) M (Ba)
n=00 by Ay (BY B, BY)

=0 For p-a.e. x.

Constructing o-algebras which are subordinate to U on a set Y of large measure
is not difficult. For instance, it follows from Cor. 6.15] that for any € > 0,
one can find a countably generated o-algebra A which is subordinate to U on Y
with (YY) > 1 —e. The following proposition gives under some extra assumptions a
countably generated o-algebra A subordinate to U on a large subset Y C X which
plays nicely with that a-action:

Proposition 2.2 ([ELI Prop. 7.36]). Let G, T', be as above a € G diagonalizable,
and U < Gt ={g € G : a "ga" — 1} closed and normalized by a. Let pu be an
a-invariant probability measure on X = GJT (not necessarily ergodic). Then for
every € > 0 there is a a-invariant subset Y C X with u(Y) > 1 —¢€ and a countably
generated o-algebra A which is subordinate to U on Y and which is monotonic
under a in the sense that aB € A for every B € A.

Note that a-invariance of Y is not explicitly stated in [ELI, Prop. 7.36], but if
A is a-monotone and subordinate to U on Y then it is also subordinate to U on

V=|JdvV|n|]dY
k>0 k<0
Indeed, by monotonicity of A, we have that if £ <0 < k,

a *laFz] 4 C (2] C a " la’a]a.
Thus, if * € a*Y'Na*Y, then as [a¥z] 4 contains a small neighborhood of the U-orbit
around a¥z, the atom [z]4 also contains a small neighborhood of  in its U-orbit,
and since [a‘z] 4 is a subset of a compact subset of U acting on a‘z, the atom [z] 4
is bounded. This shows that indeed A is subordinate to U on Y’. The set Y’
contains Y and is clearly a-invariant up to null sets.
We also note in this context the following:

Proposition 2.3 ([ELIl Lem. 7.16]). Suppose (a) x U acts on X with the action
by a preserving a probability measure p on X. Then for u-a.e. x

U _ U _ -1
:ua.m - a:um a .
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Sometimes it will be convenient to work with countably generated o-algebras
whose atoms are a bit more general subsets of U-orbits. We say that a countably
generated o-algebra A of subsets of X is weakly subordinate to U on'Y C X relative
to w if for every x € Y we have that [z] 4 C U.z and that

(2.3) Veo={ueU:uzxecx]a}
is a bounded subset of U with u¥ (V) > 0.

Lemma 2.4. Let C be a countably generated o-algebra that is weakly subordinate
toU on asetY C X. Let V, be as in 23). Then for u-a.e. z €Y,

1
(2.4) po = A (uﬁi!vz :v) :

To prove this, one verifies that the right-hand side of ([2.4]) satsifies the defining
properties of the system of conditional measures uS; we leave the details to the
reader.

We will mostly be focusing our attention on the special case where we have a
closed subgroup G < M = [[;*, SL(d,k;) with k; local fields of either zero or
positive characteristic, X = G/T", J < Z" a finite set, and

(2.5) U=U,;= ()G
neJ

Clearly the coarse Lyapunov groups Ul® are of this form. Moreover if J denotes
the set of triplets (¢,4,5) with 1 < ¢ < m and 1 < i,j < d with ¢ # j so that the
elementary one parameter unipotent subgroups Efj < SL(d, k¢) is contracted by
a~™ under conjugation for every n € J then U; = G N M; with

(2.6) My =(E/;:(ti,j)€J)

(note that M is not just generated by Ef) ; but is in fact equal to the image of the
product set H(Lz} e Eﬁj under the multiplication map.)

We recall from [ELI] §7] that the measure theoretic entropy h,(n) can be easily
obtained from the entropy contributions D, (n, [¢]) for [o] € [®] as follows:

(2.7) hu(n) = Z Dy(n, [a]).
[]:(n)>0

By the symmetry of entropy we know that h,(—n) = h,(n) for every n € Z", hence
equation (27)) implies that the entropy contributions satisfy the identity

(2.8) Y. Dulmfa)= Y Du(-m[-a)).

[a]:a(n)>0 [a]:a(n)>0

A relative version of this identity also holds and can be proved along the same
lines. Explicitly, let A be a countably generated a®-invariant o-algebra (i.e. a o-
algebra so that for every B € A we have that a®B € A for every n € Z"). We
decompose 1 as = [ M? du(€) with each M? a probability measure supported on
the atom [£]4. Given [a] € [®] and £ € G/T, we can construct a new system of
leafwise measures (u?)&a] (the construction of leafwise measures along Uy, works
for any probability measure on G/T', not necessarily a a®-invariant one). Since the
measure M? is supported on [£] 4, for ug‘—a.e. x € G/T we have that ,u? = pu! hence
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we may define a new system of equivalence classes of up to proportionality of locally

finite measures on Up,), to be denoted by uf’[a], so that for p-a.e. &, for u?—a.e. x,

1) = (i)

For n such that a(n) > 0 we define the entropy contributions of [a] relative to
A by

_ Alal —tn /n
(2.9) D:f‘(n, [a]) = lim loguz ~ (a” " (oa™)
{—00 /

as above we set D;!(n,[o]) = 0 for n such that a(n) < 0. These relative entropy
contributions are related to the conditional entropy h,(n|.A) in the same way that
the ordinary entropy contributions relate to the usual ergodic theoretic entropy:

(2.10) h(nld) = > Dj(na])

[a]:a(n)>0

and satisfy a similar identity to (Z8) because of the identity h,(n|A) = h,(—n|.A).
For properies of conditional entropy, see e.g. [ELW] §2].
We note the following observation regarding relative leafwise measures:

Proposition 2.5. Let [a] be a coarse Lyapunov exponent and A a countably gen-
erated o-algebra of Ul -invariant sets. Then p-a.s.,

(2.11) pled = Adel

Proof. Let Y C X and C be as in Proposition 22 for some a = a® expanding U,
and some € > 0. By assumption on A, for every x € Y we have that [z]4 C [z]c.
This implies that (uA)$ = uS for a.e. x € Y (see e.g. [EW] Prop. 5.20]). By

Proposition ZI(3) (applied to x and p') and Proposition 22 it follows from this
that for a.e. x € Y there exists some r = r(x) > 0 such that

A,
:u{ma] |B£J[0‘] X g o] |B£J[a] .

By Poincaré recurrence applied to a~! we have this equation for infinitely many
points of the form a~"x € Y and such that the corresponding radii r(a~"x) do not
converge to zero. Applying a™ to a~ "z and using Proposition [Z3] this implies (211
on increasingly larger subsets of U for a.e. x € Y, and the proposition follows. [J

2.1. Product structure of leafwise measures. An important property of how
leafwise measures on different course Lyapunov exponents interact is a product
structures that is due to A. Katok and the first named author [EKILEK2].

Consider a group Uy < G constructed from a finite subset J C Z" as in (2.3)).
Let [®]; be the collection of course Lyapunov exponents [a] for which U, < U;
clearly

[@]; ={[a] € [@] : () > 0 for all n € J}.

A coarse Lyapunov exponent [o] € [®]; is said to be exposed in Uy if there is an
element j, € Z" so that a(j,) < 0 while 8(j,) > 0 for all other [§] € [®] .

Lemma 2.6. Set J' = J U {ja}. Then Uy NUy =1 and
Usy=UUsy =UsUy.
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Proof. Since a is exposed in Uy clearly U,y N Uy = {1}. This also implies that we
can find a sequence n; € Z? so that a(n;) is bounded but B(n;) — —oo as i — oo.
Recall that Uy = G N M, with M; < [[;-, SL(d, k) as in ZB). Let J,J', Jy
denote the set of triplets (¢,4, j) so that

M;= ] Ef,

(L,i5)ed

My = H Ef,
(L,i,5)€d!

0

Mg= ] E
(l,i,j)ej[a]

Then as [a] is exposed, J=Ju j[a] and M; = Mj My,). In particular, we may
write any v € Uy as u = m'myy) with m’ € My and mp,) € M. To prove the
lemma one only needs to show mj,) (and hence m’) is in G. For the sequence n;
described above, a®™m/a™™ — 1, while a™maa~™ is a sequence of elements of M
which can be obtained from m,) by conjugating with bounded diagonal matrices
(in M). Without loss of generality, by passing to a subsequence, we can assume

(2.12) a™miga” ™ — my.

Then a™ua™™ — mq, so m; € G. However, by equation (212 and the fact that
while ™™ is an unbounded sequence, on U, conjugation by these elements is
equivalent to conjugation by bounded elements of the diagonal subgroup of M

—n;

a”™mia™ — mig).

Since G is closed, and both m; and the a™ are in G we conclude that m[,) € G,

and the lemma follows.

The basic phenomena underlying the product structure, which is a slight varia-
tion on [EKIl Prop. 5.1] and [ELIl Prop. 8.5], is the following:

Theorem 2.7. Let J C Z", Uy, and [®]; be as above. Suppose [a] € [®]; is
exposed in Uy, and set J' as above. Then there is a set of full measure X' C X so
that if x,u.x € X' for u = uqu’ € Uy (with ue) € Uly and v’ € Uy ) one has that

pled = pl gy

In particular, for any [B] € [®]; ~ A{[a]}, if v,u.x € X' for u € Uy then

pked = pled

In order to prove Theorem 277 we should make use of the system Fr g of subsets
of Z" defined as follows:

(213) Frr={neZ :|n|<T,|a(n)| < R,and B(n) >0 for all § € [®];}.

We recall from [LI] that a systems of subsets { Fr} . of a discrete group A is
said to be tempered if there is some C' so that for every T

()
T'<T

We leave the verification of the following easy lemma to the reader:

(2.14) < C|Fy|.
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Lemma 2.8. For any firted R > 0, if Ty is large enough:
(1) The collection {Fr,r}p~y, defined in (ZI3) is tempered.
(2) There is a cg > 0 so that for T > Ty

crT" ' <|Frpg| < 1.01cgT" .
We will make use of the following maximal ergodic theorem:

Theorem 2.9 ([L1, Thm. 3.2)). Let A be a countable amenable group acting in a
measure preserving way on a measure space (X, ), and let {FT}TZTD be a tempered
sequence of subsets of A. Let M[f](x) denotes the mazimal function

1
(2.15) MIf](z) = sup = |f (ha)].
r>15 |Fr| ;T
Then there is a constant Cy depending only on the constant C' in [2I4) so that for
any f € Lb(X),

(2.16) pla s M[f](x) > A} < CLATHI£]] -
Note that {Fr} does not need to be a Fglner sequence for Theorem 29 to hold.

Proof of Theorem[2.7 Let ¢ > 0 be arbitrary. By Lusin’s Theorem, there is a
compact subset X. C X with u(X.) > 1 — € so that the map = — u&a] is continuous
on X.. We may also assume that the subset X, satisfy that if z,u.x € X, for

u € Uy then u&a] = uLa]mu and that moreover for every n

(]

Harg = anﬂ[xa]a’_n'
Fix some R > 0, and let M|f] denote, for f € L'(u1), the maximal function for

[ with respect to averaging on the subsets {Fr r}p.,, asin Lemma 28 Let C4
be as in (2I6) for this sequence. Let
X =X .N{z: M[1x.x](z) <1/8}.

By Theorem [Z9] it follows that u(X!) > 1— (8C1 + 1)e. Suppose now that z, u.xz €
X/ with u = ujqyu’ € U;y. Then for every T' > 2Ty, we have that the cardinality
of n € Fp p for which at least one of a™z, a™(ux) is not in X, is at most |Fp gr| /4.
Recall that by (2) of Lemma 2.8 the cardinality of Fr g N {|n| < T/2} = Fr/o g is
< 1.01-27"*1|Pr g|. Hence for any T large enough there is a ny € Z" for which

(1) |e(nr)| <R

(2) a™Tx,a"" (ux) € X,

(3) for every 8 € ® for which [3] € [®]s \ {[e]} we have that S(nr) < —cT for

some c¢ independent of T .

Set xp = a"x, afp = a™ux, and suppose T; — oo is such that (z7,,27,) con-
verges to say (Zoo,2.). Then as X, is compact, To, 2., € X.. By assumption,
conjugation by both a*™7 on Ulq) is an equicontinuous sequence of maps, and on the
other hand conjugation by a””contracts Uy,. It follows that w.l.o.g. a® uya™ ™"
converges along the subsequence T; to some nontrivial element [, € Ul while
a™ '™ — 1, hence xl, = U[q)Too- Since rl,, 7T € X we may conclude that
plel = ug)f] lifq). By continuity of the map p +— uLa] on Xy it follows that as j — oo
the pairs of proportionality class of measures

‘u([J,O;]Tj x’ 'u([J,O;]Tj T (anTj Ula] a= ™ )
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becomes increasingly similar, hence by equicontinuity of the conjugation by a*"7z
on U[a]
pled = a7l oo~ (a e aan) uja) = plugy

a”Tjuzx

with the approximation in the middle of the above displayed equation becoming
increasingly better as j — oo. It follows that u[m] = MLO;]u[ |- Taking X' = J, X
0

we obtain the theorem as u(X') = 1.

2.2. Behavior of leafwise measures under finite-to-one extensions. The
main result of this subsection is the following:

Proposition 2.10. Let X, X’ be locally compact, 7 : X — X' finite-to-one, with a
semi-direct product (a) x U acting on both X and X'. We assume that U is equipped
with a metric d(-,-) inducing the topology on U such that

cd(ur,us) < d(aura™", auga™") < Cd(uy,uz)

for some fized ¢,C' > 1 and all uy,us € U. Furthermore we assume that 7 inter-
twines the action of {(a) x U on X and X'. Let u be an a-invariant measure on X,
and let y/ = wep. Then for p-a.e. x € X

MzU = (Ml)g(w)'

For simplicity, we assume that the cardinality of the fibers 7~ !(z’) are the same,
say p, for all ' € X’. This proposition can also be viewed as a special case of
the product structure of leafwise measures (cf. §2I)): in this case between the
conditional measure p induces on inverse images 7~ !(z’) and the leafwise orbits on
U-orbits.

Proof. Let B denote the Borel o-algebra on X, and B’ the Borel o-algebra on
X’ which we identify w1th the corresponding sub o-algebra of B. The system
of conditional measures uz can be considered as a measurable map from X’ to
probability measures on finite subsets of cardinality p of X.

Let € > 0 be arbitrary, and let X! C X’ be a compact subset with p/(X/) > 1—e¢
on which the map = — uf/ is continuous. Let

N-1
_ 1
r ’ A —-n ./ .
Xﬁ—{x EXE'ziranlﬁ E,O 1x_ (a .x)ZO.Q},

by the maximal ergodic theorem, p/(X!) > 1 — 10e.
Let 2/ € X’ and choose 6 > 0 and a small open set B" around x’ so that:
(1) 7= %(B') =I!_, Bs, and for cach y' € B’ we have that |7 ~'(y) N B;| = 1.
(2) if {Jil} =B; N 7T_1(£L'/), ngz C B;
(3) if y; € By, and w.y; € B; for u € U, # j then d(u, 1) > 10006.
It would be convenient to denote by ¢i(y') the unique point in 7~ 1(y’) N B; for
y' € B'. We claim that if both ¢/, u.y’ € B’ N X! for u € BY then

(2.17) 1B ({oiy)}) = 1B ({oi(uy)})  i=1,....p.

Indeed, since y',u.y’ € B’ N X! it follows that there is a subsequence n; — 0o so
that both a=™ .y’ € X! and o= .(u.y) € X/; moreover since X! is compact we
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may assume that ¢y’ = lim; oo a™ ™.y = lim; o a ™ .(u.y') exists. By continuity
of 18" on X! it follows that

B’ B’ B’
,UJa*n' M " ('u. y/) — :uy”'
However, by a-lnvarlance of 1, the probability vector on the p- prelmages of a point
2" e X' given by uz/ is the same as the probability vector given by ua , on the
preimages of a.z’. This implies that up to permuting the indices on the right-hand
side of (2I7), this equation holds; in view of property (3) of B’ necessarily this
permutation has to be the identity permutation.

Let A} be a o-algebra on X’ subordinate to U on a set Y’ of measure > 1 —
€1. Refining A} with a finite algebra of sets generated by open balls with p-null
boundaries, we may assume that for every y’ € B'NY" we have that [y'] 4, C BY.y
Now set

’:{X”\B@U{C%WR-C”eAﬁ
A={X \B}U{r ' (C")NB;: C" e A/,1<i<p}.
For y' € B', we have that [y'|a = [y']a; N B’, hence since B’ is open, A’ is
subordinate to U on Y’ N B’, and by the assumption we made on the atoms [y] 4,
and property (3) of B’ we have that if ' € B’'NY’ and if we define C C U by
[y'] a4 = C.y then
[9i(y)]a = C.i(y) C B
hence A is subordinate to U on 7~ 1(Y’ N B').

Letting € — 0 we see that (ZI7) holds a.e. on X', hence for ¢y € Y' N B’ if p is
the probability measure on BY defined by

W)y = pyf
then
oy = pdily)  1<i<p.

By Proposition 211 part (3), 1t follows that for a sufficiently small &' (possibly
depending on y'),

nU U .

(1) BY T Héi(y)| gu lsisp
and hence since a expands U and preserves u the proposition follows by Poincaré
recurrence (cf. Proposition 23)). O

3. PrRoOOF oF THEOREM [T 1]

Let [a] be a coarse Lyapunov exponent, considered fixed in this section. The key
to the proof of Theorem [[LT] is a careful comparison between the entropy contri-
butions D, (n, [3]) and the relative entropy contributions D;f‘(n, [8]) for a specific

choice of A, namely the o-algebra A corresponding to the Borel map z +— u&“}.

To be precise, we take A to be the preimage of the Borel o-algebra under the
map ¢z € X — M&“], where the leafwise measure is considered as an element of
the space of measures PM7_(U,)) up to proportionality. We will fix this o-algebra
throughout the section.

By Theorem[2.7] if 3 is linearly independent from « there is a set X’ C G/T of full
p-measure so that for every z, 2’ € X’ with x € Ujg).2” we have that M[ﬁ] = MECO:]- It
follows that there is a countably generated o-algebra A’ equivalent to A consisting
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of Upgj-invariant sets, and hence by Proposition[2.5] for every 3 linearly independent

from «, we have that

ulfl = A e

It follows from the definition of entropy contribution of coarse Lyapunov ex-
ponents (I and the definition of relative entropy contribution (Z9) that for S
linearly independent from « and n € Z",

D#(nv [ﬂ]) = Dﬁ‘(na [ﬂ])
Recall that
Ig[ga] = {u S U[a] iy u = ,ugﬁa]}

Lemma 3.1. With the notations above we have supp uf’[a} C Ig[ca].

Proof. By Proposition 2] there is a set X’ C G/T of full y-measure, so that if

r,u.x € X' for u € Uy then u[ ol = ,uL ]mu Since A is the o-algebra generated

by the map =z — MU
measure u& °l is constant on [€]a N X' Tt follows from p(X’) = 1 that for p-a.e. &

we have that ug‘(X’) =1, and also that for ,wgl—a.e. x
(3.1) el {ueUp ux g X' Nzla}) =
recall here that by definition

, we may also assume that for every £ € G/I', the leafwise

pl = (gl pfas,
hence for p-a.e. &, equation ([BI) follows for u?—a.e. x from the fact that X’ is
a conull set with respect to ,ug‘. Fix x € X’ for which (BJ) holds, and suppose
u € supp ,uf ) Then there exist u; € Upy tending to u so that u;.z € X'.

By definition of X’ it follows that u;fi . is simultaneously equal to ! and to

uﬁu; ! hence u; € I;La]. Since the latter is a closed subgroup of Uy, it follows that

u € I, g[ga]. O
Lemma 3.2. Let £ € G/T" and consider the system of leafwise measures along

I
Ie = I[ ol for the probability measure “E , i.e. ,ux’ fe .~ (,U?) *. Then they are a.e.
x

A le]

equal to py in the sense that for every Vi,Va C Uy and ug‘-a.e. x

Ao A,T
vy vin )

p W)t (ven )

Proof. Let a; = a™ be such that conjugation by a; expands Ul,, i.e. a(n) > 0. Let
e > 0. By Proposition 22 there is an aj-invariant Y € X with p(Y) > 1 — € and
an aj-monotone countably generated o-algebra C subordinate to Uj,) on Y.

Consider the o-algebra C
C=CVAV{X' XX},
with X’ as in the proof of Lemma Bl and fix £ € YV for which ,u?( Y =1. We

claim that C is Weakly subordinate to I¢ on Y relative to ug Note that g AXN) =
implies that for ug -a.e. x,

(3.2) ,uf’lg {ueleuxreX'}=0.
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We first show that for such &, for ug‘—a.e. rey,
(3.3) [z]s = [z]le N Te.x N X'

Indeed, for ,ug‘—a.e. x we have that € X’ and hence [z]; C X’. Moreover, for
x € Y we have that [z]c is a U-plaque, hence every z € [z]; is of the form w.x, and
since such z are in particular in [z] 4, we know that 12 = 4 As in the proof of
Lemma B0 this implies that u € I/ = I¢. Thus [z]s C [z]ec N I¢.z. On the other
hand, I.x N X" C [x]4, so Ie.x N X' N [z]¢ C [x]s. This implies (B3).

Let V, = {u€U:uz€lzle}, Vo = {ucU:uxelz)s}. Ifx €Y, then V,
contains an open neighbourhood B of 1 in Up,, and by (2) of Proposition 2]
a.s. ,uig (BN 1) > 0. Assuming = also satisfies (8.2) (which again happens a.s.), we
have that

i (BNI) V) =0
hence uiﬁ (f/w) > 0o C is indeed weakly subordinate to I¢ relative to u? on a subset
of full pt of Y. Thus by Lemma 24} for any bounded V;, Vs C Ul
A\ M ¢
() invanzy (k) (i)

(ug“)f (Van VN I) (u?)i(‘/z.x)'

However, since {X’, X ~ X'} is a trivial o-algebra C is equivalent to the o-algebra

C V A hence i
(), = (), ne

By Proposition 2] it follows that

() vnv

X

(
(ug“) :] (V2NV,) (u
)

hence
(@] Ie
(“?)m Winv)  (s) inveni)

x

(ug‘)f}(vz nV,) . (ug‘)ls(vz N Ve N 15)'

x

Replacing C by a¥C the sets V. will contain (for any fixed x € Y) an arbitrary large
ball around 1 € U[,), and the lemma follows. O

Lemma 3.3. Let ¢ be a Borel measurable map from the space of closed subgroups
of Ujq to a symmetric compact subset Q@ C Uy so that (1) € I for every closed
I < U[a]- Then

(1) for every f € L>=(u) we have that
/ f(@) dy = / FOIN ) dp

(2) for p-a.e. x it holds that 1/)(13[;1]).3: € [z]a.
(8) for p-a.e. x the measure ' is 1/J(Ig[va])—invariant.
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Proof. We start by showing (1). Let a; = a™ be such that conjugation by a;
expands Up,y, i.e. a(n) > 0, € > 0 arbitrary and apply Proposition to get an
ap-invariant Y C X with u(Y) > 1 — € and an a;-monotone countably generated
o-algebra C subordinate to Uj,) on Y.

For any k,

(3.4)
| r@dn= [ swihodn = [ B (@ - swihofdc) € duo.

For £ € Y we have that [¢] ¢ has the form V/(k,£).§ for some V(k,§) C Upy), and

moreover by (3) of Proposition 2]
(3.5)

E (f(:v) — f(I) x)}a’“c) (€) = /V(k,g) (f(u.g) - f(w(lv[fg)“-f)) du[éa] (u)
m A @l

[ (e - @) duw)
V(k,§)
w WV (k,€)
/ (f(w€) — Fu!(,u) £)) Al (u)
V (k)

w(V (k,€))

with ¢’ (€, @) some measurable, right Ig[a]-invariant function V(k,§) — I, E[O‘] N Q.
Define

)

V'(k, &) = {uy'(§u) cu e V(K &)}

Then since Ig[a] fixes u[éa]

U/ u). [a]U: u. [a]u
a0 [ Soengaiw= [ el

Set
A k) = {x €Y:Qu¢ [x]a,fc} :

as a1 expands Uy, and since C is subordinate to Uj,) on Y, it follows that p(9(€, k)) —
0 as kK — co. On the other hand, by [B.6]), (8:4) and (3.5]) we obtain

/ £ () dy — / S ) dp
X X

for k large enough. Since € is arbitrary this proves (1).
Let X’ be as in (1) of Proposition 2Tl applied to Uj,). Then by (1) we have that

S oo (X NY) +20(0(2, k) < 2¢ || £l

X = {x e X () o e X’}
also has full measure. For z € X", we have that

la] [a]y—1 _  [o]
Moy w(‘[z ) _uw(Ig[Ea]).w'

But ¢ (11) € Il”), the groups stabilizing from the right /!, Hence pl = /Lf(]l[a]) ;
or equivalently :

YT .2 € [2]a.
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This proves (2).
By (1) we have that

(3.7) / £ dul® () du(€) = / SO 2) dpl) (@) dpue).

By (2) we see that for a.e. £, the measure w(IE[a]).u[a] is a probability measure on
X giving full measure to [x]4. But then ([B7) shows that the system of measures
w(IE[a]).u[a] satisfies the defining properties of the conditional measures u[éa]. By
uniqueness of conditional measures, it follows that a.s.

I = g,
establishing (3). O

(]

Corollary 3.4. The leafwise conditional measures uf’ are a.s. the proportion-

ality class of the Haar measure on Ig[ga].

Proof. For simplicity, we again denote I, = Ig[ga]. On each item of A the leafwise

measure u&"] is fixed, hence also I,. We claim that for p-almost every x, the

conditional measures y: is invariant under I,. Indeed, let B be an arbitrary open
subset of U}, with compact closure.

By the Borel selector theorem (e.g. [Kl Thm 12.16]) there is a Borel measurable
map ¢ p from the space of closed subgroups of U, to U, so that for subgroups
I which are disjoint from B we have that 1p(I) = 1 whereas for subgroups I
intersecting B we have that ¢5(I) € B. It follows from (3) of Lemma [33] that for

p-almost every x for which B N I, # (), left multiplication by 1/)3(13[50‘]) preserves
w2, Thus, by letting B vary under a countable base of the topology of Ula), we
get that for a.e. z, the set of g € I, preserving p* is dense in I,. Thus, a.s., u
is I,-invariant, hence for y-a.e. £, the leafwise conditional measure ,u?" ? is Haar

(cf. [ELIL Prob. 6.27]). By Lemma B2 it follows that 21 is a.s. Haar measure
on I,. O

Corollary 3.5.
A __ pinv
Dy (n, [a]) = Dy (n, [o])
Proof. This follows immediately from the definitions and Corollary B4l O

We can now prove Theorem [T}

Proof of Theorem Il Let n be so that a(n) > 0. By 23],
> DumB)= > Du(-n,[-8)).
[8]:8(n)>0 [8]:8(n)>0
Using h,(n|A) = h,(—n|A) we get a similar identity
[8):8(n)>0 [8]:8(n)>0

But for [8] # [*a], we have that D,(n,[3]) = Dﬁ(n[ﬁ]) hence by combining the
above two displayed equations we obtain

Dy(n, [a]) = D;!(n, [a]) = Dy(~n,[~a]) = Dy (-n, [~a]),
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hence

D;(n,[a]) = Dyu(n,[a]) = Dy(-n,[~a]) + D (-n, [~a])
> Dy(n, [o]) = Du(—n, [-a])

By Corollary B, we may conclude that
DM (n,[a]) > Dy(n, [a]) = Dyu(—n, [~a)).
O

We concludes this section with a slight extension of Theorem [I1] that will be
useful for us in the sequel.

Theorem 3.6. Suppose G and a® are as in Theorem [l Let H < F be closed
subgroups of G with H < G and F/H discrete. Assume furthermore that for any
[a] € [®], the coarse Lyapunov subgroup Uy, intersects H trivially. Let p be an a®-
invariant and ergodic probability measure on G/F. Then for [a] € [®] and n € Z"
satisfying a(n) > 0 it holds that

DY (n,[a]) > Dy(n,[a]) = Dy(—n, [~a]).

Note that under the assumptions of Theorem B0 for any [a] € [®] we have that
Ula) acts locally freely on G/ F so that if y is an a®-invariant and ergodic probability
measure on G/F we can define ke Dy (n, [a]) and D™ (n, [a]) just as in the case
of G/T" with I'-discrete. Essentially this amounts to extending slightly the class
of groups we consider: not just closed subgroups of linear groups but quotients of
such groups by closed normal subgroups. The proof of the theorem in this case is
identical to that of Theorem [[LT] Adapting the results of §7] to this setting,
in particular the proof of ([2.7)) also poses no difficulty. We leave the details to the
reader.

4. PROOF OF THEOREM

A key difference between the positive characteristic and the zero characteristic
case is that in zero characteristic unipotent groups have very few subgroups (see
[ELM] for more details).

Recall that our group G is embedded in M = [];~, SL(d, k¢), and that Uy, =
G N My with M|, a product of unipotent algebraic subgroups of ky. Enlarging d
if necessary, we may (and will) assumes that all the ky are distinct (recall that we
have already assumed that they are all either R or Q, for appropriate p).

The invariance groups Ig[ca] are closed subgroup of M,). Moreover, since the map

(]

2+ g is measurable (cf. Proposition [2Z]) and since the map taking a measure to

its right invariance group is also Borel measurable, we have that the map x +— L[Ea]
is measurable. It follows from Proposition 23] that for every n € Z",
(4.1) 19l = gnplelgm

a.e., hence by ergodicity of u these invariance groups are either a.e. trivial (i.e. =
{1}) or a.e. non-trivial. In the following has been shown using Poincare
recurrence and the properties of unipotent groups over R and Q,:
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Lemma 4.1 ([EK2| §6]). Under the assumptions of Theorem [3, for any coarse
Lyapunov exponent (o] € [®], for a.e. x, the group I can be written as |JRET)
with each I, ) a connected algebraic subgroup of SL(d, ke) N My

We exploit this to show that under the assumptions of Theorem[[.2the invariance
groups of the leafwise measures on the coarse Lyapunov foliations have to be almost
everywhere constant:

Lemma 4.2. Under the assumptions of Theorem [LZ, for any coarse Lyapunov
exponent [a] € [®], there is a closed subgroup I'®) < Uy, so that 1 = 19 ge.
Moreover, this group is normalized by the group a®, and p is I'®-invariant.

Proof. Fix 1 < ¢ < m. To the unipotent algebraic subgroup I, ¢y of SL(d, k¢) there
corresponds a Lie subalgebra in sl(d, k¢). By ergodicity and (LI)) it is clear that
dim(I(,,¢)) is a.e. constant, say k. Therefore on a set of full measure there is a 1:1
correspondence between I(, ¢y and a corresponding homethety class of pure wedge
vector ¥, ¢ € P(A"sl(d, k¢)). The equation (@) implies that for every n € Z"

ﬁ(a".m,f) = (/\qu) (an)'a(m,é) .

By ergodicity of u, and since A locally compact, to show that L[Ea] is a.e. constant,
it is enough to show that for every a € A,

el = 1.

Recall that for every n, the element a™ is of class-A’. This implies that (A7Ad)(a™)
is of class- A’. A basic property of elements g of class-A’ is that for any action of
the ambient group on a projective space, for any vector v in the project to space,
¢*v tends to a g invariant point in the projective space (cfEl [MTT1l, Prop. 2.2]).
In particular, (AYAd)(a")0(y,0) = U(gin 4 converges to a (AYAd)(a™)-invariant
point in the appropriate projective space. But then Poincare recurrence for the
Z-action generated by a™ implies that 0, ¢y was fixed by (A?Ad)(a™) to begin with.
Since 9, ¢) uniquely determines the algebraic group I, ¢ it follows that

Iiwoy = Lan a0

and since this is true for every ¢ it follows that I, La} = t[ﬁi] and the first claim of
the lemma follows.

To show invariance of p under I1® we apply Corollary 34l Let A be a o-algebra
corresponding to the Borel map = — u&a]. According to the lemma, for p-almost
every z, the conditional measure ,u;“ is a probability measure with the properties

that for uf-a.e. ¢ the leafwise measure u?’[a} = (uf)g}]

Il°l. By Lemma B2 and [L2} Prop. 4.3] (or [ELI] Prob. 6.27]) it follows that p* is
Ielinvariant, hence so is p = [ 2 du(z). O

T

is the Haar measure on

Remark: We note that the same argument will work also in the slightly more
general setup of 1 an a®-invariant and ergodic probability measure on G/F where
F is as in Theorem [30] as long as k¢ are all R or Q, (for possibly more than one
choice of p) and a® satisfies the class-A" assumption.

IThat proposition deals with a slightly different class of elements that Margulis and Tomanov
calls class-A, but the proof carries out without any modifications, and indeed whether one uses
class-A or class-A’ is purely a matter of taste.
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Let J, be the closed group generated by all one-parameter unipotent groups
preserving . Let J be the group generated by J,, and a®. Note that by Lemma [£.]]
for all [a] € [®] the group Il®l is generated by unipotent one parameter groups,
hence by Lemma B2 we have that I'®) < J,,.

Lemma 4.3. Under the assumptions of Theorem [.Z, there are closed subgroups
H, L of Gwith H< L, J, <H and J < L so that

(1) w is H-invariant

(2) every x € supp p has a periodic H-orbit

(3) w is supported on a single L-orbit.

Proof. By definition, the measure p is J-invariant. Since p is a®-ergodic and a® < J,
it follows that u is J-ergodic. The statement now follows from the main result of
Margulis and Tomanov’s paper [MT2]. O

We note that the main ingredient used by Margulis and Tomanov in [MT2] is a
measure classification result [MTTL[R4] extending Ratner’s Measure Classification
Theorem [R3L[R2] to the S-arithmetic setting.

Proof of Theorem [[.4. Without loss of generality we may (and will for the remain-
der of this section) assume [1]r € supp pu, and since p is supported on a single
L-orbit we may as well assume L = G and L > T". Also, by Theorem [[.T] we have
that if J, is trivial, equation (IZ2)) holds for H = {1}, hence we may assume that .J,
is non-trivial. By Lemma [.3] we know that H.[1]r is periodic, i.e. that H N T is a
lattice in H. By [RIl, Thm. 1.13] we have that HT is closed, hence if 7 : L — L/H
is the natural projection, A = 7(HT') = 7(T") is a discrete subgroup of L/H.

Let H, denote the subgroup of H generated by one parameter unipotent groups.
It is clear from the definition that since H <{L conjugation by elements of L preserves
the class of unipotent one parameter subgroups of H, hence H, <t L. Recall that
Ju < H,, in particular by assumption H, is nontrivial. From the definition it is
clear H,, has the form of a product of (possibly trivial) subgroups H, , < SL(d, k¢)
for 1 < ¢ < m, with each H,  generated by one parameter unipotent groups. These
H,, ¢ are essentially algebraic: if M, is the Zariski closure of H,, ¢, then the radical
of My equals its unipotent radical (otherwise M, would have contained an algebraic
proper subgroup that contain all the unipotent elements of M, — in contradiction
to the definition of M;). Moreover this also implies that the Lie algebras of H, ¢
and M, coincide, hence we have that H, , = M;‘ — the closed subgroup of M,
generated by one parameter unipotent subgroupaﬁ. It follows from [M], Thm. 1.2.3.1]
that H, ¢ has finite index in M,.

Let M = Hz M,. Since L normalizes H, it also normalizes its Zariski closure
M, hence L is a subgroup of the normalizer N = [], Ny of M in [],~, SL(d, k¢).
As quotients of algebraic groups we can embed for every ¢ the group Ny/M, into
some SL(dy, k¢), and taking d' = max(d,;) we can therefor view L/M as a closed
subgroup of [, SL(d’, k¢). Let m, denote the natural projection map L — L/H,
and 7y, the natural projection N — N/M. Then the induced a®-action on (L/H)/A
is isomorphic to the induced a®-action on (L/H,)/A" with A’ the closed subgroup
of L/H, given by m,(I'H). The group A’ is not necessarily discrete, but is discrete
modulo the normal subgroup H/H,, of L/H,.

2We use the notation M+ only for algebraic groups M.
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Since H,, has finite index in M, the space (L/H,)/A’ is in turn a finite exten-
sion of (L/M)/A" with A” = 7p(TH). The induced action of a® on (L/M)/A",
equipped with the measure p” = (7). satisfies the condition of Theorem [B.6]
and the coarse Lyapunov subgroups of L/M coincide with the images of the coarse
Lyapunov subgroups Uy, of L under ;.

The measure p” cannot be invariant under any one parameter unipotent sub-
group of L/M, for if u; = exp(u’t) were such a subgroup with u’ € Lie(L/M)
nilpotent then in view of the fact that M is algebraic we can find a nilpotent u so
that dmps(u) = u’. The invariance of p”” under uj implies the same for p/ = (my).p
on (L/H,)/A . Since u is H,-invariant, it follows that g will be invariant under
the one parameter unipotent subgroup u; of L. But if this were so, u, would have
been contained in J,,, hence in H,, hence u’ would be zero — in contradiction.

Therefore applying Theorem [3.6] we conclude that for every coarse Lyapunov
exponent [

Dy (n, [a]) = Dy (—n, [=al).
By Proposition 2.10] this property is preserved by finite-to-one extensions, hence
Dy (n, [a]) = Dy (—n, [-al).

This identity implies the theorem in view of the isomorphism between the 7w o a®-
action on (L/H)/A and the m, o a®-action on (L/H,)/A . O

5. PROOF OF THEOREM

Recall the notations in Theorem [[3} in particular, G = SL(n,R) x R™, T =
SL(n,Z) x [[Z", A is the maximal diagonalizable subgroup of SL(n,R) < G, and
w1 is an A-invariant and ergodic measure on G/T. Let 7 denote the natural map
G — SL(n,R) as well as the induced map G/T" — SL(n,R)/SL(n,Z). Let i = m.p.
There are two cases:

e Positive base entropy: there is some a € A for which hj(a) > 0
e Zero base entropy: h;(a) = 0 for every a € A.

The first case has essentially been already been taken care of in and [EL3].
Indeed, by [EKL] in this case the measure i is homogeneous. Moreover one can
explicitly list the possible A-invariant and ergodic homogeneous measures ([LW], §6];
cf. also [ELMV] for a related discussion): when n is a prime, the only possibility is
that @ is Haar measure on SL(n,R)/SL(n,Z). When n is not a prime, there can
be additional intermediate cases, corresponding to degree d totally real extensions
K of Q for d | n. More explicitly, it follows from the results of [LW] §6], that such
measures are supported on an orbit L.[g;] of the reductive group

L= (f[l GL(n/d, R)) N SL(n,R)

with ¢1Z% homothetic to a finite index sublattice of the lattice O ® Z™/?, where
O 1is the ring of integers of the totally real field K, and we view Ok as a lattice
in R? in the usual way — i.e. if 7, ..., 74 are the d distinct field embeddings of K
in R, we identify Ok with the lattice

{(ri(n),...,7q(n)) :n € Ok}.
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Note that the case d = n is also meaningful, but corresponds to the case of f
being the natural measure on an A-periodic orbit which is excluded according to
our entropy assumption.

Let Ly = [L, L] = [[/¢SL(n/d,R), and let A, = ANU; and Ay = AN Cq(L)
(with C(L) the centralizer of L in G). Then for every x € L.[g1] = supp i, we
have that As.x is periodic. The stabilizer A of x in Ay does not depend on x —
indeed, it is given by g; ' Asg1 NSL(n,Z) and is commensurable to the image of O
under the map n — diag(m(n),...,74(n)). Moreover i has a very simple ergodic
decomposition with respect to A;: if f1; is the uniform measure on the periodic
orbit Li[g1] then i = fA2/A h.fi1 dh; by the Howe-Moore ergodicity theorem iy is
Aj-ergodic.

Since the case of d = n has been excluded, the group L; = gflngl x R™ is a
perfect algebraic group. Since Li[g1] was periodic in SL(n,R)/SL(n,Z), the group
Ly is also defined over Q, and I'NL; is an arithmetic lattice in it. Letting pp = [ pe d€
denote the ergodic decomposition of 1 with respect to Ay, it is clear that for a.e. £
there would be some h € Ay (unique up to A) so that m,(ue) = h.iir. We can
now apply Thm. 1.6] to conclude that the measures p¢ are all homogeneous,
i.e. supported on a single orbit of a group M < SL(n,R) x R™ with 7(M) = L;.
Moreover e.g. by Poincaré recurrence (or by noting that g; 1L1g1 acts irreducibly
on R™ /7", hence either 7 is injective on M or M = SL(n,R) x R™) the group M is
normalized by As, so 1 is a homogeneous measure supported on a single Ay M-orbit.
Note that we have essentially classified which homogeneous measures may occur in
the positive base entropy case.

There remains the zero base entropy case. We will parameterize the acting group
by vectors m € Z" with ), m; = 0, and set

There are exactly n? coarse Lyapunov exponents [a] that play a role for the action
of a®* on G/T' (i.e. for which Uy, is nontrivial), for each of which dim(Up,)) = 1:
n(n — 1) coarse Lyapunov exponents for which Uj,) < SL(n,R), corresponding to
the functionals ¢; ; : m — m; —m; for ¢ # j, and n coarse Lyapunov exponents
for which Ul is a subgroup of the unipotent radical of G' corresponding to the
functionals ¢; : m — m;.

By Prop. 6.4], if D, (m, [¢; ;]) # 0 for some ¢ # j then Dy (m, [¢;;]) # 0
and hence we have positive base entropy. Therefore we may assume D, (m, [¢; ;]) =
0 for all 4, 5.

It follows that only D,(m,[¢;]) for ¢ = 1,...,n can be nonzero, and since
for some m we have that h,(m) > 0, by 21 for at least one i we have that
D, (m, [¢;]) > 0. However, the only way to satisfy (28] for all relevantf] parameters
m is if for all ¢ we have D, (m,[¢;]) > 0 (indeed these contributions must equal
to one another, though we will not need to make use of that). The key point is
that unlike the [¢; ;], for [¢;] the opposite coarse Lyapunov exponent [—¢;| does

3Recall that for convenience we take m € Z™ with > m; =0.
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not appear in G (in other words, Uj_g,) is trivial), hence by Theorem [LT] the in-

variance group I, l[?"} is nontriviafl. In this case the only nontrivial closed subgroup

of Ujg,) with arbitrarily small and arbitrarily large elements is Uy, itself, hence as
in the proof of Theorem the measure p is invariant under the group generated
by all the Uy, i.e. by the unipotent radical of Gz, which implies the second case of
Theorem [[L3]
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