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ON CHARACTERS OF L., (—A,)-MODULES
KATHRIN BRINGMANN, KARL MAHLBURG, ANTUN MILAS

ABSTRACT. We use recent results of Rolen, Zwegers, and the first author to study
characters of irreducible (highest weight) modules for the vertex operator algebra
L, (—Ap). We establish asymptotic behaviors of characters for the (ordinary) ir-
reducible Lg(,(—Ag)-modules. As a consequence we prove that their quantum di-
mensions are one, as predicted by representation theory. We also establish a full
asymptotic expansion of irreducible characters for sl3. Finally, we determine a de-
composition formula for the full characters in terms of unary theta and false theta
functions which allows us to study their modular properties.

1. INTRODUCTION AND STATEMENT OF RESULTS

Vertex operator algebras have had a profound influence on mathematics and mod-
ern theoretical physics. Arguably, the most important examples of vertex algebras
are those associated to representations of the affine Kac-Moody Lie algebras at pos-
itive integral levels. Every such vertex algebra is rational [12] and its characters are
modular functions on the same congruence subgroup . Moreover, characters of rep-
resentations of affine vertex algebras at certain rational levels, called admissible, are
also modular [14].

1.1. Affine vertex algebras at negative levels. More recently, a notable effort
has been made to understand modules of affine vertex algebras at a negative integer
level [11, 2, [3] 4] [16], etc. Although there is no general Weyl-Kac type formula at these
levels, in a few cases their characters (or g-characters) are known explicitly. Here
a prominent role is played by the so-called Deligne series of representations at the
level —% — 1 for the Lie algebras of type Dy, Fs, E;, and Eg [3], [16]. These vertex
algebras are irrational and quasi-lisse, and thus their characters are quasi-modular
and are also solutions of certain modular linear differential equations [3]. The search
for new examples off quasi-lisse (and lisse) vertex algebras is a very active area of
current research with important applications to N = 2 four dimensional CFT [5] and
logarithmic CFT [10].

Apart from Deligne’s series, specialized characters of Ly, (—Ag)-modules have been
studied in several recent works [0, [16]. This vertex algebra is no longer quasi-lisse but
their characters still enjoy interesting “quantum” modular properties. More precisely,
it was proven in [0} [§] that the irreducible characters of level —1 are mixed quantum
modular forms by realizing them as Fourier coefficients of meromorphic Jacobi forms

of negative index.
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1.2. Quantum dimensions and asymptotics. Somewhat independent of these
developments, in [10], 11] the authors initiated a study of asymptotic expansions of
characters of modules for irrational vertex algebras. Motivated by the success of the
theory of rational vertex algebras [I3], it is expected that asymptotic expansions of
characters can be used to formulate a Verlinde-type formula for the fusion rules. For
the singlet vertex algebra and generalizations this was recently established by using
the so-called regularized quantum dimension [10]. Despite the progress made it is still
unclear how to formulate a Verlinde-type formula for more general vertex algebras.
The main issue is that vertex algebras can have representations with very different
properties, which makes it difficult to define quantum dimensions, S-matrices, and
other standard invariants. But for vertex algebras whose irreducible modules are
C1-cofinite we expect that asymptotically (as t — 07)

ChV (’Lt)

NCL0+CL1t+"' (11)

chpr(it)

chy (i) 20
so we have a well-defined notion of quantum dimension (the existence of the limit
does not necessarily require (LI though). In order to gain a better insight into
irrational vertex algebras it is desirable to study asymptotic expansion of characters,
and hence of (L)), for various families of affine vertex algebras (for related 1W-algebra

computations see [10]).

for any irreducible V-module M. In particular, (LI]) would imply lim;_,q+

1.3. Main results. In this paper we study asymptotic and modular properties of
characters of the vertex algebra L, (—Ag)-modules, n > 3. This vertex algebra is a
good representative of an irrational affine vertex algebra admitting both atypical and
typical modules. We only consider atypical representations, leaving Verlinde-type
formula for future considerations.

Let us outline the main results. For brevity, we let g = sl,, £ > 3, the Lie algebra
of trace zero ¢ x ¢ matrices. As usual, from g we construct the affine Kac-Moody
Lie algebra g. Denote by w;, j € {1, ..., ¢}, the fundamental weights of g and by A,
J €{0,...,0 — 1}, the fundamental weights for g. For each weight A, let Ly(A) be the
corresponding irreducible highest weight g-module.

We equip Lg(—Ap) with a conformal vertex algebra structure via Sugawara’s con-
struction. It is known by Adamovic and Perse [I| that L,(—Ay) admits count-
ably many inequivalent ordinary modules: Lgy(—(s + 1)A¢ + sA;) with s € Ny and
Ly(—(s+1)Ag+ sAy_q) with s € N, and infinitely many generic modules [2]. We de-

note the degree operator by L(0) and the central charge by ¢ := % =—(l+1),

where hY = [ is the dual Coxeter number of sl,. We use this data to define the
relevant characters (here A € {Ay,Ay_1} and g := €*™):

(&

ch[Lg(—(s + 1)Ag + sM)](7) := tro,((ss1)00 ey 7- @771
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Let
2

b (swi+2p,5w1)  (Swe—1 +2p,swe1) s* N s
TTU2((-1)+hY) 2D +hY) 202
denote the lowest conformal weight of Ly(—(s+ 1)Ag+ sA1) and of Ly(—(s+1)Ag +
sA¢_1). Note that Ly(—Ao(s+1)+sA;) and Ly(—(s+1)Ag+ sAy_1) are dual to each
other so they share the same character.
By using results of Kac and Wakimoto on specialized characters of the affine Lie

algebras sl, at level —1 [16, Section 1|, we obtain, for s € Ny and A € {A1, Ay_1},

_2% Fﬁ,s(q>
(q)z2_1 )

ch[Ly(—(s + 1)Ag + sA)] (1) = ¢" (1.2)

where

(9)oo
IEPRVA
(5% (€T'0)s
Here (@)oo = (a;¢)0 := [];25(1 — ag’). Throughout, we are interested in the range
0 <y < wv, where we write z = z + 1y, 7 = u + tv. We note that other ranges can be
treated in a similar way.

Fus(g) = (9)% " coeffcs

Theorem 1.1. We have, ast — 0T,

22
t I-%  22(e2_2
Fys (e_t) ~ Cy (—) e (6t ),

2
where
21_25(6 — 1!
Cp:= o
I' (%)

The following corollary follows directly (the same results apply for their dual mod-
ules, Ly(—(s + 1)Ag + sA,_1) as their g-characters are equal). Let V be a vertex
algebra. For a V-module M we define its quantum or asymptotic dimension:

(MG
adim(M) := lim =7

Corollary 1.2. Let g =sl,, { > 3 and s € Ny. Let V; denote Ly(—(s + 1)Ag + sA;)
or Ly(—(s + 1)Ag + sAy—1). Then we have, ast — 07,

h[Vi] () ~ Coy/ o™ F (1.3)

In particular qdim(Vy) =1 for every £ and s.

In fact, the method used to prove Theorem [[.1] should in principle lead to the full
asymptotic expansion for any such character. In Proposition [6.1] below, we carry out
the details for the case ¢ = 3 below.
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Now we recall Kac and Wakimoto’s work in [16, Section 1|, which gives the full
character as the coefficients of certain series. Let (; := e and define

L oo 1
Fy(Cry ey Go) 1:[1:[ (L=t G) =G Ggb )

Using the geometric series on every term, we expand this product as a formal series,
to obtain a decomposition of the shape

Fo(Ciy s G) = ZFZS C1y e Co—1) )

SEL

In other words, Fy (1, ..., (¢—1) is defined to be the s-th Fourier coefficient of Fy with
respect to (. In [16], Kac and Wakimoto showed that the Fj; are essentially the
irreducible characters of Ly(—Ag)-modules. More precisely ((; := ™)

[e.e]

Fy(CyonG) = 3 (G ) qF ch[—(1 + 8)Ag + sAy] (2 7)

s=1

+ Y ¢t Ech[— (14 8)Ag + sApi](z7), (1.4)

where ch[M](z;7) is the full character of M and ¢ = ((1,...,(r—1). Note that our
definition differs from [16] due to the shift (, — Qq%, which affects the g-powers in

(4.

In Section 7 we prove the following decomposition result for Fy o((i, ..., (—1).

Theorem 1.3. Assume that w; := — Z iz for 1 < j<{l—1, and w, =0 are all
distinct. We have, for |q| < (] < 1,1 < ] </l-1,

=1 LYt  w, — E w

1s s—35.45 v ‘ J=1"
Ff,s(gla.. ,Gom1) = —it q h+2477 - 2HC]Z Z H <19( )
v=1 Jj=1

Jj=1

— wy)
JF#v

where ¥ and 9" Y
42), respectwely

Kac and Wakimoto [16] recently obtained a Weyl-Kac type formula for the character
ch[—(1 + s)A¢ + sA](z; 7). Unlike our Theorem [[L3] where the whole character splits
into rank one pieces, their formula involves a summation over over the half-space of
the root lattice of sl, (see also [6]). Although very elegant, we found their result more
difficult to use for the purpose of computing asymptotic expansions.

: are certain theta and partial theta functions defined in (2.6]) and
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1.4. Organization of the paper. The paper is organized as follows. In Section
we recall basic facts about Bernoulli numbers and their generalizations, theta func-
tions, and the Euler-Maclaurin summation formula. We then study in Section B the
asymptotic behaviour of certain auxiliary functions. Section [ decomposes Fj; in
terms of partial theta functions and quasimodular forms. In Section [Bl, we then finish
the proof of Theorem [Tl and Corollary Section [0 treats the case ¢ = 4 in which
we find a full asymptotic expansion for the corresponding characters. We prove a
decomposition formula of Fy ({1, ..., (1) in Section [l We finish the paper in Sec-
tion 8 by computing modular transformation properties of the full character F ; from
modular properties of unary partial and false theta functions, which we also derive
there.
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2. PRELIMINARIES

2.1. Bernoulli number generating functions. Recall that the Bernoulli numbers
By, are defined via their generating function

w
ew —1

ZBkﬁ (Jw| < 2n) (2.1)
k=0 ’

We also require the following modified generating function, again assuming |w| < 2,

o
ngw%

S(w) =Y SETOE (2.2)

k=1

Differentiating (Z2)) and using (21]) gives that

' (w)

l—ewv w

and hence, by taking the limit on both sides,

S(w) = Log (ewuj 1) - % (2.3)
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We also need generalizations of Bernoulli numbers. For this, denote by B,([)(x) the
Bernoully polynomials of order r € N, defined via their generating function

w N e NS g
(ew_l)e _.;Bn ()

For r = 1 this recovers the ordinary Bernoulli polynomials B, ().
We also require the Euler polynomials defined through the generating function

2e™v L En(z)
ew +1 Zo nl

The FEuler numbers are in particular given by

E, =2"E, (%) . (2.4)

The following identity relates Euler and Bernoulli polynomials (n € N;m € 2N)

m—1
9 k
E - m" -1)*B - . 2.
) = = () B <x+m) (25)
2.2. Theta functions. Let
n2 - 1
I(2) =0(z7) = Y g% )] (r) = g3 (g)w. (2.6)
nE%-l—Z

By the Jacobi triple product identity, we have the product expansion

9z 7) = =ig5C 3 (@)oo Ooe (¢ Doe
Recall the transformations (A, u € Z, (25) € SLy(Z))

Iz + AT+ ) = (=1)MrgF (), (2.7)
z at +b a b 1omies®
v <7c7'+d’ 707‘4—0[) = <c d) (et +d)2ee+ad(z;7),
where y is the multiplier of 73. In particular
]_ 7ri22 1
9 <i; ——) = —iv/—ite T 9(z;7), n (——) = —itn(7). (2.8)
T T T
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where for k € N

o (27m')2kng 2(2mi)?
Cal™) == T =) Z"% ) (2.10)
Here o,(n) :== > din d* is the (-th divisor sum. We also require the transformations
(k>1)
1 1 2mi
Gan(1) = 772G, (——) Go(T) = 772Gy (——) + = (2.11)
T T T

2.3. Euler-Maclaurin summation formula. The Euler-Maclaurin summation for-
mula (see e.g. [18], correcting a sign error) implies that for « € R and f: R — R a
C*°-function such that f and all its derivatives are of rapid decay at infinity, we have

N

> fln+a)t) = % -y %ﬂmm)t" FO (N (t—07), (212

where By(z) denotes the (-th Bernoulli polynomial and Iy := [J* f(2)dx.

3. ASYMPTOTICS FOR AUXILARY FUNCTIONS

We next determine the asymptotic behaviour of two partial theta functions. These
expansions are well-known to experts; however, for the convenience of the reader, we
provide proofs.

The first function we require is (here j € Ny, r € Q),

o0

Fia(t) := 272941 3 " (=1)" (n+ 1) ¥ 70, (3.1)

n=0
Then

0-E 505 (75 ).

n=

where F;(z) := 2%e~*". By (2.12), we obtain

Finlt) = - Z% Dt (g()n_j’;!“ (TT)FE")(O)tg 4O (t%> . (3.2)

Noting that IF; is an even function, we compute

Bon Bon 1y |
Rty = -3 P G B (20 oo o my o

n=0
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This implies that
B2J+1 (2) Byj (T—zﬂ)

Fir(t) ~ t. 3.4
() T (3.4
In particular,
1
For(t) ~ 3" (3.5)
We next study, for 7 € N, r € Q,
Gy () i -4 S (14 )1 -l
n=0

Then .
Gy (t) = Y G; (n+1) Vi),

=0
where G;(z) := 2%~ 'e=*", By (m and the fact that Ig, = Q we obtain that

(j—1!
2/t

Gr(t) = Lo, _ Z B (v )G(” ()2 + 0 (tN_ (3.6)

Vi (n+ 1!

~—
2

4. A ¢-SERIES FOR Fj

To prove Theorem [L1] we first find a g-series representation for Fy . For this, we
use a theorem from [§]. To state it, we let, for zo € C,

P, :=2+10,1)+7[0,1).
Let ¢ be a meromorphic function satisfying (A, u € Z, € € {0,1}, m € —1N)

¢(Z NV ,U/) — (_1)2m,u+)\56—27rim()\27'+2)\z)¢(z>. ( 1)
Moreover S,,(7) is the complete set of poles of ¢ in P,,. Furthermore D, := %6@
and for M € %N, re€M+7Z,e € {0,1}, define the partlal/false theta functions
O an(2) = 0 a(z57) 1= Y (— 1) (M), (4.2)
n=0

For r € m + Z, let h,,(7) be the renormalized r-th Fourier coefficient with respect

to 20
2 zo+1

hy(T) = By oo (T) == ¢ m P(2)e ™" dy. (4.3)

20
If ¢ has any poles on the line from 2y to 2y + 1, then the contour must be deformed.
In particular, if there is a pole that is not an endpoint, then we define the path to
be the average of the paths deformed to pass above and below the pole. If there is
a pole at an endpoint, we replace the path by [z9 — §,z0 + 1 — §] with ¢ small, so
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that there is no pole at an endpoint. We now recall the following Theorem from [§]
(slightly rewritten).

Theorem 4.1. Assume that ¢ satisfies (L)) and choose zy € C, such that ¢ has no
poles on the boundary of P,,. Then we have, for any r € m + Z,

hrao(T) =2 Y Res (¢(z, 7)), . (2:7)) . (4.4)
2€8a (1)
We use Theorem [.T] to find a g-series for Fp .
Theorem 4.2. We have, for 0 <y < v,

2 = 14 it 1 2
00 N2 —h—L L (n+l—s
Fis(q) =1i(9) ¢ Z (j—l'z (€n+§—s) qz( )7

1<5<¢ n=
j=f (mod 2)

where the D_;(T) are the Laurent coefficients of g in z (expanded around 0), so that

D_;(7)
(T) = - 1 4.
gZ(Z7T> . (27_‘_7;2)] +O( )7 ( 5)
7j=1
Proof: To apply (4], we rewrite
_ (@)oo 2-2¢
Fra(g) = (q)5 " coeffe ———=% = ()27 fus(7)
(O ('),
where
fos(T) == (=) coeffcs% ge(z;7), (4.6)
with ()
_ A
gg(Z) - gg(Z,T) T 19(2;7')[
Note that g, is a Jacobi form of weight ¢ and index m = —g. In particular we have
the elliptic transformation (A, u € Z)

Ge(z + A7 + ) = (—1) MG g, (2), (4.7)

Thus (A1) holds with e = ¢ (mod 2). Moreover, for (2%) € SLy(Z) we require the
modular transformation

V4 aT + b milez?
. — d £,= ct+d . .
gt (c¢+d’c7'+d) (cr +d)e 9e(37)

To rewrite (4.6]), we use (£.4]), to obtain

H,,(7) = 2mi-Res (20", (7))

where H;(7) denotes the j-th renormalized h; .,(7) (see (#3)) Fourier coefficient of
ge(z;7) in the fixed range 0 < y < v, and thus 2 is chosen such that it satisfies the
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conditions of Theorem @] with 7 € P,,. Using (A7) with A = 1 and v = 0 (and
z +— z — 7), we directly obtain that

g(2) = (~1)'¢"q 2 gelz = 7).
Plugging in, we find that

Hoog (1) = (=1)'q#2niRes (qu(= = 7im)C07,, (7))

— (~1)fq Z Pt (@ 0]
j=¢ " (mod 2)

Computing the derivative

[Di—l (Céﬁ:—ké,a,% (z; T))]Z:T = q% f:(_l)na (En n g B S)j—l q%(m_,_%_s)z

n=0
then gives
D_(1) & ¢\ :
H . (r)=(-1)" > ‘ ](17)' > (-1 <€n+§—s) gz (t5=s)" (4.8)
’ 1<j<¢ (7 =1t n=0
j=¢ (mod 2)
Noting that
. 2_9p _po_t
Fra(a) = (=)(@)7 g H, . (7) (4.9)
finishes the claim. [

5. PROOF OF THEOREM [L.1]

5.1. Asymptotic series for quasimodular forms. Using (2.8]) and Corollary

gives that
it (2 _ <2

Plugging this and Corollary [.2linto (£9) we then obtain

Furs(e7t) ~ (=) (27”) o e (2~ 2f)HS+§ (%) . (5.2)

To determine the asymptotic behavior of H,_, ., we first investigate the coefficients in
2
form of D_; in (4.8)). Using (2.9), we write

e <z; %) e (152 G (57 2k> : (5.3)
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From this we see that in g,(z; 7) every coefficient in front of 27 has the shape
D_j(7) =Y _c(m, k)G (7) - - Gy (7). (5.4)
m,k

where the summation is over all tuples of positive integers (of any finite length)
m = (mq,...,m;),k = (ki,..., k) such that mik; + --- + m,k, = £ — j and the
c(m, k) are real constants depending on the tuple. By (2ZI1]), we have that, for k > 2,

i (35) = () (-2 + B S raate )

!
n=1

Thus we obtain, for & > 2,

G% (E) ~ _%’ (5.5)

2 (2k)!

with an error term that decays exponentially as a function of . For Ga(3%) the main
term is also given by (5.5]), but now the error is only smaller by the polynomial factor
t due to the additional term % in the transformation (2ZI1]). Regardless, if we now
plug (5X) into (53), the accumulated error term in (5.4]) is smaller than the main
term by at least a polynomial factor of ¢.

Furthermore, note that it is valid to calculate any given Laurent coefficient in (5.3))
by restricting z to a segment of the imaginary axis, so z = 1y with 0 < y < v =
%. This is a subset of the canonical analytic domain 0 < y < wv. This restriction
is convenient as it allows us to package all of the main asymptotic terms into a
generating function, which can then be evaluated using the identities from Section 2L

In particular, for the remainder of this section we write

f(z>t) ~z g('z?t)

for two functions

f(z,t) = Zat(n)zn, g(z,t) = Z bi(n)z",

neL nez
if for all n
ar(n) ~by(n) (ast—0").

Using (23) (noting that @ < 2m), we find that for z = 1y,

V4 2
47‘('2,2 2nhz
it 1 4%z 1 < ¢ ) €t
” (Z%) oy P <_€S< t )) T () (5.6)
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We also require that D_; is a quasimodular form of weight ¢ — j and thus satisfies

(see (2.110)
it :
D_j(— 7t 5.7
(5) < 5.7
We now distinguish 2 cases, depending on whether ¢ is even or odd.

5.2. Proof of Theorem [1.1] for ¢/ odd. We first assume that ¢ is odd. Plugging
the definition ([B.I) of F; in (L.8) gives
1 .
it - D—2j—1 (%) Gi—7

Now, by (5.7) and (34), we obtain that

it
pun(2),

Thus (if we show that this is not vanishing) the dominant term in (5.8)) comes from
j = 0 and gives, by ([B.5),

it 1 it
H. o(—)~-=D_ (—). 5.9
st (27r) 2 1(%) (5.9)

To determine the asymptotic behavior of D_;, we compute, using (5.6) and (3.2),

it it o\’ 27
D_y| ) =2micoeff ;-1 gp | 25 5= | ~2mi | —— | coeff,-1 ———;
27 2T t <64frt2z B 1)

(20t)t77 < =02

[SIE
~lo

-1 B (&)

Thus when ¢ is odd, we have C; = (—1) 2 ST
The theorem statement then follows from (5.2]) and Proposition [A.1]

5.3. Proof of Theorem [1.1] for ¢/ even. We next assume that ¢ is even. Plugging

B.I) in (48) gives
it\ D_o; (2) / ¢\ o
Hory (%) =2 oo \m) 9iil3)

iy
1<j<t

We have, by (8.6,

G (@) G—1)!
mi\2) el
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it it 1 Iy
D_y; <§) gjé—% (§> t27 <t
Thus the dominant term comes from 7 = 1 and gives asymptotically (if non-vanishing)
1 it
—-D_ | —]. 5.10
£ (27?) (5.10)
Now, by ([B.2) and (5.6]), we obtain

it it 2\ [t \? e
D_2 (%) = (27T7/>2 CO€H2*2 gf <Z, g) ~ (271-@)2 <7) <4—7r2> Coeﬁz*2 m

o (%)M B, (§)

t (=2

Now, by (5.1,

o
Thus when / is even, C; = (—1)%“%3&122()2!).

Thus the claim follows from (5.I0) and Proposition [A1l O
5.4. Proof of Corollary The asymptotic formula (L3) follows directly from

Theorem [L.1] by plugging in (L.2]), combined with (5.1]).
For the second claim, we recall that

qdim(Lg(—Ao(s + 1) + sAy)) = t1_1>r51+ ch[Ly(=Ao)] (i1

and observe that (L3) is independent of s. O

Remarks.
(1) In [1], the following fusion rules formula

‘/:91 X V:Sz = ‘/:91-1-827

was established, where, for convenience, we let Vi := Ly(—Ag(s+1)+sA4)), for s > 0,
and V_g := Ly(—Ao(—s+1)—sAy_4)) for s < 0. In this formula the symbol X denotes
the fusion product, that is, it indicates that the space of intertwining operators for this
particular triple of modules is one-dimensional and zero otherwise. In other words the
fusion ring generated by isomorphism classes of ordinary irreducible Ly(—A) modules
is isomorphic to C[Z]. Note that Corollary is fully in agreement with this formula
as quantum dimensions give the trivial one-dimensional representation of the fusion
ring.

(2) In [7], the first and the third author studied asymptotic properties of the Fourier
coefficients of the Bloch-Okounkov n-point functions. They also discussed levell ¢
€ N n-point functions F). As shown in [7, Section 4], the Bloch-Okounkov 1-point
function of level ¢ is given by F®)(z;7) = @(zl;T)U where n(7)30(z;7) = J(2;7).

INot to be confused with the level appearing in this paper.
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Theorem [L.1] can be used to derive the leading asymptotics of its Fourier coefficients.
After slight adjustments, due to additional Euler factors, we immediately get that

the s-th Fourier coefficient F. satisfies (ast — 07)
X3
ro () e
s (271_ (2

6. A FULL ASYMPTOTIC EXPANSION FOR ¢ = 3

so it has no growing term.

In this section we specialize to ¢ = 3 (i.e., g = sl3) and explicitly work out the full
asymptotic expansion in this case.

Proposition 6.1. For A € {Ay, A2} we have, ast — 0T,

ch[Lg(—(s +1)Ag + sA)] (%)

In particular, for s =0 we have

nlzy(-0)]) ()
- # (5) (i) (S () rown)- o

n

Proof: We have, by (4.9),
Fyu(q) = i(g)3q ™" S Hyps (7). (6.2)
Now, by (5.8)

1t 1t it 3
Hs-i—% (%) - —D_1 <§) fo’%_%(6t> - D_3 (%) Zfl’ _§(6t) (63)
We compute the Laurent coefficients D_;, using (2.9) and (£.9),

(NI

D_g(’T) = i, D_l(’T) = —%GQ(’T)

it Art Ax? an?
LT I 2 _T)
G (%) 32 +O< ‘

Using
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B3), and (6.3]), we then obtain
o (A (i3 i B (3=2) [ 3t\"
wi\ar) a2 ) &=l 2

Here we employ (2.8) with m = 2.
To finish the claim, we plug (6.2) into (L2]), to obtain that

ch[Lg(—(s + 1)Ag + sAy)] (7) = - (i)5Hs+g(7).

Using (5.10) and (6.4)), then yields the claims. Formula (6.1]) follows easily by (2.4]). O
Proposition immediately leads to the following asymptotic expansion for the
quantum dimension.

Corollary 6.2. For A € {Ay, Ay} we have, ast — 0T,

ch[Ly(—(s+ 1)Ag + sA)] (it) s (r? —1) )
o= o)] (1) O t+0(¢%). (6.5)

Remark. (Heisenberg patterns) Let M (1) be the rank one Heisenberg vertex operator
algebra. For an M (1)-module M(1,s), we easily get

ch[M(1, s)] (it)

ch [M(l)] (it)

The reader should notice the similarity between (6.6) and Corollary as they both

have an s? in the second term of the asymptotic expansion (incidentally both vertex

algebras share “additive” fusion rules [I} 2]). It would be very interesting to find a
closed expression for the asymptotic expansion in (6.5]).

= e =1 215’ 4+ O (1) (6.6)

7. A DECOMPOSITION FOR Fy 4(C1, ..., Co—1)

In this part we prove Theorem from the introduction.

Proof of Theorem [1.3t We write
-1
1
Fé,s(gla sy Cﬂ—l) = (_i)éqg H Cj : (Q)glff,s—l—%' (71)
j=1
Here, for r € Z + g,
./_"g’r = Coeffg./_"g(Zg),
where
Ful) = Fil )= U
e\ze) = Je\Z1y - 20—-15%0) 2 -
H§=1 V(wy)
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Using (2.7), we have
¢
Fieet 1) = (<) F(z), Falze—1) = (DGR [[ 7

We now find a formula for F;, that is closely related to Theorem 1] above (which
was proven in [8] by a similar argument). In particular, we compute the following
integral in two ways:

OP.,

Fo(w )1971672 <w+ ij]> dw. (7.2)

Here 2 is chosen such that w; € P, for all j (which is possible due to the restrictions
on the ¢;); note that —v < Im(z) < 0.
For the first computatlon, we also use the elliptic shifts (as above, e = ¢ (mod 2))

( q26—2mZzHC ]79:_57 (Z—l— EijJ —T) 19—': 72 <Z+ EZJZ]>

J(T+Z)

{—1
(r+0)2
_ ( l)gq TZZ e—27r2 7“—1—5 Z H C]
=1

j
1
— (1)t ;
”§<z+ ij]>— ﬁra<z+zzjzj+l>,
]:
to obtain that (.2) equals

(r+0j

(r+0)?2
( 1 Zq ;Z Zr-i-ZHC S . (73)

On the other hand, the Residue Theorem 1mphes that (.2) also equals

Z Res.—,Fr(2)0" %<z+£ijj>.

weszo( T)
Now, for 1 < j </, F, has simple poles at w;. We compute
1 1

27”7 HJ 19(w _wj).
J#v

Resy—w, Fe(w) =
Comparing to (Z.3]), we find that

/-1 14
. _ri0? (r+8)i _
Forpe=—i(=D'¢ > [[¢ T 00

j=1 v=1 H§=1 U (wy — wy)
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Plugging in to (7.1)) and setting r = s — = glves the claim.
O

Remarks.

(1) One could prove related decompositions without the condition that the w, are
distinct. Any repeated values among the w; require modified calculations of residues
in the proof above, leading to partial derivatives of ¥* (as in Theorem [£.2] which is
related to the limiting case that all w; have the repeated value 0).

(2) Theorem could be used to determine the asymptotic behavior as t — 0" of
Fys(C1y- -+, C—1), so long as the (; are also bounded in the ranges given in the theorem.
(3) We stress that Theorem [[3also applies to ¢ = 2, which is quite different compared
to £ > 3 because the relevant vertex algebra is not an affine Lie algebra). Furthermore,
note that in the case £ = 1, Theorem [[.3]is equivalent to Theorem

8. MODULAR-TYPE TRANSFORMATION PROPERTIES OF Fj

In this section we discuss general modular transformation properties of Fy,. The
modular transformation properties of the denominator appearing in the formula for
F} s are well-understood, so we only have to consider the numerator. We note that in
the parlance of [9, [1T], 19; cot (z;7) is an example of a regularized (Jacobi) false theta

function. The following proposition gives the modular transformation properties of
these functions.

Proposition 8.1. For z € C\R and (%) € SLy(Z) with ¢ # 0, we have

. 2 .
ﬂz(c‘r;d)cv _ 7;’;\/[(7”—2M])CC

_ _Z(CT+d) Z(_l)je Zc(i/[Mj—T’)2 (C—r+2Mj/R€ ' dx

1— <4CM647rz cMzx

. . 2
(1 — sgn(Im(z))) 2N g2rieM (er+d) (== gnr )

_'_
4/ c M
" et +d 1 _1+r—2Mj'c7'+d

2 \*7"8M/) 27 4cMm seM ) )

Proof: We assume without loss of generality that ¢ > 0. Plugging in the series

representation of Y1 and writing “T+s =2 C(CT ) We find that

9+ . ar +b :252_1( )Je ol a(2Mj=r)? g+ 2
r,e,M 7C7'+d 4cM r—2M35,0,2¢M C’T—l—d '

=0
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We next invert each term in the sum by finding an inversion formula for 97, ,,(z; i)
If Im(z) > 0, then we use

_mi A2 - T2 i
e TA® /_m_/ewzrcc +27”Axdll§',
R

to obtain that

3 —7'("!1}:1,‘2— 2mir
+ . i _ —r € VM
LAY <z7 w) = Vw( /R g ——dz. (8.1)

Plugging into (8.1]) gives the claim in this case.
If Im(z) < 0, then we complete the theta function, calculating

(M—r)? 1
19:0,1\/1(2? T) + 19J_FT,_2M707M(—2; T)=¢q o M=y (QMZ ~3 + (M —r)T; QMT) )
For the partial theta function 97, ., ,,(—2; 7) we again use (81]). which is invariant
under r — —r — 2M, z — —z, and multiplication by —1. From (Z8) we obtain for
the theta function

(M2 1 ) 2M
oG5 v g (wz VR ___)
2 w w
Sy v s Ly XTI ST S Sl
T € o\ T a2 )
Plugging in gives the claim. 0

As a special case, we recover Proposition 7 of [11].

Corollary 8.2. For z € C\R, we have
(i) If € is odd, then we have

1 1
P .
(—iT) 2195+§,1,§ (z7 7_)

rira? 25 (s+0) (2—VEz
1 / emime? o i (40 ) i (1— sgn(Im(z))emeﬁ< s 7')
R

T2

+ TZ 4+ - —

oS <\/Z7r (93 — ﬂz)) 2/l AN

(i) If ¢ is even, then we have

; miTx? m(S‘M)(QE—\/ZZ)
1 1 Vi
(—i7) 7207, 4 (Z;——) = —1/ c_” dx
272 T 2 Jr sin (\/ZW (x—x/?z))

(1 - sgn(Im(z)) _ mis WiZT(Z—ZL)Z S T . T
+ i/l e te ¢ 19( — —).
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Proof: The claim follows from Proposition .1l with a = d = 0, ¢ = —b = 1, using
the easily verified identity

1 riz xi mir z T 17 z T 17T
L omiz_migmir [ 4 (<~ T 2 . q (< T 4T _ .
2¢ 416<ﬁ(2 8 44)*”ﬁ<2 8_F¥4)) A7),

Remark. In view of Theorem [L.3] the modular transformation formulas in this section
can be now used to compute modular transformation formulas for ch[M](z;7) for
every irreducible module M. This result then can be interpreted as a statement on
characters of more general class of irreducible Ly(—Ag)-modules parametrized by a
continuous parameter. Presumably, such results can be used to formulate a Verlinde
type formula for L;(—Ap)-modules. As this analysis is clearly beyond the scope of
this paper, it is left for future investigation.

O

APPENDIX A. COEFFICIENTS OF BERNOULLI POLYNOMIALS

Here we calculate some special values for certain generalized Bernoulli polynomials.
In particular, we are interested in the values

-1 By)l (%)

—1) 2 o5 if ¢ is odd,
20—1)!

) (¢
(—1)%+1LM if ¢ is even.

2r (£—2)!
Proposition A.1. We have

Co=2C;.
Proof: We offer 2 proofs. The first proof uses recurrences. We first assume that /¢ is
odd. It is direct that

1 0
Cl = Cl = 5, Cg+2 = m(/’g

Thus the identity follows, once we show that C; also satisfies (A1) (with C, replaced
by C;). For this we use the following integral representation of C;

BY ¢ :_22—5(5_1)|ﬁ/;dz
=1\ 2 2mi Jg cosh(z)¢

which follows by a direct residue calculation. The recurrence ([A.Il) now follows, using

@£ e+ (A2)
dz? cosh(z)¢  cosh(z)!  cosh(z)2’ '
We next assume that ¢ is even. Then
1 14

%a Cé+2 - 4(€+1)

(A1)

Co=C; = Cr.
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In this case, we have the representation

14 z
BY (Z)=-2Y-2 !'_é/ ——d
=2 (2) ( )l r cosh(z)* :
Using ([A.2)), the integral becomes

14 / z d 1 / d? 1 d
z— 22— ———dz
{+1 Jg cosh(z)?2 (0 +1) Jg dz?cosh(z)*
Using integration by parts on the second term then gives the claim.

Second proof. The second proof uses the formal Residue Theorem. Writing w =
g(z) € 2C|[z]] with ¢’(0) # 0, we have

ReSw:(]f( ) Resz Of(

¢,
For ¢ odd, we let f(w) := % and w = g(z
4 4
ez (w+1)z71 £ -1
Reseco =y = R (1),

This implies the statement.
For ¢ even, we have

)9 (2).

(2
) =e*— 1. Then

log(1 4 w)(w + 1)z zes?
[g = Resw:() wé = Resz:()m.
Expanding log(1 4+ w) = 77 (—1)"" 22 we get
o £1 P .
(w + 1)5—1 T L1\ (=1)5+1+
Iy = Resy—o—F— —1)"— = 2 ~—
L €Sw=0 wt ;( ) n ]2:% j é"‘]

To this end, we need the evaluation
" /n 1 nl(c—1)!
—1) = : A3
kzzo(k)( )k—irc (n+c)! (8.3)

To see ([A.3)), we integrate the Binomial Theorem to obtain (here B(a, b) is the usual
Beta function)

i()ksw /0 () kW1df—/olfc‘1(1—x)"dx:B(c,nH)

B (n +1)
F(c +n+1)
by the standard evaluation of the Beta integral.
Letting n = £ — 1 and ¢ = £ in (A3), we then obtain I, = (—1)§+1w as
desired.
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