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SECTIONAL CONNECTING LEMMA
S. BAUTISTA, V. SALES, Y. SANCHEZ.

ABSTRACT. A hyperbolic set on a compact manifold M, satisfies
the property: given two of your any points p and ¢, such that
for all positive € > 0, there is a trajectory in the hyperbolic set
from a point e-close to p to a point e-close to ¢, then there is a
point in M whose «-limit is that of p and whose w-limit is that
of ¢q. Bautista and Morales in [5], give a version of this property,
for sectional-Anosov flows (vector fields whose maximal invariant
set is sectional-hyperbolic), including some conditions; among
them that limit the dimension of M to three. In this paper, we
prove a generalization of this result, for sectional-hyperbolic sets
of codimension one in high dimensions.

1. INTRODUCTION

The sectional-hyperbolic sets are a more general class than
hyperbolic sets, since it includes these and other non-hyperbolic sets
as geometric Lorenz attractor, then it’s relevant study which
properties valid for hyperbolic sets are also satisfied by the
sectional-hyperbolic sets. A property of the Anosov flows (when
the whole manifold is a hyperbolic set), is the Anosov connecting
lemma (Theorem [), this result was extended by Bautista and Morales
in [0], for sectional-Anosov flows (when the maximal invariant is a
sectional-hyperbolic set), in dimension three, including some necessary
conditions; this result is known as Sectional- Anosov Connecting
Lemma (Theorem []).

Although the Anosov Connecting Lemma, it is very useful in
hyperbolic dynamics, presents the limitation of requiring that the
flow should be Anosov, however, thanks to the theory of invariant
manifolds (see [§]), the same property can be obtained for arbitrary
hyperbolic sets (Theorem Pl). In this paper, our main objective is
extend the sectional-Anosov connecting Lemma to high dimensions
without the limitation of that the flow should be sectional-Anosov,
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allowing to use it directly in sectional-hyperbolic sets that contain
the unstable manifolds of their hyperbolic subsets. For this, we
including some conditions, and also generalize the characterization of
omega-limit sectional-hyperbolic sets which are closed orbits, given by
Bautista and Morales [6], from dimension three to high dimensions.
Below we will give the necessary definitions to specify our objective.

Hereafter M will be a compact manifold possibly with nonempty
boundary endowed with a Riemannian metric (-,-) induced by norm
| -]|. Given X an C' vector field, inwardly transverse to the boundary
(if nonempty) we call X; its induced flow on M. Define the mazimal
invariant set of X by

M(X) = () X:(M).

>0

The orbit of a point p € M(X) is defined by O(p) = {X:(p) |t € R}. A
singularity is a point ¢ where X is zero, i.e. X(q) =0 (or equivalently
O(q) = {q})and a periodic orbit is an orbit O(p) such that Xr(p) =p
for some minimal 7" > 0 and O(p) # {p}. By a closed orbit is a
singularity or a periodic orbit.

Given p € M we define the omega-limit set, wx(p) = {x € M |z =
lim,, 00 Xy, (p) for some sequence t, — oo}, if p € M(X), define the
alpha-limit set ax(p) = {r € M : z = lim,_ o X_¢,(p), for some
sequence t,, — 00}.

A compact subset A of M is called invariant if X,(A) = A for all
t € R; transitive if A = wx(p) for some p € A. A compact invariant set
A is attracting if there is a neighborhood U such that

A =N X (U),

and an attractor of X, is an attracting set A which is transitive. On the
other hand, a compact invariant set A is Lyapunov stable, if for every
neighborhood U of A, exists a neighborhood W such that: X;(p) € U
forall pe W and t > 0.

Definition 1. A compact invariant set A C M(X) is hyperbolic
if there are positive constants K, \ and a continuous DX;-invariant
splitting of tangent bundle T\M = E3 & Ex @& E¥, such that for every
r€e€Nandt>0:

(1) [IDXy(z)vs|l < Ke M[vg]l, Vv € E;

xT

(2) [IDXe(@)vyll = KMo, Yoy € Ey;
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(3) B = (X(x)).

If B¢ # 0 and EY # 0 for all z € A we will say that A is a saddle-type
hyperbolic set. A closed orbit is hyperbolic if it does as a compact
invariant set of X.

When A = M, we say that the flow generated by X is an Anosov flow.

The invariant manifold theory [8] asserts that if H C M is hyperbolic
set of X and p € H, then the topologic sets:

W(p) = {g € M : Jim d(Xi(q), Xi(p)) = 0}

and
W(p) = {g e M lim d(X,(q), Xi(p)) = 0}

they are C' manifolds in M, so-called strong stable and unstable
manifolds, tangent at p to the subbundles EJ and Ej respectively.
Saturating them with the flow we obtain the stable and unstable
manifolds W#(p) and W*"(p) respectively, which are invariant. If
p,p) € H, we have to W*(p) and W?**(p/) are same or disjoint
(similarly for W"*).

Definition 2. A compact invariant set A C  M(X) s
sectional-hyperbolic if every singularity in A is hyperbolic (as
invariant set) and there are a continuous DX;-invariant splitting of
tangent bundle TAM = F} @ F{, and positive constants I, \ such that
for every x € A andt > 0:

(1) IDXe(x)vz || < Ke v, Vo; € F3;

(2) |IDXe(@)vzll-llvsll < Ke ™ [|DXe(z)vg|l-ozll, Vu; € F;, Vg €

Fe;
(3) | DX (@), DXl ey = KM, o, Vet o5 € Fe.
Where ||, ||z is induced 2-norm by the Riemannian metrics

(Yo of TLA, given by

||Uw7 ux”m - \/(Uma U{E>LE ' <um7 ux>x - <Um7um>%

for all x € A and every uy, v, € T, A

The third condition guarantees, the increase exponential of the area
of parallelograms in the central subbundle F¢. Since X(z) € F¢ for
all z € A (see lemma 4 in [4]), have that dimension of the central
subbundle must be greater than or equal to 2. In the particular case
where dim(F¢) = 2 we will say that A is a sectional-hyperbolic set of
codimension 1.
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When A = M(X), we say that the flow generated by X is an
sectional-Anosov flow.

Also the invariant manifold theory [8] asserts that through any
point x of a sectional-hyperbolic set A has the strong stable manifolds
F**(x), tangent at = to the subbundle F2, which induces an foliation

over A; saturating them with the flow we obtain the invariant manifold

Fo(z).

Unlike hyperbolic sets, the sectional-hyperbolic sets can have regular
orbits accumulating singularities. We have to:

Lemma 1. If A C M(X) is sectional-hyperbolic set, and o is an
singularity in A then:

F¥le)NA={c}
Proof. See corollary 2 in [4]. O

All singularity ¢ in an sectional-hyperbolic set, is hyperbolic, so your
invariant manifolds W** (o) and W#**(o) are well defined. The strong
stable manifold sectional F**(o) it is a submanifold of W*(¢), with
respect to your dimension, exists two possibilities:

(1) dim(W=**(0)) = dim(F**(0)), in this case W** (o) = F**(0);
(2) dim(W**(0)) = dim(F**(0)) + 1, in this case, we say that the
singularity is Lorenz-like.

Every singularity Lorenz-like is type-saddle hyperbolic set with at
least two negative eigenvalues, one of which is real eigenvalue \ with
multiplicity one such that the real part of the other eigenvalues are
outside the closed interval [\, —A].

Over a Lorenz-like singularity o € A, we have F'**(¢) is tangent to
the subspace associated the eigenvalues with real part less than A, and
F** (o) divide a W**(o) in two connected component. If A intersect
just one connected component of W* (o) \ F**(c), we say that the
singularity Lorenz Like is of boundary-type.

We say that a cross section ¥ of X is associated to a Lorenz-like
singularity ¢ in a sectional-hyperbolic set A, if 3 is very close to o,
YN A # () and one of the connected components of W* (o) \ F*(o)
contains a point in int(%).

Another important result about the sectional-hyperbolic sets, is the
hyperbolic lemma (see lemma 9 in [4]), which assert that any
invariant subset H without singularities of a sectional-hyperbolic
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set A, is hyperbolic, in this case, we have to that Fj}, = Ej and
FS, = EY% & B, so W*(p) = F*(p) for all p € H.

Let p,q € M, we say that p < ¢ if and only if for all € > 0 exists a
orbit from a point e-close to p to a point e-close to q.

Theorem 1 (Anosov Connecting Lemma). If X is an Anosov flow on
a compact manifold M and p,q € M satisfy that p < q, then there is a
point x € M, such that a(x) = a(p) and w(z) = w(q).

The following theorem is a generalization of the Anosov connecting
lemma, which allows to be used in hyperbolic sets, even when the flow
is not Anosov.

Theorem 2. Let H be a hyperbolic set of vector field X on M. If
p,q € H and there are sequences z, € H, t, € R™ such that z, — p
and Xy, (2,) — q, then there is x € M such that a(x) = «o(p) and

w(z) = w(q).
As previously mentioned, Bautista and Morales generalized the

Theorem [I in the sectional-hyperbolic dynamics, for sectional-Anosov
flows in dimension three:

Theorem 3 (Sectional-Anosov Connecting Lemma). If X is a
sectional-Anosov flow on a compact 3-manifold M, p € M(X) and
q € M, satisfy that p < q, and a(p) don’t have singularities, then
there is x € M such that a(x) = a(p) and w(x) = w(q) or w(z) is a
singularity.

As the main result of this paper, we prove the following
generalization of the previous theorem:

Theorem 4 (Main: Sectional Connecting Lemma). Let A a
sectional-hyperbolic set of codimension 1 of a vector field X on M,
such that W*(H) C A for all hyperbolic subset H of A. If p,q € A
satisfy that p < q and a(p) don’t have singularities,then there is x € M
such that a(x) = a(p) and w(x) = w(q) or w(x) is a singularity.

Note that in the theorem M, two of the hypotheses of the theorem
are replaced by more general ones; specifically, it is not requested that
M be of dimension three, but that A be a sectional-hyperbolic set of
codimension one, and the hypothesis that X is a Sectional-Anosov flow
is changed by the condition that A contains the unstable manifolds
their hyperbolic subsets; these variations, generate a change in the
proof, however, some of the arguments are similar.

As direct consequences of the main theorem we have that:
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Corollary 1. Fvery sectional-hyperbolic Lyapunov stable set of
codimension 1 of a wvector field X over M, satisfy that if p,q € A,
p < q and a(p) don’t have singularities, then there is x € M such that
a(z) = a(p) and w(z) = w(q) or w(z) is a singularity.

Corollary 2. Fvery sectional-Anosov flow of codimension 1 of a
vector field over M, satisfy that if p,q € A, p < q and a(p) don’t
have singularities, then there is x € M such that a(x) = a(p) and
w(z) =w(q) orw(x) is a singularity.

To proof our main theorem, in section 2, we will introduce the
definition of sectional partition El, we will prove its existence for
invariant compact sets; in section 3 we will proof some properties
of these partitions on sectional-hyperbolic sets of codimension one;
in section 4, we will use the sectional partitions to characterize
of omega-limit sectional-hyperbolic sets which are closed orbits the
transitive hyperbolic sectional sets in codimension one, which are closed
orbits, and with this characterization, finally in section 5 we will proof
the main theorem.

2. SECTIONAL PARTITION

Denote by R’ = {51, 55,...5x} a finite collection of cross sections,
then we define:

k k
R=JS , orR=J0s; . int(R) =] int(S)).
=1

i=1 i=1

The diameter of R is given by the max of the diameters of the elements
of R/, we say that is of the time e if RN X|_. q(y) = {y} for ally € R.

Definition 3. A sectional partition of a compact invariant set H of X
is a finite and disjoint collection of cross sections R’ of X with nonzero
time, such that:

Sing(X)NH={ye H:X(y) ¢int(R),Vt € R}.

Theorem 5 (Existence of sectional partitions). Let A be a compact and
invariant set of the field X over M. If A is not a singularity and every
singularity of A is hyperbolic, then for all 6 > 0 there is a sectional
partition of diameter less than §.

IThis definition results from making a modification to the definition of the
singular partition introduced in [6]



SECTIONAL CONNECTING LEMMA 7

Proof. Let 6 > 0, as all the singularities of A are hyperbolic, we know
that A has a finite number of singularities, so there exists dy such that:

Sing(X)NA = m X, U Bs, (o)

teR oeSing(X)NA

We define:

H=A\ U Bl

ceSing(X)NA

If H = (), then A does not contain regular orbits, in this case it is
a singularity, this contradicts the hypothesis, then H # () and H N
Sing(X) = (. Then for all z € H there is a cross section R, with
z € int(R,), of arbitrarily small diameter. We consider this diameter
much smaller than ¢ and defined:

V.= |J Xi(int(R.));
te(—1,1)

clearly z € V., so we have that {V, : z € H} is an open covering of
H, but since H is compact (a closed set inside a compact set), there is
{z1, ..., 2, } such that:

HQO%.
i=1

Let us consider the rectangles R, , R.,, ..., R, , if necessary we can move
them through the flow and assume that they are pairwise disjoint. Now
observe that

R ={R.,,...R.};
satisfies the conditions of sectional partition. If x ¢ AN Sing(X), then

v ()X U Bslo) | =Sing(X)nA

teR oeSing(X)NA
so there is t5 € R such that
Xto (I) ¢ U B50 (0>
ceSing(X)NA

therefore Xy (z) € H and X (x) € V., for some 1 < i < r. We can
say that Xy, (z) = Xy, (w) for some —1 < t; < 1 and w € int(R.,), so
Xig—t, (x) =w € int(R,,) C int(R), where

r¢{yeA: Xi(y) ¢int(R),Vt € R}
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Therefore
{y e A: Xy(y) ¢ int(R),Vt € R} C Sing(X)NA

since the other containment is immediate, we get the result.
O

Given a sectional partition R’ of a compact invariant set H of a field

X we define the function
(R int(R)) : DOm(H(R,mt(R)) CR — int(R)
with
Dom(Iig inur)) = {x € R : Xy(x) € int(R) for some t > 0}
given by
U int(r)) (2) = Xy (2),

where t(x) is the time of return, i.e., the first ¢ > 0 for which

Xi(z) € int(R). In the remainder of this section we shall represent
(R int(r)) only by II.

Given z € S; € R' we define B.(xz,R) = B.(z) N S;.

Lemma 2. Let R' a sectional partition of the invariant compact set H
of X, with all its hyperbolic singularities, then we have the following
properties:
(1) H R N Dom(IT) C int(Dom(I1)) in R and II is C* in a
neighborhood of H Nint(R) in R;
(2) (HNRN\Dom(l) € Usesingixynn W*(0).

Proof. For simplicity, we denote H* = HN'R

(1) Let € H* N Dom(I1), so Xy () € int(S;) for some S; € R/
and t(x) > 0, due to continuous dependence of the flow, there
is €, > 0, such that OF(y) Nint(S;) # 0 for all y € B, (x), then
B, (x,R) C Dom(Il), thereby x € int(Dom(Il)) in R. Define

U= |J B.@R)
x€HO9NDom/(II)
we have that U is a neighborhood of H? in R such that II is

Cch.

(2) Let p € H\ Dom(IT), thus O (p) Nint(R) = 0. Suppose there
is a regular point r € w(p) C H, then by the definition of
sectional partition, there exists t, € R such that X (r) €
int(R), thus X (r) € int(S;) for some S; € R'. Given
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that X, (r) € w(p) there is a sequence t, — oo such that
X, (p) — Xi(r) and since S; is transversal to the flow we
have to O (p) Nint(S;) # 0 this is a contradiction. Thus w(p)
is a singularity and p € U, cging0nm W3 (0)-

U

Lemma 3. Given ¢ € M if w(q) is not a singularity and R’ is a
sectional partition of w(q), so we have that OF (q)Nint(R) = {q1, ¢2, ---}
is an infinite sequence ordered in a way that 11(q,) = qni1-

Proof. Since the singularities are isolated and w(q) is not a singularity,
then w(q) contains regular orbits and by the definition of a sectional
partition, every regular orbit of w(q) intersects int(R). Given x €
w(q)Nint(R), we have x € int(S;) for some S; € R'. As S, is transverse
to the flow and O (q) accumulates z there is a sequence of points in
O*(q) Nint(S;), that accumulate z. Then O*(q) Nint(R) is an infinite
set and since the cross sections in R’ are finite, disjoint and transverse
to the flow, it follows that O™ (p) Nint(R) is a countable set, which we
order according to the time of return to the interior of R. U

3. SECTIONAL PARTITION AND SECTIONAL-HYPERBOLIC SETS

Given ThM = F} @ F{ the sectional decomposition of a
sectional-hyperbolic set A, this can be extended to Ty, M = Fg; & Fpr,
where U, is a neighborhood of A, this extension is done continuously
for F{; and integrable for Fy;.

Let ¥ C Ujp a cross section, we will denote by F3 the wertical
foliation of 3 obtained by the projection of F** over ¥ along the flow
X, (e, F°(z,Y) is a leaf in X obtained by the projection of the leaf
F**(x) over X along the flow X, for all x € ). We also denote 9"%
and 0"Y the vertical and horizontal border of ¥ respectively. We
assume that the components of the vertical border 9"Y are conformed
by foliation leaves of F3, and 9"% is transversal to Fs.

Given a sectional partition R’, of a sectional-hyperbolic set A, such
that R C Uy, the foliation of R, F7%, is determined by the foliation of
the cross sections which makes contains.

Theorem 6. Let w(q) is a sectional-hyperbolic set of codimension 1, if
w(q) is not a singularity, then for all > 0 there is a sectional partition
R’ of w(q), with diameter less than «, such that:
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(1) int(R) N O*(q) = {q1, qa, ...} with (q,_1) = qn,
(2) there is 6 > 0 and N € N such that if n > N then one of the
following statements is true:

(A) Bs(qn, R) € Dom(I1) and 11|, =) is C*, or

(B) By (g2, R) € Dom(Il) and | g+ (, =) is C*,
where By (¢,,R) denotes the connected component of

Bs(qn, R)\s,, which contains q,, and s, is a submanifold
contained in the intersection of U, ecgingx)nwg W (o) with

Bé(qnv R) .

Nw(q

Proof. By Theorem [ there exists a sectional partition R’ of w(q) of
arbitrarily small diameter such that R C U, ), and by Lemma [3] we
have (1).

Now, by being an omega-limit sectional hyperbolic set, all
singularities of w(q) are Lorenz-like, and by codimension 1 we have
that W"(o) is one-dimensional; therefore W*(o) is a manifold of

dimension n — 1. On the other hand OT(q) N W*5(o) = 0 for all
singularities since w(q) is not a singularity.

For simplicity we will denote:
Ay = w(q) N R N Dom(II)
Ay = (w(g) Nint(R)) \ Dom(II)
Az = (w(@) NA(R) N CL[OT(q) Nint(R)]) \ Dom(II)
Ay = (w(g) NA(R)) \ (Dom(ID) N CL[O* (g) Nint(R)))
Observe that A;UA;UA3UA, = w(q)NR, and besides these sets, they

are pairwise disjoint. Next, to each point = € w(q) N'R, we associate a
0 > 0, according to the set to which it belongs, as follows:

Case 1. If x € Ay, then by the Lemma Pl we choose §,., such that

Nno
Nnao

(Eq. 1) Bs,(z,R) € Dom(Il) and 11|, (xr) is C"

For the cases Ay and Aj, observe first that x € w(q) N R\ Dom(II)
implies * € S; for some S; € R'. By Lemma [ there is
o, € w(q) N Sing(x) such that x € W?*(o,). We have that 5;
and W*(o,) are manifolds of dimension n — 1 and z € W*(o,,) NS}, in
addition W*(o,) is invariant and S; is transversal to the flow, so the
connected component of S; N W?*(¢,) containing = is a submanifold of
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dimension n — 2 which we denote s,. On the other hand, F*(z) is a
invariant manifold of dimension n — 1, then F*(z, S;) is of dimension
n — 2 and we have F*(z) C W#(o,) and x € W*(o,), then by Lemma
0 F5(x, S;) = ss-

Now, as W*"(o,) is one-dimensional, then W*(o,)\{o.} is divided
into two connected components W+ y W~ and as O (¢q)NW*(o,,) = 0,
O™ (q) must accumulate at least one connected component. Therefore,
we have one of the following statements:

(a) W C w(g) and W™ C w(q);

(b) W* C w(q) and W~ & w(q);

(c) Wt € w(q) and W~ C w(g).
We consider (3, small, such that OF(y) accumulates W"(o,) for all
y € Bg,(x,R)\Sq-

Case 2. If y € Ay then y € int(S;). If the statement (a) occurs,
then W+ C w(q) and W~ C w(g). Since W and W~ are
regular orbits, by the definition of sectional partition we have
WHnint(R) # 0 and W~ Nint(R) # 0. Then there are
Si, Sk € R’ such that WTNint(S;) # 0 and W~ Nint(Sy) # 0.
Using the continuous dependency of the flow, there is 6, < 3,
small enough, so that O (p)Nint(S;) # 0 or OF (p)Nint(Sk) #
0 thus p € Bs,(y,R) \ s,. Therefore

(Eq. ii) B;,(y, R)\sy € Dom(Il) and Il|5; (y,r)\,, €S c.

If the statement (b) occurs, we have W+ C w(q) and W~ ¢
w(q). Then, there is S; € R’ such that W*Nint(S;) # 0. Also
O*(q) does not accumulate on W~. For every 7, s, divide
B, (y, R) into two connected components, we call BY (y, R) the
component that accumulates on W+ y B (y, R) the other; we
take ¢, < S, small enough, so that O (¢) does not intersect
B; (y,R) and O*(p) Nint(S;) # 0 for all p € Bg;(y,R).
Therefore

(Eq. iii) By (y,R)\sy € Dom(II) , H\BM’R)\ is C*.

Sy
If the statement (c) occurs, we consider B;;(y,R) as the

component that approaches W~ and the result follows
similarly to when we have (b).

Case 3. If z € A3 then z € 0(5;). If z € 0"(5;) then s, C 0"(S5;)
and consequently Bg (z,R) \ s, accumulates only on one of



12 S. BAUTISTA, V. SALES, Y. SANCHEZ.

the components W or W~. Without loss of generality we
can assume that it accumulates on W*. Let S; € R, such
that W intersects the interior of S;, we choose ¢, < 3. small

enough, so that O*(p)N(int(S;)) # 0, for all p € By, (2, R)\$..
Then we obtain

(Eq. iv) Bs.(z,R)\s. € Dom(Il) and Il|p, -r.. is C".

Now if 2 € 0"(S;), then s, divides Bgs (2, R) into two
connected components, and reasoning in the same way as in
the case of Ay, we obtain that

(Eq. v) Bs.(z,R)\s. € Dom(Il) and g, .. es C".
or

(Eq. vi) By (2, R)\s: C Dom(Il) , M+ (. ). is C.
Case 4. If w € Ay, then w € 9(S;) for some S; € R, we can choose
8,y < B guch that By, (w, R) N[O (q) Nint(R)] = 0.

Note that w(q) N R\ Dom(II) is contained in

U B Yj yJ’ (U Bs. K Zkv )>U< U B‘swzm(wva>>a

2 2
yJEAz 2 zREA3 wWm EAY

and since w(q) N R\Dom(Il) is compact, then is contained in

lo l3 ls
(U Bagk(yk,R)) U (U Bazj (zj,R)) U (U BMTm(wm,R)) .

We define

l3 l4
U BTJ y;, R), Bs= kL:JlB&Zk (z,R), By= gl Bsuy, (W, R

and
H= w(q) N R\(Bg U Bg U B4)
Observe that H C w(q) N R N Dom(II). Thus
HC |J B (2:R),

Z‘leAl
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Since H is compact we obtain

1
H | JBs, (2:,R) = By,
2

i=1

Also, as w(q) "R € H U (w(q) "R\ Dom(Il)) then (By U By U B3 U By)
is a open covering of w(q) NR.

Now, as O (q) N int(R) = {q1,qo,...}, it follows that {q,}nen
accumulates on w(q) MR, so there exists a large enough N € N such
that for all n > N, we obtain ¢, € By U By U Bs, we exclude By by the
way we define A4 and the Bs, (w, R).

0y,
%,%,%:1§z’§11,1§j§12,1§k§l3 ,
we have three possibilities: Bs(g,, R) C Bgmi(xi,R), Bs(gn, R) C
Bs, (yj, R) or Bs(qn, R) € Bs., (21, R).

Take 6 = min

If Bs(gn,R) < Bs, (v, R) then by [Eq. 1 we have to
Bs(¢n, R) € Dom(II) y II|p,(g.=) is C'. In this case we obtain
(4).

If Bs(gn,R) C B5yj (y;,R), define s, = s,, N Bs(qn, R), n ¢ 5n
because otherwise w(q) would be a singularity. Therefore we have
¢n € Bs(qn, R)\sn. We definite Bj (¢n, R) as the connected component
of Bs(qn, R)\s, which contains ¢,. Here we have two subcases
depending on whether we have [Eq. 11 or [Eq. 111

If occurs, B (¢, R)\s, C Bs, (Y, R)\sy,, therefore
B3 (gn, R) € Dom(IN), and 11| 5, ) is C".

If [Eq. 111 is satisfied, since ¢, € OT(q), then g, € By (y;, R), from
Yj
where B (¢,,R) C By (y;,R). Thus By (¢,,R) \ s, € Dom(Il) y

H\B;(qnﬁ)\% is C''. Then for both subcases we get (B).

If Bs(gn,R) C Bs. (2, R), analogously to the previous case we
obtain (B).

Then, for all n > N we have (A) or (B) which proves the theorem.
U
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4. CHARACTERIZING OMEGA-LIMIT SETS WHICH ARE CLOSED
ORBITS IN CODIMENSION ONE

Definition 4. A point ¢ € M satisfies the property Psy if there exists
an interval I C M with g € OI and a closed set 3 C M such that:

(1) Cl{OT(q) N E) =0,

(2) OF(p)NE#0 forallp e 1.

Lemma 4. Let ¢ € M a point satisfying the property (P)s for some
closed subset > with w(q) a sectional-hyperbolic set of codimension 1.
If w(q) is not a singularity, then there is a sectional partition R' of
w(q), d >0, S R, asequence {G,}nen of points in int(S) N OT(q)
and a sequence of intervals jl, jg, ... © S in the positive orbit of I with
G € 0(J;) and I(J;) > 6 for all i.

Proof. Without loss of generality we can assume that ¢ € U, and
the arc I that refers to property (P)s, is tangent to F¢ and transverse
to the flow. Since CI(O*(¢q)) and ¥ are disjoint, there exists a
compact neighborhood W' C U, of w(q) such that W N X = () and
OT(q) € W, then by the theorem [6] we have a sectional partition
R = {51,5,...,5} of w(q) contained in int(W) (since we can
take the diameter of R arbitrarily small), and N € N such that
OT(q) Nint(R) = {q1,qo, ...}, and for all n > N, ¢, satisfies (A) or
(B). We will assume N = 1.

For all n there is S;, € R/, such that ¢, € int(S;,). As ¢ € 9(1),
for the continuous dependence we have to g, must be a border point of
the positive orbit of I, and since \S;, is transverse to the flow as well as
I, we can guarantee that exists I; in the positive orbit of I such that:

I € S;, N Dom(Il) and ¢ € O(11).

If necessary we can reduce it to I so that I; C int(Bs(q,R)) or
I, C int(Bf (q1,R)) depending on whether occurs (A) or (B) for ¢;
we define I, = H([z—l) = HZ([l) for ¢ > 1 and while I, C Bg(qi_l,R)
or I,_1 C Bj(gi-1, R) again depending on whether occurs (A) or (B)
for ¢;_1. Since WNX = () and the positive orbit of I intersects X, there
exists a first index 4; such that:

[i1 {q B5(qi1>R) or ]il {q B;_(inR)'
We define J;; C I;; as the connected component of I;; N Bs(q;,, R) (or
I;,NBf (¢i,, R)) which bounded with ¢;,, and some point in d(Bs(g;, R))
(or in O(By (¢, R)). Remember that si, C U, cqimgx)nwg V(@)
and O (I;;) N X # () we have I;, N's;; = () and we can conclude that
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(i) = 6.

Now, if necessary, we reduce I;; so that II(Z;;) C Bs(gi,+1,R) (or
II(I;,) € Bj(¢i,+1,R)) and repeat the argument used in Iy for I
and in this way find an index i, and construct the interval J;, C I,
satisfies same conditions of J;,, then we would reduce if necessary to
I;, to repeat the process and so on, then we get a sequence {J;_ }men
such that J;, € S;, , ¢, € 0(Ji,,) y 1(J;,,) = 0 for all m.

Since R is a finite collection we have that this sequence has a
subsequence {J;,, }sen such that J; C S, for some S, € R/,

and q; = ¢;,,. the result is obtained. [J

msg

considering S = S, js =J;

mg

Theorem 7. Let ¢ € M be a point satisfying the property (P)s for
some subset 3 closed and w(q) is a sectional hyperbolic codimension 1
set. If w(q) is not a singularity, then w(q) is a periodic orbit.

Proof. Let W and R’ as in the proof of the Lemma [, since w(q) is
not a singularity, then there is S € R/, ¢, J; and § > 0 such that
G € int(S)NO*(q), J; C OYI)N S, § € 0J;, and I(J;) > 6 for all
i € N, also, suppose there is x € w(q)NS, such that g; accumulates on z.

If x € 0°(S), then ¢ ¢ F*(x,S) for all i, since F*(z,5) € 9(9).
Since ﬁ is tangent a Ff;, and transverse to X then the angle between
the arc j; and F3, is bounded away from zero for all ¢, also as l(j,) >0
and ¢; — x there will eventually z such that:

2 € J,NF(,5)
for some pair r,k € N. Since z € J, C OF(I), then OF(z) NS # 0,
on the other hand z € F*(¢;, S) so O (z) is asymptotic at O (¢) and

as W is compact, then O*(z) C W so O*(z) N ¥ = (J; which is a
contradiction, therefore x ¢ 9%(95).

Now, if x € 8"(S) or x € int(S), we have that {q1, @, ...} \ F*(z, )
has a finite number of elements, otherwise we would find again that
there is z € J, N F*(q;,S) for some pair r, k € N and we have a
contradiction. Thus {q, @2, ...} N F*(z,S) is a infinite set and we can
organize as a succession {¢, }nen, such that ¢; belongs to positive orbit
of ¢;_1, and so, the hypotheses of the Lemma 118 in [T1] are satisfied,
then there is p € Per(X)Nw(q) such that ¢, € F*(p) but as g, € O (q)
therefore we can conclude that w(q) = v = O(p). O

2Although this is presented in dimension three, it is valid in arbitrary dimension
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Theorem 8. Let g € M, such that w(q) is a sectional-hyperbolic set of
codimension 1. If w(q) is a closed orbit, then q satisfies the property
(P)s, for some closed subset 3.

Proof. See Theorem 4 in [11] O
As a direct consequence of the Theorems [7] and [, we obtain:

Theorem 9. Let w(q) a sectional-hyperbolic set of codimension 1 of a
vector field X on M, then q satisfies the property Py if and only if
w(q) is a closed orbit.

5. PROOF THE MAIN THEOREM

For the proof, we will first analyze two particular cases and then the
general case.

Theorem 10. Let A be a sectional-hyperbolic set of codimension 1 from
a field X on M, such that W*(H) C A for every hyperbolic subset H
of N\. If p,o € A satisfy p < o where p a periodic point and o a
singularity, then there exists x € A such that a(x) = a(p) and w(x) is
a singularity.

Proof. Since p < ¢, then there are successions (z,)nen with z, — p,
and (t,)neny with ¢, > 0 such that X;, (z,) — o; we can take t,, — oo
and without loss of generality we can assume that z, € U, for all
n € N. We denote by O = O(p) the periodic orbit containing p, as
O C A is hyperbolic we have W**%(p) is well defined and by hypothesis
contained in A, in addition F**(p) = W*(p). Now for the continuity
of F**(p) and given that z, — p, for n sufficiently large F**(z,)
intersects W**(p) at a point z/,. Since z, and 2/, have the same strong
stable manifold, X, (z,) — o and t,, — oo, we have X (z/) — 0. But
2, € W*(O) which is invariant, then o € CI(W"(0)), therefore, o is
Lorenz-like.

We choose two cross-sections i C Up and Yo C Uy, associated
with o such that the intersection of ¥»; with one of the connected
components of W9 (g) \ F**(0) is a point y; € int(3;) and the
intersection of Y, with the other component is a point y, € int(3,).
We take this sections of small size, so that O N (X7 U Xy) = (). Since
AN F*(o) = {o}, then we can establish (9"2; Ud"¥y) N A = (). Let
Fs, v Fy, the vertical foliations of 3; and Xs.

On the other hand as W*(0O) accumulates on o then accumulates on
F*(y1,21), F*(ya, 2o) or both. Assume without loss of generality that
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accumulates on F*(y1, 21). We can select a point ¢ € W™ (p)Nint(3),
as the first point where W*"%(p) that intersects int(3;). Taking the
negative orbit of ¢ and using the fact that dim(W"*(p)) = 1, we obtain
a fundamental domain D* = [a,b] of W"*(p) such that D*NY = (.
Furthermore, b is in the positive orbit of @ and in the negative orbit of c.

We define the function I : Dom(Ilp) € D* — int(%;) with
Dom(Ilp) = {x € D" : Xy(z) € int(X%;) for some ¢t > 0}

given by llp(x) = Xy (x), where ¢(x) is the return time, that is, the
first ¢ > 0 for which X;(x) € int(%;).

By construction you have a,b € Dom(Ilp), and since b is in the
positive orbit of a it follows that I1p(a) = IIp(b) = ¢ € int(X;). Define

q" = Sup{s € [a,b] : [a,s] € Dom(Ilp),Ip([a,s]) C int(X)
and Ipjeq is ct}

¢ = Inf{s € [a,b] : [s,0] € Dom(Ilp), p([s,b]) C int(X)
and IIp|jy is o

Since IIp(a),IIp(b) € int(X), by the continuous dependence of the
flow, ¢* y ¢** are well defined and a < ¢* y ¢** < b; now if ¢* = b,
¢ = a o q" = ¢*, we would have IIp([a,b]) is a curve closed [ in
int(¥;) (without a point in the third case) and therefore tangent to F3,
in at least one point, but as D* C W¥%(p), then the vectors tangent to
[ belong to the central subspace F¢, meaning that [ is transversal to the
strong stable foliation in A and therefore to the foliation F3, , which
contradicts that it is closed, then a < ¢* < ¢** < b, also again by the
continuous dependency we have that ¢*, ¢** ¢ Dom(Ilp), otherwise ¢*
would not be a supremum or ¢** an infimum.

Let ¢*,¢™ € int(X;), the open extreme of the semi-open arcs
IIp([a, %)) and IIp((¢™, b]) respectively and [ = IIp([a, ¢*) U (¢™, b)),
as [Ip(a) = Ip(b) = ¢, we have [, it is an open connected arc with ends
c* y ¢, in addition ([a, ¢*) U (¢**,b]) € W"*(p), then [ is transverse to
F3,. On the other hand, since A has codimension 1, F*(y;, ;) divide
a Y into two connected components. Two cases are presented:

Case 1: If ¢* and ¢ are in different sides of F*(yi,%;), then, the
arc [ intersects the leaf F*®(y;,%;), that is, there exists
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Case 2:
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x € Wé(o) N W"(p), then a(x) = a(p) and w(z) = {c}.

If ¢ and ¢ are on the same side of F*(y1,%1), or
e Fo(y, %) or ¢ € F*(y1,%1). Assume without loss
of generality that ¢* is closer to F*(y1, X1), than ¢**. Consider
the cross section ¥y C ¥y, given by the leaves F*(yi, %),
F*(IIp(r), 1), and all the leaves 3 between them, at where
r € (¢**,b). We have that OT(¢*) does not intersect the
interior of ¥; and 9"¥y N A = (), then ¢* satisfies the property
Py by taking I = (a, ¢*).

Since ¢* € A sectional-hyperbolic, w(q*) is also
sectional-hyperbolic, then by the theorem [] w(gq*) is a periodic
orbit or a singularity. If w(¢*) = O(p) with p € AN Per(X),
then follows from Inclination Lemma (see lemma 2.15 in

N

[1]), that the positive orbit I accumulates on W*(O(p)). In
particular, the positive orbit of I contains an open arc [*

arbitrarily close to Dv = [E,A], where DU is a fundamental
domain of W**(p).

We define the function Il : Dom(Il5) C Dv — int(X) with
Dom(Ilg) = {z € Dv Xi(x) € int(¥,) for some t > 0}

given by Il5(x) = Xy (x), where t(x) is the return time, that
is, the first ¢ > 0 for which X;(z) € int(%;).

By projecting I* onto D along the strong stable manifolds
of the points in I*, we can conclude that Du C Dom(115),
then Hf)(l/)\“) is a closed curve I C int(3;), but since Dv is
a fundamental domain of W**(p) C A, then 1 is transversal
to F3,, which contradicts that I 'is closed. From the above
contradiction we conclude that w(q*) is a singularity, therefore
q* € W*(o*)NW"(p) for some singularity ¢* € A. Then taking
xr = ¢*, we get the result.

O

Theorem 11. Let A be a sectional-hyperbolic set of codimension 1 from
a field X over M, such that W*(H) C A for every hyperbolic subset H
of A. If p,o € A satisfies p < o, a(p) does not contain singularities
and o is a singularity, then there exists x € M such that o(z) = a(p)
and w(x) is a singularity.
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Proof. We have that «a(p) hyperbolic since it has no singularities. We
fix y € a(p), then there is a sequence (t,),en With ¢, — oo such that
X_4,(p) = y. We extend the hyperbolic decomposition of a(p) to a
neighborhood Uy, as the negative orbit of p becomes close to a(p), we
can assume that X_; (p) € Uy ), we can use graphics transformation
techniques [8 [7], to find a € > 0 and a succession of open intervals
(In)neny where I, = (X_4,(p) — ¢, X4, (p) +¢) C W*"(X_4 (p)),
converging to the open interval I = (y — e,y +¢€) C W*(y).

On the other hand, by applying the Shadowing Lemma [9] to the
negative orbit of p, we can establish a succession of periodic hyperbolic
points {p, }nen so that p, — y and p, € Uypy. For n large enough,
by the continuity Wp® ', we have W**(p,) intersect W"(y) at a
point ¢,, given that p, and ¢, have the same strong stable manifold
w(qn) = w(py) = O(p,) and as g, € W"(y) C A, then p, € A.

In addition, strong unstable manifolds W*"“(p,) have uniformly
large size and approach to I when n — oo. Then both W*%(p,) and
I, approximate the interval I when n — oo; this allows us to fix
ng,ny € N such that p,, € A and satisfies the property:

Property (Q)) The strong stable manifold of each point close
to X4, (p) intersects W"“(p,,), and conversely, the strong stable
manifold of any point close to p,, intersects I,,,

Now, since p < o, so we also have to X 4, (p) < o, from where,
there are successions (2,,)men con 2, — X 4, (p) and (tm)men with
tm > 0 such that X; (z,) — o. Then the property (@) implies
that there is another sequence (z/)men C W*(p,,) N W*(2,,); then
X, (21) — o, therefore p,, < 0. Applying the theorem [0, we have
that exists 2* € A such that a(z*) = a(p,,) v w(z*) is a singularity

*

o .

Taking the negative orbit of x*, we can assume that z* is close enough
to pn,. Then the property (@) implies that W**(z*) intersects I, at
some point x. Then as I,, € W"(X_, (p)) and a(X_4, (p)) = a(p),
then you have a(z) = a(p), we have x € W*(z*) thenw(z) = w(z*) =
o*, which proves the result. 0

Proof main theorem. The result is immediate if ¢ € OT(p), then
assume that ¢ € O (p). If w(p) or w(q) contain a singularity o, then
p < o, similarly if a(q) contains a singularity o, then the continuity of
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the flow X, and the fact that ¢ ¢ O%(p) implies that p < o; then the
result follows from the previous theorem.

We will assume that the set a(p)Uw(p)Ua(q)Uw(q) has no singularities,
then there is §; > 0 such that p and ¢ are in H; defined by:

H, = () X(A\ By, (Sing (X)),
teR
Since H; has no singularities, then it is a hyperbolic set, for which
Wt (p) is well defined, and by hypothesis contained in A, reasoning
analogously to the beginning of the proof of theorem [I0, there exists
a sequence {2/ }nen, such that z/, € W"(p) and X; (z,) — ¢ with
2l — pand t, — oo.

Suppose for a moment that for all & € N there is 0, € Sing(X) such

that
op € Cl <U O+(z;))
n==k
Since the number of singularities in A is finite, we can assume that
o0 = oy does not depend on k. As 2z, — p, then it is concluded that
p < o; then the result follows from the theorem [II Then we can
assume that there is kg € N y 0 < d9 < 67 such that

< U O+(Z;L)> N Bs, (Sing(X)) =0

n=ko

Observe that O(z],) C A, for which,
O™ (zny) € A\ Bs, (Sing(X))

for all n > ko. On the other hand, z/, € W"(p), then «a(z]) = a(p)
that has no singularities. Then, like 2/, — p, we conclude that there
exists d3 < d9 such that O~ (z],) C U \ Bs,(Sing(X)), for all n > k.
Consequently (2,)n>k, € H where:

H = () XU\ B, (Sing(X)))

which has no singularities and therefore is hyperbolic. Then as
X, (21) — q y H is hyperbolic, by the theorem [ there is x € M
such that a(z) = a(p) and w(z) = w(q). O
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