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Abstract

This paper is devoted to the analysis of blow-up solutions for the fractional nonlinear

Schrédinger equation with combined power-type nonlinearities
10 — (—A)%u + M |[ul*Pru + Xo|ul*P2u = 0,

where 0 < p; < p2 < % Firstly, we obtain some sufficient conditions about existence
of blow-up solutions, and then derive some sharp thresholds of blow-up and global existence

by constructing some new estimates. Moreover, we find the sharp threshold mass of blow-

up and global existence in the case 0 < p; < % and py = % Finally, we investigate

the dynamical properties of blow-up solutions, including L2-concentration, blow-up rate and
limiting profile.
Keywords: The fractional Schrodinger equation; Blow-up solutions; Combined power-

type nonlinearities; Sharp thresholds; The dynamical behavior

1 Introduction

In recent years, there has been a great deal of interest in using fractional Laplacians to model
physical phenomena. By extending the Feynman path integral from the Brownian-like to the
Lévy-like quantum mechanical paths, Laskin in [22] 23] used the theory of functionals over
functional measure generated by the Lévy stochastic process to deduce the following nonlinear
fractional Schrédinger equation

i0u = (—A)°u+ f(u), (1.1)
where 0 < s < 1, f(u) = |u|*’u. The fractional differential operator (—A)* is defined by
(—A)u = FU€[* F(u)], where F and F~! are the Fourier transform and inverse Fourier

transform, respectively.
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Recently, equation (I has attracted more and more attentions in both the physics and
mathematics fields, see [3 4] [5, @] [7, 12] 13} 17, 19], 36} B8, 40]. For the Hartree-type nonlinearity
(Jz| =7 % Ju|*)u, Cho et al. in [3] proved existence and uniqueness of local and global solutions of
([LI). They also showed the existence of blow-up solutions in [6]. The dynamical properties of
blow-up solutions have been investigated in [5 [38]. Zhang and Zhu in [36] studied the stability
and instability of standing waves. For the local nonlinearity |u|*’u, the well-posedness and ill-
posedness in the Sobolev space H® have been investigated in [7, 19]. In [I], Boulenger et al.
have obtained a general criterion for blow-up of radial solution of (LIl with p > % in RN
with N > 2. Although a general existence theorem for blow-up solutions of this problem has
remained an open problem, it has been strongly supported by numerical evidence [20]. The
orbitally stability of standing waves for other kinds of fractional Schrédinger equations has been
studied in [12, 13} 4 [40].

In this paper, we consider the following fractional nonlinear Schrédinger equation with com-

bined power-type nonlinearities

10 — (—A)Su + Ap|u)|?Pru + Ao|u|?P2u = 0, 12)

u(0,2) = up(x),

where u = u(t,z) : [0,7%) x RN — C is a complex valued function, 0 < s < 1, A;,A\s € R,

0<pr<p2< % This equation has Hamiltonian

1 A
_1 ANS/2 2, M 2p1+2
Bt =5 [ |18t nPe - 32 [ o
A2 2p2+2
2p2+2/RN lu(t, )22+ 2da. (1.3)

But there is no scaling invariance for this equation.
When s = 1 and Ay = 0, equation (L.2]) reduces the following classical nonlinear Schrédinger
equation

i0pu + Au = A\ |u|*Pu. (1.4)

Because of important applications in physics, nonlinear Schrodinger equations received a great
deal of attention from mathematicians in the past decades, see [2] B0, B31] for a review. Ginibre

and Velo [I5] established the local well-posedness of (L)) in H!( see [2] for a review). When

A1 < 0 and % <p < ﬁ, Glassey [16] proved the existence of blow-up solutions for the



negative energy and |z|ug € L?. Ogawa and Tsutsumi [29] proved the existence of blow-up
solutions in radial case without the restriction |z|ug € L?. A natural question appears for
P12 % : can one find some sharp criteria for blow-up and global existence of (4])?7 Weinstein
[33] gave a crucial criterion in terms of L?-mass initial data. Also, some sharp criteria in terms
of the energy of the initial data were obtained (see [24], [35]). Cazenave also mentioned this
topic in their monographs [2]. From the view point of physics, this problem is also pursued
strongly (see [21] and the references therein). In addition, for the L?-critical nonlinearity, i.e.,
p1 = %, Weinstein [34] studied the structure and formation of singularity of blow-up solutions
with critical mass by the concentration compact principle: the blow-up solution is close to the
ground state in H' up to scaling and phase parameters, and also translation in the non-radial
case. Applying the variational methods, Merle and Raphaél [26] improved Weinstein’s results
and obtained the sharp decomposition of blow-up solutions with small super-critical mass. By
this sharp decomposition and spectral properties, Merle and Raphaél [25] 26l 27] 28] obtained
a large body of breakthrough works, such as sharp blow-up rates, profiles, etc. Hmidi and
Keraani [I8] established the profile decomposition of bounded sequences in H' and gave a new
and simple proof of some dynamical properties of blow-up solutions in H!. These results have
been generalized to other kinds of Schrodinger equations, see [10] 111, [14] 241 37, 38 [39].

In [32], Tao et al. undertook a comprehensive study for the following nonlinear Schrédinger

equation with combined power-type nonlinearities

i0pu 4+ A+ A |[u|?Pru + Ao|ul?P2u = 0, (15)

u(0, ) = uo(),

where 0 < p; < p2 < ﬁ More precisely, they addressed questions related to local and global
well-posedness, finite time blow-up, and asymptotic behaviour. Recently, in [9], we prove the
existence of blow-up solutions and find the sharp threshold mass of blow-up and global existence
for (LH) with p; = % and 0 < py < %, which is a complement to the result in [32].

As far as we know, the existence of blow-up solutions of (L2 has not been proved yet. In
particular, the dynamical properties of blow-up solutions have not been proved even when A1 = 0.
In this paper, we will focus on the blow-up solutions of ([L2]). More precisely, we are interested
in sufficient conditions about the existence of blow-up solutions, sharp thresholds of blow-up

and global existence, the dynamical properties of blow-up solutions, including L?-concentration,



blow-up rates, and limiting profile.

To solve these problems, we mainly use the ideas from Boulenger et al. [I] and Keraani [I§].
The existence of blow-up solutions for the fractional nonlinear Schrédinger equation (L) with
the local nonlinearity |u|?’u has been investigated in [I]. The dynamical properties of blow-up
solutions for the L2-critical nonlinear Schrodinger equation (L)) have been discussed in [I8]. In
these papers, the study of blow-up solutions relies heavily on the scaling invariance of (ILI]) and
(I4]). Hence, the study of blow-up solutions for (I.2]), which has no the scaling invariance, is of
particular interest.

Firstly, we will investigate sufficient conditions about the existence of blow-up solutions for
([L2) by using the method of Boulenger et al.. In addition, in [I], they use E(u)® M (u)*~* and
I (—A)guHch2 [|u]|*~* to obtain some sharp thresholds of blow-up in finite time, where s, = & — o
Note that the quantities F(u)®% M (u)*~ % and H(—A)%uHng |lu||*~%¢ are scaling invariant of ().
But there is no scaling invariance for equation ([.2]). Therefore, we must construct some new
estimates to obtain some sharp thresholds of blow-up and global existence.

When 0 < p; < 2—15 and py = 2—15, by using the scaling argument and the variational charac-
teristic provided by the sharp Gagliardo-Nirenberg inequality (2.1), we find the sharp threshold
mass ||Q||r2 of blow-up and global existence for (I2]) in the following sense, where @ is the
ground state solution of [22)) with p = QN

(i) If ||uollr2 < ||@Q]| 2, then the solution of (L2]) exists globally in H*.

(ii) If ||ug|| 2 > ||@]| 2, we can construct a class of initial data, and the corresponding solution
u(t) of (L2) must blow up.

Finally, in order to overcome the loss of scaling invariance, we use the ground state solution
Q of ([2.2)) to describe the dynamical behaviour of the blow-up solutions to (L2]) with 0 < p; < %
and py = %, including L2-concentration, blow-up rates, and limiting profile. Our method can
be easily applied to study the dynamical behaviour of the blow-up solutions to (2] with Ay =0
and py = % Our results are new even for (L2) with Ay = 0 and py = %

This paper is organized as follows: in Section 2, we present some preliminaries. In section 3,
we will establish some sufficient conditions of the existence of blow-up solutions for (L2]), and

then obtain some sharp thresholds of blow-up and global existence. Moreover, we find the sharp

threshold mass of blow-up and global existence for (I2)). In section 4, we will consider some



dynamical properties of blow-up solutions of (2] with ps = 2—]\‘? and 0 < p; < %, including
L?-concentration, blow-up rate, and limiting profile.
Notation. Throughout this paper, we use the following notation. C > 0 will stand for a

constant that may be different from line to line when it does not cause any confusion. We often
abbreviate LI(RY), || - || parry and H*(RY) by L9, || - ||za and H*, respectively.
2 Preliminaries

Firstly, by a similar argument as that in [7, [19], we can establish the local theory for the Cauchy

problem (L2), see also [40].

Proposition 2.1. Let ug € H® and 0 < p1 < po < 2. Then, there exists T = T(||uol| =)
such that ([L2) admits a unique solution u € C([0,T], H®). Let [0,T*) be the mazximal time
interval on which the solution w is well-defined, if T* < oo, then ||u(t)|gs — oo as t T T*.
Moreover, for all 0 <t < T*, the solution u(t) satisfies the following conservation of mass and
energy

lu(®)ll L2 = [luoll L2,
E(u(t)) = E(uo),
where E(u(t)) defined by ([L3)).

Next, we recall a sharp Gagliardo-Nirenberg type inequality established in [1] 40].

Lemma 2.2. Let N >2,0<s<1land0<p< N2_S2S. Then, for all u € H®,

_pN
S

pN
| PrtRde < Conl(=a)bul 3 Jull 27 (2.)

where the optimal constant Ceyp given by

2s(p+1) — pN e 2s(p+1)
Copt - N 2p
p (2s(p+1) —pN)[QI}5

and Q) is a ground state solution of

(-A)PQ+Q=1Q*Q in RY. (2.2)
In particular, in the L*-critical case p = %, Copt = ﬁ.
L2



Moreover, the solution Q) satisfies the following relations

S012. — pN 2
I(-8)1Q1% = Pl (23)
and
opr2, _ 2s(p+1) 2
| et = 2Rl (24)

Next, we shall recall the profile decomposition of bounded sequences in H?®, which is impor-

tant to study the dynamical properties of blow-up solutions, see [40].

Proposition 2.3. Let N > 2 and 0 < s < 1. Assume that {v,}>2 is a bounded sequence
in H®. Then, there exist a subsequence of {v,}5° (still denoted by {v,}5° ), a family {azj}‘;‘;l
of sequences in R and a sequence {Vj}‘]?‘;l in H?® such that

(i) for every k # j, |zk — x%| — 400, as n — 00;

(ii) for every | > 1 and every x € RN, it follows

l
(@) =Y V(@ — ) + ), (2), (2.5)
j=1

with
limsup ||v!,||a — 0 as | — oo
n—oo

for every q € (2, NQTN%) Moreover, we have, as n — oo,

l
loal%, = S IV, + 16113, + o(1), (2.6)

j=1

l l
Vi(z —2l)|9dr = / Vi(x — xd)|9dx + o(1), 2.7
/RN'; (o= abitdr =33 [ Ve = b o) (2.7
where o(1) :=o,(1) = 0 as n — 0.

Remark. In this proposition, the number of non-zero terms in the right side of (2.5]) may
be one, finite and infinite, which may correspond to three possibilities (compactness, dichotomy
and vanishing) in the concentration compactness principle proposed by Lions. Hence, the profile
decomposition may look as another equivalent description of the concentration compactness
principle. However, there are two major advantages of the profile decomposition of bounded

sequences in H®: one is that the decomposing expression of the bounded sequence {v,}5° is



given and we can inject it into our aim functionals, and the other is that the decomposition is
orthogonal by (i) and norms of {v,}5° ; have similar decompositions, for example (2.6). Those
properties are useful in the calculus of variational methods.

In this paper, we will use the method in [I] to prove the existence of blow-up solutions to

(C2). In the following, we recall some important results in [IJ.

Lemma 2.4. [1] Let N > 1 and suppose ¢ : RY — R is such that Vi € WH(RY). Then,

for all u € H2 (RY), it holds that

1 1
/RN u(2)Vep(x) - Vu(z)de| < C([IV[2ullzs + [lull g2 ]| V]2ul 2),

with some constant C' > 0 that depends only on ||[V||y1.c and N.

Lemma 2.5. [1] Let N > 1, s € (0,1) and suppose ¢ : RV — R with Ap € W2>(RY).
Then, for all u € L?(RY), we have

/0 m® /RNWso)rudexdm' < O A% 7 Al o lull .

Let us assume that ¢ : RY — R is a real-valued function with Vi € W3°°(R). We define

the localized virial of u = u(t, x) to be the quantity given by

M [u(t)] :=2Im x u(t)Ve - Vu(t)dz. (2.8)

By applying Lemma 2.4, we obtain the bound

| Mofu®)] < C(IVell, 1Ag] L) Ju®)? -

Hence the quantity M[u(t)] is well-defined, since u(t) € H*(R") with some s > J by assump-
tion.

To study the time evolution of M[u(t)], we shall need the following auxiliary function

1 _ a(t,§) > .
U (t) = cs———u(t) = s F 1 [ ——2 ), with m >0, 2.9
(1) = e mge—u) (s 29)
where the constant
sin s
Cs 1=
T

turns out to be a convenient normalization factor. By the smoothing properties of (—A 4 m)~,
we clearly have that u,,(t) € H*T2(RY) holds for any ¢ € [0, T*) whenever u(t) € H*(RY).

By a similar argument as that in [I], we have the following time evolution of M [u(t)].



Lemma 2.6. For any ¢ € [0,7™"), we have the identity

d S
%Mw[u(t)] :/0 m /RN{ZLE?kum(Gglgp)(‘)lum — (A2cp)\um]2}da;dm
2\1p1 opy 42 2Xop2 / 2pa+2
- Apdr — —== P22 A\ pod 2.1
S P tagds - 22 [ petacde@0)

where u,;, = u;,(t,x) is defined in (Z3) above.

Let ¢ : RN — R be as above. In addition, we assume that ¢ = o(r) is radial and satisfies

% for r<1,
o(r) =

const. for r > 10,

and ¢”(r) <1 for r > 0. Given R > 0 , we define the rescaled function g : RY — R by

r

wRr(r) = Rzgp(R).

We readily verify the inequalities

1—¢h(r)>0, 1- >0, N—Apg(r)>0,

for all r > 0.
By a similar argument as Lemma 2.2 in [I], we obtain the following time evolution of the

localized virial M, [u(t)] with pr as above.

Lemma 2.7. (Localized radial virial estimate) Let N > 2, s € (3,1) and assume in addition
that u(t) is a radial solution of (.2)). We then have

%M@R [u(t)] <ds|(—2)Fu(t)||7> -

2)\1Np1 2p1+2 2)\2Np2 209 +2
O - R I
—2+52)

s PL s P
+C(R—25+R—p1(N—1)+61sH(_A)gu(t)Hleerel +R—pz(N—l)Jr&zS”(_A)iu(t)HLSZ

s 220 N —
— 4pyNE(ug) — 2(paN — 28)||(—A)5u(t) 2 + 22N P2 ZP1) g 2mi2

p1 + 1 2p1+2
—2s —p1(N—1)+e1s s Hlter —p2(N—1)+e2s 5 Ztes
+C(R™™+R [(=A)z2u@)|>  +R [(=A)zu(t)]» ), (2.11)
for any 0 < &1 < 2=l and 0 < g9 < Z@. Here C = C(||uo||z2, N, €1, €2, 8, p1,p2) is some

s

positive constant.

In order to deal with the L?-critical case, we shall need the following refined version of

Lemma 2.7 involving the nonnegative radial functions

Yir=1—¢R(r) >0, Yor=N—Apg(r)>0.



Lemma 2.8. (A Refined Version of Lemma 2.7) Let N > 2,s € (%,1) and assume in

addition that u(t) is a radial solution of (L2) for anyt € [0,T*) and ps = 2. We then have

d
aMgp[ u(t)] <8sEug] / / (Y1, — )1/125)]Vum] dxdm
DB 20) [ a2 de + RPN )b
+O((L+n )R> + 91+ R 2+ R™Y)) (2.12)

2s5—1
forcmy77>0andR>0,0<€1<%, whereC’(n):ﬁ andﬁz%.

3 The existence of blow-up solutions

In this section, we will establish some sufficient conditions about the existence of blow-up solu-
tions for (I.2)), and then obtain some sharp thresholds of blow-up and global existence. Moreover,
we find the sharp threshold mass of blow-up and global existence for (I.2]). Firstly, we will prove

the existence of blow-up solutions of (L.2]).

Theorem 3.1. Let N > 2, s € ( 1), 22>0, F <p2 < % and py < 2s. Suppose that
u € C([0,T*), H*) is a radial solution of (LZ). Then the solution u(t) blows up in finite time
i the sense that T* < oo must hold in each of the following three cases:

1)\ >0, % < p1 < p2, and E(ug) < 0;

2) A <0,0<p; <p2, and E(u()) <0;

3) A >0,0<p < 23, and E(ug) + CM (ug) < 0 for some suitably large constant C.

Proof. In what follows, we will show that the first derivative of M[u(t)] is negative for positive

times t. More precisely, in each of the three cases described in Theorem 3.1, we will show that

d

g Melu®)] < —c[(=A )2u(t)|[F: <0 (3.1)

for a small positive constant c¢. This implies that the solution w(t) blows up in finite time.
Indeed, suppose that u(t) exists for all times ¢ > 0, i.e., we can take T = oo.

Firstly, we claim the lower bound

[(=A)2u(t)|z2 > C for t > 0. (3.2)



Indeed, if this conclusion does not hold, then there exists some sequence of time t; € [0,00)
such that ||(—=A)zu(t)| 2 — 0. However, by L?-mass conservation and the sharp Gagliardo-
Nirenberg inequality (1)), this implies that [py [u(ty, 2)|**2de — 0 and [ [u(ty, )[*P2 2de —
0 as well. Hence, we have E(u(t;)) — 0, which is a contradiction to E(u(ty)) = E(ug) < 0.
Thus, we deduce that (3:2]) holds.

Next, it follows from (FI) and @) that $M[u(t)] < —C with some constant C' > 0.
Integrating this bound, we conclude that M [u(t)] < 0 for all ¢ > t; with some time sufficiently

large time ¢; > 1. Thus, integrating ([B.1)) on [t1,], we obtain
M[u(t)] < —c tt [(=A)2u(r)||22dr for all &> t. (3.3)
1
On the other hand, we use Lemma 2.4 and L?-mass conservation to find that
| Molu(®)] 12 Clen)(I(-8)Ful@) 72 + | (-A) Fu(d)| ) (34)

1 s 1
where we used the interpolation estimate |||V|%u||L2 < Hu||1L2 *(=A)2ul| 75 for s > 1.

So, we deduce from 32 and 34) that
. 1
(M [u(®)]] < Cler)l[(=A)2u®)] ;.- (3.5)
This, together with (B.3]), implies that
t
Molu®)] < —=C(pr) | |Mylu(n)][*dr for t>t. (3.6)
t1

This yields My[u(t)] < —C(¢r)|t — t«|'7% for s > 1 with some t, < +oo. Therefore, we
have My[u(t)] = —oo as t — t,. hence the solution u(t) cannot exist for all time ¢ > 0 and
consequently we must have that T < +oco holds.

For the remainder of the proof, we will derive ([B]) in each of the three cases described in
Theorem 3.1.

Case 1): A1 > 0, % < p1 < p2, and E(up) < 0.

By the conservation of energy, and our assumptions, (Z11]) with £; and ey sufficiently small

and fixed, we deduce the inequality (with og(1) — 0 as R — oo uniformly in ¢)

d 2XoN (p1 — p2)
dt p2+1

+op()(1+ (=) iu(®)l| 5 + I(—A)su®)] 5

Molu(t)] <4piNE(ug) — 2(pN — 25)[[(—A) 3u(t)|22 + u(t) 52213

< — (N = 28)|[(=A)3u(®)|2, for all t € [0,T%), (3.7)

10



provided that R > 1 is taken sufficiently large. In the last step, we use F(ug) < 0, Young’s
inequality, % +e1 < 2 and % +e9 < 2 when €1 and e9 are sufficiently small. Hence, (3.1]) holds
with ¢ = poN — 2s.

Case 2): A\ <0, 0 < p1 < pg, and E(ug) < 0.

In this case, by a similar argument as (3.7]), we obtain

M Jut)] 4N E(u) = 2(paN — 29)[(-A) (o) + 2T 222
+or(D)(1+ [(—A)u(®)]| 5 T + [(—A) ()5
— (p2N = 25)[[(—A)Fu(®)|22 forall t €[0,T%), (3.8)

provided that R > 1 is taken sufficiently large. This implies ([BI]) with ¢ = po N — 2s.

Case 3): Ay >0, 0 <p; < 2, and E(ug) + CM (ug) < 0 for some suitably large constant C.

As py > %, we can find a small constant € such that po, > 25% It is immediate that

0 = is;]r\f < 1. Therefore, by the conservation of energy, and our assumptions, (2I1]) with
g1 and &9 sufficiently small and fixed, we deduce the inequality (with og(1) — 0 as R — oo

uniformly in ¢)

— Mo [u(?)]

s 2>\1Np1 21 +2 2/\2Np2 2py+2
<Asll(=8)Fu()lfe = = ()13 — ez 2

L ey

+ I (—A)2u(t >HL2*”>

2 o N po
2p1+2 24V P2 2p2+2
|| (t )||2p1+2 - _p2 +—1 [Ju( )||2p§+2

For()(L+ (~A)u >uL2
—ts](-)u(t) [} — 2

~ 2XoNpo(1-6)
p2+1

<) (~A)ru(t)Bs + 2N b (2E =AY +

2/\1Np19 2p1+2 2/\2Np2(1 — 9) 2p2+2
i (e e S t
o1 @l e - =l >||2p2+2

w5+ (A Ru)] 5 )

s 2N (p P
— (Va0 = 29)| (=) bul0) [+ ANpa0 -+ LI

Hu(t)\\%,’izi§+oR<1><1+|r<— Vau(t)|n T+ (A Eu(b)]]n )

2 2
w3

Liey

l\.’)lv

+or(1)(L +[[(—4)%u

~ 2XoNpo(1-6)

— lu(t) 32225 for all t € [0,T%), (3.9)

2p2+2

provided that R > 1 is taken sufficiently large.

11



By Young’s inequality, for any positive constants a and 9,

a®P T2 < O(6)a* 4 6a*Pr T2,

Hence,
R e
<0(@) PN )z, 4 2 2P g 22,
Choosing § > 0 sufficiently small such that
52N9)\1(p2 —p1) - 2X2Npo(1 - 0)
p1+1 p2 + 1 ’
we obtain
d s 2
G Melu(®)] < = (Np26 = 25)[|(=A)2u(t)] 72
002N =)y 4y 2, 4 N6, (3.10)

p1+1

which, as long as
2NOX (p2 — p1)

2
C(o) NI (o) + ANpE <0,
yields
d s
TMo[u@®)] < —(Np2f = 25)[[(=4)2u(®)]72-
This proves (B.I)) in this case. O

According to the local well-posedness theory of the fractional nonlinear Schrédinger equation
and Theorem 3.1, the solution of (L2)) with small initial data exists globally, and for some
large initial data, the solution may blow up in finite time. Thus, whether there exists a sharp
threshold of blow-up and global existence for (I.2)) is of particular interest. On the other hand,
the following problems are very important from the view-point of physics. Under what conditions
will the condensate become unstable to collapse (blow-up)? And under what conditions will the
condensate be exist for all time (global existence)? Especially the sharp thresholds for blow-up
and global existence are pursued strongly (see [2l 8l B0l 33] 35, B7] and their references). For
equation ([.2]), there are two nonlinearities and there are no scaling invariance, which are the
main difficulties. We obtain the following sharp conditions of blow-up and global existence for

(L2) by constructing some new estimates.

12



Theorem 3.2. Let N > 2, s € (%,1), M=X=1 F<p<p<y 525 and pa < 2s.
Suppose that u € C([0,T*), H*) is a radial solution of (I]II) Then we have the following sharp
criteria of blow-up and global existence for (L2)).

1) pr = %. Let lug| 2 < |Q1]lzz and E(ug) < h(yo). If||[(—A)*?ug|| < yo. then the solution
u(t) of (L) exists globally; If ||(—A)% ?ug|| > yo, then the solution u(t) of [L2) blows up in
finite time in the sense that T* < oo must hold, where Q1 is the ground state solution of (2.2))

with p replaced by p1, yo and h(yg) are defined by BI3) and BI4) respectively.
2) p1 > 2. Let E(ug) < plzgl]\?syl. If ||(=A)*"2ug|| < w1, then the solution u(t) of L2

exists globally; If ||(—A)*/?ug|| > y1, then the solution u(t) of (L) blows up in finite time in the

sense that T* < oo must hold, where y1 is the unique positive solution of the equation f(y) =0
and f(y) is defined in ([B.I9).

Proof. Case 1): p1 = 2—]\‘;’ Applying the sharp Gagliardo-Nirenberg inequality (2.I]), we have

B(u(t) =5 (- ﬁ(ﬂﬁg—zf%EM—Aﬁmwﬁmw>wm
N A)u(e)F a2 (3.11)

2p + 2
where C} and Cy are the optimal constants in (2.1I) with p; and po, respectively.

Now, we define a function h(y) on [0,00) by

(2pa+2)— 22X poN
? ol 75 y? — ——]| oH )’ e

1
h = — — —
W) =3y 21 +2 ol ¥ =5 +2

Thus, (FII) can be expressed by E(u(t)) > h(||(—A)2u(t)||2), h(y) is continuous on [0, o) and

Ch 2 Cy paN (2p2+2 —TN pzN
w0 = (1= Sl )y - 52 Pl AL )

By the assumption [Jug|z2 < ||Q1] 2, equation h'(y) = 0 has only a positive root:

s
) PN%
NERE pﬁwun“
w0 = - | (3.13)
p2N  Co H ” (2p2+2)—
s  2p2+2 uo

Thus, h(y) is increasing on the interval [0, yg), decreasing on the interval [yg, c0) and

Npo — 2s Ch
b = i) = 222 (1= ol ) o (314

By the conservation of energy and E(ug) < h(yg), we have

h(l[(=A)2u(t)]12) < B(u(t)) = E(ug) < h(yo), for all t €10,T%). (3.15)
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Now, we claim that if ||(—A)Zug||z2 < yo, then ||(—A)2u(t)||;2 < yo, for all t € [0,T*). This
implies the solution u(t) of (L2]) exists globally. We prove this result by contradiction as follows.
If this conclusion does not hold, by the continuity of ||(—A)zwu(t)| 2, there exists to € [0,T%)
such that ||(—A)Zu(to)||z2 = yo. Thus, A(|[(=A)Zu(to)||z2) = h(yo) = hmaz. Moreover, taking

t = to in (B.13)), one sees that

h(H(_A)%u(tO)HL2) = h(yO) = Nimaz < E(u) = E(UO) < hinaz-

Thus the contradiction has been produced, the solution u(t) of (L2 exists globally.
On the other hand, if ||(—A)Zug|[z2 > yo, by the same argument, it follows that ||(—A)Zu(t)|| 2 >
yo for all t € [0,T).

Next, we pick n > 0 sufficiently small such that

Np2 —2s 1—p—
2Np2

E(’LL(]) §

2
ol )

Thus, by the conservation of energy, ([2.11]) and ([2.1I), we deduce that

d 2Np1 2Np2
g Menlu®] S4s(=2)3u®) 7 - ~= SIS - =5 @I

ol

+op ()L +[(~A)3 <>HL2*“+H<— )3 <>HL2*”>

s 2(Npy — 2s) U142
=4posNE(ug) — 2(p2N — 25)[[(=A) 2u(t)||72 + Wllu(t)llﬁiiz

+or (M + (=AY su®] 5 + (=AY su®) 5

— (87 + or(MW)II(=A) 2u(®)[72 + or(1), (3.16)

1lie

with op(1) — 0 as R — oo uniformly in t € [0,77), where § = 2(paN — 2s) and we have chosen
€1 and &9 small enough such that % 4+ &1 < 2 and %2 4 g9 < 2. We thus conclude

d

ZMfu(t)] < —%”\|(—A)%u(t)\|%2, for all t € [0,T%). (3.17)

Suppose now that 7% = oo holds. Since ||(—A)zu(t)||z2 > yo > 0 for all t > 0, we see from
BI7) that Myu(t)] < 0 for all t > ¢; with some sufficiently large time ¢; > 1. Hence, by

integrating on [t1,t], we obtain
0 s
My[u(t)] < =5 ||< A)su(s)|Fads <0, forall t > 1. (3.18)

By following exactly the steps after (|33|) above, we deduce that u(t) cannot exist for all times

t > 0 and consequently we must have that T* < co holds.

14



Case 2): We define a function g(y) on [0,00) by

o N po N

y s, y€l0,00).

1, (2p1+2)-2Y pN (2p2+2)—
Sy - [uoll ;2 s [uoll ;2
2 2p1 —|—2 2p —|—2

9y) =

Thus, BII) can be expressed by E(u(t)) > g(|[(=A)Zu(t)||z2), g(y) is continuous on [0, 00) and

[[uoll 2

i mN
g’(y)=<1 L B

(2p1+2)- 2% nN Cy  pa2N (2p2+2)— 22N PaN _
S 12 s Y — 57— luoll > Yy Yy

2p2 +2 s

= f(y)y. (3.19)

For the equation f(y) = 0, there is a unique positive solution y;. Indeed, by assumption

2
%<p1<p2<NT823,fory>O,wehave

Ci piN plN (2p1+2)— 21N N
£) == AP B Ty
02 pgN pgN (2p2+2)— _
TRl 2)lluolly2” <0, (3.20)

which implies that f(y) is decreasing on [0,00). Due to f(0) = 1, there exists a unique y; > 0

such that f(y;) = 0. This implies

() (1 R ) 2 _Copo (1 )u |Gt
1)=\{35— Y uo ’
g 2 pN)V T 2p 2\ po !

On the other hand, we deduce from the conservation of energy and the assumption E(ug) <

p121;f N25y% that

1 s 1 (2p2+2)— ”2N PN
g(——p—) ¥+ Cops <p_1‘_> o]l 2 0% = o). (3.21)

By the same argument as Case 1), we can obtain that if |[(—=A)Zugl2 < i, then for all
te[0,7%), |[(=A)2u(t)| 12 < y1, which implies the solution u(t) of ([Z) exists globally.
And if ||(=A)2ugl|z2 > 1, by the same way, it follows that |[(—A)Zu(t)|2 > y for all
€ [0,7%).
Next, we pick 1 > 0 sufficiently small such that

p1N —2s 4
5 N Y1
2p1N

p1N — 2s

WH(—A)%U@)H%2 for all t €10,17).

E(ug) < (1 —mn) <(1-mn)

15



Inserting this bound into the differential inequality (2.I1]), we obtain

d

4 2N(p1 — p2)
i

p2+1
—1+€2)

+ =) iub)l]
< — (@ + or(M)I|(-A)2ut)|2: + or(1), (3.22)

M[u(t)] <4piNE(ug) — 2(pi N — 25)[|(—A)3u(t)|2. + ut)|52253

B2

+on ({1 + [[(—A)su(®)]

with § = p1 N — 2s and or(1) — 0 as R — oo uniformly in ¢. We thus conclude

d

& Mfu(t)] < ~LI(-2)3u(t) s, for all t € [0,T%).

Therefore, by the same argument as Case 1), we can obtain the desired result. O

When 0 < p; < % and py = %, the existence of blow-up solutions of ([2]) has not been

proved yet. In the following, by using the scaling argument and the variational characteristic
provided by the sharp Gagliardo-Nirenberg inequality (2.1J), we prove the existence of blow-up

solutions for (I2]) and find the sharp threshold mass of blow-up and global existence for (L.2]).

Theorem 3.3. Let ug € H3;, N > 2, s € (%,1), M=-1,=10<pm< % and py = QW
Assume that Q) is the ground state solution of 22l with p = % Then, we have the following
sharp threshold mass of blow-up and global existence.

(i) If ||uoll 2 < ||@Ql| 2, then the solution of (L2l exists globally.

(i) If the initial data ug = cp% Q(px), where the complex number ¢ satisfying |c| > 1, and
the real number p > 0, then the solution u of ([[L2)) with initial data ug blows up in finite time

0 <T* < o0, oru(t) blows up in infinite time such that
[(=A)2u(t)||2 = Ct* for all t > t,,
with some constants C > 0 and t, > 0 that depend only on ug, s, N.

Remark. As far as we know, this result has not been proved when \; = 0. However, our
method can be easily applied to the case of A\; = 0. Therefore, this result is new even for (2]
with A1 = 0.

Proof. (i) We deduce from the energy conservation ([3]) and the sharp Gagliardo-Nirenberg

16



inequality (2.1]) that for all ¢ € [0,7™)

Blult) =5 [ 18" ulta) s + 5o
1

— t 2p2+2

1 ||u0||i;l;2 2 2
>3- I(=2)*2u(t)]72-
(2 2(|QII 7 "

From the hypothesis ||ug||;2 < [|Q]| 2, there exists a constant C' > 0 such that E(ug) = E(u(t)) >

/ lu(t, z)| P 2 da
RN

C|](—A)S/2u(t)|]2L2 for all t € [0,7%). Then, u(t) is bounded in H?® for all ¢t € [0,7%) by the
conservation of mass, and u(t) exists globally in H® by the local well-posedness (see Proposition
2.1). This completes the proof of (i).

(ii) By the definition of initial data ug(z) = cp% Q(px) and the Pohozaev identity for equation
@2), e, [|[(-A)*72Q|%, = ;ﬁ”me” we deduce that

L2p2 +29

c|2p?s c|?Pit2pNe
Bluo) =L [ ayPauta + D [ g
|C|2P2+2pNP2
T rr o Q@I
c?0® | ap, 2 4112 |c|2P1 2 NP1 / 2p1+2
_ DAY ™ P2y 3.23
5 (el I(=A)"=Qll72 + 112 |Q()] z (3.23)
Now, taking p such that
2p1+2
PP QI o S 95— Npr

(o1 + D — D|[(—A)2Q2, ~ "

This implies E(up) < 0.
On the other hand, by a similar argument in [I], we can choose ¢g(r) and 1 > 0 sufficiently

small such that

¥z

Y1.r(r) — C()(Wa.r(r)2 >0 for all ¥ > 0 and R > 0.

Thus if we choose n < 1 sufficiently small and then R > 1 sufficiently large, we can apply

Lemma 2.8 to deduce that

d

EMQ&R [u(t)] < 4sE(ug), for all t €[0,T). (3.24)

Next, we suppose that u(t) exists for all time ¢t > 0, i.e., T* = co. It follows from ([B.:24]) that
My lu(t)] < —ct for t > t, (3.25)
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with some sufficiently large time ¢ty > 0 and some constant ¢ > 0 depending only on s and
E(up) < 0. On the other hand, if we invoke Lemma 2.4, we see that
1 1
Moplu(®)] < Cler)(IV[2ut)l[72 + [lu(®)l| 2 [V 2u(t)]|£2)
1
< Cler)(IIVI2u®)72 +1)
s 1
< Cler)(I(=A)2u®)( ;2 + 1), (3.26)

where we also used the conservation of L?-mass together with the interpolation estimate |||V| %uH 2 <

_a s 1
||uH1L2 *(=A)2ul| 75 for s > 1. Combining ([B25)) and (B26]), we finally get
[(=A)2u(t)||2 > Ct* for all t > t,,

with some constants C' > 0 and t, > 0 that depend only on ug, s, N. O

4 Dynamic of blow-up solutions in the case of L?-critical

In this section, we investigate some dynamical properties of blow-up solutions for (2] with
M=-122=10<p < % and py = % In this case, we prove that there exists the
sharp threshold mass ||@Q|| ;2 of blow-up and global existence in Section 3. Hence, the study of
the dynamical properties of blow-up solutions around the sharp threshold mass is of particular
interest. For this aim, we firstly obtain the following refined compactness result by using the

profile decomposition of bounded sequences in H* and the inequality (2.1]).

Lemma 4.1. Let N > 2 and s € (3,1). If {uy,}32; be a bounded sequence in H*, such that
limsup || (—A) 2wy, |2 < M, limsup ||un]| pao/nse > m > 0.
n— 00 n—oo
Then, there exist V€ H® and {x,}°%; C RY such that, up to a subsequence,

Un(-+ xp) =V weakly in H®

with

4s
s TN
L2 = (2s+ N)M?

where @Q is the ground state solution of Z2) with p = %.
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Proof. We deduce from the profile decomposition (Proposition 2.3) that
l
Z (x —a2l) + ok, (4.1)

with limsup,, ., |[[v]||pe — 0 as I — oo.

From (1)), (2 and Proposition 2.3, we obtain

m4s/N+2 Slimsup/]un\4s/N+2da;

n—o0

/|ZV] |4S/N+2d$
SZ/|Vj|4S/N+2d$
j=1

o0

28—|—N s/N s .
<> —w VI I -2) v,
j= 1NHQ”
2S—|—N A4s/N 0 s .
STk up{IVIIEE™5 2 13 3 I=8) 2V e, (42)

On the other hand, we observe that
D I(=A) 2V |72 < limsup [[(=A)* up|72 < M. (4.3)
. n— o0

Therefore, it follows from ([@2]) and (£3)) that

s
mieN 2y Q)
(25 + N)M?

sup{ V7|7

Jj=1}>
Since the series 377, V7], is convergent, there exists jo > 1 such that

s 4s
ok mITANQ| N
Vo2 = s

From (Z5), a change of variables = = z + 27° gives

U (x + 230) = VIO (2) + Z Vi(x + 2do — ) + ol (@ + 220).
J#Jo
Using the pairwise orthogonality of {:En} 521, we have

VI(- 4200 — 1) =0, weakly in H® for every j # jo.

Hence, we have

U (- + 230) = VIO 4 3 weakly in H®.
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where o' denote the weak limit of v!,(z + 27°). However,

/|ﬁl|4ﬁs+2dx < limsup/ |vfl|4ﬁs+2dx — 0.

n—oo

Thus, it follows from uniqueness of weak limit that ¢! = 0 for all I > .J. Therefore,
Up (- + 290) = VIO weakly in H®.
This completes the proof. O

By applying the refined compactness Lemma 4.1, we can obtain the following L?-concentration

and rate of L?-concentration of blow-up solutions of (L2)).

Theorem 4.2. (L?-concentration) Let N > 2, s € (%,1), ug € H%, \y = —1, XAy = 1,

0<p < 2—]\‘? and py = 2—]\‘;’ If the solution u of ([L2) blows up in finite time T* > 0. Let a(t)
be a real-valued nonnegative function defined on [0,T*) satisfying a(t)”(—A)s/zu(t)HlL/; — 00 as
t — T*. Then there exists x(t) € RN such that

lim inf \u(t,m)\2dm2/ |Q(z)|*dz. (4.4)
=T Jje—a(t)| <a(t) RN

where Q is the ground state solution of (Z2) with p = %.

Remark. Theorem 4.2 gives the L?-concentration and rate of L?-concentration of blow-up

solutions of (L2)). Indeed, we can choose a(t) = with 0 < § < 1. It is obvious

- I
-2y 2u(@)]| ;"

that lim; 7+ a(t) = 0 and a(t) satisfies the assumption in Theorem 4.2. Applying Theorem 4.2,
if u is a blow-up solution of (L.2]) and 7™ its blow-up time, then for every r > 0, there exists a

function z(t) € RY such that

Meanwhile, it follows from the choice of a(t) that for any function 0 < a(t) < ﬁ,
[(=2)2u®)| 7,

(@Z) holds, which implies that the rate of L2-concentration of blow-up solutions of (L2 is

1
I(—A)/2u(e)] 5

Proof. Set

. 1
5W1th0<5<§.

N
2

P°(8) = [(=2)2Ql 12/ II(=2)Pu(t)] 12 and w(t,x) = p= (t)u(t, p(t)).
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Let {t,}5°, be an any time sequence such that ¢, — T%, p, := p(t,) and v,(x) = v(t,, ).

Then, the sequence {v,} satisfies
lonllze = llult) e = lluollzz, 1(=A)*"2vallz = Pl (=) Pultn)lle = |(=A)2Q)|2- (4.5)

Observe that

1 2p2+2
d
e ULl

1 1
_ 25 = YN s/2 tn 2 o / tn 2po+2
i (5 [ I Puttn P = L | a0

1
_ 25 o 2p1+2
i <E(u0) Spr 12 /RN |u(ty, )| d:z:) . (4.6)

Applying the following Gagliardo-Nirenberg inequality

o) =5 [ 18720, @) -

2p1 +2—%

1+2- Ao
2 L2

2 s o s
/RN [u(@) P12 de < Clul; I(=2)*ull 5 < Clu| 1(=2)2ul|7,

where 0 < p; < 2. It follows that H(v,) — 0 as n — oo, which implies [ |vn (z)[?P22dz —
2EE(=A) Q|13
Set m2P2t2 = %H(—A)SQQH%Q and M = ||(=A)*2Q||z2. Then it follows from Lemma

4.1 that there exist V € H® and {x,}°, C RY such that, up to a subsequence,
Un (- + 2n) = pY2u(tn, pu(- + 20)) =V weakly in H* (4.7)

with
V2 > QI 2 (4.8)

Note that

tn _A 8/2 tTL 1/5
alty) _ ol A Puttnlf

Pn [(—A)s2Q| 3%

Then for every r > 0, there exists ng > 0 such that for every n > ng, rp, < a(t,). Therefore,
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using (A7), we obtain

liminf sup / lu(ty,z)>dz > liminf sup / \u(ty, z)>dx
|lz—yl|<a(tn) |z—=y|<rpn

n—oo yERN n—o0 yERN

> lim inf / (b, 7)|2dz
|z —2n|<rpn

n—o0

= lim inf pn |utn, pu(x + 20))|dz

n—o0 IIIST,

n— oo

= liminf/ \0(ty, z + x,)2de
|z[<r

> liminf/ \V(z)|*dz, for everyr >0,
lz|<r

n—o0

which means that

lim inf sup/ |u(7fn,$)|2d1172/ |V($)|2d$-
lz—y|<a(ts)

n—oo yGRN RN

Since the sequence {t,}2° is arbitrary, it follows from (4.8]) that

lim inf sup/ ]u(t,a:)]zdajz/ 1Q(x)2dx. (4.9)
lz—y|<a(t) N

Observe that for every ¢ € [0,7%), the function g(y) := f\x—y\<a(t) |u(t, z)|*dx is continuous on

y € RY and g(y) — 0 as |y| — oco. So there exists a function x(t) € RV such that for every

te[0,7%)

sup/ ]u(t,a:)]zdx:/ lu(t, z)|*da.
yeRN J|z—y|<a(t) |lz—2(t)|<a(t)

This and (£9)) yield (@4). O

In the following theorem, we study the limiting profile of blow-up solutions of ([L2]).

Theorem 4.3. Let ug € H®, \{ = —1, Ao = 1, 0 < p1 < %, and py = % Assume

lluoll 2 = ||Qll 12, and the corresponding solution u of (L2) blows up in finite time T* > 0, then
there exist x(t) € RY and 0(t) € [0,27) such that

N2 (ult, p(t) (- + (1)) — Q strongly in H®, as t — T*, (4.10)
where p(t) = Ay
Proof. We use the notations of the proof of Theorem 4.2. Assume that ||ug||;2 = ||@]|z2- Recall

that we have verified that ||V|[z2 > ||@Q||z2 in the proof of Theorem 4.2. Whence
IQllzs < 1Vllze < limin [l 2 = iminf u(ts) 22 = uollze = Q52

22



and then,

lim f|lvp|z2 = V|2 = [|Ql 2,
n—o0

which implies

v (- + ) = V strongly in L* as n — oo.

We infer from the inequality (2.1 that

(4.11)

vn (- + zn) — V”igi;fz < Cllon(- +z0) = V% ZH( )8/2(Un(’ + Tn) — V)H%Z

From |[(=A)%2v,(- + x,)| 12 < C, we get

O (- 4+ n) =V in L?P22 a5 n — oo.

Next, we will prove that v, (- 4+ x,,) converges to V strongly in H®. For this aim, we estimate

as follows:

0= lim H(vy)

n—oo

1 1

== A2 24 li N 2p2+2
5 | NP - 5t [ )
1 1

== A2 27, _ / 2p2+2 g,
5 | A PQ@Pd - o [ V@)

Using the inequality (2]), we infer that

1 1
- _A s/2 2 _ / 2p2+2
5 | A PQ@Pd = s [ Vi
VIR ey, ]
s — Zl(=A s/27/112 ]

On the other hand, we deduce from (@H) that |[(—=A)*2V| 2 < liminf, . ||(—

zn)llz2 = [[(=2)*/?Q|l 2. Hence, we have [|Q|m= = |V||z= and
vn (- + ) = V strongly in H® as n — oc.

This and (@I2) imply that

1

1) =5 [ 82V -

1
2ps + 2

/ |V (2)|?P22dx = 0.
RN
Up to now, we have verified that

Ve = 1Qllzzs (=A)*V |2 = [[(=A)*/Q|| 2 and H(V') = 0.
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A)S/2Un(- +
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The variational characterization of the ground state implies that there exist zp € RY and

0 € [0,27) such that

and

V(z) = e Q(z + x0),

NP2ty po(- + 20)) — €PQ(- + 20) strongly in H® as n — oo,

Since the sequence {t,}>, is arbitrary, we infer that there are two functions z(t) € RY and

0(t) € [0,27) such that

N2 () Ou(t, p(t)(z + x(t)) = Q strongly in H® as t — T*.
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