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SOME FUNCTIONAL INEQUALITIES FOR THE FRACTIONAL

p-SUB-LAPLACIAN

AIDYN KASSYMOV AND DURVUDKHAN SURAGAN

Abstract. In this paper we study the fractional Dirichlet p-sub-Laplacian in a
Haar measurable set on homogeneous Lie groups. We prove fractional Sobolev
and Hardy inequalities and we also present a Lyapunov-type inequality for the
fractional p-sub-Laplacian. As a consequence of the Lyapunov-type inequality we
show an estimate of the first eigenvalue in a quasi-ball for the Dirichlet fractional
p-sub-Laplacian.

1. Introduction

1.1. Homogenous Lie group. We recall that a family of dilations of a Lie algebra
g is a family of linear mappings of the form

Dλ = Exp(A lnλ) =
∞
∑

k=0

(ln(λ)A)k, (1.1)

where A is a diagnalisable linear operator on g with positive eigenvalues, and Dλ is
a morphism of the Lie algebra g, that is, a linear mapping from g to itself which
respects to the Lie bracket:

∀X, Y ∈ g, λ > 0, [DλX,DλY ] = Dλ[X, Y ]. (1.2)

A homogeneous group is a connected simply connected Lie group whose Lie algebra
is equipped with dilations. We denote by

Q := TrA, (1.3)

the homogeneous dimension of a homogeneous group G.
For anyG there exists homogeneous quasi-norm, which is a continuous non-negative

function

G ∋ x 7→ q(x) ∈ [0,∞), (1.4)

with the properties

a) q(x) = q(x−1) for all x ∈ G,
b) q(λx) = λq(x) for all x ∈ G and λ > 0,
c) q(x) = 0 iff x = 0.
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2 A. KASSYMOV AND D. SURAGAN

Note that for the simplicity of notation, here and after we assume that the origin 0
of RN is the identity of G. This assumption is not restrictive due to properties of
isomorphic Lie groups. We also use the following well-known polar decomposition
on homogeneous Lie groups (see, e.g. [4, Section 3.1.7]): there is a (unique) positive
Borel measure σ on the unit quasi-sphere

ωQ := {x ∈ G : q(x) = 1}, (1.5)

so that for every f ∈ L1(G) we have

∫

G

f(x)dx =

∫ ∞

0

∫

ωQ

f(ry)rQ−1dσ(y)dr. (1.6)

Let p > 1, s ∈ (0, 1) and G be a homogeneous Lie group with homogeneous dimension
Q. For a (Haar) measurable and compactly supported function u the fractional p-
sub-Laplacian (−∆p,q)

s on G can be defined as

(−∆p,q)
su(x) = 2 lim

δց0

∫

G\Bq(x,δ)

|u(x)− u(y)|p−2(u(x)− u(y))

qQ+sp(y−1 ◦ x)
dy, x ∈ G, (1.7)

where q is a quasi-norm on G and Bq(x, δ) is a quasi-ball with respect to q, with
radius δ centered at x ∈ G .
For a measurable function u : G → R we define the Gagliardo seminorm by

[u]s,p,q =

(
∫

G

∫

G

|u(x)− u(y)|p

qQ+sp(y−1 ◦ x)
dxdy

)1/p

. (1.8)

Now we recall the definition of the fractional Sobolev spaces on homogeneous Lie
groups denoted by W s,p,q(G). For p ≥ 1 and s ∈ (0, 1), the functional space

W s,p,q(G) = {u ∈ Lp(G) : u is measurable, [u]s,p,q < +∞}, (1.9)

endowed with the norm

‖u‖W s,p,q(G) = (‖u‖Lp(G) + [u]s,p,q)
1/p, u ∈ W s,p,q(G), (1.10)

is called the fractional Sobolev spaces on G.
Similarly, if Ω ⊂ G is a Haar measurable set, we define the Sobolev space W s,p,q(Ω)

W s,p,q(Ω) = {u ∈ Lp(Ω) : u is measurable,

(∫

Ω

∫

Ω

|u(x)− u(y)|p

qQ+sp(y−1 ◦ x)
dxdy

)1/p

< +∞},

(1.11)
endowed with norm

‖u‖W s,p,q(Ω) =

(

‖u‖Lp(Ω) +

∫

Ω

∫

Ω

|u(x)− u(y)|p

qQ+sp(y−1 ◦ x)
dxdy

)1/p

, u ∈ W s,p,q(Ω). (1.12)

Let define Sobolev space W s,p,q
0 (Ω) as the completion of C∞

0 (Ω) with respect to the
norm ‖u‖W s,p,q(Ω).
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1.2. Fractional Sobolev inequality. Let Ω ⊂ RN be a measurable set and 1 <
p < N , then the (classical) Sobolev inequality is formulated as

‖u‖Lp∗(Ω) ≤ C‖∇u‖Lp(Ω), u ∈ C∞
0 (Ω), (1.13)

where C = C(N, p) > 0 is a positive constant, p∗ = Np
N−p

and ∇ is a standard gradient

in RN .
In [2] the authors obtained the fractional Sobolev inequality in the case N > sp,

1 < p < ∞, and s ∈ (0, 1), for any measurable and compactly supported function u
one has

‖u‖Lp∗(RN ) ≤ C[u]ps,p, (1.14)

where C = C(N, p, s) > 0 is a suitable constant, [u]ps,p =
∫

RN

∫

RN

|u(x)−u(y)|p

|x−y|N+sp dxdy and

p∗ = Np
N−sp

. There is a number of generalisations and extensions of above Sobolev’s

inequality. For example, in [1] the authors proved the following weighted fractional
Sobolev inequality: Let 1 < p < N

s
and 0 < β < N−ps

2
, then for all u ∈ C∞

0 (RN ) one
has

C

∫

RN

∫

RN

|u(x)− u(y)|p

|x− y|N+ps|x|β|y|β
dxdy ≥

(

∫

RN

|u|p
∗

|x|
2βp∗

p

dx

)
p
p∗

, (1.15)

where C = C(N, p, s) > 0 and p∗ = Np
N−sp

.
The Sobolev inequality is one of the most important tools in PDE and variational

problems. In this paper one of our aims is to obtain an analogue of the fractional
Sobolev inequality on the homogeneous Lie groups. The result is stated in Theorem
2.5.

1.3. Fractional Hardy inequality. In PDE the Lp-Hardy inequality takes form
∥

∥

∥

∥

u(x)

|x|

∥

∥

∥

∥

Lp(RN )

≤
p

N − p
‖∇u‖Lp(RN ), 1 < p < N, (1.16)

where u ∈ C∞
0 (RN) and ∇ is the standard gradient in R

N . In [1] the authors studied
the weighted fractional p-Laplacian and established the following weighted fractional
Lp-Hardy inequality

C

∫

RN

|u(x)|p

|x|ps+2β
dx ≤

∫

RN

∫

RN

|u(x)− u(y)|p

|x− y|N+ps|x|β|y|β
dxdy, (1.17)

where β < N−ps
2

, u ∈ C∞
0 (RN) and C > 0 is a positive constant. For general Lie

group discussions of Hardy type inequalities we refer to recent papers [8], [9] and [10]
as well as references therein. In the present paper we established an analogue of the
fractional Hardy inequality on the homogeneous Lie groups (see Theorem 2.9).

1.4. Lyapunov-type inequality. Historically, in Lyapunov’s work [7] the following
one-dimensional homogeneous Dirichlet boundary value problem was studied (for the
second order ODE)

{

u′′(x) + ω(x)u(x) = 0, x ∈ (a, b),

u(a) = u(b) = 0,
(1.18)
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and it was proved that, if u is a non-trivial solution of (1.18) and ω(x) is a real-valued
and continuous function on [a, b], then

∫ b

a

|ω(x)|dx >
4

b− a
. (1.19)

Inequality (1.19) is called a (classical) Lyapunov inequality. Nowadays, there are
many extensions of above Lyapunov’s inequality. In [3] the author obtains the Lya-
punov inequality for the one-dimensional Dirichlet p-Laplacian

{

(|u′(x)|p−2u′(x))′ + ω(x)u(x) = 0, x ∈ (a, b), 1 < p < ∞,

u(a) = u(b) = 0,
(1.20)

where ω(x) ∈ L1(a, b), so
∫ b

a

|ω(x)|dx >
2p

(b− a)p−1
, 1 < p < ∞. (1.21)

Obviously, taking p = 2 in (1.21), we recover (1.19).
Recently in the paper [6] the authors obtained interesting results concerning Lya-

punov inequalities for the multi-dimesional fractional p-Laplacian (−∆p)
s, 1 < p <

∞, s ∈ (0, 1), with a homogeneous Dirichlet boundary condition, that is,
{

(−∆p)
su = ω(x)|u|p−2u, x ∈ Ω,

u(x) = 0, x ∈ RN \ Ω,
(1.22)

where Ω ⊂ RN is a measurable set, 1 < p < ∞, and s ∈ (0, 1). Let us recall the
following result of [6].

Theorem 1.1. Let ω ∈ Lθ(Ω) with N > sp, N
sp

< θ < ∞, be a non-negative weight.

Suppose that problem (1.22) has a non-trivial weak solution u ∈ W s,p
0 (Ω). Then

(
∫

Ω

ωθ(x) dx

)
1

θ

>
C

r
sp−N

θ
Ω

, (1.23)

where C > 0 is a universal constant and rΩ is the inner radius of Ω.

One of our goals in this paper is to extend Lyapunov-type inequality (1.23) for the
fractional p-sub-Laplacian with homogeneous Dirichlet boundary condition (in the
case Q > sp, 1 < p < ∞ and s ∈ (0, 1)) on the homogeneous Lie groups. This result
is given in Theorem 3.1.
Summarizing our main results of this paper, we present the following facts:

• An analogue of the fractional Sobolev inequality on G;
• An analogue of the fractional Hardy inequality on G;
• A Lyapunov-type inequality for the fractional Dirichlet p-sub-Laplacian on G;
• An estimate of the first eigenvalue for the Dirichlet fractional p-sub-Laplacian
on G.

The paper is organized as follows. In Section 2 we prove (sub-elliptic) functional
inequalities such as analogues of the fractional Sobolev and Hardy inequalities on
G. In Section 3 we prove a Lyapunov-type inequality for the fractional Dirichlet
p-sub-Laplacian. Then we also give an application of the Lyapunov-type inequality.
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2. Fractional Sobolev and Hardy inequalities

In this section we prove fractional Sobolev and Hardy inequalities on the homoge-
neous Lie groups.
Let Q be a homogeneous dimension of a homogeneous Lie group G. To prove

an analogue of the fractional Sobolev inequality, first we present some preliminary
results. Here we follow a similar scheme as in [2], but now on the homogeneous Lie
groups.

Lemma 2.1. Let p > 1, s ∈ (0, 1) and K ⊂ G be Haar measurable set. Fix x ∈ G

and a quasi-norm q on G, then we have
∫

Kc

dy

qQ+sp(y−1 ◦ x)
≥ C|K|−sp/Q, (2.1)

where C = C(Q, s, p, q) is a positive constant, Kc = G \ K and |K| is the Haar
measure of K.

Proof. Let δ :=
(

|K|
ωQ

)1/Q

, where ωQ is a surface measure of the unit quasi-ball on G.

Then, we have

|Kc ∩Bq(x, δ)| = |Bq(x, δ)| − |K ∩Bq(x, δ)| = |K| − |K ∩Bq(x, δ)| = |K ∩Bc
q(x, δ)|,

(2.2)
where | · | is the Haar measure on G and Bq(x, δ) is a quasi-ball centered at x with
radius δ. Then,

∫

Kc

dy

qQ+sp(y−1 ◦ x)
=

∫

Kc∩Bq(x,δ)

dy

qQ+sp(y−1 ◦ x)
+

∫

Kc∩Bc
q(x,δ)

dy

qQ+sp(y−1 ◦ x)

≥

∫

Kc∩Bq(x,δ)

dy

δQ+sp
+

∫

Kc∩Bc
q(x,δ)

dy

qQ+sp(y−1 ◦ x)

=
|Kc ∩ Bq(x, δ)|

δQ+sp
+

∫

Kc∩Bc
q(x,δ)

dy

qQ+sp(y−1 ◦ x)
.

By using (2.2) we establish
∫

Kc

dy

qQ+sp(y−1 ◦ x)
≥

|Kc ∩ Bq(x, δ)|

δQ+sp
+

∫

Kc∩Bc
q(x,δ)

dy

qQ+sp(y−1 ◦ x)

=
|K ∩ Bc

q(x, δ)|

δQ+sp
+

∫

Kc∩Bc
q(x,δ)

dy

qQ+sp(y−1 ◦ x)

≥

∫

K∩Bc
q(x,δ)

dy

qQ+sp(y−1 ◦ x)
+

∫

Kc∩Bc
q(x,δ)

dy

qQ+sp(y−1 ◦ x)

=

∫

Bc
q(x,δ)

dy

qQ+sp(y−1 ◦ x)
.

Now using the polarization formula (1.6) we obtain that
∫

Kc

dy

qQ+sp(y−1 ◦ x)
≥ C|K|−sp/Q. (2.3)

�
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Lemma 2.2 ([2], Lemma 6.2). Fix T > 1. Let p > 1 and s ∈ (0, 1) be such that
Q > sp, m ∈ Z and ak be a bounded, decreasing, nonnegative sequence with ak = 0
for any k ≥ m. Then

∑

k∈Z

a
(Q−sp)/Q
k T k ≤ C

∑

k∈Z, ak 6=0

ak+1a
−sp/Q
k T k,

for a positive constant C = C(Q, s, p, T ) > 0.

Lemma 2.3. Let p > 1, s ∈ (0, 1), Q > sp and q be a quasi-norm on G. Let
u ∈ L∞(G) be compactly supported and ak := |{|u| > 2k}| for any k ∈ Z. Then,

C
∑

k∈Z, ak 6=0

ak+1a
−sp/Q
k 2kp ≤ [u]ps,p,q, (2.4)

where C = C(Q, p, s, q) is a positive constant and [u]s,p,q is defined by (1.8).

Proof. We define

Ak := {|u| > 2k}, k ∈ Z, (2.5)

and

Dk := Ak \ Ak+1 = {2k < f ≤ 2k+1} and dk = |Dk|. (2.6)

Since Ak+1 ⊆ Ak, it is easy to see

ak+1 ≤ ak. (2.7)

By the assumption u ∈ L∞(G) is compactly supported, ak and dk are bounded and
vanish when k is large enough. Also, we notice that the Dk’s are disjoint, therefore,

⋃

l∈Z, l≤k

Dl = Ac
k+1 (2.8)

and
⋃

l∈Z, l≥k

Dl = Ak. (2.9)

From (2.9) we obtain that
∑

l∈Z, l≥k

dl = ak (2.10)

and

dk = ak −
∑

l∈Z, l≥k+1

dl. (2.11)

Since ak and dk are bounded and vanish when k is large enough, (2.10) and (2.11)
are convergent. We define the convergent series

S :=
∑

l∈Z, al−1 6=0

2lpa
−sp/Q
l−1 dl. (2.12)

We have that Dk ⊆ Ak ⊆ Ak−1, therefore, a
−sp/Q
i−1 dl ≤ a

−sp/Q
i−1 al−1. Thus,

{(i, l) ∈ Z s.t. ai−1 6= 0 and a
−sp/Q
i−1 dl 6= 0} ⊆ {(i, l) ∈ Z s.t. al−1 6= 0}. (2.13)

By using (2.13) and (2.7), we calculate that
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∑

i∈Z, ai−1 6=0

∑

l∈Z, l≥i+1

2ipa
−sp/Q
i−1 dl =

∑

i∈Z, ai−1 6=0

∑

l∈Z, l≥i+1, asp/Qdl 6=0

2ipa
−sp/Q
i−1 dl

≤
∑

i∈Z

∑

l∈Z, l≥i+1, al−1 6=0

2ipa
−sp/Q
i−1 dl =

∑

l∈Z, al−1 6=0

∑

i∈Z, i≤l−1

2ipa
−sp/Q
i−1 dl

≤
∑

l∈Z, al−1 6=0

∑

i∈Z, i≤l−1

2ipa
−sp/Q
l−1 dl =

∑

l∈Z, al−1 6=0

+∞
∑

k=0

2p(l−1−k)a
−sp/Q
l−1 dl ≤ S. (2.14)

Notice that
||u(x)| − |u(y)|| ≤ |u(x)− u(y)|,

for any x, y ∈ G. If we fix i ∈ Z and x ∈ Di, then for any j ∈ Z with j ≤ i − 2, for
any y ∈ Dj using the above inequality, we obtain that

|u(x)− u(y)| ≥ 2i − 2j+1 ≥ 2i − 2i−1 ≥ 2i−1

and using (2.8), we have

∑

j∈Z, j≤i−2

∫

Dj

|u(x)− u(y)|p

qQ+sp(y−1 ◦ x)
dy ≥ 2(i−1)p

∑

j∈Z, j≤i−2

∫

Dj

dy

qQ+sp(y−1 ◦ x)

= 2(i−1)p

∫

Ac
i−1

dy

qQ+sp(y−1 ◦ x)
. (2.15)

Now using (2.15) and Lemma 2.1, we obtain that
∑

j∈Z, j≤i−2

∫

Dj

|u(x)− u(y)|p

qQ+sp(y−1 ◦ x)
dy ≥ C2ipa

−sp/Q
i−1 ,

with a positive constant C. That is, for any i ∈ Z, we have
∑

j∈Z, j≤i−2

∫

Di

∫

Dj

|u(x)− u(y)|p

qQ+sp(y−1 ◦ x)
dxdy ≥ C2ipa

−sp/Q
i−1 di. (2.16)

From (2.16) and (2.11) we get

∑

j∈Z, j≤i−2

∫

Di

∫

Dj

|u(x)− u(y)|p

qQ+sp(y−1 ◦ x)
dxdy ≥ C

(

2ipa
−sp/Q
i−1 ai −

∑

l∈Z, l≥i+1

2ipa
−sp/Q
i−1 dl

)

.

(2.17)
By (2.16) and (2.12) we establish that

∑

i∈Z, ai−1 6=0

∑

j∈Z, j≤i−2

∫

Di

∫

Dj

|u(x)− u(y)|p

qQ+sp(y−1 ◦ x)
dxdy ≥ C

∑

i∈Z, ai−1 6=0

2ipa
−sp/Q
i−1 di ≥ C S.

(2.18)
Then, by using (2.14), (2.17) and (2.18), we obtain that

∑

i∈Z, ai−1 6=0

∑

j∈Z, j≤i−2

∫

Di

∫

Dj

|u(x)− u(y)|p

qQ+sp(y−1 ◦ x)
dxdy ≥ C

∑

i∈Z, ai−1 6=0

2ipa
−sp/Q
i−1 ai

−C
∑

i∈Z, ai−1 6=0

∑

l∈Z, l≥i+1

2ipa
−sp/Q
i−1 dl ≥ C

∑

i∈Z, ai−1 6=0

2ipa
−sp/Q
i−1 ai − C S



8 A. KASSYMOV AND D. SURAGAN

≥ C
∑

i∈Z, ai−1 6=0

2ipa
−sp/Q
i−1 ai −

∑

i∈Z, ai−1 6=0

∑

j∈Z, j≤i−2

∫

Di

∫

Dj

|u(x)− u(y)|p

qQ+sp(y−1 ◦ x)
dxdy.

This means
∑

i∈Z, ai−1 6=0

∑

j∈Z, j≤i−2

∫

Di

∫

Dj

|u(x)− u(y)|p

qQ+sp(y−1 ◦ x)
dxdy ≥

C

2

∑

i∈Z, ai−1 6=0

2ipa
−sp/Q
i−1 ai, (2.19)

for a constant C > 0. By symmetry and using (2.19), we arrive at

[u]ps,p,q =

∫

G

∫

G

|u(x)− u(y)|p

qQ+sp(y−1 ◦ x)
dxdy =

∑

i,j∈Z

∫

Di

∫

Dj

|u(x)− u(y)|p

qQ+sp(y−1 ◦ x)
dxdy

≥ 2
∑

i,j∈Z, j<i

∫

Di

∫

Dj

|u(x)− u(y)|p

qQ+sp(y−1 ◦ x)
dxdy

≥ 2
∑

i∈Z, ai−1 6=0

∑

j∈Z, j≤i−2

∫

Di

∫

Dj

|u(x)− u(y)|p

qQ+sp(y−1 ◦ x)
dxdy

≥ C
∑

i∈Z, ai−1 6=0

2ipa
−sp/Q
i−1 ai.

Lemma 2.3 is proved. �

Lemma 2.4. Let 1 < p < ∞ and u : G → R be a measurable function. For any
n ∈ R

un := max{min{u(x), n},−n}, for any x ∈ G. (2.20)

Then,
lim

n→+∞
‖un‖Lp(G) = ‖u‖Lp(G).

Proof. The proof is the same as in [2, Lemma 6.4]. �

By using the above lemmas we prove the following analogue of the fractional
Sobolev inequality on G:

Theorem 2.5. Let p > 1, s ∈ (0, 1), Q > sp and q be a quasi-norm on G. For
any measurable and compactly supported function u : G → R there exists a positive
constant C = C(Q, p, s, q) > 0 such that

||u||p
Lp∗(G)

≤ C[u]ps,p,q, (2.21)

where p∗ = p∗(Q, s) = Qp
Q−sp

.

Proof. First of all, we suppose that Gagliardo’s seminorm [u]s,p,q is bounded, i.e.

[u]ps,p,q =

∫

G

∫

G

|u(x)− u(y)|p

qQ+sp(y−1 ◦ x)
dxdy < +∞. (2.22)

and we suppose that u ∈ L∞(G).
If (2.22) is satisfied for bounded functions, it holds also for the function un, obtained

by u cutting at levels −n and n. Thus, by using Lemma 2.4 and (2.22) with the
dominated convergence theorem, we obtain that

lim
n→+∞

[un]
p
s,p,q = lim

n→+∞

∫

G

∫

G

|un(x)− un(y)|
p

qQ+sp(y−1 ◦ x)
dxdy
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=

∫

G

∫

G

|u(x)− u(y)|p

qQ+sp(y−1 ◦ x)
dxdy = [u]ps,p,q. (2.23)

As in Lemma 2.3 we define ak and Ak, so we have

||u‖Lp∗(G) =

(

∑

k∈Z

∫

Ak\Ak+1

|u(x)|p
∗

dx

)1/p∗

≤

(

∑

k∈Z

∫

Ak\Ak+1

2(k+1)p∗dx

)1/p∗

≤

(

∑

k∈Z

2(k+1)p∗ak

)1/p∗

. (2.24)

Then, with p/p∗ = 1− sp/Q < 1 and T = 2p, Lemma 2.2 yields

‖u‖p
Lp∗(G)

≤ 2p

(

∑

k∈Z

2kp
∗

ak

)p/p∗

≤ 2p
∑

k∈Z

2kpa
(Q−sp)/Q
k

≤ C
∑

k∈Z, ak 6=0

2kpa
−sp/Q
k ak+1 (2.25)

for a positive constant C = C(Q, p, s, q) > 0.
Finally, using Lemma 2.3 we arrive at

‖u‖p
Lp∗(G)

≤ C
∑

k∈Z, ak 6=0

2kpa
−sp/Q
k ak+1 ≤ C

∫

G

∫

G

|u(x)− u(y)|p

qQ+sp(y−1 ◦ x)
dxdy = C[u]ps,p,q.

(2.26)
Theorem 2.5 is proved. �

Now to prove an analogue of the fractional Hardy inequality we need some prelim-
inary results.

Lemma 2.6 ([5], Lemma 2.6). Assume that p > 1, then for all t ∈ [0, 1] and a ∈ C,
we have

|a− t|p ≥ (1− t)p−1(|a|p − t). (2.27)

Lemma 2.7. (Picone-type inequality) Let ω ∈ W s,p,q
0 (Ω) be w > 0 in Ω ⊂ G. Assume

that (−∆p,q)
sω = ν > 0 with ν ∈ L1

loc(Ω) , then for all u ∈ C∞
0 (Ω), we have

1

2

∫

Ω

∫

Ω

|u(x)− u(y)|p

qQ+ps(y−1 ◦ x)
dxdy ≥

〈

(−∆p,q)
sω,

|u|p

ωp−1

〉

. (2.28)

Proof. We set v = |u|p

|ω|p−1 and k(x, y) = 1
qQ+ps(y−1◦x)

, then we have

〈(−∆p,q)
sω, v〉 =

∫

Ω

v(x)dx

∫

Ω

|ω(x)− ω(y)|p−2(ω(x)− ω(y))k(x, y)dy

=

∫

Ω

|u|p

|ω|p−1
dx

∫

Ω

|ω(x)− ω(y)|p−2(ω(x)− ω(y))k(x, y)dy.

Let us prove that k(x, y) is symmetric, i.e. k(x, y) = k(y, x) for all x, y ∈ G. By
the definition of quasi-norm we have q(x−1) = q(x) for all x ∈ G. So, by using this
fact we obtain

k(x, y) =
1

qQ+ps(y−1 ◦ x)
=

1

qQ+ps(z)
=

1

qQ+ps(z−1)
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=
1

qQ+ps((y−1 ◦ x)−1)
=

1

qQ+ps(x−1 ◦ y)
= k(y, x),

for all x, y ∈ G. Now since k(x, y) is symmetric, we establish that

〈(−∆p,q)
sω, v〉 =

1

2

∫

Ω

∫

Ω

(

|u(x)|p

|ω(x)|p−1
−

|u(y)|p

|ω(y)|p−1

)

|ω(x)− ω(y)|p−2(ω(x)− ω(y))k(x, y)dydx.

Let g = u
ω
and

R(x, y) = |u(x)− u(y)|p − (|g(x)|pω(x)− |g(y)|pω(y))|ω(x)− ω(y)|p−2(ω(x)− ω(y)),

then we have

〈(−∆p,q)
sω, v〉+

1

2

∫

Ω

∫

Ω

R(x, y)k(x, y)dydx =
1

2

∫

Ω

∫

Ω

|u(x)− u(y)|pk(x, y)dydx.

By the symmetry argument, we can assume that ω(x) ≥ ω(y). By using Lemma 2.6

with t = ω(y)
ω(x)

and a = g(x)
g(y)

and we establish that R(x, y) ≥ 0. Thus, we have proved

the inequality

〈(−∆p,q)
sω, v〉 ≤

1

2

∫

Ω

∫

Ω

|u(x)− u(y)|p

qQ+sp(y−1 ◦ x)
dydx.

Lemma 2.7 is proved. �

Lemma 2.8. Let ω = q−γ(x) with γ ∈
(

0, Q−ps
p−1

)

, then there exists a positive constant

µ(γ) > 0 such that

(−∆p,q)
s(q−γ(x)) = µ(γ)

1

qps+γ(p−1)(x)
a.e. in G \ {0}. (2.29)

Proof. We set r = q(x) and ρ = q(y) with x = rx′ and y = ρy′ where q(x′) = q(y′) =
1. Then, we have

(−∆p,q)
sω

=

∫ +∞

0

|q−γ(x)− q−γ(y)|p−2(q−γ(x)− q−γ(y))qQ−1(y)

(∫

q(y′)=1

dσ(y)

qQ+ps(y−1 ◦ x)

)

dq(y)

=
1

qps+γ(p−1)(x)

∫ +∞

0

∣

∣

∣

∣

1−
q−γ(y)

q−γ(x)

∣

∣

∣

∣

p−2

×

×

(

1−
q−γ(y)

q−γ(x)

)

qQ−1(y)

qQ−1(x)









∫

q(y′)=1

dσ(y)

qQ+ps

(

(

q(y)
q(x)

y′
)−1

◦ x′

)









dq(y).

Let ρ = q(y)
q(x)

and L(ρ) =
∫

q(y′)=1
dσ(y)

qQ+ps((ρy′)−1◦x′)
, we have

(−∆p,q)
sω =

1

qps+γ(p−1)(x)

∫ +∞

0

|1− ρ−γ|p−2(1− ρ−γ)L(ρ)ρQ−1dρ.
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It easy to see

µ(γ) =

∫ +∞

0

φ(ρ)dρ (2.30)

with φ(ρ) = |1− ρ−γ |p−2(1− ρ−γ)L(ρ)ρQ−1.
Now it remains to show that µ(γ) is a positive and bounded. Firstly, let us show

that µ(γ) is bounded. We have

µ(γ) =

∫ 1

0

φ(ρ)dρ+

∫ +∞

1

φ(ρ)dρ = I1 + I2. (2.31)

Using the new variable ζ = 1
ρ
we have L(ρ) = L

(

1
ζ

)

= ζQ+psL(ζ) for any ζ > 0.

Thus, we establish

µ(γ) =

∫ +∞

1

(ρ−γ − 1)p−1(ρQ−1−γ(p−1) − ρps−1)L(ρ)dρ. (2.32)

For ρ → 1 we have

(ρ−γ − 1)p−1(ρQ−1−γ(p−1) − ρps−1)L(ρ) ≃ (ρ− 1)−1−ps+p ∈ L1(1, 2). (2.33)

Similarly, for ρ → ∞ we get

(ρ−γ − 1)p−1(ρQ−1−γ(p−1) − ρps−1)L(ρ) ≃ ρ−1−ps ∈ L1(2,∞). (2.34)

These show that µ(γ) is bounded. On the other hand, by (2.32) with γ ∈
(

0, Q−ps
p−1

)

we see that µ(γ) is positive.
Lemma 2.8 is proved. �

As a result we establish the following analogue of the fractional Hardy inequality
on G.

Theorem 2.9. For all u ∈ C∞
0 (G) we have

2µ(γ)

∫

G

|u(x)|p

qps(x)
dx ≤ [u]ps,p,q, (2.35)

where p ∈ (1,∞), s ∈ (0, 1) and C is positive constant.

Proof. Let u ∈ C∞
0 (G) and γ < Q−ps

p−1
. By Lemma 2.8 and Lemma 2.7 we establish

that

1

2
[u]ps,p,q =

1

2

∫

G

∫

G

|u(x)− u(y)|p

qQ+ps(y−1 ◦ x)
dxdy ≥

〈

(−∆p,q)
s(q−γ(x)),

|u(x)|p

q−γ(p−1)(x)

〉

= µ(γ)

∫

G

|u(x)|p

qps(x)
dx. (2.36)

It completes the proof of Theorem 2.9. �
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3. Lyapunov-type Inequality

In this section we prove a Lyapunov-type inequality for the fractional p-sub-Laplacian
with a homogeneous Dirichlet boundary problem on G. Let p > 1 and s ∈ (0, 1) be
such that Q > sp and Ω ⊂ G be a Haar measurable set. We denote by rΩ,q the inner
quasi-radius of Ω, that is,

rΩ,q = max{q(x) : x ∈ Ω}. (3.1)

Let us consider
{

(−∆p,q)
su(x) = ω|u(x)|p−2u(x), x ∈ Ω,

u(x) = 0, x ∈ G \ Ω,
(3.2)

where ω ∈ L∞(Ω). A function u ∈ W s,p,q
0 (Ω) is called a weak solution of the problem

(3.2) if
∫

Ω

∫

Ω

|u(x)− u(y)|p−2(u(x)− u(y))(v(x)− v(y))

qQ+sp(y−1 ◦ x)
dxdy =

∫

Ω

ω(x)|u(x)|p−2u(x)v(x)dx

(3.3)
for all v ∈ W s,p,q

0 (Ω),

Theorem 3.1. Let Ω ⊂ G be a Haar measurable set. Let ω ∈ Lθ(Ω) be a non-
negative weight with Q

sp
< θ < ∞. Suppose that problem (3.2) with Q > ps has a

non-trivial weak solution u ∈ W s,p,q
0 (Ω). Then, we have

‖ω‖Lθ(Ω) ≥
C

r
sp−Q/θ
Ω,q

, (3.4)

where C = C(Q, p, s, q) > 0.

Proof. Let us define
β = αp+ (1− α)p∗,

where α = θ−θ/sp
θ−1

∈ (0, 1) and p∗ is the Sobolev conjugate exponent as in Theorem

2.5. Let β = pθ′ with 1/θ + 1/θ′ = 1. Then, we have
∫

Ω

|u(x)|β

rαspΩ,q

dx ≤

∫

Ω

|u(x)|β

qαsp(x)
dx. (3.5)

Now, Hölder’s inequality with exponents ν = α−1 and 1/ν + 1/ν ′ = 1 gives
∫

Ω

|u(x)|β

qαsp(x)
dx ≤

∫

Ω

|u(x)|αp|u(x)|(1−α)p∗

qαsp(x)
dx ≤

(∫

Ω

|u(x)|p

qsp(x)dx

)α(∫

Ω

|u(x)|p
∗

dx

)1−α

.

(3.6)
Then, by using Theorem 2.5 and 2.9, we obtain that

∫

Ω

|u(x)|β

qαsp(x)
dx ≤ Cα

1

(
∫

Ω

∫

Ω

|u(x)− u(y)|p

qQ+sp(y−1 ◦ x)
dxdy

)α/p

C
(1−α)p∗/p
2 [u](1−α)p∗/p

s,p,q

≤ Cα
1 [u]

α
s,p,qC

(1−α)p∗/p
2 [u](1−α)p∗/p

s,p,q = C
(

[u]ps,p,q
)(αp+(1−α)p∗)/p

= C

(
∫

Ω

ω(x)|u(x)|pdx

)θ′

≤ C

(
∫

Ω

ωθ(x)dx

)θ′/θ ∫

Ω

|u(x)|pθ
′

dx = C‖ω‖θ
′

Lθ(Ω)

∫

Ω

|u(x)|βdx.
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That is, we have
∫

Ω

|u(x)|β

qαsp(x)
dx ≤ C‖ω‖θ

′

Lθ(Ω)

∫

Ω

|u(x)|βdx.

Thus, from (3.5) we get

1

rαspΩ,q

∫

Ω

|u(x)|βdx ≤

∫

Ω

|u(x)|β

qαsp(x)
dx ≤ C‖ω‖θ

′

Lθ(Ω)

∫

Ω

|u(x)|βdx. (3.7)

Finally, we arrive at
C

r
sp−Q/θ
Ω,q

≤ ‖ω‖Lθ(Ω). (3.8)

Theorem 3.1 is proved. �

Let consider the following spectral problem for the non-linear, fractional p-sub-
Laplacian (−∆p,q)

s, 1 < p < ∞, s ∈ (0, 1), with Dirichlet boundary condition:
{

(−∆p,q)
su = λ|u|p−2u, x ∈ Ω,

u(x) = 0, x ∈ G \ Ω.
(3.9)

We have the following Rayleigh quotient for the fractional Dirichlet p-sub-Laplacian
(cf. [6])

λ1 = inf
u∈W s,p,q

0
(Ω), u 6=0

[u]ps,p,q
‖u‖pLp(G)

. (3.10)

As a consequence of Theorem 3.1 we obtain

Theorem 3.2. Let λ1 be the first eigenvalue of problem (3.9) given by (3.10). Let
Q > sp, s ∈ (0, 1) and 1 < p < ∞. Then we have

λ1 ≥ sup
Q
sp

<θ<∞

C

|Ω|
1

θ r
sp−Q/θ
Ω,q

, (3.11)

where C is a positive constant given in Theorem 3.1, | · | is the Haar measure and
rΩ,q is the inner quasi-radius of Ω.

Proof. In Theorem 3.1 taking ω = λ ∈ Lθ(Ω) and using Lyapunov-type inequality
(3.4), we get that

‖ω‖Lθ(Ω) = ‖λ‖Lθ(Ω) =

(
∫

Ω

λθdx

)1/θ

≥
C

r
sp−Q/θ
Ω,q

. (3.12)

For every θ > Q
sp
, we have

λ1 ≥
C

|Ω|
1

θ r
sp−Q/θ
Ω,q

. (3.13)

Thus, we establish

λ1 ≥ sup
Q
sp

<θ<∞

C

|Ω|
1

θ r
sp−Q/θ
Ω,q

, (3.14)

for all Q
sp

< θ < ∞. Theorem 3.2 is proved. �
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Toulouse, 2:203–407, 1907.
[8] M. Ruzhansky and D. Suragan. Hardy and Rellich inequalities, identities, and sharp remainders

on homogeneous groups. Adv. Math., 317:799–822, 2017.
[9] M. Ruzhansky and D. Suragan. On horizontal Hardy, Rellich, Caffarelli-Kohn-Nirenberg and

p-sub-Laplacian inequalities on stratified groups. J. Differential Equations, 262:1799–1821,
2017.

[10] M. Ruzhansky and D. Suragan. Local Hardy and Rellich inequalities for sums of squares of
vector fields. Adv. Diff. Equations, 22:505–540, 2017.

Aidyn Kassymov:

Institute of Mathematics and Mathematical Modeling

125 Pushkin str.

050010 Almaty

Kazakhstan

and

Al-Farabi Kazakh National University

71 Al-Farabi avenue

050040 Almaty

Kazakhstan E-mail address kassymov@math.kz

Durvudkhan Suragan:

Department of Mathematics

School of Science and Technology, Nazarbayev University

53 Kabanbay Batyr Ave, Astana 010000

Kazakhstan

E-mail address durvudkhan.suragan@nu.edu.kz


	1. Introduction
	1.1. Homogenous Lie group
	1.2. Fractional Sobolev inequality
	1.3. Fractional Hardy inequality
	1.4. Lyapunov-type inequality

	2. Fractional Sobolev and Hardy inequalities
	3. Lyapunov-type Inequality
	References

