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Large-time Behavior and Far Field Asymptotics of Solutions
to the Navier-Stokes Equations

MASAKAZU YAMAMOTO!

ABSTRACT. Asymptotic expansions of global solutions to the incompressible Navier-Stokes equation as ¢ tends
to infinity with high-order is studied and large-time behavior of the expansion is clarified. Furthermore, far
field asymptotics also is derived. Those expansions are provided without moment conditions on the initial
velocity. The Biot-Savard law together with the renormalization for the vorticity equations yields those
expansions.

1. INTRODUCTION

We consider decay properties of solutions to the incompressible Navier-Stokes equations in R™. In several
preceding works, asymptotic expansion of a solution is provided. Those expansions require the fast decay
for an initial velocity. On the other hand, it is well known that a solution to the Navier-Stokes equation
has a slow decay-rate as |z| — 4o00. This special structure of the Navier-Stokes equation disturbs to derive
the asymptotic expansion with high-order. In this paper, we investigate the asymptotic expansion with
high-order without the strong assumption for an initial velocity as |x| — +00. Here we study the following
initial-value problem:

ou+ (u-Vyu=Au—Vp, t>0, ze€R",

(1.1) V-u=0, t>0, zeR",
u(0,z) = a(z), x e R",
where n > 2 and a = (ay,...,a,) is an initial velocity. Throughout this paper we assume the solenoidal

condition that V-a = 0. Uniqueness, smoothness and global existence on time of solutions are very important
question for this problem (for those questions, see for example [8,10-12,15,16,24] and references therein).
Now we treat a smooth and global solution u which satisfies that

(1:2) ()l gy < CL+) 2070
for 1 < ¢ < oo. This estimate is confirmed under several frameworks (cf. [2,14, 18,19, 22, 23,25,26]), and
gives the upper bound of the decay-rate of the solution. The lower bound of the decay-rate as t — +o0 is
provided by the asymptotic expansion. For the heat equation, we see that the decay property of a solution
as |z| — +oo is inherited from an initial data. Thus, for the heat equation, we can derive the asymptotic

N

expansion with arbitrary high order if we assume the fast decay for the initial data. Whereas for (1.1),
decay of u as |z| — 400 is not controlled by a. Namely, even if a € Cy(R"™), then

(1.3) u(t,z) = O(|z| "1

as |r| — 4oo for any fixed ¢ > 0 (cf. [3]). Moreover, pointwise decay of the solution is studied by many
authors (see for example [1,20]). When we try to introduce an asymptotic expansion with high-order of the
similar form as in the preceding works, it is necessary that u decays as |z| — +oo sufficiently fast. Hence
the polynomial decay (1.3) is cumbersome. Furthermore, we are interested to far field asymptotics of the
solution. The similar problem is appearing in several dissipative equations with anomalous diffusion. The
lower bound of the decay-rate as |z| — +oo of solutions to a semi-linear anomalous diffusion equation is
studied (see [4,27]). To solve behavior as |z| — +oo for the velocity, we employ the vorticity tensor. The
vorticity tensor w;; = O;u; — dju; for 1 < 4,5 < n fulfills that

(1.4) Opwij — Awij + > (Di(wnjun) — 05(wniun)) = 0,
h=1

!Graduate School of Science and Technology, Niigata University, Niigata 950-2181, Japan
1


http://arxiv.org/abs/1804.01746v1

2

where u; is the i-th component of the velocity. Moreover w gives the velocity through the Biot-Savard law:
n
(1.5) wj = =3 O(=A) L.
k=1

Indeed, since V- u = 0, we see Y, Opwi; = Au; — 9;V - u = Auj. We emphasize that decay of w as
|x| — +o00 is controlled by an initial vorticity. Therefore an asymptotic expansion of w as |x| — +oo with
arbitrary high-order can be defined. This fact together with the Biot-Savard law derive an asymptotic
expansion for u with high-order. Those idea firstly are established by Kukavica and Reis [17], and they
showed the following estimate: For 2 < g < oo, m>2and 0 <y <m+n(l— %),

n « . -1
o (wt+ 3 S T

2<|ar|<m k=1
— 0 (1 30-DEr)

as t — +oo. This estimate gives the asymptotic expansion of u as |x| — +oo with arbitrary high-order.
However behavior of the coefficients [p, (—y)*w(t, z)dz as t — 400 is not clear, and the lower bound of the
decay rate as t — +oo is not derived. Our goal is to clarify asymptotic profiles of v as ¢ — +oo. Furthermore
we derive the decay-rate of the solution respect to both the space and the time variables. From (1.4) and
(1.5), the vorticity satisfies that

(—y) “wr;(t, y)dy>

n

La(R")

(1.6) wij(t) =G(t) * woij + ;/0 0;G(t — s) * (wpiup) (s)ds — ;/0 0;G(t — s) * (whjup) (s)ds,

where wo;; = 0;a; — 0ja;. The top term of the nonlinear term as ¢ — 400 is vanishing since

;::1 /Rn(wmm)(S,y)dy = h§::1 /n ((Opu; — Osup)up) (s,y)dy = —/ (uiV - u+ %ai(|u|2)) dy = 0.

n

Applying the Biot-Savard law to (1.6), we see that

(1.7) ui(t) =G(t) xa; — Y /0 RpR;G(t — s) * (whkun) (s)ds — Z/O G(t — s) * (wnjun) (s)ds,
h=1

k,h=1

where Ry = 9x(—A)~1/2 is the Riesz transform. The term of the initial velocity is represented by G(t)*a; =
— S0 Re(—=A)"Y2G(t) % worj. The velocity often is given by

(1.8) uj(t) = G(t) * aj — Z / OnG(t — s) * Pjp(upug)(s)ds,
kh=1"0

where Pj;, is the Helmholtz-Fujita-Kato projection. Before considering the behavior of the solution, we
confirm that this equation and (1.7) are equivalent. Indeed, from the solenoidal condition, the nonlinear
term of (1.8) is converted to the following:

Z /0 OpG(t — s) * Pj(upuy)(s)ds

k,h=1
n t n t
= Z / RiR;G(t — s) * (upOpur)ds + Z/ G(t — s) * (upOpuj)ds
k,h=1"0 h=1"0
n t n t
= Z / RiR;G(t — s) * (upwhi)ds + Z/ G(t — s) * (upwp;)ds
k,h=1"0 h=1"0

l"t ; —s*u2sslt-—s*u2ss
#3 [ ReROG5)# (WY + 5 [ 5,00~ 5)« (uf) )



The last two terms are canceled since

ZRkRjak(P = 2.7:_1 [Zg—kﬁlfkﬁﬁ} = - [15] ¢l =—0;p
2 27 [

for any suitable function ¢. Throughout this paper we denote the velocity by (1.7). The asymptotic
expansion of u as t — +oo with lower-order is given by

n o _A)-1/2
Z Z \Y% Rk( él) G(t) /n(_y)aw()kj(y)dy

|a|=m+1 k=1

B
Z Z VZ'BG' / /n Whjuh)(S,y)dde

21+|B|=m h=1

and
OIVPRLR;G(t
- Z : lvkgl / / 7 (whrun) (s,y)dyds
20+|B|]=m k,h=1 n

for 1 <m <n. Namely, Uy, = (Uj;)}-; and Ul = (UT )7y imply that

1V )l oy =t 2007 UV oy

and
“Urg(t) t—%(l—%)_%

HLQ(RH) - 1>HL(I(R")

for 1 < ¢ < oo and t > 0. Furthermore the following estimate holds.
Proposition 1.1. Let n > 2, wy € LY(R") N L¥(R") and |z|"Tlwy € L*(R"), and a solution u of (1.1)
with aj = — Y0 _, Ri.(—A)"Y2woy; satisfy (1.2). Then

n

|u) = 3= U+ UF) )

k=1
as t — +oo holds for 1 < q < co. In addition, if |z|" 2wy € LY(R™), then

= o(t7E177E)

La(R™)

)= 3 @+ U1 )], = O E F 10g(2 40

k=1

La(Rn)
as t — +oo.

Proposition 1.1 is a representation of the assertion in the preceding works via Carpio [5], and Fujigaki
and Miyakawa [9]. In two dimensional case, the similar estimate is provided without the moment condition
on the initial data, and the coefficients on the expansion are clarified (see [21]). Moreover, in this preceding
work, the similar estimates on the Hardy space draw a spatial decay of the solution. Here we choose the
other way to lead the spatial decay, i.e., we study the estimate with the polynomial weight. To this we
introduce the following functions for 1 < m < n:

B
- > Z Al };%],% iy / /n ) (whiun) (s, y)dyds.

21+|B|=m k,h=1

Behavior of the coefficients fg Jan (=)' (=P (whikun) (s, y)dyds as t — +oo are not clear. However, for

Us = (US )ii_1, we see that

(1.9) UL (t) <ot DT (14 1) s

. t)HLq(Rn)

for 1 < ¢ < oo (see the sentences under the proof of Proposition 2.1 in Section 2). Furthermore this function
fulfills the following weighted estimate.
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Proposition 1.2. Let n > 2, wy € LY(R") N L®(R") and |z|"?wy € LY(R"), and a solution u of (1.1)

with aj = — Y0 _, Ri.(—A)"Y2woy; satisfy (1.2). Then

n

2l (ult) = - U+ UF) 1)

k=1

(1.10)

La(R")

=0t F D) 5 E jog(2 4+ 1))

ast — 400 holds forq=1and 0 < pu<n—1, and for 1 <qg< oo and 0 < p < n.

Proposition 1.2 provides behavior of the velocity as |z|] — 4o0.

Indeed |||x|*(Ux + U,f)||Lq(Rn) may

diverge to infinity for large p and small ¢ (for the details of this argument, see [4]). The assertion (1.10)
with g < n(1— %) + 1 also provides the spatial profile of the velocity (cf. [6]). However, to describe the far

field asymptotics, we should choose p and ¢ such that p > n(1 — %) + 1. Propositions 1.1 and 1.2 give the
asymptotic expansion with n-th order. The renormalization yields one with higher-order, and this method

requires asymptotic behavior of w. Here we give the asymptotic expansion of w of the Escobedo-Zuazua [7]

type. For 2 <m <n+1, let

in(®) = 3 T [ ()t

ol

laf=m

AVPOLG(t)
(1.11) + Z Z 13! / /n
214+|B|=m—1 j=1
S Zatvﬁahc / /
13!
20+|8|l=m—1 j=1 ig! "

and Qy, = (Qnkym)}y g=1» then we have that [ ()| La@n) = 30y

B (wjnuy) (s,y)dyds

B (wjruy) (s, y)dyds

2|20 (1)]| oy for 1 < ¢ < o0 and

t > 0. We define the tensor Z,4p = (Znkin+p(t, @)}y =y for 1 <p <n—+2 by

p—2
I (t) Qhk,pz Uh2+th))()7 3<p<n+2,
hk;n+p - i=1
0, 1<p<2
Then A2"*PZ, . ,(A\%t, A\x) = Z,,1p(t, ) for A > 0, and thus
_n_ly_n_p p
(1.12) H\xl”fn+p(t)HLq(Rn) =t 23" %+ H]az\“ln+p(1)HLq(Rn)
for 1 <g<ooand pu >0, and
(1.13) / (—2) Ty (b, 2)d = 5 5+13 / (=) Ty (1, 2)da
n Rn

for g € Z;. The functions Zyj.y+, build an approximation of wyruy (see (2.9) and (2.10)). By using Z,,4,,

we introduce some functions for 1 < m < n:

n o _A)-1/2
Upnenl®) == Y 3o TR0 [y )y

|a|=n+m+1 k=1

m+1

IAVIG(t) <~ [
> tT.(t)};/o /n(—s)l(—y) whjun(s,y) — Zlhjnﬂ,sy

2l+|B|=n+m
— Tnjnsme2(1+ 5,y))dyds,

OIVPRLR;G(t
inam(t) = — Z Z t llkﬁl / /n

vl
2+| | =nt+m k,h=1
— Thinm2(1 + 5,y)) dyds,

m—+1

thuh 5,9) E Thkin+p(5,Y)
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OIVPRLR;G(t _n_m_q 18l
Kjmim(t) = — Z Z : llkﬂl ( )/0 S(1+s)" 272710 ds/Rn(—l)l(—y)BIhkm+m+2(l,y)dy

2+|B|=n-+m k,h=1

8ZV6G(t) t n_m_ 1181 i
- Z tlT/o sl(14s)7 2727113 dSZ/ (=" (=1 Tnjimrm2(1,y)dy,

2l+|B|=n+m h=1
n+m—1 _n_m_y \ﬁ\ I
2 TS 9IVAG(t)
Vintm(t) = ZI e Z / ) 9 Tnginsmsa(1, y)dy,
20+|8]=1

M o3RS L 9VARLR,G(1)

T _ 1V \B
Vj;n-i—m(t) - Z n4+m—2l — ’,8‘ l',@' /n( 1) ( y) Ihk;n+m+2(1ay)dya
20+|8]=1 k,h=1
- OVBG(t) [ n_m 16l 0 m ., 18l
Viepm(t)=— Y L—2 5 ®) /t s((L+s)727 272 —s727212)ds

2l+|B|=n+m—2

X Z/ ) Thjinm (L, y)dy,

c avﬁRkRG _n_m_ 8] _n_m_ 8]
Vinsm® == > Z t 113! ()/t S((L+5)7275% 2 — 5737272 )ds
2l+|B|=n+m—2 k,h=1

< [ V) Tk v)d,
R?’L
e a8 Gt
Jjmtm(t) = Z / /n<RkRG —s,x—y)— Z oV R';!];iG(t’ )(_3)1(_y)6>

ki1 2+|5]=0
X Thksn+m+2(8,y)dyds

n—+m I3 r
- Z/ /n< (t=sw—y)= > atvilic;!(t’)(_S)l(_?J)ﬁ)Ihj;n+m+2(s,y)dyds

21+|8]=0

Here VJ ntbm = V] inem = 0 for 1. < m < 2 since Ty ym = 0. Thus those two functions are defined only in

the case n > 3. Those functions are well-defined in C((0,00); L'(R™) N L>® (R")) and Satisfy that

||Un+m(t)HLq(]R”) = t_%(l_a)_%_% HUn—i-m ||Lq R") H n—i—m(t HL‘I(R") = t__ @22 H n+m )HL‘I(R”)7
_n_ly_n_m -1

[Jn4m O Lagny =1 2R | T (1) M pany > | n+m(t)HLq(Rn) =17 # H ntm )HLq(Rn)7

(1.14) Vo)l ogmy =t 2470737 [Vipn (Dl aemy

for 1 <g<ooandt>0,and

(1.15) Vot oy + Vol ®l| oy = O 20727575

and

(1.16) ()] gy = O 2070737 log(2 4+ 1)

as t — +oo for 1 < ¢ < oo. We confirm them later (see the last sentences of Section 2). Therefore large-time
behavior of them are straightforward. Our main assertion is established in the following theorem.

Theorem 1.3. Letn > 2, 1 <m <n, wy € L'(R") N L¥(R"), |z|"T™ lwy € LY(R™) and a solution u of
(1.1) with aj = — Y3, Ri(—A) Y 2wy, satisfy (1.2). Then

n—+m m m
Hu(t)— Z (U +U) ( Z (Kntk + Vask + Viir + Jntk) ( Z (Vogr + Vo) (8 )‘ La®™)
k=1 k=1 k=3

= o(t 31D "E )
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as t — 400 holds for 1 < g < oco.

This theorem yields the asymptotic expansion as ¢t — 4o0c of 2n-th order. The form of our expansion is
complicated. Now we emphasize that the decay-rate of any terms on the expansion with respect to both
the space and the time variables is clear. The renormalization applied as in [13] provides the asymptotic
expansion of plain form. However the large-time behavior of the expansion obtained by this method is
covered.

Remark 1.4. Upon the condition for the initial velocity that a € L*(R™) N L>®(R™) and |z|"*™a € L'(R"),
we also derive an asymptotic expansion of 2n-th order.

To describe far field asymptotics, we define the following functions for 1 < m < n:

m—+1

OIVPRLR;G(t
Ubppm® == > Z : l,kﬁ, / /n 7 (whkun(s,y) thk n+p(8,9)

2-+|B|=n+m kh=1
— Tnkintm+2(1 + s, y))dyds

and U2 )j—1- Then

n-+m

— S
- (U] nt+m

o

(1.17) H Tt = Uy (0| oy < Ot 00755 (1 1)

for 1 < g < oo andt > 0. We confirm (1.17) under the proof of Proposition 2.3 in Section 2. We establish
the space-time asymptotics of the velocity with high-order in the following theorem.

Theorem 1.5. Letn > 2, 1 <m <n, wy € L'(R") N L¥(R"), |z|"T™* lwy € LY(R™) and a solution u of
(1.1) with aj = — 37— Re(—A) " 2wy satisfy (1.2). Then

Ms

[l () = 3 (U + U) 0 = S (K4 Vi T () —

(1.18) P P "*’“(t)> ‘

La(R")

B
Il

3

ast — 400 holds forq=1and0 < pu<n+m-—1, and forl <qg< oo and 0 < u <n+m.

Remark 1.6. Large-time behavior of the coefficient of Uks is not straightforward but is implied by (1.9) and
(1.17).

Remark 1.7. Upon the additional condition |x|"T™* 2wy € LY(R™), the sharp estimate for (1.18) is given

by O(t_%(l_%)_E z 2Jr2L (t)log(2+1)) as t — 400, where

1, 1<m<n—1,
(1.19) Lun(t) = { log(2 + 1), m=n.

The renormalization together with Theorem 1.5 gives an asymptotic expansion with 3n-th order. By
repeating this procedure, we can derive an asymptotic expansion with arbitrary high order. However, large-
time behavior of terms on them should be complicated.

Notations. For a vector and a tensor, we abbreviate them by using a same letter, for example, a =
(a;)7—1, b= (bij)} ;=1 For = (v1,...,2,) and y = (y1,...,yn) € R, we denote z -y = > ", z;y;, |z|? =
x - z. In a newline, a product of scalars is described by x-symbol. We symbolize that d; = 9/0t, 9; =

9/0zj (1 <j<m), V={(0,...,0p) and A =377 18]2 The length of a multi-index a = (al,.. Q) €
VAR (NU{O})” is given by |a| = a1+ - -+ay. We abbreviate that ol = [[7_; ay!, 2% =[]}, #;” and V* =

J 8] We define the Fourier transform and its inverse by $(&) = Fle](€) = (2m) /2 Jgn o(@)e™ ™S da

and @(z) = F~ ] (z) = (2m) /2 Jgn ()€™ dE, respectively, where i = /—1. For 1 < ¢ < oo, Lq(]R”)
denotes the Lebesgue space and || - || La(gn) is its norm. Various constants are simply denoted by C.



2. PRELIMINARIES
To prove our assertions, some estimates for the vorticity are required.

Proposition 2.1. Let wy € LY(R") N L>®(R"), |z]?wy € LYR™) and a solution u of (1.7) with a; =
— S r Ri(—A)"Y2w; satisfy (1.2). Then a solution w of (1.6) fulfills
(2.1 Jw®llzagen) < CL+2) 72072
for 1 < q < oo. In addition, let k € Z, and |z|fwo € L*(R™). Then
[l/*w(t)

HLq(Rn) <ctEls )(1+t)

for1 <q < oo.

Proof. The LP-L? estimate for (1.6) together with (1.2) gives that [|w(t)[|ze@rn) < C(1 + t)_%(l_%). From

Jgn woijdy =0, [on yrwoiidy = Jgn yk(0ia; — 0ja;)dy = [pn (Okjai — Opiay)dy =0 and )| [pn(whjup)dy =
Yot Jrn (Onus — Ojup)updy = — [, u;V - udy = 0, (1.6) is represented by

a5(t) = [ (Gtto =)= 3 760t a)-0)" Jons )y

lo|<1

(2.2) + ;/0 /n (0,G(t — s,z —y) — 0;G(t — s,x)) (whiup) (s, y)dyds

_ hz_:l/o /n (82G(t — 85T — y) — OZG(t — 3753)) (whjuh) (S,y)dyds.

From the mean value theorem, the first and the second terms are converted to

/n< (t,x — Z VeG(t,z)(—y)? >W0w )dy = Z / / VeG(tx — )\y)A(—y)awol-j(y)d/\dy

o<1 |oe|=2
and

/o /n (0;G(t — s,z —y) — 0;G(t — s, 2)) (whiun) (s, y)dyds
t/2 1
:/ / / (—y-V)0;G(t — s,x — \y) (wniun) (s,y)dAdyds
0 nJo
" /t/2 /n (0,G(t = 5,2 —y) = 0;G(t — 5,x)) (whiun) (s, y)dyds,

respectively. The third term also is converted to the similar form. Hence, by the Hausdorf-Young inequality
and the decay of the Gauss kernel,

_np_1ly_
Wiy La(Rn) > B LI Woij || 7,1 (rn
i@l oqzey < €207 P 1 gy

nort/2 niy 1
on O [ =0T ()] g + b9 y) 005 e
h=1

403 [ 0= 57 (JeniCo) gy + ons 6y ) )l e s
h=1"1/2

For k > 1, we see from (2.2) that
st = [ (Gl =)= 3 960(-0)" ) lal o)y
ly|>]z|/2 <1

\x!kVaG(t r — \y)
¥ / A(—9) o (y)dMdy
EZ:Q i<lel/2 o ’

(2.4)




n t ) — 5. — —_ . —s.x .Z'k Wil s s
+Z/ /y>|x|/2<aa0<t @ —y) = 9;G(t — 5,2)) o] (wniun) (5, y)dyd

1
" Z / / |z|/ / |:E|kV58jG(t - 5T )\y)(—y)ﬁ (whiup) (s,y)dNdyds
ly|<|z|/2

\B| 1h=1

/ / (0,G(t — s, —y) — ;G(t — s,)) |2|" (whjun) (s,y)dyds
ly|=[x]/2

/ /<| |/2/ 2|"VPO,.G(t — 5,2 — Ny)(—y)? (whjun) (s, y)d\dyds.
\BI 1h=1 lyl<|e

Applying the mean value theorem to the first term with &k = 1, we have that

' /y|z:v/2 (G(t’$ 0= 2 VQG(t’x)(_y)a> ||wos; (y)dy

lo| <1
<CIVE®) o [lePeois | 3 gy < O 20707 Pt | 3

La(Rn)

For k > 1, this term fulfills that
'/| o/ <G(t’$_y) > VCVC:(’“L"/L")(_g’)a)|9“|kf“‘f0ij(y)dy
y|=>|x|/2

jal<1
_n_1
<C ([|G®)]l La@ny + [[|12IVG(E) || Lo rry) H\x’kwquLl(Rn) <ot 2 q)Hfﬂf\kWOinLl(Rn)-

La(R")

The second term of (2.4) satisfies that
1 kx7a
z|"VG(t,x — My o
H/ / i (, ))\(—y) woij (y)dAdy
yl<|z]/2 @

We remark that, when k& = 1, this norm is estimated by C't 2 20— )(1 + t) . By using (1.2), we see for the
third and the fourth terms of (2.4) that

<Ot~ 2097145 [l wois || 1 gy
Lq(Rn)

(0;G(t — 5,2 —y) = QG(t — 5,2)) 2|* (whiun) (s, y)dyds

ly|>x[/2 La(R™)

t/2
SC’/() (t—s)__ 1-3)-3 H|:17| Whillh) HLl(R" ds—l—C’/ (t—s)” H|:17| Whillh) HL‘I(R"

t/2 . .
< C/ (t—s) F0TD 3 (14 5) 33 H‘m’kwhi(s)HLl(R”)dS
0

t
+C (t—3)_%(1+S)_%_%Wﬂ?\kwhi(s)Hm(Rn)ds

t/2
and
1
/ (2" VP,G(t — 5,2 — Ay) (—)? (wnsun) (5, y)dAdyds
lyl<|z[/2 La(R™)
t/z 1-1)—144
<c / B0 gl wnitn) (5) | 1 gy s + C / )78 2l @it (5)]| gy

t/2 n 3 n
gC/ (t =) 307D (14 6) 75 | aleoni5)]| 1 oy
0

t o n
+C (t — S)_l+%(1 + 5)_5_% H |$|Wh7;(3)HLq(Rn)d8,
t/2



respectively. We treat the fifth and the last terms of (2.4) by the similar argument, then we obtain that

H\x!kwi]— t) HLq(Rn)
E _n_ly_q14k

<ot 2(1- )(1—|—t) <H|$|2WOUHL1(RH)+H|$|kw0inL1(R”)) + Ct §(1-2)—1+5 H|:1}|2w0inL1(Rn)
n t/2 _”_L(l_l)—l _n_1 k k

+CZ/O (t—s) 20 @/ 2(14s) 2 2<H|517| whi(S)HLl(Rn)—i—H|$| whj(S)HLl(R”)>d8
h=1
noo

(2.5) +C};/t/2(t—s)_%(l+S)_2_;(H‘x’kwhi(S)HLq(Rn)+H‘-Z"kwhj(s)HLQ(]Rn)>dS

n t/2 _Q(l_l)_l_i_ﬁ _n_1

+0y. / (t =) 207072 (14 )73 (Y aloni ()] 1 gy + Ieleons () | o gy ) ds
h=1
n t . n

+ cZ /t/2<t = )74 5)7EE (leloni(5)l] oy + el ()] o ) ds.

When k = ¢ = 1, since the singularity of the second term at ¢ = 0 is removable, the Granwall estimate says
that |z|w(t) € LY(R™) for t > 0, and

n

merwu M < CO+D7F 3 (ekoisllp gy + 12Pwois]] s oy )
t,j=1 t,j=1
¢ _1 _n_1
io Y sup (llehoni )y + lrlons (@)l 1)) /0 (t=5)"3(1+s)"3 3ds.
hyi,j=1

Thus we conclude that [||z[w(t)|| L1 @ny < C(1 —|—t)_% and confirm (2.1) from (2.3). We use this estimate into
(2.5) with k=1 and 1 < ¢ < oo, then
g n(1-1) _1 n(1-1) t/2 _n-ly1 _n_;
Y 20 lzlwis ()] Loy SCA+ )72 +Ct20 ; (t—s)" 20" 072(1+s)"2 ds
ij=1

t 1 n_1

+0Aq,1(t)/ (t— )3 (1+s)" 5 3ds,
t/2

where

n
hi—1 0<o<t

)| o) -

Hence H|x|w( Mra@ny < Ct™ 2(1- )(1—|—t)_%. Similarly (2.5) with this estimate leads that |||$|kW(t)||L1(Rn) <
C(1+t)71 +5 for k > 2. Applying those estimates into (2.5) with £ > 2 and 1 < ¢ < oo, we see that

n

201k e P Ve S N T
th Wx] wij;(t HLan <CO+t)y "2 +Ct2V (t—s) 272 (1 4 5)"5 23 (s
,j=1 0

n t/2 n n n t n n
+Ctz<1—é>/ (t—s)—z“—é)—“’%u+s)—z—1ds+0tz<1—é>/ (t—s) a5 20701 4 5)"51ds
0 /2

t

T
t/2

and then |Hx‘k ()HL‘ZR” <Ct” 51— )(1—|-t) 1+% )

This proposition and the decay property (1.2) guarantee that Q,,, 11, Uy, UL, U;?; and Z, 4 for 1 <m <n
are well-defined. They also lead (1.9). Moreover, we see that Ky, Viim, VnTer, Vn+m, V,am and Jpym
employed in our main results also are well-defined. However J,,, needs a special treatment (see the last
sentences in this section). We confirm the Escobedo-Zuazua type estimate for w.
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Proposition 2.2. Let 1 < g < oo, 1 <m <n, wy € L}(R?) N LIYR") and |z|™ 2wy € LY(R™). Then

5053 :
< Ct “ (1 +8)72 Lin (),

m+41
|

B Z Qp(t)
p=2

where Q, and Ly, are defined by (1.11) and (1.19), respectively.

Proof. This proposition is shown by the same procedure as in [7]. Reader may skip this sentence. Employing
similar argument as in the proof of Proposition 2.1, we see that

m—+1

wij(t) = Y Qujp(t)
p=2
m—+1

:/n <G(t,x—y)— 3 vag(t) ~

laf=0

(?J)a>o
+3 [ ] (a6-ss-v > e ") Cansn) (5. )

— [ VB8 Gt o
_,;/0 /n<aiG(t_S’$_y)_ Z %ﬁ(_s)l(_y)ﬁ> (whjun) (s,y)dyds.

21+|8|=0

w ij(y)dy

The estimate for the first term is straightforward. For N = max{l € Z4 | 2l < m} + 1, the second term is
converted to

t m IN7B9. T
[ [ (o6a-sw-n- 3 EREED i) ) () (s, hayds

13!
20+|8|=0
t/2 moos -
:/0 /n <5jG(t — 8,1 —Y) — Z w(_s)l> (wnitn) (5, )dyds
20=0 :
V21 (0l G m=2 5l89.G
/ /n ( — Z W(—y)ﬁ> (—s)! (wniun) (s, y)dyds
21=0 |8=0 o

+ /t/z [ (9650 P 0”) Conin) sy

t/2 1 9N 5. B -

t/2 I8 .
* Z Z / /n/ AU G Ay))‘m_zl(—s)l(—y)ﬁ (wniun) (s,y)dAdyds

113!
21=0 | B|=m—+1—21 Al

j — S8, — — S w_sl_ﬁ Wt s s
+/t/2/n<8gG(t ) Zl;w:ﬂ 151 ( )(y)>(m n) (s,y)dyds.

Hence, by the Hausdorf-Young inequality, (1.2) and (2.1), we have that

m Ix789.
(0160 = sz =)~ > TBEOD 1)) ) ()
20+|B|=0 o

—2(1-4)-~N-1 t/2 N
<Ct 7 S H(whiuh)(S)HLl(Rn) ds
0

n

La(R")

ForEy / g™ wnitn) ()] 1y ds +C /2<t—s>—%H(whiuh><s>|rm<mds
2[=0
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m

_nqobyglely [t
Lo Z 5 (=)= %/ lH Whiuh)(s)HLl(]R”)dS
2l+]8]=1

n t/2 n m t/2 n m
SCt—E(l_%)_N_% / (14s)7 2" 2+Nds+C’t 50—g)- 1/ (1+s)" 27 2ds
0 0

t .
vo | (t—s) s DT sy o Z 509 l‘%‘%/ 53—+ gy
t/2 2+|8]=1 t

<ot 30-D7F1L, (1),

Similar treatment provides the estimate for the last term on (2.6). O
Now we see that

(2.7) / Lntm(t,x)dx =0

for 3 <m <n+2andt> 0. Indeed, for m = 3, if we assume [, Zpj;ns3(t, 2)da # 0 for some 1 < h,j < n,

then

3

/ (whjun — Injines) (¢, x)dr = —/ Thjnsalt, w)de = —t~ 272 / Thjnes(1, x)dz.
n R” R

On the other hand (1.2) and Propositions 1.1, 2.1 and 2.2 say that

/ (whjun — Injm+s) (¢, z)dz

as t — +o00. They are contradictory. Inductively, if [p, Zpjinim(t, 2)dz # 0, then

m
/ <thUh - Zzhjm-i-p) (t,z)dx = —/ Tnjmsm(t,x)de = —t7 272 / Thjnsm(1, v)dz.
n Rn

p=3

< [l wngun _Ihj;n+3)(t)HL1(Rn) = O(t_%—%)

However

/ <whkuh — ZI}U n+p> t a; da:

p=3

[ S

as t — 4o00. Therefore fR" Thjmtm(t,x)dx = 0 for any 1 < h,j < n. We prepare the following weighted
estimate.

L(R")

Proposition 2.3. Let 1 <m < n, (1+ |z[)"™™Flwy € LI(R"), 1<g< o0 and 0 < pu<n+m+1. Then

o (1tt) - % %(0)

where Q, and Ly, are defined by (1.11) and (1.19), respectively.

< O HOD (PE 4 (L)) (L) R0,

La(R™)

Proof. Proposition 2.1 and the definition of €2, immediately gives

o (1tt) - 21 2,00

We firstly choose = n+ m + 1. We treat the right hand side of (2.6). The first term is separated to

/n (G(t’x —Y) - mi:l vew (—y)a>w0z’j(y)dy

<ct 20 )(t_H? + (1) E e )
La(Rr)

al
|| =0
m+1
:/ (G (t,r — Z VeG(t,x)(—y)* >W0ij(y)dy

ly|=|z|/2 |a]=0

VeG(t,z — A

* / / l & A" (—y) *wois (y) dAdy.
lyl<|z|/2 @

|oo|=m—+2
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Then

m+1l —q
‘x’n—i—m—i-l /Rn (G(t,a; _y)— Z \% j(t) (_y)Ol)w()jj(y)dy

laf=0

La(R™)

m—+1
< (16Ol et sy + 3 Hma'vwwummeﬂ-'a<—x>%mjuy(w>)
|a|=0

+C Z H‘x’n+m+lvaG

|a|=m+2

HLq(Rn 1= WOZJHLl & = O 3001 4173

For the second term of (2.6), we split the domain (0,¢) x R™ to

(2.8) Q1= (0,t/2] x {y e R" | |y| > |=|/2}, Q2= (0,t) x {y € R" | |y| < |=|/2},
Qs = (t/2,t) x {y e R" | |[y| > [z[/2}, Qa=Q2, Q5=Q1UQs.

Then
Aﬂ[j@ca—a$—w—mééﬂ@iiﬁﬁlﬁvﬂﬂ—wﬁ«%mm@wmwszmaw~~+%@x
where
/ /Q k <8jG(t s —y) - mf:o W(—SQ (wniun) (5, 9)dyds, k=123,
pi(t) = g%// <@8G )_f;i?ﬁf%gﬁﬁﬁpﬂﬁ>bﬂy@%mm(&wﬁﬂ& k=45

The Taylor theorem leads that

t/2 LoNO,G(t — As,z — )
_ t 9j ) N-1/_ N,
-] AN )N (i) (s, ) dAdyds

and

t LaNO.G(t — As,z — _
piy= [ [ [ EOSE AN AN Y () s, )Ny
y|<|x|/2 :

for N = max{l € Z | 2l < m} + 1. Hence, from (1.2) and Proposition 2.1,

t/2 n
H‘x’n-i-m—i-l HLQ(Rn <C/ t—S) 5(1_*) N—* NH‘x’n-i-m—i-l (whiuh) (S) ds

HLl(R”)
t/2 n m
<C/ (t—s) 5(1-9)-N=3 (1 +38)” 45 ds < C’t_E(l_%)_%Jr?
and
n+m-+1 o2 —2(1-H-Ny24m N
[l s )]y <C [ =3O i) (5) e

t
+C | t—s) N2t N |[(whiup) ()l Lagrny ds
t/2 n 1 n,m n__ 3
SC/ (t—s) 2NN )i ds
0
t
+O | (- NTEFEN (14 s)E )52

t/2
<t 30D (1 + )5 F L (b).
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By (1.2) and Proposition 2.1, we have that

t
H "T‘n+m+1p3(t)HLq(Rn) §C/ (t - 3)_% H ’y‘n+m+1 (whiuh) (S)HLq(Rn) ds

t
F O [ ) (6] sy
21=0 t/2
! n m m n t m
<c [ (-9t s s 0 Y B0 [ g
o2 21=0 t/2
<ot 2D )t <o PTD A 4Tt
Since
nmtl )y n+m+1a IVP0,G(t,x — \y)
"7 ) o i
ly|<|z|/2 15!

2= OIB\ m— 2l+1
x A2 () (—y)ﬁ (whiun) (s,y)dA\dyds,

we obtain that

“’x‘n+m+1p4(t)HLq(Rn) <Ct 2 z(-3 __+n Z/ (1+s)~ —1-l+3 g
2(=0

SC’t_%(l_E)_§+5Lm(t).
The last term fulfills that

i _n_1y_1_ t
H ‘x’n+m+1p5(t)HLq(Rn) SC Z t 2 S (11) 2 : /0 SlH ’yVH-m-i-l (whiuh) (S)HLl(Rn)dS
21=0

m n 1 1 t m n 1 n
<cY t‘f“‘a)‘i"/ s+ s) s < ot 207D )i tE,
21=0 0

The last term of (2.6) is treated by the similar estimates. Therefore we get the desired estimate with
w=mn+m+ 1. The coupling of this and Proposition 2.2 completes the proof. O

Proposition 2.3 never give far field asymptotics of w since |[|[z|*Qy||La(rn) is integrable for any large p.
This proposition is prepared to prove our main assertions. The above inequalities lead for 1 < m < n and
1 < q < oo that

m+2 m
' WhiUp — Z Thksn+p < lwnkll o) |w, — Z(Uh it Uh i HLOO(Rn
p=3 La(R™) i=1
(29) m—+2—1 .
+ZHwhk - Z Qhk,pHLq(Rn [Unsi + U, ZHLOO(R"

i=1 p=2
<Ot 20D T T L )T E L (1),

Upon the condition |x|"*™ 1wy € L1(R™), we have for 0 < < n +m + 1 that

m+2 m
|<L"|“<whkuh - Z Ihk;n-‘,—p) < H|:E|“wthLq(Rn) up — Z(Uh;i +Uky)
p=3 La(R™) i=1 L (R™)
m m+2—1
+ Z | (whk — Z Qnksp) HUh;i + UhT;iHLoo(Rn)
i=1 p=2 La(R™)

<Ot 0TI (5 4 (1)) (14 1) R L (8),
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We relieve the singularity at ¢ = 0 by using the Minkowski inequality together with (1.2), Proposition 2.1
and (1.13), then

m—+2

(2.10) ]w\“(whkuh — Z Ihk;n+p> < Ct_E(l_%)_§_7_1+%(l + t)_5Lm(t)
p=3 La(R™)

Since

m+1 m+2 1
whiup(t Z Thkintp(t) = Zhinrma2(1 +1) = wprun(t) — Z Thiin4p(t) — / OtThkintm2(t + A)dA,
0

O Thkmsp(t,x) = =5 Z?tIhkarp(l,t_%x), and 0 Zp.p+p(l,z) € LI(R™) for 1 < ¢ < oo, we see that

m+1
||* <thuh Z Inksn+p(t) = Lnisnm2(1 + t))
Lo(Rn)
<3073 (t—%—%‘%+% +(1t)T 3 ) (1+8) " L ().

Those inequalities play important role in the proof of our assertions. Moreover they guarantee that
Unsm, UL, and U3 . for 1 < m < n are well-defined in L*(R™) N L>®(R"), and (1.17) holds. We
show that J,,4,, is well-defined. Indeed, by the similar calculus as in the proof of Proposition 2.2, the first
term of J,1, is represented by

t " OIVPRLRG(t, x
/ / (RkRjG(t —se—y) -y = I;,ﬁ], ( )(_S)l(_y)B>Ihk;n+m+2(syy)dyds
0 JRe 20+ 8|=0 o

1/2
/ / / N RyR; G As T — )/\N—l(_s)NIhkarmH(s,y)d/\dyds

"2 AV R R;G(tx = Ny) i
+Z Z / /n/ : By ))‘ " 2l(—3)l(—y)61hkm+m+2(s,y)d)\dyds

13!
2l=0|8|=n+m+1-21

+ // / / VRiR;G(t — s,z — \y) - (—=Y)Lhkn+m+2(S, y)dAdyds
2 n

n+m AvLe t
B Z A R;;'};'G x / / BIhkn+m+2(S y)dyds,
W 15! t/2 JR®

where N =max{l € Z | 2l <n+m} + 1. Here we used (2.7). Hence, by (1.12), we see for 1 < ¢ < oo that

'K OIVPRLR;G(t, x)
2 115!

(_S)l(_y)6> Ihk;n+m+2(3, y)dyds

<RkRjG(t —8,x—Y) —
La(R")

n

21+|8|=0

n_m_1

/2 _n 1 " t/2
< 0/ (1_5)_Ns_5___1+Nds+C’t__(1__)_5_7_5/ s”7ds
0

1 _n(q_ly = s EIE 181
+C (t—s) 35 279755 2ds + C Z s (=)=l / I ot S
o2 20+|8]=1 /2

The right hand side is integrable for any fixed ¢ > 0. The second term of J,,, is treated in the similar way.
Therefore J,, 1, also is well-defined in L'(R™) N L>(R™). The decay properties (1.14) are coming from the
scaling property of those functions. The estimates (1.15) and (1.16) are straightforward.

3. PROOF OF MAIN RESULTS

In this section, we firstly prove Theorem 1.5. This proof also show Proposition 2.3 ((3.1), and (3.3) with
m = 0 immediately gives this proposition).
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Proof of Theorem 1.5. Firstly, we derive the asymptotic expansion. Since fRn wprupdr = 0, u denoted by
(1.7) is expanded to

n

(3.1) ui(t) = (Ujim + Uy ) (8) + 10, () + r1m(t) + ron(t) + ran(t),
m=1
where
- ~1/2 QR VR (— 1/2G(t) o
roalt) == 3 B8 0) y + 3 [ oo wis
= la|=0 k=1 "
" O'VPRLR,G(t,
T1n(t) = Z / / <RkR G(t—s,x—y)— Z : 1;157 ( x)(_s)l(—y)5>
k,h=1 " 20+|8|=0 e

X (wnrun) (s,y)dyds,

raal) == 3 [ [ (G-nr-n- > %ﬂ(—@l(—y)ﬁ) () (s, )y,

21+|B|=0
n
alvBG
ra®= z [ o e s
20+|6]=1 '8! "
Moreover, from (1.13), 7o p,...,73, are split to

n «a _A)-1/2
roalt) == Y S TS OO T g )y + 1000,

|a|=n+2 k=1

n+1 I o8 '
Ry R; Gt O VPRLR:G(t,x
Tinlt // < k — 8T —Y) - Z : IZ|5]| ( )(—S)l(—y)ﬁ>lhkm+3(s,y)dyds
k,h=1 " 914 18|=0 181

O'VPR R;G(t _n_3_16]
+US )= > Z VR B G, x)/o S(14s)7372%0 dS/}Rn(_l)l(_y)BIhkm+3(17y)dy

113!
2z+|5\ n+1k,h=1

+ iy (t
&Koaviahe), o,
2,0 (t Z . -5,z —y)— Z T(_S) (=9)" ) Znjin+3(s, y)dyds
21+|B|=0
OIVPG(t, )
-y e Z / | 90" @nguns,8) = Tugsal1 + 5,3) dyds
2+||=n+1 !
VPG (t,x a3, 18 e
- tTf)/ s'(1+s)7272"0 dSZ/ (=)' (=) Tnjinss(1, y)dy
20+|8|=n+1 b 0 h—17R"
+ront1(t),
- alvﬁG
aa)= 3 LG Z / / )P Thimss(s,y)dyds + 3.4 (t)
20+|8]=1 B! "
=Vjm+1(t )+7’3,n+1(t)=
where
n n+2 n o —1/2
V2R, A G(t
T0,n41(t) = —ZRk( A)Y2G(t) * wops + Z Z k(= a') ®) /}Rn(—y)awom(y)dy,

k=1 la|=0 k=1
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Z/ [ (e s - S 8£VBR'Z$?G('5’””)<—s>l<—y>6>

k,h=1 20+|6]|=0
(whktn — Lhisn+s) (s, y)dyds,

n+1 I3 T
a0 =-3 [ / (ot-se-n- ¥ M(—sﬂ—y)ﬂ) (0~ i) (5 9)dys

131
21+]8]=0 B!
8ZVBG t,x
+ Z 151 Z/ /n Whjuh(S,y) = Tjm+3(1 + s,9)) dyds,
2l+|Bl=n+1
"L oVAG()
ran(t) = > g Z/ / % (wnjun = Thjnss) (s, y)dyds.
20+|8]=1 "

Therefore
S
TO, _|__|_7437 _B], 1+1/], 1+1/‘7’ 1_|_‘/]y 1+‘]:], 1_|_7407 1++r37n 1-

We repeat this procedure, then

B n
== Yy AVRAGE /0 )5 s [ (1) ) i)y

g
20+|8|=n+2 k,h=1 A

+ U n+2( )
n+2 I3
OVPRLR;G(t, x

- Z // <RkRG —s,x—y)— Z : ];'B{ ( )(—S)l(—y)6>1hk;n+4(37y)dyds

k,h=1 " 21+|8|=0 k.
+ r1ins2(t),

8ZVBG t t _n_o 18] -
man == > I [ g S [ ) ) By
20+|8|=n+2 " 0 h=1"R"

ix75 n 0
- @vl!iﬁ?(t)z/o /n(—S)l(—y)ﬁ(whﬂh(&y) = Injm+a(s,y)
h=1

2+ |8|=n+2
= Thjim+a(l + 5,y))dyds

t n+2 o p " n
B /0 /n <G<t — 5T —Y) - Z %(_3)1(_@5) Zzhj;n+4(3,y)dyd8

214|3|=0 h=1
2t~ 20IVAG(t)
* Z ngr Z/n V) Thjnra(L,y)dy + rania(t),
20+|8l=n+1
where

& GVPRRG(L) g

riae2(t RpB;G(t —s,2 —y) = Z 113! (—s)'(—v)
kh 1 " 21+|8]=0 e

X (Whkth — Zhin+3 — Lhkin+a) (5, y)dyds,

I8 n oo
ronia(t) = @Vl'iﬁG'(t)hZ_l/t /n(—S)l(—y)B(whjuh(Say)—Ihj;n+3(8,y)

21+| B|=n+2
- Ihj;n+4(1 + s, y))dde
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n+2

[ ] (ci-samn- 3 ATEED i)

21+|8|=0

n
X Z (whjuh —Ihjints — Ihj;n+4) (s,y)dyds

h=1
alvBG
" Z 18! Z/ /n P (whjun = Thjm+s — Injinsa) (s, y)dyds
2l+|Bl=n+1
§ t n n
- Z @Vl'iﬁ('?()/ sl((1+3)_5—%+@ _3—5—%+@)d5
21+|Bl=n+1 e ¢

<3 [ D Tl
h=1

For the last term, (1.13) leads that

L o gveG(n) & !
ramp1(t) = ) i / (=" (=9) Thjinta(l,y)dy + r3n42(t),
2l+|m:1n+2—2l— Bl Up! = Jrn
where
"9 vBG
7‘3771_,_2(15) = Z = Z/ / wh]uh - Ihj n+3 Ihy n+4) (S y)dyds
20+|8|=1 '8 "
Therefore

Ton+1 + - + 73041 =Kjinpo + Ujnya + U nt2 T Vimt2 + Jjmt2 + Tont2 + -+ + T3 nt2.

We expand the first term of rg 42, then, from (1.13),

1o no oo
S [ L0 o) = Tumralons) ~ a1+ .00 s

2l+|Bl=n+2
B
= 2 8V G Z/ / Y Thjonys(s, y)dyds
21+|8|=n+2 16! "
OIVBG(t)
P S 1"p! Z/ / H(Tnjinra(L+ 5,9) = Tjinrals, y)) dyds
21+|Bl=n+2
VﬁG
* Z 18! Z/ /n (whjuh—zlhg n+p>(3 y)dyds
2l+|Bl=n+2 =
2t~ 28 VBG
B Z fiﬁl Z/n Ih] n+5(1 y)dy
21+|Bl=n+2
8tvﬁG(t) > l _2_24_@ _g ﬂ
-2 W/ (1) 75720 dsZ/ Y)*Thjnra(L,y)dy
2l+|Bl=n+2

+ Z (%v. G Z/ /n (c%]uh - ZI’U n+p> (s,y)dyds.

214+|B|=n+2 p=3
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For the second term of 72,412, we see

t n+2 I3 n 4
OVPG(t, x
- / / <G(t —5,T—Yy) — Z tTg)> Z(Whjuh — Zzhj;n—l—p) (s,y)dyds
0 JR™ 20+|B|=0 . h=1 =
E?VBG
= — Z vy M\Y) Z/ / <wh]uh — ZI}LJ n+p> (S y)dyds
20+|8|=n+3 B! " p=3
t n+3 o8 n 4
OVPG(t, x
S NS Tﬁ%—@%—ﬁ) Z<whjuh—zzhjm+p) (s.)dyds
2+|5|=0 h=1 p=3
1o t .
- LY IR Y AR e
gy
2l+|8|=n+3
AVIG(t) G~ [
- > tT,()Z/ / (=5)' (—=y)” <whjuh $,Y) ZIM in+p(5,Y) Ihj;n+5(1+8,y)>dyds
20+|8|=n+3 T p=170 "
t n+3 I3
OVPGE(t, x
[ (ct—srmn- S BV ) S sl s
0 JR™ 21-+|8|=0 o h=1
t n+3 o8 n 5
OVPG(t, x
[ (et -semn- Y AEEED ) S (whsn = 3 T ) (s, 9)ds
2-+|5|=0 h=1 p=3
AVOG(t) < [
+2l+%;n+3t“75!h§::l/t /n(—s)l(—y) <whyuh (s,9) ZI’U n+p(8,Y) — Lnjm+s(1 +S,y)>dyd3-

For the third term of rg ;,42,

Z &ivgﬁg( ) Z/too /Rn(_s)l(—y)ﬁ (Whjuh - f:zhj;n—irp) (s,y)dyds

21+|8|=n+1 h=1 p=3
t1IVIG (1) &
- Y BAEEOS | 0 e sy
20+|B|=n+1 b h=1"R"
IVIG(t) ~ [ ! 3 2
oy (=)' (=) (wnittn = D Tnjine ) (5, y)dyds.
21+|8|=n+1 o p=17t " p=3
The last term of ry 49 is f/j.n+3. Hence
220 IVAG(t)
ran+2(t) = Z ltlﬂl Z/ Ihg n+5(1,y)dy
2l+|8|=n+2 h=
81V6G t _7_L_§ ﬁ
_ Z t Z'B'( )/0 Sl(1+8 2 Z/n Ih] n+5(1 y)d
2l+|B|=n+3
OIVPG(t) o~ [°
- > tT,()Z/ / (—8)' (~y)” <Whjuh $,9) thg ntp(S:Y) Ihj;n+5(1+37y)>dyd3
2+|8l=n+3 = h=1"0 "
+ n+3 I3
OVPG(t, x
[ [ (et-sa-n- ¥ tT,()<—s>l<—y>ﬁ) 3 Tajmsals, v)dyds
0 JRn 2-+|B|=0 o h=1
lagvﬁG
+ Z 1 Z n Ih] n+s(1,y)dy + VJ n3(t) + ronys(t),

2l+|8|=n+1



where

Ix73 n 00
7"2,n+3(t) = Z atvl'ig(t)};/t /n(—S)l(—y) wh]uh S y ZIhJ n+p S y

2l+|8|=n+3
— Thjmss(1+5,9)) (s, y)dyds

— /Ot /n <G(t —8,x—y)— ni:g %ﬁgt’:p)(—s)l(—y)ﬁ> i:(whjuh — izhj;n-i-p) (s,y)dyds

20+|8]=0 h=1 p=3
n+2 8IV6G
+ Z Z/ / <Whjuh ZIh]n-i-p)(S y)dyds
2l+|Bl=n+1 '8 " p=3
IIVPG(t) [ Bl _n_o, 18l "
- > OVGW) [ ((1+s) Eacans P, 2+2)dsz (=1 (=9) Tnjinra(1, y)dy.
ngr .
20+|B|=n—+2 h=1
Similarly,
T1n2(t)

B n_»5
== > Z AV RGO /0 s'(1 +3)_2_2+§dS/n(—l)l(—y)ﬁlhk;ms(l,y)dy+ Uslnis(t)

gt
2U+|B|=n+3 k,h=1

n+3 I3 ] X
/ /n<RkR Gt —s,x—y) — Z OV R B G(E, )(—S)l(—y)B>Ihk;n+5(S,y)dyds

ke,h=1 2-+|B|=0 1!
+ 71,n+3(t),
where
&L OIVARLR;G(t 1),
T1n+3(t Z / /n RkRGt—s x—y)— Z l!ﬁ? (—s) (_y)ﬁ)
k,h=1 2-+|8|=0

X <whkuh - ZIhk;n—i-p) (s,y)dyds.
p=3

At last, from (1.13),

z”: 2r-3-3++ 1 gvia() &

r3nt2(t) = T / (=D =) Thjnts(L,y)dy + r3n43(t),
2l+|m:1n—|—3—2l — 18] 1! — Jrn
where
" alvﬁc:
r3,n+3(t) = / / <Wh]uh ZIh] n+p> (5 y)dyds
2l+\6| 1 ' " p=3
Thus

Tont+2 + - +1r3n42 =Kjini3 + Ujinys + U nt3 T Vim+s + Jjmts + Vimas +Tomts + - + 73043

Generally, for 1 < m < n, let

n n+m+1 n a —1/2
VR (—A) 26t .
() == Y Ru(-8)26(0) s+ >0 3o R CO e gyay
|a|=0 k=1
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ity == 30 [ (- sa - S, ETIOED yye)

k,h=1 21+|8|=0

m—+2
X <whkuh — Z Tk, n+p> (s,y)dyds,

m—+1

8V5G

2l+|B|=n+m
- Ihj-n+m+2(1 + s, y))dyds

N R CTRTEE sy T

20+(8|=0
m-+2
X Z (whjuh - Z T, n+p> (s, y)dyds
h=1
n+m—1 m—+2
3IV6G
+ Z G v =\ Z/ / <wh]uh - Z Thj: n+p> (s,y)dyds

20+|8|=n+1 B! " p=3

il
- % LVZ,;“)/ H((1+ )" 334 _ 331 g
20+|8|=n+m—1 o t

X Z/ Ih] n+m+1(1 y)dy,

alvBG m+2
e} = > L Z [ L (i 3 T s,

21+|B|=1 p=3

then, for 1 <m <n —1,

(3 2) T0,n4+m + -+ T3 n4+m =4 jin+m+1 + Uj;n-‘,—m—i—l + U in+m+1 + V in+m4+1 + J] n+3 + V] in+m-41

+ 70n+m+1 T 0 F T3nrmrl-

We already confirmed it for m = 1 and 2. Inductively, for 3 < m < n — 1, we expand 725, 4.m,, then, for the
first and the second terms, we see from (1.13) that

m+1

IVAG(t) <~ [
) tT.(t);/t /n(—S)l(—y) whjtn (s, y) ZIM ip(8,7)

2l+|B|=n+m
— Tnjmsme2(1+ s,y))dyds

B
- Z v G Z/ /n Ihy n+m+3(3 y)dyds

2l+|B|=n+m
VBG

- Z Z / / Ih] n+m+2(1 +s y) Ihj;n+m+2(87 y)) dyds

2l+|Bl=n+m Al "

a VBG m—+3

+ Z Z/ / <Wh]uh - Z Ih] n+p> (3 y)dyds

204 |8|=n+m ! p=3

272 9IVAG(t)
= Z lt'5| Z /n Ih] n+m+3(1 y)dy

2l+|Bl=n+m



[ B o n_m n_m
S I ) dsz/ Tnsmmsa(L,y)dy
t

13!
20+|B|=n+m Hp!
9 VBG m+3
+ Z R / / (Wh]uh - Z Thj, n+p> (s,y)dyds
2l+|Bl=n+m Al " p=3

and

t n+m I3 n m—+2
O VPG(t, x
[ (et-samn- S BEEED ) Y (wnn - Y Tusni ) (s
0 JR" 2+|5]=0 e h=1 =3

n

8lvBGt t _n_m_3 @
== > W() / UGPSR B A 2 / (1" (=9) Zngimsms(L,y)dy
2l+|B|=n+m+1 o 0 h=1" K"
m—+2

AV SN
-2 tvuﬂc!;(t) Z/o /n(—SW—y) Whjtn(s,Y) ZIM np(5:9)
h=1

2l+|B|=n+m+1
— Thjintm+3(1 + 5,))dyds
t I AVAG(t, @ -
- /0 /n <G(t —8,T—y)— Z tT!(’)(—S)l(—y)ﬁ> Zzhj;n+m+3(say)dyd3

21+|8|=0 h=1

- /0 [ (ct=sa-n- bl %&WM“‘”&) > (vn - niglhﬁ"”) e

2l+‘ﬁ|:0 h=1 p:3
m+2

AVAG(H) O [
S Ww};/ |9 ) ngun(s) - > Tujnssls

2l+|B|=n+m+1
- Ihj;n—i—m-l—?)(l + s, y))dde

For the third term of r ;,4.,, we have that

1 m—+2
VﬁG E
Z E / / <wh]uh - Ih] n+p> (8 y)dde
2l+|5‘:n . . n p=3
n+m—1 I3
0y V G
— E Z/ / Ih] ntm+3(8, y)dyds
20+|8|=n+1 '8 '
et - m+3
0y V G
ooy AT / <“ = 3 Ty s
sripionst OO ' =3
ntm—1 —rom Ly B op
2 27272 8 \Y% G
-y 'S sl
—— Wl /n hjn+m+3{1; Y
2 Bt n+m+1-20—|g Ip!
et - m+3
0y V G
S S e <“ = 3 T ot
2l+|B=n+1 B! ! Ip=3

The last term of 73 5,14, i Vjinams1. The other terms rq ,,1,, and 3,4, are expanded as

Tl n+m (t)

/B n m
== Z Z E?tV By B, G (1) / sh(1+ 3)_2_2_2+2d3/ (—D =) Thrmrmrs(1,y)dy
0 "

ll/@l
2l+|8|=n+m+1 k,h=1
+ U n—i—m-l—l(t)
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n+m-+1 I3 ]
OIVPRLR;G(t,
— § / / (RkRG —sa-y) - Yy, 2 ( x)(—s)l<—y>5>zhk;n+m+3(s,y)dyds

Ip!
k,h=1 21+|8|=0 B

+ Tl n+m+1 (t)

n n_m 1 18] n
2t 333t T JIvAG(t
P = VG

ntmti—2—|3 1A /n(_1)1(_y)ﬁzhj;n+m+3(1ay)dy + 13 ntm+1(0),

20+|8]=1 h=1
respectively. Hence we conclude (3.2) and
n+m mo
ui(t) =Y (U + Ujx) +Z (Ejmtt + Vinsk + Jink) (8) + Y Viner(t)
k=1 =3
+ TO,n—l—m(t) +- T3,n+m(t)
for 1 < m < n. Next, we show that
_Ly_n_m_ K
(3.3) 2 [*70,nem )l La@ny + - - + 2730 1m ()| La@rn) = ot~ 30983 *2)

ast > 4o forg=1land 0 < pu<n+m-—1,and for 1 < g <ooand 0 < <n+ m. For some positive
function R = R(t) with R(t) = o(t'/?) as t — 400, 70.n1m is split as

VR (=A)2G(tx = Ay) | .
740,71-%—771@) = - / / k ( y))\ + —I—l(_y) Wokj(y)d)\dy
o= n+m+2k 1 ¢ ly|[<min(|z|/2,R(t)) a!

LYoRL (=AY Y2G(t, . — A
- Z Z / / L ( y)A"m(—y)“wow(y)dAdy
(H)<lyl<|z|/2 Jo

o!
|a|l=n+m+1 k=1

VR ( 1/2Gt
Py v e (~9)"uns 4}y
R()<|y|<|=[/2

|a|=n+m+1 k=1

" LYeRL(—A)"YV2G(t, . — A
/ / WAV TCET = AY) (e (y)dady
y|>|x]/2

i
=2 k=1"| o
n+m+1 n @ —1/2
TRy ( e .
w3 YTRESE [ ity
la]=2 k=1 lyl=|z|/2

Thus

H’ﬂf‘”roerm(t)HLl(Rn) <CR(t) Z Z“]w\“VQRk(— )" 1/2G HLl Rn H’x‘nerJrleijLl(Rn)
|a|l=n+m+2 k=1

+C 3 SV RAA O] ey [ () o)y

|a|l=n+m+1 k=1 ly|>R(t)
n+m+1 n

+C Y D el EVOR(=A) TGO gy 221 (=) s | o ey
la|=2 k=1
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for 0 < pu <n+m — 1. Similarly, since

. VVaR (—A)"YV2G (2 — A
rO,n—l—m(t) E— Z Z/ / k( ) ' ( y) )\n-i-m-i-l(_y)oew()kj(y)d/\dy
o=t mt2 k=1 ¢ [yI<min(ll /2, R () JO @

" LVeRL(—A)"Y2G(t, . — A
-y ¥ [ VBRI A i g pany
lal=ntmt1 k=1 Y RO<lyl<]zl/2 /o o

n e _A)-1/2
+ ) ZV el 2;) G(t)/ (—y) “wor;j (y)dy

o =rfmt1 b=t R(t)<|y|<|z|/2

- ' VORL(—A)TYAG(t - A
Yy [ TRES I e hardy
ly|=]x|/2 /0

lal=1 k=1 ol
n+m+1 n _
VeRL(—A)"Y2G(t) /
+ (=) wor; (y)dy,
gzzl kzzl ol [yl>[al/2 ’

we have for 1 < ¢ < oo and 0 < p < n -+ m that

2 romtm ()| oy SCRE) Y D [l Ri(=A) TG0 o oy " wiors | 1 gy
|a|l=n4+m+2 k=1

+C Z ZH|$|”V°‘Rk(_A)_1/ZG(t)HLq(Rn)/I » lly "™+ Lo ()| dy
>

|a|=n4+m+1 k=1 ly (t)
n+m+1 n

+C Y Y Nl VOR(=A) TG | o T (=) wors | -
la|=1 k=1

n m

n 1
Therefore |||z|"10 y4m |l Lamn) = o(t_5(1_5)_5_7 %) ast — +ooforg=1and 0 <p<n+m-—1, and for
1 <g<ooand0<pu<n+m. Next we derive (3.3) for 71 pi+m,...,73n+m. We show this for large p for a
start. We employ Q1, ..., Qs defined by (2.8), then 71 p4m = r1.1,n4m + -+ + 715 n+m, Where

-y //Q (Rkch;(t PRI LLBULE (‘S)l>

k,h=1 21=0

m+2
X <whkuh - Z Ihk;n+p> (87 y)dyds7 1=1,2,3,

T1in+m(t) = n+m n p:3nm_
et - i Z IRy R;G(t,x —y) _ +Z2l OjVP R, R;G(t, x) _u)B
| ; i (—y)

2A=0 k,h=1 i |81=0

m+2
x(—s)! (whkuh — Z Ihk;n—l—p) (s,y)dyds, i=4,5.
p=3

Let N =max{l € Z; | 2l <n+m} + 1, then

= t/2 VONRLR;G(t — As,z —9)
r " mt - _ t J ) AN_l
tamm () 2 /o /|y>|x|/2/o Nl

k,h=1

m+2
x (—s)N <whkuh — Z Ihk;nﬂ,) (s,y)d\dyds.
p=3



24

Thus, by (2.10),

el r11n4m O Loy

m—+2
<C Z / / HZ?tNRkR G(t — \s) HLq R ANV !x\“<thuh— Zzhk n+p>( ) dAds
k,h=1 p=3 LY(R™)
t/2 1 —2(1-YH-N\N—1 —n_m_ g e N Y
SC/ / (t— )\3) 2 q A g 2 2 It (1 —I—S) 2Lm(8)d)\d8
0 0
<Ct %(1 ;)_%_%_%+%Lm(t)
Similarly,
ONR R; G )\s T —
T12n4+m(t) = / / / £ ))‘N '
k,h=1 ly[<|z|/2
m—+2
x (—s) (whkuh — Z Ihk;n—‘rp) (s,y)dAdyds.
p=3
Since 2N —4 < pu < 2N wheng=1landn4+m—-2<pu<n+m-—1,
|Hx’MTl,27n+m(t)HL1 Rn)
m—+2
<C Z / / [0 Rk R;G(t = A8)|| 1 (e )\N_lsNH<whkuh - Zlhkm+p> (s) dAds
kh=1 p=3 LHR)
<C/ / “NFENN-1g=5 -5 1N (] 4 )72 L, (s)dAds < Ct =23 "2t E L (1),

Here we remark that, since —N + § > =2, (t — As)"N*% is integrable in (s,A) € (0,2) x (0,1). Indeed, for

a>—2,
t 1 1 1
/ / (t — As)%dAds = t'T / / (1 — As)%d)ds.
t/2J0 1/2J0

When a # —1,

e Lt 1
/ / (1—As)“dAds:/ —/ X'dAds = S(1-(1-s)'t)ds
1/2J0 1/2 5 J1-s L+aJiys

_ 1 1 9 /1 1(1 )l—l—ad
_1+(I 8 1/28 y 5

The last term satisfies

1

1(1 — s)1tads
1/2 S

1 2 2 1
< _ _ o\1lH4a _ _ <)2+a . .
> 2/1/2(1 s) Tds 2t a [(1 s) ]1/2 2+a <1 22+a>

When a = —1,

1 _ 1
/ / (1 —Xs) tdA\ds = / / / log(lJ(b < —2/ log(1 — s)ds =log2 + 1.
1/2 1/2 8 J1-s 1/2 s 1/2



25

For 1 < ¢ < 0o, we choose some ¢; and go with 1+%——+— and 1 < ¢ < %, then forn+m—1<p <
n + m, we see that

H ’x‘urlz,n—km(t) HLq(Rn)

t/2 m+2
<C Z / / H|gj|“8NRkR G(t — \s) HLCI(R" g ‘ (whkuh — Z Ihk;n—i—p) (s) d)\ds
kh=1 =3 L1(R")
m+2
+ C Z / / H ’aj‘uaiVRkR G )\3 Hqu R” )\N 1 NH (whkuh — Z Ihk: n+p>( ) d)\ds
k,h=1 La2(R™)

Ly ©
Here we can choose ¢ such that —%(1 — Ly N+ £ > —2, thus (t — \s) 2=g)=N+s o integrable in

(s,\) € (t/2,t) x (0,1). Moreover "

n+m A ) N
1,3 n4+m(t) = / / (/ O RLR;G(t — As,z — y)dA(—s) — Z 8tRkR]G'(t’x y)(—s)l>
ety T2 Dyl a2 i

20=2

m+2
X <thuh — Z Ihk;n—l—p) (s,y)dyds.

p=3
Hence
H|x|u7‘1,3,n+m(t)HL1 (R™)
n+m
< < / IO RRIGlE — A s gy A+ S 5[ RAB GO 1 o )
21=2
m—+2
ol (wnsn = 3 Tawonsy )0 s
p=3 LY(R")
t 1 n_m u 1 n_m ; K
<C < / (t—As)tdA + Z st~ >s__2_1+2(1 +5) 2Ly (s)ds =o(t 272 T2)
t/2 0 91—9
as t — 4o00. For 1 < ¢ < 0o, we choose ¢; and ¢ such that 1—1—5——4—— and 1 — % qi<1 then
t m—+2
H ’x‘url,i’:,n—i-m(t)HLq(Rn) < / HR/CRJ'G(t - S)Hqu (R™) ’x‘ﬂ <whkuh - Z Ihk;n-l—p) (3) ds
t/2 = La2(R™)
n+m t m+2
+C Z H@leR Gt HLq R / st |$|“<whkuh — Z Ihk;n+p> (s) ds
21=0 t/2 p=3 L'(R)
t n n n m
<C | (t—s) 20w 3RS TS (L 5L (5)ds
t/2
n+m t .
+C Z t~20-9) l/ sTETE IS (1 4 )73 L, (s)ds
2=0 t/2
_1
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From the Taylor theorem,

n+m n t 1 glgp . —
O; VPR R;G(t,x — \y)
T an+m(t) =— Z Z Z /0 /|y<|m|/2/0 151

21=0 |B|=n+m—21+1k,h=1

m+2
x (=)' (-y)” <thuh - Z Ihk;n+p> (s,y)dAdyds.

p=3

Hence

n+m n

t
271, a00m ()] Lo gy <C> > > /O H|$|ua§vﬁRkRjG(t)HLq(Rn)

21=0 |B|=n+m—21+1k,h=1

(—y)’ (whkUh - Tnf:zlhkmﬂ) (s)

p=3

! ds

L1(R™)

X 8

t
éCt‘a(l—%FT?_%Jr%/ 572 (1+5) "2 Ly (s)ds
0
<C 5D E T T L (1) log(2 + 1),

The last term of r1 4., is represented for [; = 1 and 2 that

1,5,n+m(t)
n ‘ 1 op . . ntm g )
_ Z / / <Z / VPRLR;G(t,x /\y)(—y)ﬁ)\l_ld)\— Z \Y RkRgG(taiE)(_y)g)
s s
k=170 Jlyl>lxl/2 |8l=l1 0 18|=l1
m+2
X <thuh -y Ihk;n—‘rp) (s, y)dyds
(3.4) p=3
n+m n t 1 n+m=2l 013
50 ke 70 Tyl 2 I 50 1!
m+2
x (—s)! <thuh -y Ihk;n—‘rp) (s, y)dyds.
p=3

We employ (3.4) with I3 = 1 for the case 1 < ¢ <ocoand n+m —1 < u <n+m, then

H ’x‘urlb,n—i-m(t) HLq(Rn)

n+m n t m+2
<C Z Z / H’x“ﬁl_lvﬁRkRjG(t)HLq(Rn) ‘x’/H‘l <thuh_ Zlhkm-i-p) (3) ds
|8|=1k,h=1 0 p=3 L(R™)
n+mn+m—2 n t m+2
DI /0 128,57 R Ry G (1) o gy |:c|“(whkuh—zzhkm+p)<s> s
p=3 LY(R™)

2A=2 |B|=0 k=1

n t n m
<Cr#0mDTE [t (1) L (s
0

|
I3
—~
=
|
Q=
—
|
w[3
|
f3
+
(SIS
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ast — 4o00. Forn+m—2<pu<n+m-—1, we use (3.4) with /; = 2, then

H |$|url,5,n+m(t) HLl(Rn)

n+m n + m-+2

<Cy > / H’xUﬁ|_2VﬁRkRjG(t)HLl(R”) ]+ <whkuh - Ihk;n-i-p) (s) ds
|8]=2k,h=1 0 p—3 LY(Rn)
n+mn+m—20 n t m+2

+C Z Z Z / H |x||maivBRkRjG(t)HLl(Rn)sl |$|M (whkuh - Z Ihk;n—i—p) (5) ds
2=2 |B|=0 kh=1"0 p=3 L' (R™)

t t
< Ct_l/ s_%_%+%(1 + 3)_%Lm(s)ds +C Z t_l/ s_%_%_HH%(l + s)_%Lm(s)dS
0 0

as t — +o0o. We estimate the second term of r3,1,, by the same way. The treatment for the other terms
of 79 pym and 73 4 is straightforward. At the last we show (3.3) with p = 0. The estimate for rg ;4 is
already derived, and (2.10) treats 73 ,,4m. For N =max{l € Z; | 2l <n+m} +1,

Tl,n—l—m(t)
- t/2 VONRLR,G(t — s, x — 2
- / / / LA (N' y))‘N_ld)‘(_S)N<whkuh - Zzhk;n—l—p) (s,y)dyds
kh=1"0 " /0 : p=3
n-+m n t/2 I3 ) _
2=0 |8|=n+m—20+1k,h=1"0 " e
m—+2
x (=s)'(=y)” (whkUh -3 Ihk;n+p> (s, y)dyds
p=3
t 1 m+2
- / / / (—y) - VRLR;G(t — s, — Ay)dA <thuh -y Ihk;n—‘rp) (s, y)dyds
t/2 JR™ JO p=3
n+m IRV ) t m—+2
OVBRLR,G(t,
+ > = IZ'B? ( )/ / (=)' (~y)” (whkUh— ZIhk;n—i-p) (s,y)dyds.
2+|6|=1 e t/2 JR" p=3

Hence

t/2
+C o /t/f“_++7<1+s>‘2Lm<s>ds
21+]8]=1
1
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for 1 < g < oco. We apply the similar estimate to the second term of 73 ,4r,, then (2.10) gives that

r2 ()] oy <ot 20-g)Eg / 573 (14 8) L(s)ds + Ot 2D 5T E 5L (1) log(2 + 1)
t

_n_1y_ 18] o0 n_m 18]
to Yy / 53 E S (1 4 6 3L (s)ds
20+|8|=n+1
e Lol i A B (/ (407573735 _mim31e 8 a

2l+|B|=n+m—1

<or30-D-3-%-3p (1))
<Ct () log(2 + 1)

for 1 < g < co. Therefore we obtain (3.3) with g = 0. The Holder inequality completes the proof. O
Next, we show Theorem 1.3.

Proof of Theorem 1.3. From (3.1), we expand u as

n

ui(t) =Y (Ujim + Ufn) () + 100 (t) + 110 () + ron(t) + 730 (t) + ran(t),

m=1
where 7o, ...,73, are defined as in the proof of Theorem 1.5, and
= OIVPRLR;G(t
=3 (0 -0 = Y 30 BVIIEE [ ) ) o)
m=1 2+|8]=1k,h=1

Moreover, we expand 7y, and ry,, then, from (1.13),

n+1 I3 )
OIVPRLR;G(t,
) =~ 3 / [ (reri6te—so—n - > OBBEOD ) )il

k,h=1 2l+|B8|=0
U] n+1( )

OVPRLR,G(t,z) [* _n_3_ 18
— Z Z ! ];'5{ ( )/ sl(1+s)72 2+ ds/ (—1)l(—y)BIhk;n+3(1,y)dy
k,h=120+|B|=n+1 o 0 "
+ 11 g1 (t) + 7’1Tn+1(t)
IIVPAR R;G(t
ran(t Z Z : llkﬁl / /L — )P Thints(s,y)dyds + rap1(t),

21+|8|=1k,h=1

where
r{,n—i—l(t) = U]S:n—i-l(t) - U]Tn—i-l(t)
IVPRLR;G(¢,
- > Z v ];'ﬁ' . / / 7 (wnrun(s,y) = Tnknss(1+ s,v)) dyds,
2l+\6| n+1k,h=1 o "
VP RLR;G(t
T4t (t Z Z : l'kﬁ' / / 7 (wnrun(s,y) = Tnknss(s, y)) dyds.

2l+|8|=1k,h=1

The other terms rg ,, 72, and r3, are treated as in the proof of Theorem 1.5, hence we see for 1 <m <n
that

n+m m m
(3 5) ’U,j(t) = Z (Uj,k+U +Z ]n+k+‘/3n+k+vn+k+t]jn+k Z %;’L—l—k(t)
' k=1 k=
+ 70n+m + TLntm(t) + ,{n—‘,—m( )+ r2ntm(t) + 73 n4m(t) + rantm(t),



where

’r{n—l—m( ) Ujsn—l—m( ) Uan—I—m( )

n+m—1

OIVPRLR;G(t m+2
* Z Z [lkﬁl / /n (thuh - Z Thk, n+p> (s,y)dyds

2U+|B|=n+1k,h=1

/B n m n m
_ Z Z A 17"“1? i )/ sl((1+s)_5—?—%+@ —3‘5—7—%+%‘)ds
21+|B8|=n+m—1k,h=1 B t

X / (_1)1(_y)ﬁzhk;n+m+1(1a y)dy,

OVORLR;G(t =
Tan4m(t Z Z . l'kﬁ' / /n <thuh - Z Lh; n+p> (s,y)dyds.

21+|B|=1 k,h=1 p=3

Indeed, for 1 < m < n — 1, the first term of T{n_i_m is split to

Uﬁn—l—m( ) Uan—I—m( )
m+1

OIVPR R;G(t
= Z Z ! llkﬁl / /n whkuh S y Z Ihk n+p S y
2l+|8|=n+m k,h=1
- Ihk;n+m+2(1 +s y))dyds

11/3!
20+|B|=n+m k,h=1

B n m n m
Ly Yy AV G<)/ e T R S L) TRy
t n
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20+|8|=n-+m k,h=1 it
OVPRLR;G(t m+3
+ Z Z R Gt A ST / /n <whkuh — Z Lhi; n+p> (s,y)dyds.
2l+|8|=n+m k,h=1 =3
We split the second term of rfn +m» then

n+m—1 B s
) Z oV ];kﬁ]'% iG(®) /t /n(—s)l(—y)ﬁ (whkuh - Ihk;n—l—p) (s, y)dyds

2U+|B|=n+1k,h=1 o

n+m—1 n _ﬁ_7_n__+l+ﬂ 8IV6R
7T g kRjG(t)/ I .\8
= -1 - n+m )
Z Z n+m-+1-—20 — ’,8‘ “B! n( ) ( y) Ihk, + +3(1 y)dy
2l+|8|=n+1k,h=1

n+m—1 I8 m+3
O;VPRLR;G(t E {
+ > E: t zvkﬁ' / /n (whkuh -2 T "+p> (6:9)dyds

2l+|8|=n+1k,h=1 jp=3

The last term of r{n L 18 V ‘ntm+1- Moreover, from (1.13),

21~ 53- 55 t+5 GIVARLR,G(1)
7‘4,n+m Z Z — ! | '] / (_1)l(_y)ﬁl—hk;n+m+3(17y)dy
WG G =2 [ 13! .

+ T4 n+m+1 (t) .

The other terms are treated in the similar way as in the proof of Theorem 1.5. Thus
T0n+m + T{n—i-m +Tintm o Tantm
=Kjintm+1 + Uintmt1 + Ufppmir + Vimamet + Viymer + Vimgmer + Jintma

T
T Ton+m+1 T T pgma1 T Thntm+1 + -+ Tantmt1
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for 1 <m <n—1, and (3.5) holds. Similar estimates for 73,4y, and 73,4, as in the proof of Theorem 1.5
provide that

T _n_ly_n_m
rtnsm | oy + (740 10m ] oy = 0(t 207
as t — +oo for 1 < g < 0o. We already treated the other terms ro ,,44m, - ., 73 ntm in the proof of Theorem
1.5. Therefore we complete the proof. U
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