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1. INTRODUCTION

This paper is concerned with the existence and properties of solitary wave solutions to
some internal waves models. Such models were systematically and rigorously (in the sense
of consistency) derived from the two-layers system with a rigid lid in [II] (see also [22]
and the survey article [33]). They depend of course on the various regimes determined
by the wave lengths, heights of the layers,.. that determine the suitable small parameters
used in the derivation of the asymptotic models.

For instance, it is shown [11] that in the so-called Boussinesq-Full dispersion regime and
in the absence of surface tension, the two-layers system for internal waves is consistent
with the three-parameter family of Boussinesq-Full dispersion systems (henceforth B-FD
systems)

(1= pbA)oC + 2V - (1 = eC)vp)
—Z|D| coth(y/iz| D))V - v + £ (a — & cothz(\/E|D|)>AV vp=0,  (L1)
(1 = pdD)0pvs + (1 = 7)V( = £V |vg|* + pe(l — y)AV( = 0,
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where v = (1 — pB8A)~'v (v being the horizontal velocity) and the constants a,b, ¢ and
d are defined as

1 1
azg(l—al—?)ﬁ), bngéh C:ﬁa% dzﬁ(l_OéQ)u

with oy 20, 320, and ap < 1. Note that a +b+c+d = 1.

To describe precisely the asymptotic regime we are considering we recall the definition
of a few parameters (see [I1] for more details). The upper (resp. lower) layer is indexed
by 1 (resp. 2.) v = % is the ratio of densities. d = Z—; is the ratio of the typical depth of
the two layers. The typical elevation of the wave is denoted by a, the typical horizontal

wavelength is A\. Then, one set

a d? a a pu
d_l’ M:ﬁv 62:d_2:€67 M2:ﬁ:§

The Boussinesq-Full dispersion regime is obtained by assuming that y ~ € and py ~ 1
(and thus § ~ €'/2) in addition to € < 1 and e; < 1. The three free parameters in (L))
arise from a double use of the so-called BBM (Benjamin-Bona-Mahony) trick and of a

one-parameter choice of the velocity (see [I1] for details).

€ =

Remark 1.1. 1f in addition to € << 1 and €5 < 1 one assumes that p ~ € and ps ~ €5 and
thus § ~ 1, one obtains the Boussinesq-Boussinesq regime, leading to Boussinesq systems
similar to those introduced in [8, 9, [10] and studied in [35] [16] [34].

Remark 1.2. In oceanographic applications the surface tension effects are very weak and
can be ignored when deriving the aforementioned asymptotic models (they appear as a
lower order effect). In situations where they are small but of the order of the ”small”
parameters involved in the asymptotic expansions (the €’s or the y's) one has to add a
cubic ”capillary” term to the equation for v, proportional to AV, but also add higher
oder terms in €, u leading to a somewhat more complicated system (see [24]) that we will
not consider here.

It is easily checked that (I.1l) is linearly well posed when (see [23])
al0,¢c20,0=20,d=0.

Throughout the paper we will assume that this condition holds.
The local well-posedness of the Cauchy problem for (ILI) was considered by Cung in
[23] in the following cases
1)b>0,d>0,a=0,c<0;
b>0,d>0,a=0, c=0;
=0,d>0,a<0,c=0;
=0,d>0,a<0,c<0;
>0,d=0,a=<0,c=0.
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Note that all the linearly well-posed systems are not covered here, in particular those
where both the coefficients b and d vanish (but never happens in the modeling of internal
waves without surface tension due to the modeling constraint a+b+c+d = % Note also
that long time existence (that is on time scales of order % ~ %) is still an open problem

and will be considered elsewhere.
On the other hand (L)) is an Hamiltonian system when b = d. The Hamiltonian
structure is given by

O (fg) + Jgrad H((,vg) =0, (1.2)
J=(1— pbA)! (g VO)
and

1-— 1
H(Cve) = [ (526 + gival? = =Clvisl = 5 L= 1veP?

—“—“VV 2 \/_L1/2 L1/2 . (1.3
B

where

where Ly = |D| coth(\/_|D|) and Ly = coth(\/_|D|)

We are interested here in the existence of solitary waves solutions for the B-FD systems

in one space dimension. Denoting now v the velocity, the system writes :
{ Jp0iC + L,,,0,v — gﬁx(év) =0

JaO + (1 =) Je0,C — £0:(v2) = 0, (1.4)

where £, is the self-adjoint operator defined for p, € (0 +o0] by

£y == = LFIDlcoth(VEID] + £ (o = coth®(VRIDD)2E, (19

v
We note that for p1o = +o00 the linear operator £,, = L+oo becomes
1
L=tV B —Q)ag. (1.6)
Y ok Y Y

The Bessel-type operators Jy, Jgy, J. are defined by
Jo=1—pbd?, Jg=1—pdd?, J, =1+ uco?.
The solitary waves solutions ((x,t) = &(x — wt), v(z,t) = v(r — wt) vanishing at infinity

should satisfy in the variable z = x — wt, £ = {(z), v = v(z) the system

{ —~whpl + L,V = 51/

—wJgv+ (1 —7) 05 (1.7)
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The following theorem establishes our results on the existence of solitary waves solutions
for systems ([L4]) in the Hamiltonian case b = d. More exactly, we assume

1
a+c+2():§, a,c<0,b=0, (1.8)
implying thus b2 + and § —2b<a<0and £ —2b < ¢ < 0.
Theorem 1.1. Let v € (0,1) and e > 0. Forb=d > 0 and a,c < 0, the systems (2.1)
have a non-trivial solitary waves solutions (&, v) € H*®(R) x H*(R) provided:
(a) case pz = +o0: if |w| < (1 —y)min{1, 1},
(b) case s finite: let w such that |w| < (1 —y)min{1, LZ'} and define

1 1
a055—|w|—%>0 (1.9)
where By = —4y*(blw| + %(a — ,Y%)) Then existence of solitary waves is insured by
choosing pio satisfying \/% < Y.

Remark 1.1. The statement in Theorem [L.T] deserves to be clarified at least in some points.

(1) The positivity of « in (IL9) is deduced from the condition on the speed velocity
w, lw| < (1 —~)min{1, 14},

(2) For a fixed v € (0,1), in (I4]), our approach only gives the existence of solitary
waves solutions by choosing the depth parameter us in an interval of the form

(:U’Ov +OO)
(3) The regularity of the solitary wave solutions is proved in Theorems E1l and
below.

The proof of Theorem [[.T] is based on the Concentration-Compactness Principle (see
Lions [32]). Thus, we consider the family of minimization problems

I = inf{E,(€,v) : (&,v) € H'(R) x H'R) and F(¢&,v) =} (L10)
where A > 0 and the functionals F,, and F' are defined as
1— 1
E, ¢ v)= /]R ( 5 7)51]05 + §VL”2U — wéyvdx (1.11)
and F(§,v) = r [, &v2de, with r = 5. For the case pp = +00, Elo is defined in the

same form as £, in (III)) by changing the operator £,, by £ defined in (LG]).

The paper is organized as follows. In the next section we prove Theorem (L] in the
case [1o = 400 while we treat the case where ps is finite in Section 3. We prove in Section
4 the algebraic decay of the solitary waves.

Finally the last two Sections are devoted to two systems that are the two ways propa-
gation versions of the classical Intermediate Long Wave (ILW) and Benjamin-Ono (BO)
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equations. Using the parameters introduced above, the ILW regime corresponds to
p~e<land g ~ 1 (and thus 6% ~ u ~ €3).

If furthermore the lower layer depth is infinite, that is 6 = 0 (and thus ps = 00, € = 0),
one obtains the BO regime. Again we refer to [I1] for details on the justification of those
asymptotic regimes.

The Intermediate Long wave (one parameter family of) systems write in one spatial
dimension

{ WO + 20,v — £0,(Cv) = 0 (1.12)

0w+ (1 —7)0.C — iﬁx(vz) =0,
where W and Z are self-adjoint operators defined for v € (0,1), 8 > 1, u, p2, e > 0 by

1 B—1
~(1+ Z— VD coth(y/7mID))). (1.13)
Y Y
with |D| = H0,, where H represents the Hilbert transform, and
g
9(D) = 2 VD] coth( 7| D).

On the other hand the Benjamin-Ono systems write, again in spatial dimension one:

W=1+g(D), 2=

{ DO + BOyv — £0:(Cv) =0 (1.14)

O+ (1 —v)0.¢ — = L (v?) =0,
where D and B are self-adjoint operators defined for v € (0,1), 8 > 1 and p,e > 0 by

B 1 f—1
D=1+ VAD) B:;<1+T\/H|D|), (1.15)

with |D| = H0,, where H represents the Hilbert transform.

For both systems 8 > 1 is a free parameter stemming from the use of the BBM trick.

Long time existence (that is on time scales of order 1/¢) of the Cauchy problem, in
spatial dimension one and two has been obtained for both families of systems by Li Xu
([36]).

When one restricts to wave propagating in one direction, all systems (L.I2I), resp. (L14)
yield the Intermediate Long Wave Equation (ILW) (see [30]) resp. the Benjamin-Ono
equation (BO) (see [7]). Both of those equations are completely integrable and have
explicit solitary waves, algebraically decaying at infinity for BO and exponentially for
ILW. We refer to [29] and the references therein for details. The BO solitary wave is
shown to be unique (modulo obvious symmetries) in [5]. A similar result for the ILW
solitary wave is proven in [4].

The asymptotic stability of the BO solitary waves (and of explicit multi-solitons) is
established in [28]. The orbital stability of the ILW solitary wave is proven in [I, 2], see
also [0, 13, 14]. We do not know of asymptotic stability results for the 1 or N-soliton
similar to the corresponding ones for the BO equation. Those results should be in some
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sense easier than the corresponding ones for BO since the exponential decay of the solitons
should make the spectral analysis of the linearized operators easier.

On the other hand we do not know of previous existence results for ILW or BO systems
in (LI2) and (LI4), respectively. In Sections 5 and 6 we prove the existence of even
solitary waves for both the systems by implicit functions theorem arguments and by
perturbation theory of closed linear operators.

In section 8 we establish some open problems associated to the systems B-FD (L4,
(LI2) and ([II4). In Appendix A we prove the global existence of small solutions for (L.4))
for the cases b=d >0, a < 0 and ¢ < 0.

Notations. The norm of standard Sobolev spaces H*(R) is denoted || - ||s. while the
norm of the Lebesgue space L*(R) is denoted || - ||, s = 0. We will denote | - |, the
norm in the Lebesgue space LP(R), 1 < p < oo and (-,-) denotes the scalar product
in L*(R). We will denote f the Fourier transform of a tempered distribution f. For
any s € R, we define |D|*f by its Fourier transform |5|5\f(y) = |y|*f(y). Similarly, we
define L; = |D|coth(,/p2|D|) and Ly = coth(y/ji2| D) by its Fourier transform f;f(y) =

ly| coth(y/7ilyl) f(y) and Ly f (y) = coth(y/fizly|)f(y), respectively.

2. EXISTENCE OF SOLITARY WAVE SOLUTIONS FOR THE FULL
DISPERSION-BOUSSINESQ SYSTEM WHEN Mo = +00

In this section we give the proof of the existence of solitary waves solutions of (Z1]) in
the case ps = +00. Thus, we will find a non-trivial solution, (£, v), for the system

—wpé + Lo = 2rév
{ —wpv + (1 =) J£ = rv?, (2.1)
with v € (0,1) and r = 5.

Our approach for the existence will be via the Concentration-Compactness Principle,
thus we call {(&,, V) }nz1 in HY(R) x H'(R) a minimizing sequence for I, if it satisfies
F (&, vp) = A for all noand limy, o0 By oo(&n, vn) = In

For a, b, c satisfying the relations in (L], the following Lemma establishes the coercivity
property of the functional F, .

Proposition 2.1. Let v € (0,1) fized. Then,
(a) Fio : HY(R) x HYR) — R is well defined and satisfies
Eyoo(,v) £ col[T2€)12 + IW13) + en(I19,%€1 + 11,2V 1))
(b) For |w| < (1 —~)min{1,19} we have
Eiwo(&v) 2 COl(Ev)1ia (2.2)

where C' = C(b, ¢, i, |wl],y) > 0.
(c) I € (0,400).
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(d) All minimizing sequences for I are bounded in H'(R) x H'(R).
(e) For all 0 € (0, ), we have the sub-additivity property of I,
I < Iy+ I _y. (23)

The most delicate statement in the Proposition [2.1]is item (b). The next Lemma shows
firstly that the functional F., ., is non-negative.

Lemma 2.1. Let v € (0,1) fized and a,b, c satisfying the relations in (I.8). Then, for
lw] < (1 —7)min{1, %}, we have B, (&,v) 20 for all (§,v) € HY(R) x HY(R).

Proof. To start with, since J, is a positive operator we obtain from the Cauchy-Schwarz
inequality for positive quadratic forms that

’w / §bed:c’ < |wl{Ju€, )V Sy, )12 < %(Jbg,@ + %(Jbu, V). (2.4)
R
Next, we show the following two inequalities under the condition |w| < (1 —+) min{1, |—Z‘}
w 1— w 1
Mo < Due o and Bl < e @)
We divide the proof in various steps:
(1) since the second order polynomial p(x) = [—(1 — vy)uc — |w|pblz® + (1 — ) — |w|

achieves positive values for all € R, under the conditions |w| < (1 — ~) and
blw| < (1 —v)]c|, we obtain from Plancherel’s theorem

(L= )T, — ] Je. &) = / &) Ppla)de 2 0.

(2) Since the symbol of £, — |w|J, is given by the even function,

1 Vi 1 1\] ,
fx:———:c—u[bij—(a——)}x, 2.6
(z) ol || |w] S " (2.6)
we will show that under the condition |w| < (1 — 7) min{1, ‘—2'}, mingeg f(z) =
f(xg) > 0, with zg being the only positive critical point for f and

1 1

To) = — — |W| — —— 2.7
o) ==~ ol = 27)
where ) = —[blw| + %(a — 712)] (see (LI)). In fact, for z > 0 we have that the
only critical point of f(z), zo, is given by the relation
1
2\/pBorg = ?

We note that Sy needs to be strictly positive. Moreover, the profile of f is a strictly
convex function from the relation f”(x) = 2,/1f. The idea now is to show that
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f(xg) > 0, which is equivalent to check that the mapping M : I(0) — R defined
by (with 7 fixed)
M(w) =41 =Wl = 7’| = ay’] = 1 (2.8)

is strictly positive for w € I(0) satisfying |w| < (1 — ) min{1, |—Z‘} Before, we
show that the unique positive critical point wy of M given by

1+ (b—a)y?
Wy=—"-—+—"—
23
does not belong to the admissible interval for the speed velocity w. In fact, note

that ¢ is a strictly decreasing positive function with inf e 1y q(v) = 1_2‘2“’. Now,

= q(v)

for |¢| = b we have that wy > |—Z‘, indeed, since

l—a+b | 2
S S bl AN T T
5% > b<:>3—|—3 > —3c¢

our claim follows immediately. Next, for |¢| = b we obtain wy > 1. Thus, since
M(0) > 0 and M is a convex function we observe that in order to show that M > 0
on I(0) is sufficient to check that M(1—+) > 0 for |¢| = b and M((l—v)‘—gl) > () for
le| < b. Thus, we consider the case |¢| < b, then since 1 —~(1 —7)% 2 1—y(1—7),
1—3(1—7)y* > 0 and the polynomial 7(y) = 4(1 —v++?) [1 —1(1 —7)73} —1>0

for all v € (0,1), we obtain
(-9 2 a1 -5 192 4 70) > 0
This concludes the proof of the Lemma. O

Proof. [Proposition 2.1] Item (a) is an immediate consequence of the Cauchy-Schwarz
inequality. For the coercivity property (2.2)), we deduce from (2.4])

1 1
Eiroo((& 7)) 2 5{((L =) e = Wl )€, &) + 5{(Loe = Wl h)r,v) = T+ 11 (2.9)
Next, we estimate the term I. Suppose |c| = b, then |w| < 1 —~. Thus

21 = [, [(1 =) ~ Jol}e) = e (x)) (1 ) + ol 210
2 [(1=7) = wl] g € — cu(§)?dz = [(1 =) — (]| J"7¢]1%.
For the term 11, we have first from Cauchy-Schwarz inequality and from Young’s inequal-
ity that for all n > 0,

1
IDI2e)® < vl < nllvl® + %HV’H?
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Then, for —a = £(a — 712) we have
1 Vi 1 Vi
2[]2(——w— —)1/2+ a — pblw| — —X)||1V|1% 2.11
_7||7772 117+ ( M||47772)|||| (2.11)
Next, for fy = —[blw| + %(a — 712] > 0 we choose
2 2
vl gl
=—— Ft€— 2.12
T VERR R 212
for €y chosen such that f(xg) > €y > 0 (see (271)). Thus
1 [T
(2~ ol =) 12 = (o) — o) (2.13)
g g
and
1 i 4pe* B3
— pblw| = —Y) ||V []? = ———L||V/|]> = 0||/|]*. 2.14
(o= bl = 3 S = (T = 6l (2.14)
Therefore, for |c| = b we get that
1 1
Biso((&:2)) Z 5[(1 =) = [wllI|J2€]1* + Gman{f (z0) — eo, O}I¥II7 (2.15)

We note that the [|J2/*¢[| is equivalent to [|€]|;.

Next, we consider the case |¢| = b. Thus |w| < (1 — 7)‘% and the expression [ in (2.9])
is estimated as

20 = [o[(1 = %) = [wl]€(@) + ub(¢/ () P(E(1 = 7) = |wl)da
>[5 =) = fol] fo € + mble)?dn = [H1 =) — Ll ],

The estimative of the term I7 in (Z9]) is the same as in the case |c¢| = b. Therefore, for
le| < b we get that

(2.16)

Beal(€) 2 5[0 =5~ ol 1R + Smin{7(a0) . B (217)

We note that ||.J, /¢ || is equivalent to ||£]|;. This concludes item (b). Now, item (c) follows
immediately from the coercivity property (2.2) and the inequality

0< A= / 2w < [l VIIIEN £ 11601

Indeed I, = CA\*3 > 0. Next, item (d) follows immediately from (Z2). Finally, from the
property Iy = 72/31, for all 7 > 0 and from I, > 0 we obtain the sub-additivity property
23). This concludes the proof of the Proposition.

U
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In order to show the existence of solutions of equation (2.I]), we will prove that a
minimizing sequence for the problem (I.I0) converges (modulo translations) to a function
in H'(R) x H'(R) satisfying the constraint F'(£, ) = A. To do so we will use the following
result, it which is the key tool in our analysis (see Lemma 1.1 in Lions [32]).

Lemma 2.2. (The Concentration-Compactness Principle )
Let {pn}n>1 be a sequence of non-negative functions in L'(R) satisfying ffooo pn(x)dr =0
for all n and some o > 0. Then there exists a subsequence {pn, }r>1 satisfying one of the
following three conditions:

(1) (Compactness) there are y,, € R for k = 1,2, ..., such that p,, (- + yx) is tight,
i.e. for any € > 0, there is R > 0 large enough such that

/ P, (T)dx > 0 — €
lz—yr| <R

(2) (Vanishing) for any R > 0,

lim sup / P, (2)dz = 0;
k=00 yeR Jjz—y|<R
(3) (Dichotomy) there exists 0y € (0,0) such that for any € > 0, there exists kg > 1
and pi.1, pra € L'(R), with pi1, pra > 0, such that for k > ky,

|one = (Pra + pr2)r <€
| Jeprade —bo) <€ | [gpradr—(0—00) <e

Supp pra N supp pro =B, dist(supp pra, supp pr2) — 00 as k — 0.

Remark 2.1. In Lemma above, the condition [, p,(x)dz = o can be replaced by
fR pn(x)dx = N, where A\, — 0 > 0 as n — oo. It is enough to replace p, by op,/\, and
apply the lemma.

The next step in our analysis is to rule out the possibilities of vanishing and dichotomy
in Lemma The following classical Lemma (see Lemma I.1 in [32]) is the key tool to
rule out vanishing.

Lemma 2.3. Let {(&n, vn) }nz1, be a bounded sequence in H'(R) x H'(R). Assume that
for some R > 0,
y+R

Qn(R) = SupyeR/ ‘I/n(x)PdI —0

y—R

as n — oo. Then, [, & (z)vi(x)de — 0 as n — oo.
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Proof. From Holder inequality and from the embedding H'(R) < LP(R), p = 2, we have
for C' > 0 that

/ Eu(@)2 () da] < Cllealivnlis < CLOY31En vl

with 9, — 0 as n — oo. This achieves the proof. O

Let {(&n, n) fn>1 be a minimizing sequence for problem (L.I0) and consider the sequence
of non-negative functions in L'(R)

pu(x) = [€a(@)]* + 1€, ()] + [ (2)[* + v, (2) 7.
Let A, = [; pn(z)dz. Since A, = ||[(&n,v0)[|341, A is bounded and A, = A%/3. Assume

that A, — 0 as n — oo. Then, from Lemma [2.2] there exists a subsequence {py, }r>1 of
{pn}n>1 which satisfies either Vanishing or dichotomy. If vanishing occurs, then

y+R
lim supyeR/ |V, (2)|?dx = 0, for any R > 0,
k—o0 y—R
hence, by Lemma 2.3 we obtain limy_, F'(§,,, Vs, ) = 0, which is a contradiction.

If dichotomy occurs, there exist 6 € (0,0) and L*(R)-functions py 1, py.2 satisfying item
(3) of Lemma[2.2l Moreover, we may assume that the supports of pj ; and py, » are disjoint
as follows:

supp pr1 C (Yx — Ro, Y + Ro), supp pr2 C (=00, y — 2R) U (yi, + 2Ry, +00)  (2.18)
for some fixed Ry, a sequence {yj}r>1 and Ry — +o00, as k — oo.

Now, denoting h,,, = (&,,, Vs, ) We obtain the following splitting functions hy; and hy o
of h,, . Consider ¢, € C*(R) with 0 < ¢,¢ < 1 such that {(z) = 1, for |z| £ 1 and
((z) =0for |z| 22, p(x) =1, for |z| 2 2 and ¢(z) =0 for |z| =2 1. Denote,

Glo) = (). and oule) = (5 ).

for x € R and R; > Ry, so that supp (¢ C {z : |z — yx|} < 2Ry and supp ¢ C {x :
|z — yk|} = 2Rg. Now, we define hy; = (:h,, and hys = ih,, . Therefore, from the
relations

+R
yik—Roo |p"k (ZL’) - pk71($)|dllf S

Jio—izom, P (@) = pra(@)lde < €, (2.19)

fRoé\x—yk|§2Rk Pry, (ZE)d:E é €,
Gilee = 7; 27 lCloos |9k loo Ry L|¢|so, and by using a classical argument we can see that for
Ry large enough

No = [ion B+ 16 = [ pralo)da] < (2.20)
R
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and
= [luton i+ ol = [ pratadie] < (221)
Next, we define wy, = h,,, — (hy 1 + hg2). Then, for xx = 1 — (x — ¢ we obtain
|lWkll1x1 = O(e). (2.22)
Indeed, since supp xx C {z: Ry =< |z — yi|} < 2Ry we obtain from (Z19) that
gl < 2% + Wil | o) = O(c).
RiS|e—ye|S2Rs

Similarly, we obtain ||xxv||7 = O(e). Next, since [, (3&n, vy, da is bounded, there is a
subsequence of {hy 1}, still denoted by {hy, 1} such that for k: 2 ko >0and 0 € R

‘/Ckﬁnky dx — 9‘ <e (2.23)

Moreover, since F(&,,,vn,) = A, Gepr = 0, X3 = 1 — (¢ — ¢} we obtain for k = ko,

| [ ttnride— =0 <| [ xigusiide] + e Sl +e= 0. (22

Next, we will show that for Ry, Ry, large enough, we have

E+oo(hnk) - E—I—oo(hk,l) + E—i—oo(hk,Z) + O(E) (225)
Indeed, denoting (ax, bx) = Wi = (Xk€n,, XxVk) one easily checks that
E+oo(hnk) = E+00(Wk) + E+oo(hk71) + E+oo(hk72) + N3 + N4, (226)

where for positive constants c1, ca, ¢3,¢5, ¢ and ¢, < 0
S (G + @) [(2c1ax — wWhy)&n,, + (C2be — wag) vy, ]
+((Ck&ni)" + (rn,)) (2e30;, — weabl) + ((Gevn,)" + (Prn,)) (2650}, — weaay,)

(2.27)
and

Ny = —2¢ /[Cklfnk + uVn | D(bi) + ©rn, D(Cin,, ) da. (2.28)
R

Moreover N3 = O(e) and Ny = O(e). Indeed, from Cauchy-Schwarz inequality, Proposi-
tion 2] (item (d)) and (2.22)) we obtain for Ry large enough that

|Ns| = Cl|wil1x1l[hp, lix1 = O(e).

Now, concerning N, we observe first from Cauchy-Schwarz inequality, Proposition 2.1l and

[(222)), that
/[CkVnk + rvn ] D(be)de < 2| D(bx)|[[[vn, ]| = Cllwl[ il [l = O(e). (2:29)
R
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Next, since D = Hd,, where H is the Hilbert-transform, we have by using commutators,
Cer = 0 and Calderon commutator Theorem (see [17]-[21]) that for R, large

| i rvn D(Govn )| = | fy orvm, (H(Glm,) + 36, G, + GHY,, )
S Cllong I Gelvp, Ml + Gk 1) (2.30)
< Cllvm PGk loo = CIF= [, |2 = OCe).
Thus, from (2.29)-(2.30) we obtain Ny = O(e).
Now, from Proposition 2], item (a), and ([2.22)) it follows that for Ry, Ry large enough,
E. (W) < C||lwi|l1x1 = O(e), and so we obtain the key relation (2.25). Moreover,

I\ 2 liminf B, (h,,) 2 liminf E (hg ;) + liminf £, o (hy o) + O(e). (2.31)
k—o0 k—o0 k—o0

The next step in our analysis is to rule out dichotomy. Indeed, recalling that 6 =
im0 [5 Coény Vi, dz, we consider the following cases:

1) Suppose 6 = 0. Then, from (2.24) we have for k large that F'(h;2) > A/2 > 0.
Therefore, for k fixed we consider dj > 0 such that F(dihy2) = A. Moreover,

2\ 1/3
A =112 (5) N = F(ha)| £ Cre

with C} independent of hy 5 and e. Hence, d, — 1, as k — oo, and
I £ Eioo(dihys) = dE oo (hyo) = Eioo(hy2) + O(e). (2.32)

Thus, from the coercivity property of E, , (see item (b)-Proposition 2.1]) and from
([Z20) and item (3) in Lemma 22 we obtain for 6y > 0,

liminf B, (hy) = Climinf ||hg]|3,, = Climinf |pp1]z + O(e) = Chy + O(e)
k—o0 k—o0 k—o0

and therefore from (2.31])-(2.32])
Iy 2 COy + I+ O(e).

Thus, letting € — 0 in the last relation leads to the contradiction I = C8y + Iy.

2) Suppose A > 6 > 0. Using the previous argument combined with item (3) in
Lemma 22 and (Z.21)), we can prove that I, = Iy + Iy_¢ + O(e) and for ¢ — 0 we
obtain

I 2 Iy + Ih_y.

But, from (2.3) we obtain a contradiction.

3) Case 6 < 0. From (2:24) follows that limy o F'(hg2) = A — 6 > A/2. Thus, by a
similar analysis as in item 1) we get a contradiction.

4) Case 6 = A. Then F(hy,) > \/2 for k large, and so by using (Z2I]) and again, an
analysis as in item 1) leads to a contradiction.
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5) Case § > \. Let consider e, > 0 such that F(eyhy1) = \. Hence, e, — (A/0)'/3,
as k — o0o. Then, for k large and from the positivity of E,

Iy £ Eioolerhi) = € Eroo(hg) < Eioo(hyy). (2.33)

Thus, from the coercivity property of E, ., from (Z2I)) and item (3) in Lemma
we obtain for 6y > 0

liminf E, o (hg2) = Climinf ||hg ||}, = Climinf |ppa|r + O(e) = Chy + O(e)
k—o0 k—o0 k—o0

and therefore from (2.37])-(2.33))
Iy 2 Cy + I + Ofe).
Thus, letting € — 0 in the last relation leads to the contradiction I, = C8y + I,.

Since vanishing and dichotomy have been ruled out, if follows from Lemma that
there exists a sequence {yx}r>; C R such that for any e > 0, there are R > 0, large
enough, and ky > 0 such that for k = kg

[ maza-e [ pu@di=0().
lz—yr|<R |z—yx|ZR

and for P, = (—oo,yx — R U [yx + R, o)

2/3

[ Gurtiaa] < iulin( [ lian)” < Ol 22 [ oo ar) ™ = 06

where we have used that every minimizing sequence is bounded in H'(R) x H'(R).
Then, it follows that

‘/pg_y r Gy ()12 () do — )\‘ <e (2.34)

Let flnk (1’) = (57% (I)’ I;nk (I)) = (C;nk (I - yk)> Vnk(x - yk)) Then {flnk}kil is bounded
in H'(R) x H'(R) and therefore {h,, };>; (up to a subsequence) converges weakly in

H'(R) x H(R) to a vector-valued function h = ({y, v9). Then it follows from (234)) that
for k z ]{70,

R
A > / G (272 (2)dz 2 A —c, (2.35)
“R
and so by the compact embedding of H'(—R,R) in L?*(—R,R) we have the relation

A2 ffR Co(z)v3(z)dz 2 X\ — €. Thus for € = %, J € N, there exists R; > j such that

R;
A 2> Co(m)vg(x)de = N — —, (2.36)
RJ
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and consequently as j — oo, we finally have that F'((y, ) = A. Furthermore, from the
weak lower semicontinuity of F, ., and the invariance of E, ., by translations, we have

Iy = Hminf Byoo(Cuys Pn,) Z EioolGo,10) Z .
—00

Thus, the vector-valued function h = (¢, 1) solves the variational problem (II0) and
therefore there exists K > 0 (Lagrange multiplier) such that

(1 =) Jebo — whyvy = K17,

{ Loy — wihéo = 2K réw (2.37)
with r = i We note that K > 0 since 3K\ = 2E, ((o,v0) = Ix > 0. Thus, if we
consider ((,v) = K({y, 1p) then from (2.37) we have that ({, v) solves problem (2.I]). This
concludes part (a) of Theorem [l

3. EXISTENCE OF SOLITARY WAVE SOLUTIONS WHEN Ko IS FINITE

In this section we give the proof of the existence of solitary waves solutions for system
(L) when ps is finite and satisfies appropriate conditions. We will find a non-trivial
solution (&, v) by solving the minimization problem (LI0).

We start the analysis by establishing the coercivity property of E,,,. For a, b, c satisfying
the relations in ([.8]) with b = d we obtain:

Proposition 3.1. Let v € (0,1) fized and |w| < (1 — y)min{1, ‘—2'} Then, for (§,v) €
H'(R) x H'(R), we have
(a) E,,(&,v) is well defined and satisfies

B (&,0) £ co(I772€)2 + W11 + ea (11N + (19,72 v])?).

(b) (1 =) Je — |w| )€, &) = 0.
(c) Let g > 0 defined in (b)-Theorem[I1. Then for every fixed v, we can choose piy

satisfying \/% < ~Y2aqg and such that
(6 — B ) 2 0. 3.1)
(d) For C = C(b,c, i, pa, |w|,v) > 0, we have
B, (& v) 2 ClE V)i (3.2)

(e) I € (0,400).
(f) All minimizing sequences for Iy are bounded in H'(R) x H'(R).
(g) For all 6 € (0, ), we have the sub-additivity property of Iy,

Iy < Iy+ I _y. (33)
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Proof. The proof of items (a)-(b)-(e)-(f)-(g) are similar to those given in Proposition 211
For inequality (3.I]), we consider the symbol associated to the linear operator £, — |w|J,
given by the following even function

Funo) = > = Yol cot(yFalel) ~ £ (a = 5 cott(yalel) ) o] - bl

Next, since for x > 0 we observe that

1
x coth ) S —+4u 3.4
(Vi) = N (3-4)
and that for all z, coth?(\/fz|z|) — 1 = 0.
Then it follows that
Vi1 Vi1
x) 2 fioo 2 fioo ———>0, 3.5
Fia®) 2 Fanl) = S 2 fralon) = Y (35)
where the positivity property is deduced from (Z7) and from the condition on pus.
For the coercivity property (8.2)), we only need to show that
(Lp = |l B)v,v) = Cllvli. (3.6)

Indeed,

(L = [l v v) = fo((% = lwl )v2(2) = ()| D] coth( iz DI (x)

+Lv(z) <a - ,Y% cothz(\/u_g|D|)>8§1/(a:) + pb|w|v(x)0?v(z)dz.
(3.7)
Next, we estimative the integral terms in ([B.7). From (8.4]) and Plancherel Theorem we
obtain

—A%mmwM@wwg‘f}ww¢Wm%P (3.5)

Now,

Jpv(2) <a— > coth2(\/7|D|)>821/(:c)d:c
= —(a =) IVI? + 35 [ v(@)[1 — coth® (/x| D)) 5w (a) da (3.9)

z—a—?nww

where we have used that [ v(z)[1 — coth®(\/az| D|)]0%v(z)dx = 0.
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Thus, by following a similar analysis as in the proof of (2.2]) we obtain for 1 defined in

(212)) that

(s = Nl d)sv) = (£ = o] = Fbe = ) |2 + (o — pbleo] = & X))
= rl|vI* + 6llv11%,
(3.10)
where o = —£(a — V%), 6 > 0 is defined in (Z.I4]) and ¢, is chosen such that

Thus, from the analysis above, we obtain the coercivity property of E,,,,

. & .
28, (€.0) 2 min{ (1) e, (0= )~ YA€) + mingr o} vI2. (3.10)
This ends the proof of the Proposition. 0

The proof of existence of non-trivial solutions of equation (7)) follows the same strategy
as in the case ps = +00. We use the Concentration-Compactness’s Lemma with the
H'(R)x H(R)—p, type sequence defined in Section 2 to show the existence of a minimum
of (LI0). The analysis for ruling-out vanishing and dichotomy follows mutatis mutandis
the case of an infinite depth u, and the more delicate part to be obtained is the key
relation (2.20]) for the functional E,,,.

Thus, by using the same notations as in Section 2, we have that for (ag,by) = wy =

(ngnka Xkynk)
Euz(hmc) = Euz (Wk) + Euz (hk,l) + Euz(hkﬂ) + N5 + Ng + N7, (3'12)
where for positive constants ¢y, ¢s, c3, cg, and ¢4 < 0,

Ns =[x (G + @n)[(2c1ak — why)En, + (caby — way)vn,]
(3.13)

H((Gh&ni)" + (prn,)) (2050, — weaby) — weadl ((Gvn,)' + (Prvng)'),

No = —2¢q / b| D] coth(y/k2| DI) (Ckvny, + @rvmy.) + Civny | D] coth(y/1aa| D) (0km, )di,
R

(3.14)
and for J(|D|) =a — 712 coth®(y/fi2| D|) and ¢; > 0 we have
N7 = 07/ bk (| D)0 (G, + Prvny) + G (ID]) 05 (01, ) (3.15)
R

and such that N5 = O(e), N5 = O(¢) and N; = O(e).
Indeed, from Cauchy-Schwarz inequality, Proposition 211 (item (d)) and ([2:22)) we ob-
tain for Ry large that
[Ns| = Cllwillixalng 1 = O(e).
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Now, with regard to Ng we observe first from relation (3.4]), Cauchy-Schwarz inequality,
Proposition 21l and (2.22]) that the first integral term in (B.14]) can be estimated as

Je e | D] coth(y/2| DI) (Cevny, + @ity )da = [ bi(|D| coth(y/pi2| DI) = [DD[(Ce + @r)vn,]

+ fR Vn, (Ck + 1) | D] brd

= 2 Je loillvn|dz + 2 [ | DIbellvn, [do = Cllbg, i [Willixa = O(e).
(3.16)
Next, we define the bounded linear operator T : L*(R) — L*(R) by
1
J = coth(\/u2|D|) — , 3.17
(D)~ (3.17

and so since (xpr = 0 we have that the second integral term in ([B.14]) can be writen as

i Getn | Dlcoth(| DI) (pirn, ) = fi Gevi, | D] coth(y/7a1 DI) — =] (v, )

= [z Cevn, T| D[ (prtn, )dx = L.
(3.18)
Now, we estimate L. Since D = H0,,, we have by using commutators,

L= / Civn, T(ouHvy,, ) 4 Cevn, T, o]y, + Civn, TH (04, )da = Ly 4+ Ly + Ls. (3.19)
R

Next, since the symbol, m, associated with the nonlocal operator 7,

m(z) = coth(y/fislal) — —

Vizlz|’
satisfies that m € C*°(R — {0}) and for all x # 0
dk
prlt >’ C’“\ E

with & 2 0, it follows from Coifman-Meyer Theorem (see [21]) and from (i = 0 that
for Ry large,

|90 ‘oo
L= [ G5 0360, < T 03607, S Cletlelin < A=, I, = 000

(3.20)
Next, from the bounded property of T and Calderon commutator Theorem ([17]) we
obtain for Ry large

Ly < [ JINIC, @l | S Cleklosllvn, I = O(e). (3.21)
Similarly, we obtain
Ls < [ llontne |l = CligloollvnI* = O(e). (3.22)
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Thus, from (3.20)-(B21)-(3.22) we obtain L = O(e).

Now, we estimate the term N;. By denoting Jo(|D|) = 1 — coth®*(\/fia|D|), we de-
duce that the linear operator Jo(|D])9? is L?(R)-bounded since the associated symbol
(coth®(y/mz]y|) —1)y? is bounded on the real line, and so from Cauchy-Schwarz inequality
we obtain

1
[ TUPDE G, + o = [ (0= 0BG, + puvi )
R
1 2
+ 5 [ Wh(ID)E G, + pr)da (5.23)
R
= CULMv, I+ el D = Cliwiflixaln, [[1x1 = O(e).
Next, we define the bounded linear operator T; : L?*(R) — L?(R) by
1
71 = COthQ(\/E|D|) — W, (324)
with symbol my, defined by my (x) = coth®(\/fi|z]) — uz\x\z'
Then, since m; € C*°(R — {0}) and for all x # 0
dk
< C
" ’ "l |k

with k& 2 0, it follows from Coifman-Meyer [21] and from the fact that (; and ¢; and its
derivatives have disjoint support, that for Ry large enough,

1 1
[ om0 o, o = 5 [ G, [1DPeotn* (DD ~ -] (purn, )i
R 7R M2
1 1 / / / /
= _¥ ACkunk718§(¢kunk)dx = ? /R(Ckynk) 71(¢kynk) + (Ckynk) ‘J’l(spkl/nk)dx

@l !
=¢ —kumnf 45 [ G [T il de
R

“P‘oo
[ [1F+ Cllvn, 1 1 v, |

< CR_thnkHle = O(e).
(3.25)
Thus, for Ry, Ry, large enough, we have from (3.12))
By, (hy, ) = By, (hy) + Ep, (hi2) + O(e). (3.26)

Therefore, we obtain that I, = Iy+ I,_g for some 6 € (0, \) and so we obtain a contradic-
tion with (83). Thus, the compactness alternative of Lions’s Lemma will imply the
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existence of a minimum for the problem (I.I0) and then we obtain nontrivial solutions
for equation ([L.7).

4. REGULARITY AND ASYMPTOTICS OF THE SOLITARY WAVES

The spatial decay of solitary waves at infinity is essentially governed by the behavior
of the linear part in the solitary wave equation. Paley-Wiener type arguments show that
no exponential decay is possible when the symbol of the linear operator is not smooth.
One expects then an algebraic decay rate, which is the case of the Benjamin-Ono solitary
wave (decaying as 1/2?) or of the KP I equation (see [15]). The situation should be thus
quite different for the solitary waves of (L4]) depending on the value on the finiteness of
fo. When g5 is finite the nonlocal operator has a smooth symbol and one expects the
exponential decay of solitary waves as it is the case for the ILW equation.

On the other hand when ps is infinite the nonlocal operator involves the Hilbert trans-
form whose symbol has a singularity at the origin and one expects an algebraic decay, as
for the BO equation.

Technically following an idea in [I2] one writes the equation for solitary waves as a
convolution with the inverse of a linear operator whose symbol determines the decay rate
of the solitary waves.

4.1. Regularity and decay of solitary wave solutions for s, infinite. We will prove
here that the solutions for system (2.I) have a polynomial decay. More exactly, we have
the following theorem

Theorem 4.1. Let (§,v) be a solution of system (2.1) given by Theorem [I1. Then
&, v € H®(R). Moreover, there ezists a constant D € R such that for all x € R,

2*|¢(2)] £ D, and 2*|v(x)| < D.

Remark 4.1. The decay rate of the solitary wave is exactly the same as that of the (explicit)
solitary wave of the Benjamin-Ono equation.

Proof. For (£, v) solution of system (2.I) we have the following relation for &

(1—y)¢=w Ty +rJ H(1?) (4.1)
and thus from the first equation in (210), we have the relation for v
(1= 1)L o = G(v) (42)

with G(v) = w?J 7V J2v + wrd VT (v2) + 2wrv 7V Jyw + 2r2vJ 7 (1v?). We note that by
the regularity properties of v, G(v) € L?(R). Therefore, by using a bootstrap argument
we obtain from (2] that v € H*(R) and so from the second equation in (2] follows
¢ € H*(R).

Next, equation (4.2) can be written in the convolution form

1 -1 = 71 * v
V= ﬁLmo[G(V)] A V)K G(v) (4.3)
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where 8 = —£(a — %) and the kernel K is the inverse Fourier transform of
Rly) = (4.4
Ty '

for ¢ = B\@ and ¢ = ﬁ So, via the Residue Theorem (see [6]), it follows that K is

determineld explicitly by1
20 [T ye el 2V2r Va2,
"Vl cyrrEp™ Tt ot st (49)

We note that 4c — ¢ > 0, because a < 0 and 1 — ay? > 1. We also have that K €
C*>(R—{0}). Now, according to the theory in Bona&Li [12] the asymptotic properties of
v satisfying (4.3)) are essentially based on those of the kernel K. In the present context,

since K € H*(R) for s > 3/2, and from (4.5])

K(z) =

20
lim 2°K(z) = — .
|2| =00 (z) c2\/2m

Then, it follows that v satisfies the relation

lim 2*v(z) = D,
|z| =00

where D is a constant. Now, with regard to the polynomial decay of £ we will see that if
f € H"(R), satisfies |22f(z)] £ C for z € R, then |2?J ' f(z)| £ C) for z € R. Indeed,
since the Fourier transform of h(z) = M# is given by
~ T
h(y) = e~V —helyl
(v) = == =

we have for 6 = \/—puc
0 _ | hle— —O|o—
Zata sl = | [ eyl < [ e P iwlds+ [ el

< \f|oo/e_9pp2dp+ |p2f\oo/e_9pdp < 00.
R R

(4.6)

Therefore, we obtain that |22J1(v?)(x)| £ D; for all z € R. Similarly, by using integra-
tion by parts we can obtain |z2J 1 Jyv(x)| £ D, for all z € R. Thus, from (&I]) we have
|22¢(z)| £ Ds for all z € R.

This achieves the proof of the Theorem. O
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4.2. Regularity and decay of solitary wave solutions for p, finite. As aforemen-
tioned we expect smoothness and exponential decay of the solitary waves solutions here
since the symbols of the linear dispersive parts are smooth. We proceed as in the case po
infinite. More exactly, we have the following theorem.

Theorem 4.2. Let (§,v) be a solution of system (7)) given by Theorem [1.1-(b). Then
&, v e H®(R). Moreover, there exists a constant M € R such that for all x € R,

ellly(x)] £ M, and el®|¢(x)] £ M,

with o > 0 such that o* = (1 o %) and with oy € (0,0] and og < \/—cp.
Proof. For (£, v) solution of system (7)) we have the following relation for &
(1— 7)€ = w Ly + %ng(zﬂ) = Golv). (4.7)

Thus, we deduce from (7)) that v should satisfy the equation
€
(1—=7)L,,v= %VG()(I/) + wJpGo(v) = G1(v). (4.8)

Now, since v € H*(R) it follows immediately that G;(v) € L*(R). Next we show that
v € H*(R). Actually, from the definition for £,, in (IF) we can split it in two operators
M, N, such that v£,, = M + N with

VAR VE T 1
M1V 21D coth(y/zl D) - de (4.9)

and

f2y?
Now, from the boundedness of T = coth(,/u2|D|) — ‘ 5] on L*(R) it follows from (Z.9)

that Mv € L*(R). By defining Ty = 5 [cothz(f|D|) W —avz] | D|? we obtain from
(438)) that

1
N = %[COthz(\/EWD T wIDP sz} |DJ” + E (4.10)

v M 2
Tov = —G - Mv — L*(R). 4.11
2V 1_7 1(V> v M272V€ ( ) ( )
Thus, since coth?(\/pz]z|) — m — avy? 2 —av?, we obtain from a < 0 the relation

|Tov]|? 2 p?a® [ |y|*|o(y)Pdy and therefore v € H?*(R). Thus, a bootstrap argument
applied to equation (4.8) implies v € H*(R) and from (@.I]) follows immediately that
¢ € H*(R).

Next, we prove the exponential decay of the profile v. Indeed, from (48] follows the
relation

—au(|D)? + o)y = &Gl(u) + gwm — %\DP‘LU = Gy(v) € L*(R), (4.12)
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where T was defined in (324)) and o > 0 is such that o2 = —i(l +o5s - ﬁ/*{%) (we note

from Theorem [[.I}H(b) that 1 > %) Thus, from (4.12) we obtain

1
=——Ki xG 4.13
v aop 1* 2(7/)7 ( )
where K is the inverse Fourier transform of
— o
Ki(y) = FEN
Namely, K;(x) = me~?1#l. Thus, from Bona&Li in [12] follows the relation
lim e’*ly(z) = C, (4.14)

|z| =00

where C' is a constant.

Now, with regard to the exponential decay of ¢ in (47) we have that if ¢ € H"(R),
satisfies |e?l"lg(z)] < C) for € R, then [l J 1g(z)| £ O, for x € R with oy € (0, 0]
and o9 < v/—cp. Indeed, for § = \/—puc we have

€|e"0|m|Jc‘1g(:c)| < /e(oo—e)w—yecroyl‘g(y”dy
i R (4.15)

< SupyeR|e"°‘y|g(y)| / 6(00—9)|p|dp < 0.
R

Therefore, we obtain that [e”/®lJ-1(1?)(2)| £ D, and |e®lJ Y (Jw)(z)] £ Dy for all
z € R (we note from ([EI3) that —acuyv = K  (J,Ga(v)) and so |e?*l Ju(x)| £ C, for
x € R). Thus, from ([@T) we have |e7l*l¢(2)| £ Ds for all x € R.

This achieves the proof of the Theorem. O

5. EXISTENCE OF SOLITARY WAVES SOLUTIONS FOR BO SYSTEMS

In this section we show the existence of even solitary waves solutions for the Benjamin-
Ono system (henceforth BO-systems)
Solitary waves solutions for (LI4]), that is of the form

C(x,t) =&(x —ct), wv(x,t)=v(x—ct), ceR
and (£, v) vanish at infinity, it will satisfy the systems
—cDE + Br = %fu,
{ = ﬁ(cyjt %1/2).
Our approach of the existence of a smooth curve ¢ € (—=4§,0) — (&, v.) of solutions for
(51) will be based on the Implicit Function Theorem.

Indeed, for s 2 0, let HS(R) denote the closed subspace of all even functions in H*(R).
Our existence theorem is the following,

(5.1)
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Theorem 5.1. Let v € (0,1). Then there exists § > 0 such that for ¢ € (=6,9), equation
(51) has a solution (&.,v.) € HXR) x HY(R), and the map ¢ € (—6,0) — (&, v.) is
smooth. In particular, (&.(x),v.(x)) converges to (§(x), vo(z)) as ¢ — 0, uniformly for
xr € R, where vy is defined by the unique (modulo translations) even and positive solution

of
1
aDvy + ;1/0 — g =0, (5.2)

2
(1—“0 ’

Proof. Let X, = H!(R) x H!(R) and define a map G : R x X, — L%(R) x L?(R) by
G(c,&,v) = (—c¢DE+ By — %gu, —cv+ (1 —7)¢ — %Vz).

and &y = %zioz Here, a—ﬁ VI and n =

Then, from [26], we obtain that there is a unique even solution (&, 1) of equation
G(0,&,v9) = 0, with v satisfying (5.2) and &, vy positive. Next, a calculation shows
that the Fréchet derivative G(¢,) = 9G(c,&,v)/0(&,v) exists on R x X, and is defined as
a map from R x X, to B(X.; L*(R) x L%(R)) by

G [ =D - 51/ B — §
(§,u)(c>€>y)_ 1_7 _sy_c
Moreover the linear operator Ty = G(¢,)(0, &, vp) with domain D(Ty) = H*(R) x H'(R)
has a one-dimensional kernel, Ker(Ty), generated by (&),v)". Indeed, by considering
¢ =0 in (&I we have that (&), /) satisfies
€ 1 €
B / - _ / / d !/ — - /
Vo 7(501/0_‘_501/0)’ and, 50 1_77 0V
and hence (&, )" € Ker(Ty).
Next, suppose (¢, )" € Ker(Ty). Then, since ¢ satisfies

6=y (53)

we deduce that 1 belongs to the kernel of the linear operator
1
Mo =aD + — — 3.
7

Thus, from [26] we have that Ker(Mg) = [1] and the number of negative eigenvalues of
My is exactly one. Then, ¢ = 01 and from (5.3) ¢ = 6.

Now, since (&), 1) ¢ X. we obtain that Ty : X, — L?(R) x L?(R) is invertible. More-
over, since G and G(¢,) are smooth maps on their domains, we have from the Implicit
Function Theorem that there exist a number § > 0 and a smooth map ¢ € (—6,0) —
(&, 1) € X, such that G(c, &, v.) = 0 for all ¢ € (—4,0). This proves the theorem.

O
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Theorem [5.1] shows the existence of a smooth curve of solutions for (B.I]) bifurcating
from the “positive” profile (&g, 1) with vy being the positive solution for (5.2]). Since —1
is the negative solution associated to (£.2)), a similar analysis to that used in the proof of
Theorem 6. shows the following existence result of solitary waves solutions for (5.1)).

Theorem 5.2. Let v € (0,1). Then there exists 6, > 0 such that for ¢ € (—d1,61),
equation ([51) has a solution (§.1,ve1) € HYR) x HX(R), and the correspondence ¢ €
(—01,01) = (&1, Ven) define a smooth map. In particular, for ¢ — 0, (&.1(2),ve1(2))
converges to (&y(x), —vo(x)), uniformly for x € R, where v is the unique (modulo trans-
lations) even and positive solution of (5.3) and

1 e 4

o = mg%-
Moreover, from Theorem [5.4 we obtain that 6, = and
(Ee1sve1) = (§es —ve),  for c € (=6,9).
We note that Theorems [5.1] and show the bidirectional nature of the system (T.I4]).

6. EXISTENCE OF SOLITARY WAVES SOLUTIONS FOR ILW SYSTEMS

In this section we show the existence of even solitary waves solutions for the Interme-
diate Long Wave systems (henceforth TLW-systems)
Solitary waves solutions for (LI2]), that is of the form

C(x,t) =&(x —ct), wv(x,t)=v(x——ct), ceR
and (£, v) vanish at infinity, it will satisfy the systems
—WE+ Zv = 551/,
{ = ﬁ(cij iﬂ).
Our approach of the existence of a smooth curve ¢ € (—=4§,0) — (&, v.) of solutions for
(51) will be based again in the Implicit Function Theorem. First, we prove that for ¢ = 0,

system (6.1) has a smooth curve pus — (&0, Vou,) € HE(R) x HY(R) with ps sufficiently
large.

(6.1)

Theorem 6.1. Lety € (0,1) and ¢ = 0 in (61]). Then there exists o > 0 sufficiently large
such that for s € (0, +00), equation (G1) has a solution (&, Vo) € HEH(R) x HX(R),
and the correspondence jiz € (0,400) = (&, Vous) define a smooth map. In particular,
for pa — 400, (&4, (), V0., (7)) converges to (§o(z), vo(x)), uniformly for x € R, where
o, 1o are defined in Theorem [511

Proof. Let X, = H}(R) x H!(R) and define a map H : R x X, — L*(R) x L3(R) by

Pla.&.0) = (== Sev-+ alalral|Dlcoth(|Dl) 7y 11, (1= )6 = 5=12).
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where 7, is the linear dilation operator, 7,f(x) = f(dx). For d = 0, T%f = 0. We note
from the relation,

1
0= xcoth(ax) —z =d, forall x 20 and d =0 (6.2)

that |D|coth(|D|)v € L*(R) for v € H*(R) and
‘CL|T|Q‘[|D|COth(|D|)TﬁV] —|Dly, as a—0

in L?(R), because of the relation

1
lalia(|Dlcoth(| D)7 1] = \D\coth<m|D|)u (6.3)

Then from [26], we obtain that there is a unique even solution (g, 1) of equation

1 € €
(an) = P(0a§0aV0) = (;VO - 5501/0 +Oé|D|V0, (1 - 7)60 - ﬂl/g)a

with 1y satisfying (5.2) and &, vy positive.
Next, we calculate the Fréchet derivative T(a, &, v) = OP(a,&,v)/0(€, v) which is a map
from R x X, to B(X.; L}(R) x L%(R))

€ 1 €
Ha6v) = ( v - ;g+a|a|7|a‘[ﬁ|D|coth(|D|)%] )
and so the linear operator Ty = T(0, &, 1) defined with domain H}(R) x H!(R) has
a trivial kernel (see proof of Theorem [.2)). Therefore, Ty : X, — L?(R) x L*(R) is
invertible. Moreover, since P and T are continuous maps on their domains, we have from
the Implicit Function Theorem that there exist a number o; > 0 and a continuous map
a € (—o1,01) = (0.0, Y0.0) € Xe such that P(a,&oq,v0,.) = 0 for all a € (—oy1,01). We
note that since P and T are smooth maps on the domain (0, 4+00), then a € (0,07) —
(£0.05 V0.0) € X, is also a smooth map.

Now, from relation (6.3]) we obtain for a = \/% and po > o that (£o.4, Y0.0) = (0,uss Yous)

satisfies (G.1]) with ¢ = 0. This shows the theorem.
U

Next, we show the existence of a smooth curve of solution for (6.1 depending of the
velocity c.

Theorem 6.2. Let v € (0,1) and uy sufficiently large. Then there exists n > 0 such
that for c € (—n,n), equation (61) has a solution (&, Veu) € HA(R) x HX(R), and the
correspondence ¢ € (—n,1) = (&eppVe ) define a smooth map. In particular, for ¢ — 0,

(Ecpia (), Ve, (7)) converges to (&, (), Vo, (7)), uniformly for v € R, where (§o,uy, Vo, us)
is the solution of (61]) with ¢ = 0 and defined by Theorem [G]l.
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Proof. Let X, = H}(R) x H!(R) and define a map H : R x X, — L*(R) x L3(R) by

1 € €
Qc, & v) = (—c(L+g(D))§ + SV ;SV + a|Dcoth(/p2| D)y, (1 — 7)§ — cv — Z’/z)-
From Theorem[6.Tlwe obtain Q(0, & s, Y0,4,) = 0. Next, the Fréchet derivative Z(c,&,v) =
9Q(c,&,v) /(& v) which is a map from R x X, to B(X,; L*(R) x L*(R)) is given by

€ 1 €

et ( ~e(l+9(D)) ~ v 4= £€ + alDlcoth(/7aID) )
1—7 —C— v

Next, we will see that Z,, = Z(0, £ s, Yo,u,) has a trivial kernel on X, for pu, sufficiently

large. Indeed, initially we have that on H'(R) x H'(R), (& ..+ ¥ ,) € Ker(Z,) for all

2. Now, we show that Z,, converges to Ty, as s — +00, in the topology of generalized

~

convergence on the set € of all closed operators on L?(R) x L?*(R), namely, for §(S,T)
denoting a metric gap between the closed operators S and T with D(S), D(T) C L*(R) x
L*(R) (see the Appendix), we have

~

li To) = 0. 4
olim0(Zp, To) =0 (6.4)
Indeed, for
v - —51/0,“2 —ifo,m v _ —57/0 —550
He L=y =St )’ e L—v =<
and

0 «a|Dlcoth(\/f2|D]) — | D 0 B
L=\ ¢ 0 o S =1 g

with B defined in (LI5), we have Z,, = £, + 84100 +V,, and Ty = 8o + V4. Then,
from the relations (a)-(b) in Theorem 0.1 we have

~ ~

5(Zu2>70) = (Luz + 8+C>o + \7#2, 8+C><> + (V+oo - Vuz) + \7#2)

~

201+ (VoI 2) )0 (Lpas + o0y 8o + (Voo = Vi)

[IA

~ ~

2(1 + ||Vu2H2B(L2)>[5(Lu2 + 8+0078+00> + 5(8+0078+oo + (V—I-oo - VM))]

[IA

§ 2(1 + Hvqu?g(m))[HLuz||B(L2) + ||Vu2 - V—i—ooHB(LZ)] —0

as [ty — +00, where we are used Theorem [6.1] for obtaining

mlgﬁoo ||vu2 - V+OO||B(L2) =0,
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and inequality (6.2]) for obtaining via Plancherel’s Theorem that

1€ (F; )12 = e [ 11€] coth(y/z2l¢]) — [€11*[F(8)*dE 66
6.6
= Zlgll* =0

as [tg — +00.

Hence the results of section IV-4 of Kato [27] imply that the eigenvalues of Z,,, depend
continuously on py. In particular, since zero is a simple eigenvalue of Ty, the eigenvalue
zero with eigenfunction (& ,,,%4,,) is simple for Z,,, and all u, sufficiently large. Also,
for these values of p9, zero is not a eigenvalue of Z,, in X., and therefore the mapping
Zys + Xe = L*(R) x L*(R) is invertible. Moreover, since @ and Z.¢,) are smooth maps
on their domains, we have from the Implicit Function Theorem that there exist a number
n > 0 and a smooth map ¢ € (=1,1m) = (&eps» Veys) € Xe such that Q(c, & gy Vo) = 0
for all ¢ € (—n,n) and py sufficiently large. This proves the theorem.

O

7. PROPERTIES OF THE ILW AND BO SYSTEMS SOLITARY WAVES

Similarly to the case of Boussinesq-Full dispersion systems we establish here qualitative
properties of the solitary wave solutions to the ILW and BO systems.

Concerning the smoothness of the solitary wave solutions of the ILW and BO systems,
one cannot apparently implement a bootstrap argument from (5.1I) or (G.I)). Since the
solitary wave solutions to both the BO and ILW equation are smooth (H*(R)), one has
instead to apply the implicit function theorem in the Sobolev space H"(R) where n is
arbitrary large.

On the other hand, the proof of the decay properties of the solitary waves follows
the lines of the proof of the corresponding properties for the Boussinesqg-Full dispersion
solitary waves (see Section 4) yielding that the solitary waves of the ILW system decay
exponentially while those of the BO system have a algebraic decay 1/2% We give some
details below.

7.1. Decay of solitary wave solutions for the BO system. We will prove that
the solutions for BO system (5.I]) have a polynomial decay. More exactly, we have the
following result.

Theorem 7.1. Let (&,v) be a solution of system (51) given by Theorem [51 (or by
Theorem [5.2). Then there exists a constant N € R such that for all x € R,

22 ¢(x)] £ N, and 2*|v(z)| £ N.
Proof. If (£, v) is a solution of system (5.I]) we have the following relation for v
(a+|D))v =~va(P(v) + cH(v)) = G3(v) € L*(R) (7.1)
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where a = 5= )\/_ >0, P(v) = ﬁ(cyjtiy?) and H(v) = ﬁ@(cy%— %ﬂ). Hence,
equation () can be written in convolution form
V= K2 * Gg(l/) (72)
where the kernel K5 is the inverse Fourier transform of
Ko(y) = ——— (7.3)
| +a

So, via the Residue Theorem, it follows that K5 is determined explicitly by

ye —lzly

+o0o
2 ZE \/—/ O{2+y2 y? (74)

21
lim 22Ky (z) = i—
|z| =400 ﬁcﬂ

Then, it follows that v satisfies the relation
lim 2?v(x) = Dy,

|x|—o00

and consequently

where D is a constant. Moreover, from the second equation in (51I) follows immediately
that z?|£(z)| £ N for all z € R. This finishes the theorem. O

7.2. Decay of solitary wave solutions for the ILW system. We will prove that
the solutions for ILW system (6.1)) have a exponential decay. More exactly, we have the
following result.

Theorem 7.2. Let (&,v) be a solution of system (6.1]) given by Theorem[G.2 Then there
are positive constants 1y, Ny > 0 such that for all x € R,

e (@) £ Ny, and e |p(x)] £ N.

Proof. For (&,v) € HY(R) x H'(R) solution of system (6.I)) we will see that W¢ € L*(R).
Indeed, from the relation

_ BVEN,  BVE
W§_<1+%/M_2>£+ el

where T = coth(\/p2|D|) — m is a bounded operator on L?(R), we obtain immediately
that W¢ € L?(R). Moreover, from (6.I)) follows that vZv = G4(v) € L*(R). Thus, we
obtain the relation
v=K3xGyv) (7.5)
where the kernel K3 is the inverse Fourier transform of
— 1 sinh(y/p2y)

K3(y):1+%\/ﬁlylcoth(\//72|yl) Jiancosh( /i) + Osimh( /)
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where 6 = (;_% > 0. Now, in order to find K3 we define the following function hy,

~ sinh(y)
ho(y) = ycosh(y) + Osinh(y)’

(7.7)

Then, the meromorphic function on the right hand-side of (7.7)) has countably many poles
located at point y = in where n € R and n # 0 satisfy the relation —n = 6tan n. Thus
an application of the residue theorem implies that its inverse Fourier transform can be
expressed as

= tan Ny, .
ho(z) = vV2r Y e 77_9_ el (7.8)

m=1

where {in,, },»>1 comprise the poles of };9 on the positive imaginary axis, numbered so

that 1, < N1 form=1,23,-- .. More exactly, n,, € ((2”12_1)%,7717?).
Now, from the relation K3(z) = eﬁhg(\/%) we obtain from (7.8)) for any o with
0 <o < that
V2my tan m

lim el K, (x) =
] —+o0 3(2) (B—=1)/m mtan g —0 —1

Then, from (T3]) follows that v satisfies the relation

‘ l‘im emlely(z) = Dy,
T|—0o0

where Dy is a constant. Moreover, from the second equation in (6.1]) follows immediately
emlel|¢(x)| £ Ny for all z € R. This finishes the theorem. O

8. CONCLUSION AND OPEN PROBLEMS

We have establish the existence of solitary wave solutions for the Boussinesq-Full Dis-
persion, Intermediate Long Wave and Benjamin-Ono systems for a rather restricted range
of parameters. We indicate below some related open questions that will be addressed in
subsequent works.

e Complete the Cauchy theory for the B-FD systems, in particular long time exis-
tence issues.

e Existence in other ranges of parameters for the existence of solitary waves for the
B-FD, BO and ILW systems.

e Non existence of solitary waves for some ranges of parameters.

e Stability (including transverse stability ) issues.
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9. APPENDIX A

In this Appendix we state and prove the global existence of small solutions for the one-
dimensional Hamiltonian (b = d) system (LI]) for some specific choices of the coefficients,
inspired by a similar result for the classical Boussinesq systems (see [9] section 4.2).

We thus consider the one-dimensional version of (ILT]) where we skip the underscore £,
that is

(1= ubd2)0C + 2 ((1 = eC)v)s
—YZ|D| coth(y/fi2| D])ve + £ (a — 2 coth® (/2] D|) vz = 0, (9.1)
(1 - ,Udax)atvﬁ + (1 - V)Cx - %U'Ux + ILLC(l - V)Cxxx = O>

leading to the Hamiltonian

L=y L o € 5 pc 2
H = — — — —(v* = —(1— .
- Bl + LEIL 0P + LT ), 02)
Y g
Throughout this Appendix we will assume that

b=d>0, a<0,c<O0.
As in [9] we start with the non degenerate case
b=d>0,a<0, c<O. (9.3)

Theorem 9.1. Assume that ([@.3]) holds and suppose that ((y,vo) € H*(R) x H*(R), s > 1
is such that

a4 mﬂl——@(»>0. (9.4)

€2 z€R

2
| H (o, v0)]| <

Then the corresponding solution ((,v) of the one—dzmenswnal system is global in H*(R) x
H*(R) and is furthermore uniformly bounded in H'(R) x H'(R).

Proof. We follow closely the argument used in [9] for some Hamiltonian Boussinesq sys-
tems. In order to avoid technicalities we will focus on the case s = 1.

Using (9.4) and the the fact that the local solution is continuous in time with value in
H'(R) we infer that there exists to > 0 such that the local solution satisfies 1—3((z,t) >0

for all z € R and 0 <t < ¢ so that for the same values of (z,t) we have

(1) <IR\<1<w\dw i Je Vule |c<m|d:c1 Ve <<2_+L;\c\<3>dx
< ot (€61, 00 0) < G H (o, w) = o

(1
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Assuming ([@.4)), it follows that o? < Z—z, implying that

sup [((z, )] < a < T for 0 <t <ty (9.6)

zeR €
Therefore, one has 1 — 5( (x,t) > 0 for all x € R. Moreover, as long as the solu-
tion continues to exist in H*(R), this positive lower bound on 1 — é continues to hold,

independentely of ¢t > 0, by reapplying the above argument.

The uniform H' bound results then for the conservation of the Hamiltonian. Once the
H'(R) norm of ¢ and v are known to be uniformly bounded a standard argument (see
the proof of Theorem 4.2 in [9]) implies that the H*(R, s > 1 of ¢ and v remain bounded
on bounded time intervals provided (o, vo) € H*(R?) x H*(R).

O

We now turn to the degenerate case
b=d>0,a=0, c<O. (9.7)
The result is now

Theorem 9.2. Assume that ([Q.1) holds and suppose that ((y,vo) € H*1(R)x H*+1/2(R), s >
1 is such that (9.4]) holds.

Then the corresponding solution (C,v) of the one-dimensional system is global in H*T'(R)x
H*T2(R) and is furthermore uniformly bounded in H'(R) x HY?(R).

Proof. The proof is similar to that of Theorem 9.1 (see also Theorem 4.3 in [9]). O

Remark 9.1. It has been recently proven ([31]) that for some of the Hamiltonian Boussi-
nesq abed systems having global small solutions (see [9]), those solutions decay to zero,
locally strongly in the energy space, uniformly in proper subsets of the light cone |z| < |t].
It would be interesting to extend those scattering results to the systems studied in this
Appendix.

10. APPENDIX B

In this Appendix, we state some facts from perturbation theory of closed linear operator
on Hilbert spaces that we have used along this work (see Kato [27] for details).

We consider L*(R) x L*(R) the Hilbert space with norm defined by ||(f, 9)||*> = || f||* +
llgl|?, and for any closed operator T' on L*(R) with domain D(T), its graph, §(T) =

{(f,9) € L*(R) x L*(R) : f € D(T),T(f) = g}. Then a metric 6 on € = €(L*(R)), the
space of closed operator on L?(IR), may be defined as follows: for any S, T € €,

5(8,T) = |IPs = Prllpuexzs),
where Pg and Pr are the orthogonal projections on G(S) and §(7'), respectively, and
| - [ B(r2xz2) denotes the operator norm on the space of bounded operators on L*(R) x
L*(R). The results of section TV-4 of Kato [27] imply the following.
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Theorem 10.1. Let S, T € €, and suppose A is a bounded operator on L*(R) with
operator norm ||Al|gr2y. Then

~

(a) o(T + A, T) < [|All 2

~ ~

(b) 3(S+ A, T+ A) < 2(1 + [|A][2,,)5(5.T).
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