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POSITIVE CONFIGURATIONS OF FLAGS IN A BUILDING
AND LIMITS OF POSITIVE REPRESENTATIONS

GIUSEPPE MARTONE

Abstract: Parreau compactified the Hitchin component of a closed surface S of negative Euler charac-
teristic in such a way that a boundary point corresponds to the projectivized length spectrum of an action
of m1(S5) on an R-Euclidean building. In this paper, we use the positivity properties of Hitchin represen-
tations introduced by Fock and Goncharov to explicitly describe the geometry of a preferred collection of
apartments in the limiting building.
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1. INTRODUCTION

Let S be a connected, closed, oriented surface with negative Euler characteristic x(S). The Teichmiiller
space T (S) of S is the space of isotopy classes of hyperbolic metrics on S. It is homeomorphic to R—3x(5),

Thurston [32, 11] compactified 7(S) in such a way that the resulting space 7 (S) is homeomorphic
to a closed ball of dimension —3x(S). The boundary points of 7(S) can be described from different
perspectives [2, 3, 23, 29]. In particular, Morgan and Shalen used an algebro-geometric approach to
realize these boundary points as length spectra of isometric actions of 71(S) on R-trees. An important
point for their construction is that the Teichmiiller space can be identified with a subspace of an affine
variety. In fact, the holonomies of hyperbolic metrics let us realize 7(.S) as a connected component of the
character variety

Hom(m(S), PSL(2, R)) /PSL(2, R).

This research was partially supported by the grant DMS-1406559 from the U.S. National Science Foundation. In addition,
the author gratefully acknowledges support from the NSF grants DMS-1107452, 1107263 and 1107367 “RNMS: GEometric
structures And Representation varieties” (the GEAR Network).
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where PSL(2,R) acts by conjugation and we consider, as usual, the quotient in the sense of geometric
invariant theory; see [24] for details.

This description of 7(S) is prone to generalizations. One can investigate subsets of different character
varieties that share some of the properties of the Teichmiiller space. For example, the natural action of
SL(2,R) on the space of degree d—1 homogeneous real polynomials in two variables gives a homomorphism
tg: PSL(2,R) — PSL(d,R). Post-composing representations in the Teichmiiller space with ¢4 singles out
a connected component

(ta)+(T(S)) C Hitg(R) C Hom(m (S), PSL(d, R)) /PSL(d, R).

This Hitchin component Hity(S) was identified and studied by Hitchin [16] who proved that it is homeo-
morphic to R~(#*~Dx(S) Using different methods, Fock and Goncharov [12] and Labourie [19] generalized
many classical features of 7(S) to the context of Hitchin representations.

Much work has been done to describe generalized versions of Thurston’s compactification for Hitchin
components and related spaces [1, 8, 9, 10, 12, 20, 21, 26, 27].

The classical approach suggests the study of the (vector valued) length spectrum

Lq(p) == (log M{(7),log A5(7), - .., log Xj(7))yer(s)-

Here, A?(7) denotes the absolute value of the eigenvalues of p(v), which are non-zero and distinct [12, 19].
Usually, one also assumes that A?(y) > A (7). Parreau [26] showed that the projectivized image of Lg
is relatively compact and that the boundary points of the closure can be realized as projectivized length
spectra of isometric actions of m1(S) on an R-Euclidean building By of rank d — 1.

Euclidean buildings were introduced by Bruhat and Tits [7]. They are metric spaces equipped with an
action of a reductive algebraic group over a field with discrete valuation. An R-Euclidean building is a
generalization of an Euclidean building where the field is allowed to have a non-discrete valuation.

For this introduction, it suffices to think of B; as a generalization of an R-tree. It is a metric space

obtained by gluing parametrized copies of the affine space
A= {(z1,22,...,2q) € RY: 2y + 204+ 2q= 1}

called apartments. Any two such parametrizations differ by an element of the affine Weyl group W,
namely by the composition of a permutation of the coordinates and a translation by a vector in the
underlying vector space which is naturally identified with

VOl i= (@1, 29, .., 2q) €ERE: 2y + 9+ -+ -+ 24 = 0}

The R-Euclidean building B, is associated to the general linear group over a specific field F with
valuation v. Each element of F is an equivalence class of sequences of real numbers. The non-discrete
valuation v encodes information about the asymptotic behavior of such a sequence. Parreau [25] described
an explicit model for By in which apartments correspond to line decompositions of a fixed d-dimensional
F-vector space V.

Our main contribution is to combine this explicit model and the positivity properties of Hitchin repre-
sentations to describe the geometry of a preferred collection of apartments in the building By.

Let us be more explicit. Consider the universal cover of S and its boundary 0S. The choice of an
auxiliary hyperbolic metric on S, identifies S to the hyperbolic plane and dS with the unit circle. For
any p € Hity(S), there exists a (unique up to PGL(d, R)-action) p-equivariant map &, from 95 into the
space of complete flags in RY [12, 19)].

This flag map can be used to extend Thurston’s parametrization of Teichmiiller space via shearing
coordinates to Hitchin components [31, 4, 5, 6, 12]. The idea is to fix a certain topological data on S that
singles out preferred tuples of distinct points in dS. Using the flag map ,, one then wishes to parametrize
the space of tuples of flags in R? considered up to the action of PGL(d,R). Such a PGL(d,R) orbit is
called a configurations of t flags. We will restrict our attention to tuples of flags that have the mazimum
span property as in Definition 2.1, which is a strong genericity condition.

It turns out that it is enough to consider configurations of three and four flags, which can be parametrized
by two families of real numbers. Any orbit of four flags (F, F, G, H) that have the maximum span property
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has associated triple ratios Xqp.(E,F,G) and X, (E,G,H) and double ratios Z;(E, F,G, H), where
a,b,c > 1 are integers such that a +b+c=d,and i =1,2,...,d — 1.

Fock and Goncharov show that for any p € Hity(S), the images of tuples of distinct points via §,
are positive in the following sense. For any three distinct points xi,x9,x3 € a8 , the triple ratios of
(&p(x1),&p(22),&p(x3)) are positive. Moreover, for any four distinct points x1, 2,23, 24 in this cyclic
order along 98, the double ratios Zi(&p(x1), &p(2), Ep(3), Ep(x4)) are positive.

In this paper we use this positivity property of Hitchin representations to describe intersections of
apartments in the R-Euclidean building B, arising as limits of positive tuple of flags in R%.

Consider a sequence of positive tuples of flags (F1p, Fop, ..., Fiy) in R?. Tt follows from Lemma 3.13
and from the definition of the field F that there exists a unique limiting tuple of flags (F}, Fy, ..., F}) in
F¢ that we call the ultralimit of (Fy n, Fopn,- .., Firn). This tuple of flags (Fy, Fy, ..., Fy) in F¢ is positive
if it has the maximum span property and if the sequences of Fock-Goncharov parameters of the tuple
(F1ny Fop, ..., Fip) define non-zero elements in the field F. The genericity condition guarantees that any
two such flags F; and F} in F? determine an apartment in the R-Euclidean building By.

Theorem 1.1. Let (E,, F,,,G,) be a sequence of positive triples of flags in RY. Assume that its ultralimit
(E, F,QG) is positive. Denote by Agr, Arc, and Agg the apartments in By corresponding to the pairs
(E,F), (F,G) and (E,QG), respectively. Then, there exists

- a preferred parametrization frg: A% — Apa,
- two closed cones €1 and €5 in A1, defined by the inequalities 5.6 and 5.7,

such that
¢ = fEé(-AEG M -AEF) and €y = fEé(AEG N Apg)

The cones €1 and €y are described explicitly in terms of the valuations of the sequences of triple ratios

(Xape(En, Fn,Gr)).

In the statement of Theorem 1.1, one can permute the three flags F/, F' and G to obtain similar descrip-
tions of the intersections of the apartments Agpr, Arg, and Agg in terms of preferred parametrizations
of the apartment Arg or of the apartment Aggq.

In particular, applying Theorem 1.1 to the sequences of positive triple of flags (E,, F,,G,) and
(En, Gn, Hy,), we obtain two parametrization fpg and ff,, for the apartment Agg. As observed above,
it is a consequence of the definition of an R-Euclidean building that these two parametrizations differ by
an element w(g g ) of the affine Weyl group Wg.

Theorem 1.2. Consider a sequence (E,,F,, Gy, H,) of positive quadruples of flags in R?. Assume
that its ultralimit (E, F,G, H) is positive. Denote by fpg and fr the preferred parametrizations of the
apartment Apg obtained by applying Theorem 1.1 to the sequences of positive triples of flags (Ey, Fy, Gp)
and (En, Gy, Hy). Then, the element

wEFGH) = f5e° fha € Wag

of the affine Weyl group Wz is the translation of AL by the unique vector (x1,xa,. .., xq) in VI such
that the difference x;11 — x; is the valuation of the element in F defined by the sequence of double ratios
dei(Ena Fn7 Gna Hn)

Theorem 1.1 and Theorem 1.2 are well-known for d = 2 and in the case of d = 3 they follow from [28,
Thm. 1] and [27, Prop. 4.5], respectively. However, we emphasize that our results are obtained via a
different approach that only relies on the positivity properties of the sequences of flags.

An immediate consequence of our explicit formulas is that the triple intersection Agp N Apg N Agg is
at most one point and it is exactly one point if the valuations of all the sequences of triple ratios are zero.

Our next result concerns the geometry of apartments in the R-Euclidean building B, associated to the
ultralimit of a sequence of positive tuples of flags for ¢ > 4. Consider a sequence (Fi,, Fon,...,Fy) of
positive tuples of flags in R?, and assume that the ultralimit (Fy, Fy, ..., F}) is positive. Then, there exists
an apartment A;; in B, associated to each pair of flags (Fj, Fj). We say that such an apartment A;, ;,
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combinatorially separates the apartments A;, ;, and Aj;,j, if, up to a cyclic permutation of the indices of
the flags (F}, Fy, ..., F}), we have that

1< <io<i3<jyzg<jo<j1 <t

Theorem 1.3 (Monotonicity). Let (Fin, Fan, ..., Fin) be a sequence of positive tuples of flags in RY
with positive ultralimit the tuple of flags (F1, Fy, ..., Fy) in FL. Let Ay, Ay and As be apartments in the
R-Euclidean building By corresponding to a pairs of flags (Fy,, F},), (Fi,, Fj,) and (Fi,, F},), respectively.
If the apartment Ay combinatorially separates the apartments A and As, then

A1NAs = A1 N Ay N As.

In other words, Theorem 1.3 relates combinatorial separation, which is a property depending exclusively
on the cyclic order of the tuple of flags (Fi, Fb,..., F}), to intersection properties of the corresponding
apartments in the R-Euclidean building By.

Acknowledgments: It is a pleasure to thank my thesis advisor, Francis Bonahon, for encouraging me to
think about this problem, for the numerous insightful conversations, and for his support. I thank Daniele
Alessandrini and Beatrice Pozzetti for useful discussions and feedback. I am very grateful to the referee
for providing several useful comments on an earlier version of this manuscript.

2. FLAGS, SNAKES AND POSITIVITY

2.1. Configurations of ¢ flags and their parametrization. A (complete) flag F in R? is a nested
sequence

0=FO - p) - ... - pld-1) -~ pld) _ Rpd

of vector subspaces of R? such that dim F(9) = i for all i. The quotient PGL(d,R) of the general linear
group GL(d,R) by the subgroup of non-zero scalar matrices acts naturally on the space of flags.
We focus on tuples of flags enjoying the following genericity property.

Definition 2.1. The tuple of flags (Fi, Fy, ..., F;) has the mazimum span property if for any integers
0 <ai,as,...,a: < d the following equality holds

(2.1) dim (Ff“l) +E® 44 F}“”) — min{a; +ag + - + az, d}.

Observe that the diagonal action of PGL(d,R) on the space of tuples of flags preserves the maximum
span property.

Definition 2.2. A configuration of t flags is a tuple of flags with the maximum span property considered
up to the diagonal action of PGL(d,R). Denote by 2} the space of configurations of ¢ flags.

It follows from elementary linear algebra that 25 is a single point. Henceforth, we assume ¢t > 2. In
this case there are several PGL(d,R) orbits of maximum span tuples of flags.

Fock and Goncharov [12] parametrized preferred subspaces of Z;. The Fock-Goncharov coordinates
are expressed in terms of the wedge products of vectors in R%. It is convenient to fix once and for all an
identification /\d RY 2 R and to observe the following.

Remark 2.3. Let (F1, Fy, ..., F}) be a tuple of flags with the maximum span property and let aq, ag, ..., a; >
0 be integers such that a; + a2 + - - - + a; = d. Choose non-zero elements

f;“j) € /\F;‘”) c A\R%

The maximum span property guarantees that fl(al) A fz(ag) AR ft(at) is different from zero.
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FIGURE 1. The discrete triangle ©4 for d = 7. Highlighted, its interior ©F.

2.1.1. Triple ratios. Consider the discrete triangle
O4:={(a,b,c) €Z®: a+b+c=d, a,b,c>0}
depicted in Figure 1 and its interior
0% :={(a,b,¢) €Z*: a+b+c=d, a,b,c>0}.
Definition 2.4. Let (E, F,G) be a triple of flags with the maximum span property. For (a,b,c) € ©9,
define the (a, b, c)-triple ratio of (E,F,G) as
ela=) o fO) A gletD)  gla) o p0+1) A gle=D) glat]) A p(b=1) A gle)

Xape(E, F,G) Tt A FO A gle=D)  ela) A fO-1) A gletD)  ela=1) A f+1) A g(o)

where we chose non-zero vectors e, f(), and ¢) in the exterior powers A" EC), A" FO, and A" GO,
respectively.

The triple ratios do not depend on any of the choices made in the definition and Remark 2.3 guarantees
that they are non-zero real numbers. The triple ratios are constant on PGL(d, R) orbits.

Theorem 2.5. The map assigning the triple ratios to a configuration of three flags is a bijection between
(d—1)(d—2)

25 and (R — {0})"

Proof. Cf. [12, §9]. O

Remark 2.6. If we permute the flags FE, F' and G, the triple ratios vary according to the formulas
Xapo(B.F.G) = Xpoa(F.G, E) = Xp oo F, E,G)7".

2.1.2. Double ratios. In the case of four flags, one needs to consider a generalized version of the classical
cross ratio of four points on a projective line.

Definition 2.7. Let (E, F, G, H) be a quadruple of flags with the maximum span property. For 0 < i < d,
the ¢-double ratio is

e A gld=i=1) A () oli=1) A g(d=i) A p(1)

el A gld=i=1) A B(1)  (i=1) A gld=)) A f(1)°

where we chose non-zero vectors el), f g0 and AV in N EO, @), N GO, and H® respectively.

Z'L(EvFvaH) =

Note that the double ratios do not depend on the choices involved in the definition and Remark 2.3
implies that they are non-zero real numbers. The double ratios are constant on the PGL(d,R) orbit of
(E,F,G,H).
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F1GURE 2. The triangle ©4 and its dual @j for d = 6. The red triangle on the left
corresponds to the red dot on the right. The dashed lines trace examples of snakes in GdL.

Remark 2.8. The roles of the flags (E,G) and (F, H) in the definition of the double ratios are not equal.
Explicit computations show that if we consider permutations of E, F'; G and H that respect this lack of
symmetry (called dihedral permutations) the corresponding double ratios are related to the original ones
by the formulas

Zi(BE,F,G,H) = Z4_;(G,H,BE,F) = Z;(E,H,G,F) .
Theorem 2.9. The configuration of four flags (E, F,G,H) € %} is determined by the data of

- the triple ratios X, (E, F,G) for (a,b,c) € OF;
- the triple ratios X, (E,H, F) for (a,b,c) € ©F;
- the double ratios Z;(E,F,G,H) for 0 <i < d.

Proof. Cf. [12, §5 and §9]. O

2.2. Snakes and their moves. In this section we describe how the triple and double ratios encode
information about the linear algebra of a quadruple of maximum span flags. We follow the exposition in
[13, App. A].

Notation 2.10. Let us ease notation for the rest of this section by fixing a maximum span quadruple of
flags (E, F, G, H) and by setting X, 4. := Xopo(E, F,G) and Z; :== Z;(E, F,G, H).

2.2.1. Snakes. The dual triangle of ©4 is the discrete triangle @j = O4-1 where a point (o, 3,7) € @dJ-
corresponds to the triangle in ©4 with vertices

(a + ]-’/877)7 (a718 + 17,7)) (aaﬁaf}/—i_ 1)
See Figure 2.

Definition 2.11. A snake o in @f{ is a sequence of d points o(k) = (o, Bk, k) € @é_ such that
(a1, B1,7) = (d — 1,0,0) and

(0kt1, Brt1:Ye+1) = (g — 1, B + 1,9) or (g — 1, B, v + 1).

Example 2.12. The top snake of ©F is 0*°P(k) = (d — k,k — 1,0); the bottom snake of OF is o' (k) =
(d—k,0,k —1).

For a subspace W C R?, the dual of W is the vector space
W= {ue R : vy, =0} C (RY*.
Note that dim W + dim W+ = d. For a flag F' € Flag(R?), the dual flag F'+ € Flag((R?)*) is defined by
(FHY0) i (=)L
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The data of a snake and a maximum span triple of flags (E, F, G) determines a projective basis for (R%)*

as follows. Given a snake o(k) = (ax, Bk, V&) the one dimensional subspaces Ly, := (E(@) + F(Pr) 4 GO))-

form a line decomposition of (R?)* = @%_| L;. Choose a non-zero vector u; € L1 = (E@"Y)L. We wish

to inductively define a non-zero vector u; € L; for all ¢ > 1. Assume we have defined up € Li. Given
o(k) = (o, Bk, Vi), there are two options for the value of o(k + 1) or, equivalently, for the line Ly :

1 = (E(alrl) + FBr) G(’Yk+1))J- or L, = (E(akfl) + FBet+1) 4 G(%))l_
Lemma 2.13. Foruy, € Ly, there exist unique uj_ , € Ly, andu_ | € Ly, so that up+uy  +uy ;= 0.
Proof. Cf. [13, §A.4]. O

The desired basis is obtained by setting

k+1 —

2.2
2 gy ifo(k+1) = (ar = 1,8+ Ln)

The choice of sign in Equation 2.2 will be justified in §2.3. If we replace u; with v} = A\u; for some \ # 0,
the corresponding basis (u}) will be so that u, = Au;. Therefore, a snake determines via this construction
a unique projective basis that we refer to as its snake basis.

2.2.2. Snake bases changes. A snake can “move” in two basic ways.

Definition 2.14. Let ¢ and ¢’ be snakes in @j.

- ¢’ is obtained from o by a tail move if o and ¢’ only differ in the d-th position so that if o(d) =

(05 Bda’)/d)v then U,(d) = (O7Bd + 17’yd - 1)
- ¢’ is obtained from o by a diamond move at k + 1, with k < d — 1, if o and ¢’ only differ in the

(k+1)-st position so that if o (k+1) = (a+1, Bkt+1, Ve+1), then o’ (k+1) = (g+1, Br+1+1, Yer1—1).
More explicitly, if ¢’ is obtained from o by a diamond move at k + 1 we have
o(i) = o'(i) = (a, Bi, i) for i # k+1,
o(k+1) = (ag — 1, Bk, v + 1),
o' (k+1)=(ar — 1,8+ 1,7).
Example 2.15. The snake ¢ in Figure 2 is obtained from ¢"°* by a tail move and diamond moves at
k+1for k=4,3,2,1.
The next Proposition relates the triple ratio to snake bases and moves.

1) and (u;) the respective

Proposition 2.16 (Snake moves). Let o and o’ be snakes in ©F. Denote by (u}

—
snake bases. Suppose uy = u.

- If 0’ is obtained from o by a tail move, then

(2.3) o = U; for z <d
Ui—1+u; fori=d
- If o’ be a snake obtained from o by a diamond move at k + 1, then
Uu; fori<k+1
(2.4) wp = < w1+ ug fori=k+1
Ko=) Bty Jori>k+1
Proof. Cf. [12, §9]. See also [13, §A.4]. O

Fix any pair of snakes o and ¢’ and respective snake bases so that u; = u}. We denote by MJ (E, F,G) €
GL(d,R) the upper triangular basis change matrix between the snake bases of o and ¢’. It is a product
of (some of) the basis change matrices described in Proposition 2.16.
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2.2.3. Shearing. Double ratios can also be understood in terms of snake bases. In fact, the maximum
span quadruple of flags (E, F, G, H) determines two projective basis (u;) and (U;) corresponding to the
line decomposition L; = (B9 @ G(-1)L: the projective basis (u;) defined via the maximum span triple
(E, F,G) and the projective basis (U;) defined via (E, G, H). The following well-known proposition relates
these two bases and the double ratios of the quadruple (E, F, G, H). We include a proof for completeness.

Proposition 2.17. Let (u;) and (U;) be as above. Assume Ug = ugq. Then
(25) Ui,=2y- Zg_;u;, f07” O0<i<d

Proof. Let (e;) denote the standard basis of R?. Up to PGL(d,R) action, we can renormalize the flags
(E, F,G) so that

E® = Span(ey, ea,. .., €);

G(Z) = Span(ed, €d—1--- 7ed—i+1);

FY) = Span(e; +eg + - +eg).
Pick a non-zero vector hie; 4+ haeg + - - + hgeq € H1). Note that the maximum span property implies
that h; # 0 for all i = 1,2,...,d. By Definition 2.7, we compute the double ratios to be

hi

Zi= - i—1,2,....d—1.
‘ hit1

Denote by e the transpose of the vector e; seen as an element in (R?)*. Note that (E@~1))L = Span(ef,)
and for ¢ > 1

(B @ GU=D)t = Span(el;_;,);
(E(dfi) o FY @ G(ifz))J' = Span(eﬁl—i-',-l - ezti—z'+2)'
Likewise, note that
(B9 ¢ G2 ¢ HM)L = Span(v)

with v € Span(e};_;, ;, €} ;. ,) and H® ¢ ker(v). A computation shows that v is a multiple of the vector
€y iy T Za-i+1€) ;o

The vectors u; = )\iefi_i 41 are defined recursively by solving Equation 2.2. Namely,

)\i7162_(i_1)+1 + )\ietd—i—H + Mz‘(efj—iﬂ - eil—i+2) =0

for some A\;_1, A\;, ;i € R—{0}. If we set A\; = 1 and proceed by induction, we obtain u; = (—1)"_1637“1.

The vectors U; = —Aieg_i 41, on the other hand, are defined recursively by Equation 2.2 as the unique
solutions to

—Nicreq (1)1 + Ai€g_ip1 + Mileg_ipy + Za—itieq_ipe) =0
for A;_1,A;, M; € R — {0} were we assume Ay = (—1)%2 so that uq = Uy. By iteration, we obtain the
following equality for all ¢ < d
Aifleﬁl—(i—l)-i—l + (—1)i_1Z1 c. Zd—ietd—i—i-l = Mi(eg_i+1 + Zd—i+1ef1—i+2)'

Because A; 1 = M;Z4 .1, it follows that U; 1 = —(=1)""1Z; ... Zd,iZd,iHeﬁl_HQ, as needed. O

We denote by S(E, F,G, H) € GL(d,R) the basis change matrix described by Proposition 2.17.

2.3. Positive configurations of flags and total positivity. Total positivity was introduced by Gant-
macher and Krein [14] and Schoenberg [30] for matrices in GL(d, R).

Definition 2.18. A matrix M in GL(d,R) is totally nonnegative if all of its minors are greater or equal
to zero. An element M in GL(d,R) is totally positive if all of its minors belong to Rxg.

11 1
Example 2.19. The matrix |0 1 1+ X | is totally nonnegative whenever X > 0.
00 X
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Note that the product of totally nonnegative (resp. positive) matrices is totally nonnegative (resp.
positive).

Definition 2.18 has been greatly extended by Lusztig [22] and it plays a prominent réle in [12]. In fact,
total positivity arises in the context of configurations of flags as follows.

Denote by &, the regular convex polygon with t vertices v, vo, ..., vs appearing in this clockwise order
along the boundary of Z;. A tuple of flags (F1, F», ..., F;) determines a natural labeling of the vertices of
P, the vertex v; corresponds to the flag F;. An oriented triangulation 7 of &2 is a collection of oriented
edges (v;, vg) that subdivide & into triangles. We label any such triangle by its vertices (v;, vj, vy) where,
by convention, we assume i < j < k. An internal edge of .7 is an edge of the triangulation that does not
belong to the boundary of &. Any internal edge (v;,v;) is a diagonal for a quadrilateral (v;, v;, vg, V)
where the vertices appear in this cyclic order around £%. Any triangulation .7 has ¢ — 3 internal edges
and it subdivides &, into t — 2 triangles.

One can use the Fock-Goncharov coordinates introduced in §2.1.1 and §2.1.2 and the oriented triangu-
lation 7 to define coordinates for points in £;. Moreover, one can define %ﬂ? ) as the subset of 2} of
configurations of ¢ flags whose coordinates with respect to .7 are positive.

Theorem 2.20. Let 7 and J' be any two oriented triangulations of the regular convex polygon with t
vertices Py. Then,
2H(T) = 2T 2 RY,
where N = 422000 4 _9) 4 (4 —1)(t - 3).
Proof. Cf. [12, Thm. 1.5]. O
Theorem 2.20 justifies the following definition.

Definition 2.21. A positive configuration of t flags is a configuration of t flags that belongs to 2;1(.7)
for any (all) oriented triangulation(s) .7 of the polygon &7;. Denote by ;1 the space of positive con-
figurations of ¢ flags. A tuple of flags (Fy, Fy,..., F;) in R? is positive if its PGL(d, R) orbit is a positive
configuration of ¢ flags.

The choice of signs in Equation 2.2 guarantees plus signs in Equations 2.3 and 2.4 and, consequently,
it implies the following.
Corollary 2.22. Fiz a positive quadruple of flags (E, F,G, H) and a non-zero vector in (E*1)L.
- For any two snakes o and o', the upper triangular matriz M% (E,F,G) € GL(d,R) describing the
snake bases change is totally nonnegative.
- The diagonal matrix S(E, F,G, H) describing the shearing basis change is totally nonnegative.
- There erist bases U = (u;) and U' = (u}) of (RY)* such that
(E(d_i))L = Span(u1,...,u;), (G(d_i))l = Span(ug, . .., Uuq—i+1)
(FE-DY = Span(ul,....,ul), (HOD): = Span(ul, ..., ;1)

and the matriz in the basis U of the element sending U to U’ is totally nonnegative.

3. THE BUILDING By

3.1. Axiomatic definition of R-Euclidean building. Let us recall the axiomatic definition of an
R-Euclidean building associated to the general linear group.
Consider the affine space

ATV = {(z1, 29, ..., xq) ER: 2y ag + - dag =1}
with underlying vector space
VIl = {(z1,22,...,2q) €RY: 2y + 20 + -+ 4+ 24 = 0}.

Let &4 denote the symmetric group on d elements and let the affine Weyl group be the semi-direct
product W,g := &4 x V41 The symmetric group acts on A?"! permuting the coordinates, and V~1!
acts on A1 by translations, therefore Wog acts on A4,
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The standard inner product in R? induces a & g-invariant inner product on A%~! for which the elements
of W are isometries.

The fundamental Weyl chamber of A1 is the cone € := {x € A% 1: 2y > 29 > -+ > 24}, A Weyl
sector S is an image of € via an element of w € Wyg.

Definition 3.1. An R-Euclidean building modeled on (A%~!, W) is a set B together with a family </ of
injective maps f: AY! — B satisfying the following axioms:

1. if f € &, then fow € & for any element w € Wog;

2. for any f, ' € o, the set I := (f~*o f')(A“) C A1 is convex, closed and (f~! o f’)|, is the
restriction to I of some w € Wg;

3. Any two points z, y belong to a common apartment;

4. Any two Weyl sectors in B contain Weyl subsectors contained in a common apartment;

Axioms 2 and 3 imply that the distance in A?~! induces a distance in B.

5. For any point € B and any f € & such that z € f(A9"!), there exists a retraction ry ¢ of B
onto A%"! such that r;}(fn) =z and 1, ; decreases distances.

An element of 7 is called a marking; the image of A% under a marking is an apartment. It follows
from item 2. in Definition 3.1 that any two markings of a given apartment differ by an element of the
affine Weyl group.

3.2. Asymptotic cones. We will focus on a specific R-Euclidean building B; that admits an explicit
model we describe in §3.3. We start by recalling some concepts from non-standard analysis. We refer to
standard references [15, 17, 18, 25, 33] for detailed discussions.

A non-principal ultrafilter w is a finitely additive measure on the natural numbers with values in {0, 1}
and such that w(S) = 0 whenever S is finite. Given a sequence (z,,) C R we say that x € [—o0, 400 is
the w-limit of x,,, and we write x := lim,, x,,, if for any neighborhood U of x one has z,, € U for w-almost
every n. Because [—00, +00] is a compact and Hausdorff topological space, every sequence (z,) C R has
a unique w-limit in [—o0, +-00].

Notation 3.2. Let us fix once and for all a non-principal ultrafilter w and a scaling sequence X := (A\,) C R
such that A, > 1 and lim,, \,, = oo.

Definition 3.3. Let (X,d,x¢) be a metric space with basepoint xg. The asymptotic cone of (X,d, o)
with respect to the non-principal ultrafilter w and the scaling sequence A is the set

n

Cor(X,d,x0) = {(xn) € HX: litgnd(xg,g;n)l/)\n < oo}/

where (z,,) ~ (y,) if the w-limit lim,, d(z,, yn)'/*" is zero.

The wultralimit x of a sequence (x,) € Hn X such that lim,, d(x,, yn)l/ An < o0 is the equivalence class
of (x) in the asymptotic cone C, z(X,d, o). The asymptotic cone is a complete metric space when
equipped with the distance d(z,y) := lim, d(z,,, yn)/* (Cf. [18, §2]).

Recall that a valuation on a field K is an application v: K — RU {oco} such that for z,y € K

- v(z) = oo if and only if z = 0;

- v(zy) = v(z) +o(y);
- v(z +y) > min{v(x),v(y)} with equality whenever v(x) # v(y).

Moreover, a valuation defines an associated absolute value |z|, := e~*(®) where, by convention, e~ = 0.

An example of an asymptotic cone is obtained by considering R as a metric space with distance given
by the absolute value and basepoint 0. It turns out that F := C, (R, |- |,0) is a field when equipped with
the natural sum and multiplication of sequences (cf. [28, p. 69]).
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The field F has a natural valuation given by
v: F - RU{oo}
x — —lim (log |xn|1/)‘”)

We embed R in F via constant sequences, and we observe that v(R — {0}) = 0.
3.3. A concrete model for B,.

3.3.1. Ultrametric norms. Let V be a d-dimensional [F vector space.

Definition 3.4. An wltrametric norm n on V is a function n: V' — R such that for all w,z € V and all
z el

- n(w) = 0 if and only if w = 0;
- n(zw) = [z, n(w);
- n(w + z) < max{n(w),n(z)}-

The absolute value |-|, on F is an example of an ultrametric norm on V' =F.
Let € = (e1,e2,...,eq) be a basis of V. We say that the ultrametric norm 7 is adapted to £ if for any
w=x1€1 + x9eg + -+ x960 €V
n(w) = max |x;],n(e;).
j=1,....d

77777

An ultrametric norm 7 is adaptable if there exists a basis £ of V' so that n is adapted to €. Two ultrametric
norms 7,7 are homothetic if there exists € F — {0} such that for every vector w € V, n(w) = n/(zw).

Theorem 3.5 (Parreau [25]). The set By of homothety classes of adaptable ultrametric norms on the
d-dimensional F-vector space V is an R-Euclidean building modeled on (A1, Wag)-

The action of g € GL(V) on an ultrametric norm 7 is given by g.n = nog~!. Note that scalar matrices
act by homothety on ultrametric norms, therefore the action of GL(V') descends to an action of PGL(V)
on By. If n is adapted to the basis £, then g.n is adapted to ¢g€. It is easy to see that PGL(V'), and
therefore Wg, acts on By via isometries.

3.3.2. Apartments. Any basis £ = (ey,...,eq) of the vector space V determines a standard marking

fer AN o By

71

Z2 = [n]: n is adapted to &,
: n(e;) = e

Td

Remark 3.6. Note that the apartment Ag := fe(A?!) depends exclusively on the line decomposition
Lg defined as (Lg); = Span(e;). The action of the affine Weyl group on A%"! can be interpreted via
the standard marking fec as an action on the set of bases that define the line decomposition Lg, or,
equivalently, the set of markings of A¢. More explictly, let o be a permutation in &4 and denote by &
the basis (€51, -,€s(q)). Then,

fe(x1,22,. .., %) = [oe(To(1), Ta(2)s - - To(d))-
Likewise, if y1,y2,...,yq € F — {0}, denote by y& the basis (y1e1, y2e2, ..., yqeq). Then,
fe(zi, ..., xq) = fye(x1 4+ 1,22 + J2, - -, Tqg + Ya)-

where (§1, 9o, - . ., ¥q) is the unique vector in V41 such that §; — 941 = v(y;) — v(yis1)-
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3.4. Intersection of apartments. We outline a general algorithm to parametrize the intersection of
apartments in B;. We refer to [25] for proofs.

One of the main contributions of this paper is to show that total nonnegativity can be used to simplify
this algorithm.

Notation 3.7. For the rest of this section, let & = (e1,...,eq) and & = (e},...,¢€);) be bases of V,
g € GL(V) be such that g€ = £ and (gi5)1<i j<a be the matrix of g in the basis €.

Step 1: (Cf. [25, Cor. 3.3]) There exists 7 € &4 such that for all ultrametric norms 1 adapted to both
€ and &
n(€5) = 192351, 1(ea()-

Moreover, in this case

v(det g) = grelg(li V(Go(1)1 """ Jo(d)d) = V(Ja(1)1 " Go(d)d)-

In other words, we can reorder the elements of £ so that the product of the diagonal entries has
the same valuation as the determinant. Note that, in general, v(detg) is only greater or equal to
minUGGd v(ga(l)l T ga(d)d)'

Consider the apartments A = fe(A?™1) and A’ = fe/(A?1) and assume that the intersection of these
two apartments is non-empty. This is equivalent to saying that there exists n adapted to both £ and &’.

Step 2: (Cf. [25, §3.4]) Suppose the permutation @ of Step 1 is the identity and g; = 1 for i =
1,2,...,d. Then,

ANA = {[n € A: gn=n}.

Step 3: (Cf. [25, Prop. 3.5]) Suppose |detg|, = 1. Then, the subset {[n] € A: g.n = n} of the
apartment A is the image under the standard marking fe of the set

{x e A1 —w(gy) <a—xj <wv(gy) for 1 <i < j <d}.
The next proposition follows by combining Steps 1, 2 and 3 above and it is used implicitly in [25, §3.4].

Proposition 3.8 (Intersection of apartments). Consider bases € = (e1,...,eq) and &' = (¢},...,¢€};) of
the F-vector space V. Let g € GL(V) be such that g€ = &' and let (gij)1<ij<a be the matriz of g in the
basis £. Denote by A = fe(AT1) and A" = fe/(AY) the apartments in By defined via the standard
markings and assume ANA" # (). Then, there exists a permutation @ € W such that AN A’ is the image
under the standard marking fe of the set

{x €Al —v (g(,()]> < To(i) ~ Ta() + U (ga(%)i) <w (g”(f)f)}
go’(z)z ga-(])] go.(])j

- {x e Al —w (ga(m> < Tg(;) — Ta(j) S U <%W> } '
95(5)i 97 (i)i

Proof. Let @ be as in Step 1 and identify it with the permutation matrix in GL(d,F) it defines with
respect to the basis £. The matrix

g = diag(1/gz1y1,-- -+ 1/95@a) T g

satisfies the hypothesis of Step 3 with respect to the bases £ = (95(j)j€(j)) and E’. Therefore, the
intersection A N A’ is the image under the marking fg of

{z e ATt — v(g;5) < @i — x5 <w(gy) for 1 <d, 5 < dj.
On the other hand, as £ = (95(1)15 - -+ I(d)a) - O - €, by Remark 3.6 we have
fe(@1, ... xa) = fel@z0) + Go)1s -+ Ty + G5(a)d)s

where (§5(1)1,§5(2)2, . ,gg(d)d) is the unique vector in V¢! such that G5(i)i — Ja(i+1)ir1 = V(G (iyi) —
v(ga(i+1)i+1). We end the proof by observing that g,; = gz(i);/9a(i)i-
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3.5. Flags and Endomorphisms in F¢. We now collect a few properties of asymptotic cones that will
be needed in what follows. Equip the vector space V = F? with the sup-norm

lx1er + - + zqeql|w = m?X |9E‘z|v

where eq, es. ..., eq denotes the standard basis of F.

Proposition 3.9. The pointed normed vector space (F%,| - ||.,,0) is isomorphic to the asymptotic cone
Con(®Y, |- ],0)

for the standard Euclidean norm || - || on RY.

Proof. Cf. [26, Prop. 3.12]. O

Proposition 3.9 will allow us to study the asymptotic behavior of sequences of positive tuples of flags
in R? in terms of the building By.

Definition 3.10. Let W, be a sequence of i-dimensional vector subspaces in R%. The i-dimensional
subspace W of F is an ultralimit for the sequence W, if the there exists

- a sequence (V1 ,V2p,-..,Viy) of bases for Wy,

- a basis (v1,v2,...,v;) of W
such that ulim v;,, = v; for all j.

Lemma 3.11. The sequence W, of i-dimensional vector subspaces in R has a unique ultralimit W.

Proof. Existence of the ultralimit is obtained by choosing an orthonormal basis (vi,v2p,...,vi,) for
each W, and considering the ultralimits of these vectors. In fact, as each v;, has constant norm equal
to one, by definition of the asymptotic cone v;, has a non-zero ultralimit v;. We show by contradiction
that the vectors v; are independent. Suppose there exists 1 <[ <7 such that v; =) 1 TV in Fe. There
exist sequences of real numbers (x;,) such that z; = ulim z;, € F. It follows that

1/2n 1/An

1+ Z IL'in = ||Vi,;n — ijmvj,n > 1
J J#l
has ultralimit equal to zero, which is a contradiction.

Let us now prove the uniqueness of the ultralimit W of the sequence W,,. Suppose, by contradiction,
that there exist two ultralimits W and W' for W, obtained by considering the sequences of bases v;,,
and v;-’n of W,, with ultralimits v; € W and v;- e W'. Write v}n =Y ;T jnVkn. As we know that the
ultralimits of v, and U;’,n are non-zero vectors in F?, it follows that the ultralimits xy ; of the sequences
T) jn are elements in F. In particular, we have that v} = Tk, and U;- belongs to W. As this holds
for every v7, it follows that W’ C W. We obtain the reverse inclusion W' 5> W analogously, therefore

W = W' as needed. O

Definition 3.12. Let F), be a sequence of flags in R?. The flag F in F? is the ultralimit of the sequence
F,, of real flags if the there exist a sequence (v1,v2p,...,v4y) of bases of R¢ and a basis (v, va, ..., vq)
of F¥ such that:

- for each i, the sequence of vectors v; ,, in R? converges to the non-zero vector v; in F%;
- for each n, the sequence of i-dimensional vector subspaces Fy(b) = Span(v1pn,V2n, ..., Vipy) CON-

verges to the vector subspace F() = Span(vy, va, ..., v;).

Lemma 3.13. Let F,, be a sequence of flags in RE. Then, there exists a unique flag F' in F® such that F
1s the ultralimit of the sequence F,.

Proof. The proof follows by applying Lemma 3.11 to each sequence of i-dimensional subspaces F7(li). O

The algebra End(V) of endomorphisms of V' = F? can also be identified with an asymptotic cone.
Observe that the norm || - ||, on V' = F? induces an operator norm N, on End(V).
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Proposition 3.14. The pointed normed algebra (End(V'), N,,,1d) is isomorphic to the asymptotic cone
Cw,)\(End(Rd)a N, Id)

where N is the operator norm induced by the Euclidean norm || - || on R

Furthermore, let us identify End(V) and End(RY) with the spaces of matrices M(d,F) and M (d,R)
via the standard bases. Suppose that M = (m;;) € M(d,F) is the ultralimit of a sequence of matrices
M, = ((mij)n) € M(d,R). Then, for every i and j, we have that m;; = ulim (m;;),

Finally, the group GL(V') of invertible isomorphisms in End(V') is identified with the set of ultralimits
of sequences (gn) € End(R?) such that g, € GL(R?) for w-almost every n and lim,, N(g;)"/* < 4-00.

Proof. Cf. [26, Prop. 3.17, Cor. 3.18] and [27, Prop. 5.1]. O

4. POSITIVITY IN B,

Recall that we fixed a non-principal ultrafilter w and a scaling sequence A = (\,,). This allows us to
consider the asymptotic cone [ of the real numbers R with base point 0 and distance given by the absolute
value. Every element in I is an equivalence class of sequences of real numbers. Therefore, the field F is
naturally equipped with an order by setting

[Tn] > [yn] if z, > yp w-a.e..

The set F>g = {z € F: x > 0} is a semifield with respect to the operations in F and it contains R>y.
Set Fso := F>o — {0}. Total nonnegativity and total positivity can be defined naturally for elements in
GL(d,F) as follows.

Definition 4.1. An element M € GL(d,F) is totally positive if all of its minors belong to F~y. The
matrix M € GL(d,F) is totally nonnegative if all of its minors are in F>.

4.1. Positivity and intersections. The main goal of this section is to show how total nonnegativity

can be used to simplify the problem of parametrizing the intersection of two apartments A and A’ in the

R-Euclidean building B,;. More precisely, assume that AN A’ is non-empty. Proposition 3.8 states that,

in general, the intersection of these two apartments is described by d(d — 1) inequalities. Corollary 4.7

below shows that 2(d — 1) inequalities suffice when A and A’ are related by a totally nonnegative matrix.
We will need the following technical lemmas.

Lemma 4.2. For any x,y in F>q, we have that v(z + y) = min{v(z), v(y)}.
Proof. Cf. [26, Prop. 3.2.1.]. O
Lemma 4.3. Suppose y,x —y are in F>q and y is different from zero. Then, v(zy~!) < 0.
Proof. As F>q is a semifield and y # 0, we know that zy~! — 1 = (2 — y)y~! € F>o. Thus,
oy = o((@y — 1)+ 1)
= min{v(zy~! —1),0} < 0.
where the second equality follows from Lemma 4.2, observing that 1 € F>¢ and v(1) = 0. O

Proposition 4.4. Let M = (m;;) be a matriz in GL(d,F) with |det M|, = 1 and m;; = 1. Consider the
sets

Iy ={x € A —w(my) <2 —xj <olmy) for 1 <i<j<d
IJT/[ = {.CL‘ S Ad_li — v(mi,iﬂ) <z —Tiy1 < 'U(mi+1,i) fO’/’ 1< < d}
If M 1is totally nonnegative, then Iy = I]J\r/[.

Proof. 1t is clear that Zy; C I]\t[. We show that if = € Ij\t[, then z; — x4, < v(miyr,;) by induction on
k > 2. We omit the proof of the inequality x; — x; > —v(m;;) as it is very similar.
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For k = 2, we want to show x; — xj12 < v(mit2,). Namely, we focus on the sub-matrix

1 * *
Mg 1, 1 *
Mit2; Miy2i4+1 1
If m;y2; = O there is nothing prove as v(mji2;) = co. Assume m;y2; # 0. Total nonnegativity of
M implies that mi42 and Mi41,3MG42,4+1 — M2, are in ]FZQ. This implies that mi4+1, and mMG42i41
are non-zero. Therefore, the valuations of m;y1; and m;y2,41 are finite. We apply Lemma 4.3 with
T = my1,iMi+2,+1 and y = m;42; to obtain
M4 1,iMi42,i41
v < <0 <= v(mig1i) Fo(Mmig2ir1) < v(migo,).
mMiy2,i
Thus, if x € I]T/[ we have
Tj — Tigo = T — Tip1 + Tiv1 — Tig2 < 0(Mip1) + v(Mig2it1) < v(Mig2,)

which proves the base case for the induction. Assume that for x € Ij\t[ we know that x; — ;4 < v(miq;)
whenever [ < k. If m;yy; = 0, the inequality x; — x4+ < v(mipk,;) = oo is obvious. Thus, let us assume
Mi+ki 7 0. We obtain the desired inequality

Ti — Tipk = Tj — Tip1 + Tig1 — Tigk < 0(Mig14) +v(Migpip1) < 0(Migr)

by using the induction hypothesis for the inequality zj41 — zj1x < v(miyrit1) and applying Lemma 4.3
with & = m;11,Mipkit1 and y = M. O

We specialize Proposition 4.4 to the case of upper triangular matrices for future reference.

Corollary 4.5. Let M = (m;;) be an upper triangular matriz in GL(d,F) and consider the sets:

IM:{xEAd_lzxi—xijv(m“) Z—U(mij> f0r1§i<j§d};

mj; mi;

M e '
I&:{azeAd_lzxi—xi+1+v<“> —U<“H> f0r1§z<d}.
Mit1i+1 M;

v

If M s totally nonnegative, then Iy = I]'\"/[.

Proof. As the determinant of M is non-zero, we can multiply M by the totally nonnegative diagonal
matrix S = diag(1/mi1,...,1/mgq). The matrix M’ = SM = (m;;) is totally nonnegative, [det M'|, =1
and its diagonal entries are equal to 1. Therefore, we conclude by applying Proposition 4.4 to M’ and
performing an easy algebraic manipulation. U

Remark 4.6. In the statement of Corollary 4.5, the expressions for the inequalities defining the sets Zjs
and IAJZI can be simplified by subtracting v(m;;) on both sides. However, we wish to not do so as these
two terms play different réles when considering intersections of apartments in §5.

Corollary 4.7. Let A and A’ be apartments in By. Assume that there exist bases € and E' of the F-vector
space V' such that

- A= fe(ATY) and A’ = fer(ATY) where fe and fer are the standard marking of the bases € and
&', respectively;

- the matriz (gi;) in the basis € corresponding to the group element g € GL(V) such that g€ = &'
is totally nonnegative, g;; = 1 and v(det g) = 0.

Then,
fgl(.Aﬂ A/) = {.%' € Adilt — U(gm‘_;_l) <z — Tit1 < v(gi+17i) fOT‘ 1< < d}

Proof. This is an immediate consequence of Proposition 3.8 and Proposition 4.4. 0
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Example 4.8. Note that Proposition 4.4 fails if M is not totally nonnegative. Consider the sequence
(e*) C R and observe that this defines a non-zero element in F with valuation

1
v([eM]) = —lim)\—loge’\" =-1

W An
1 1 [eM]
The matrix M =10 1 1 is not totally nonnegative as it has a minor equal to [I — e*»] < 0.
00 1

Using the notations introduced in Proposition 4.4, the set Z,; is defined by the inequalities
71 —22 >0, ;3 — 23 >0, 21 — a3 > —v([eM]) =1
and it is properly contained in Z;,, which is defined by the inequalities z; — 2o > 0, and x5 — 23 > 0.

4.2. Positivity of configurations of flags in F%. In §3.5, we described how a sequence of tuple of flags
in R? defines a tuple of flags in F%. Fix an oriented triangulation .7 of the regular convex polygon with
t vertices &;. In particular, for any sequence of tuples of flags we obtain corresponding Fock-Goncharov
parameters as described in §2.3.

Definition 4.9. The ultralimit (Fy, Fb, ..., F}) in F? of a sequence of ¢ real flags (Fip, Fopy ..., Fip) is
positive if
(1) the tuple of flags (F}, Fy, ..., F}) has the maximum span property,
(2) the sequences of triple and double ratios X, p c(Fin, Fjn, Fin) and Zs(Fipn, Fjn, Fion, Fin) with
respect to the oriented triangulation .7 are such that
0 < ulim X o(Fin, Fjn, Frn) < oo and 0 < ulim Z(F; 5, Fjn, Fin, Fin) < 00
for all (a,b,c) € ©5and s =1,2,...,d— 1.
Remark 4.10. Observe that, in Definition 4.9, the maximum span property for the tuple (F}, Fs, ..., F})
of flags in F¢ is independent on the choice of oriented triangulation. The positivity property is also
independent on the choice of triangulation 7 thanks to [12, §10]. In fact, given any other oriented
triangulation .7/ of the regular convex polygon with ¢ vertices 2%, the sequences of Fock-Goncharov
coordinates for .7/ can be expressed as a ratio of subtraction-free polynomials of the Fock-Goncharov

coordinates with respect to the triangulation 7. It follows that the positivity and finiteness of the
ultralimit of the coordinates is preserved by a change of triangulation.

The following example illustrates how the maximum span property in Definition 4.9 is not implied by
the positivity of the ultralimits of the Fock-Goncharov coordinates.

Example 4.11. Consider the sequence of four flags (E,, Fy,, Gy, H,) in R? such that

1 An
E,(LU = Span <O> , Gg) = Span (el ) ,

A7 A7
F — Span <_1 Jlfe ) . HY — Span <2 +1€ ) ,

An easy computation shows that the sequence of double ratios of these four lines is constant equal to two.
In particular, it is positive. However,

ulim qul) = ulim FT(LI) = ulim GS) = ulim Hr(Ll) = Span <(1)> .
The following lemma gives a sufficient criterion for positivity of the ultralimit of a sequence of positive
tuples of flags.

Lemma 4.12. Consider the ultralimit (Fy, Fy, ..., F}) of a sequence of tuples of flags (Fin, Fop, ..., Fin).
Assume that there exists 1 < i, 4,k <t such that for all a,b=0,1,...,d and ¢ = 0,1 we have

dim (Fi(a) + Fj(b) + FIEC)> = min{a + b+ ¢, d}.
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Assume that the Fock-Goncharov invariants of (Fy, Fa, ..., F}) have finite positive ultralimits. Then, the
ultralimit (Fy, Fa, ..., F}) is positive.

Proof. Without loss of generality, let us assume (i, j, k) = (1,2,3). Let .7 be an ideal triangulation of Z,
such that the vertices labeled by 1,2,3 and 4 form a quadrilateral with diagonal labeled by the vertices
(v1,v3). In dimension d = 3, this lemma is a consequence of [27, Prop. 5.5]. For d > 3 one uses the
following standard observation. For any triple of flags (E,, F),, Gy) with the maximum span property,
and for any (a,b,c) € ©3, the quotient flags (Ey, F, Gy) in Rd/(Eq(la_l) aF Ve Gq(f_l)) =~ R3 has the
maximum span property. Moreover, it is easy to check that

Xa,bp(Ena Fna Gn) = Xl,l,l(EnaFmén)'

Therefore, choose an index (a,b,c) € ©F with ¢ = 1. Then, for every n, the quotient flag Fs,, is simply
the flag with line Félg and plane F3(272 Letting a and b vary and applying [27, Prop. 5.5], we have that
F3(2) is such that

(4.1) dim (Fl(“) + B9+ F3(2)> = min{a +b+2,d}

Iterating this argument as we let ¢ vary between 2 and d — 2, we have that the limiting triple (Fy, Fy, F3)
satisfies the maximum span property.
A similar argument can be used to prove the maximum span property for quadruples of flags. In

fact, whenever we have a sequence of maximum span quadruple of flags (E,, Fy,, Gn, Hy,), the quotient of

R? by the subspace E,(f;l) @ G%diid) is three-dimensional and defines a sequence of quadruples of flags

(En, Fpn, Gy, Hy,) such that
ZZ(ETM FTL7 Gna Hn) = Zl(Envfnaéna HTL)7

Zz'—i—l(En,Fm GmHn) = ZQ(EnaFnaGnaFn>'

Therefore, consider the sequence of positive quadruples (Fi ,, Fa n, F31, Fa). Applying [27, Prop 5.5] to
the quadruples (Flyn,FQ,n,Fgm,F&n) as we let ¢ vary between 1 and d — 2, we obtain that

dim (Ff“) +FY 4 Ff)) = min{a + b+ 1,d}.

In summary, we showed that if the flags (Fy, Fy, F3) in F¢ satisfy Equation 4.1 and we have positivity
of the ultralimits of the Fock-Gonchaorv coordinates of the quadruple (Fy, Fs, F3, Fy), then (Fy, Fy, F3)
satisfies the maximum span property and (F}, F3, Fy) satisfies Equation 4.1. This finishes the proof as we
can now iterate this procedure. O

Finally, recall that given a triple of flags (E, F, G) in R?, a snake o in G)j defines a projective basis for
the space (R%)*. The following lemma states that snake bases are well behaved when we consider positive
ultralimits of sequences of positive triples of flags.

Lemma 4.13. Let (E,, F,,G,) be a sequence of positive triples of flags whose ultralimit (E,F,G) is
positive. Let (u; ) be the corresponding sequence of snake bases for the snake o. Up to rescaling, assume

that the sequence (uyy,) of non-zero vectors in (Eédil))L is such that

ulim uy , = u; € F4 — {0}.
Then, the ultralimit of w; , is a non-zero vector in Fe for every i =1,2,...,d.

Proof. Fix a snake o and denote by (L1, Lap,...,Ld,) the sequence of line decompositions it defines
via the triples of flags (E,, F,,Gy) as described in §2.2. The result follows from the normalization
for the vectors u;, given in Lemma 2.13 and by the maximum span property for the triple of flags
(E,F,G) in F¢. In fact, by construction of the snake basis, given Ui—1,n € Li—1y, the vector w;, € L;y,
is defined recursively, up to a sign, as one of the two vectors uj, € Lj and v, € L; satisfying the
equality u;—1., + u;m + u;:n = 0. On the other hand, the maximum span property implies that there exist

",

sequences of non-zero real numbers a,, and a, such that the ultralimits ulim a),u}, and ulim a/u!  are
9’ 9’
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non-zero vectors v} and v/ in (F)*. If «’ = (a,) and a” = (a!) are elements in F — {0}, it follows that

ulim u; ,, = v;/a’ and ulim w,, = v/a" are non-zero vectors in (F4)*. Therefore, we want to show that
this has to be the case. This follows by writing

1 1
Ui—1,n + / (aizu;,n) + T(Q;;ugl,n) =0
an, an,

and observing that if lim,, |a],|'/*" = 0 or +oo, then w;—; € Span(v) or v, € Span(v/), respectively. In

either case, this contradicts the maximum span property of the triple of flags (E, F, G). O

|1//\

5. POSITIVE INTERSECTIONS OF FLAG APARTMENTS

In this section we collect the proofs of our main results: Theorems 1.1, 1.2 and 1.3 from the introduction.
Our main tool is Proposition 4.4, which we use to describe the geometry of a preferred collection of
apartments in the R-Euclidean building By.

5.1. Monotonicity for positive configurations of flags. Consider a sequence of positive tuples of
flags (Fin, Fon,- .., Frp) in REIf the ultralimit (Fy, Fy, ..., Fy) is positive, any pair of flags (F}, Fj)
defines a line decomposition of the d-dimensional vector space V = (F?%)*. It follows from §3.3.2 that
such a line decomposition determines an apartment A;; in the R-Euclidean building B;. Recall from
the introduction that given three apartments A; j,, Ai,j, and A;,j, we say that A, , combinatorially
separates A; j, and Aj,j, if, up to a cyclic permutation of the indices of the tuple of flags (Fi, Fy, ..., Fy),
we have

I<n<ip<izg<jg<ja<ji <t

Theorem 5.1 (Theorem 1.3). Consider a sequence (Fin, Fon,...,Fin) of t positive flags in R? with
positive ultralimit (Fy, Fy, ..., F). Consider apartments Ay, Ay and As defined via the line decomposi-
tions associated to pairs of flags (Fy,, Fj,), (Fi,, Fj,), and (Fi,, F},), respectively. If the apartment Ao
combinatorially separates Ay and As, then

A1 NAs3 = A1 N Ay N As.

Proof. If Ay N A3 = 0, the result is trivial. Therefore, we assume that the intersection A; N A3 is non-
empty. Moreover, it suffices to show A;NA3 C A;NAs. In fact, it then follows that A;NA3 C A1NANA3
and the reverse inclusion is obvious. We subdivide the proof into three cases. The first two cases will
need the following technical lemma.

Lemma 5.2. Let A = (a;;), B = (bj) be totally nonnegative matrices in GL(d,F) such that A = (ai;) is
upper triangular and B is a triangular matriz (upper or lower). Denote by C = (c;j) the product AB and
assume that

(5.1) v(det C) = min v(cy(1)1 - - - Co(d)d)-
ceGy

Then, v(det C') = v(c1y - . . cqqa) and
i s .

(5.2) U(L‘“) < U(Lﬂ)

Cit+1,i+1 41,41
Proof. As A and B are totally nonnegative, we have the following implications

Ciitl = Qigy1bit1i11 + Z aijbjiv1 = v(ciit1) < v(aiir1bit1ivt),
J#
cii = ;b + Z a;ijbji = v(cii) < v(aiibis).
J#
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Moreover, as A and B are triangular matrices in GL(d, F), we have that the valuations v(a;;) and v(b;;)
are finite. Let us prove the equality v(c;;) = v(asbi;) for all i. We have
v(ai1 ... aggbii - .. bag) = v(det C)

<w(ery - - Cdd)

< v(a1ibii ... agabda)
where the first inequality follows from Equation 5.1. Therefore, v(det C') = v(cyy ... ¢4q4) and

v(¢iig1) — v(Cir1i+1) < v(aiiv1) + 0(big1it1) — v(@it1,i+1) — V(bit1i41)
= v(aii+1) — v(@it1,i+1)

which is equivalent to Equation 5.2. O

It follows from Proposition 3.14 and Lemma 4.13 that there exist bases &;, ¢ = 1,2, 3 of V such that

- the apartment A; is the image of A%~! via the standard marking of the basis &;,
- for i < j, if gi; € GL(V) is the element such that g;;& = &;, then the corresponding matrix in the
basis &; is totally nonnegative.

Let A, B and C be the totally nonnegative matrices corresponding to the elements gi2, gog and gi3,
respectively. Observe that C' = (ABA™')A = AB. Moreover, as A; N A3 # (), Step 1 in §3.4 implies that
the determinant of C' satisfies Equation 5.1.

Case 1. Assume F;, = Fj, = Fj,. It follows that A and B are upper triangular as they need to preserve
the flag Fj, . In particular, the determinant of C' is [[; ¢;; = []; aiibii. By Corollary 4.5 we know that

@
A1 N Az = fe, ({SL‘ e Al g, — Tir1 > —v (”H> })
Ai41,441

s
A1 NAs = fg, ({m c AL g — Tir1 > —v <“+1> }) .
Cit1,i+1

Therefore, Lemma 5.2 implies that A; N A3 C A1 N As.
Case 2. Assume Fj, = F;, and F}, = F}j,. Therefore, A is upper triangular and B is lower triangular.

In particular,
@
e po
Ai41,i4+1

On the other hand, by the second part of Lemma 5.2 and Proposition 4.4 we have

s Cirt s
A1 NAz = fg, ({xEAd_lz —v (”H> <x;—win1 <w (H“)}) .
Cit1,i+1 Cii

Once again, Lemma 5.2 implies that A; N A3 C A; N As.
General Case. Recall that we denote by A;; the apartment defined by the flags F; and Fj so that
Ay, = A, j,. Using Case 2, we have
A1 NAz = AN Ay s N As.
On the other hand, the previous cases imply the following inclusions
A1 N A s ©ALN A G,
(5.3) Aiyjs N A3 C Agy s NV A s,
Aiy o NV A, s © Ajy gy N As.
Therefore, it follows that
A1 NAz = AN Ay js N A3
C AN Ay NVAiy s
CAINA

where the first inclusion follows from the first two lines in Equation 5.3 and the second inclusion follows
from the last line in Equation 5.3. 0
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5.2. Ultralimits of positive triples and intersection of apartments. For the rest of this section,
fix a sequence of positive triples of flags (E,,, Fy,, Gy,) in R? with positive ultralimit the triple (E, F, G) of
flags in F?. We ease notation by setting

Xa,b,c = ulim Xa,b,c(Ena Fy, Gn)a

which, by hypothesis, is positive in the field F.
As the triple (E, F,G) has the maximum span property, the choice of a snake o in @j determines a
line decomposition £, of V = (Iﬁ‘d)* and a corresponding apartment A, in the R-Euclidean building Bg.

Lemma 5.3. Let A, and A, be apartments associated to snakes o and o’'. Then, A, N Ay # (.
Proof. Any snake determines a line decomposition (L1, Lo, ..., Lg) of V such that for every i,
oL@ - L; = (E(d—i))%

It then follows from [25, Prop. 3.8] that given any two snakes o and o', the corresponding apartment A,
and A, intersect in, at least, a Weyl sector. O

As a consequence of Lemma 4.13, every snake o determines a projective basis of V' = (F%)*. Remark
3.6 implies that given bases (e1,e3,...,¢eq) and (Aej, Aeg, ..., Aeg) for some \ € F—{0}, the corresponding
standard markings are equal. Therefore, given a snake o there exists a unique associated marking f, of A,
obtained by taking the ultralimit of the sequences of snake bases of o with respect to the sequence of triples
of flags (E,, F,,, G,,). We refer to this marking as the standard marking of . Thanks to Propositions 2.16,
Proposition 3.14 and Lemma 4.13, we have explicit expressions for the totally nonnegative matrices M7 ' =
ulim M7 (E,, Fn,G,) € GL(d,F) sending the ultralimit of the sequence of o-bases to the ultralimit of
sequences of o’-bases. We use this fact together with Proposition 4.4 to explicitly describe the intersections
of the apartments associated to snakes.

Recall from §2.2, that the bottom snake oP°! is the snake associated to the line decomposition (E (d—1) g
G(i_l))L. Concretely, Lemma 5.4 and Lemma 5.5 below say that if the snake ¢’ is obtained from the
snake o by a diamond or a tail move, the intersection between the apartments A vo: 1A,/ can be obtained
from the intersection A vot N A, via a restriction to a half-apartment and by a translation.

Lemma 5.4. Let o and o’ be snakes in @j such that o' is obtained from o by a diamond move at k + 1.
Suppose the intersection of A vor N Agy is the image via the standard marking fovor of the set

{l‘EAd_ll Ti— Tiv1 + o > =0, 1= 1,...,d—1}
with a; € R and B; € RU{oc}. Then, the intersection A vt N Ay is the image under f vot of the set

{:L'GAd_ltxi—:(}i_;,_l—f—Oz;Z—ﬁl{, i=1,...,d—1},

where
; £ kk+ 1
/ o fori 4 k41 / ﬁ' forzl?é +
T\ - v(Xape)  Jori=k+1 pi = | min{0, 5;} fori=k
Q; v a,b,c ore= /B’L —+ U(X(l,b,C) fOT' 1=k + 1

and Xqp.c is the triple ratio naturally associated to o and o'.

Proof. Consider the basis change matrices M7, = (mj;) from (uP°") to (uf) and Mg{mt = (mj;) from
(ub°t) to (uf/) where we assume u}°t = uJ = u‘f/. Observe that M?,,, and M;’{,ot are totally nonnegative as
they are products of totally nonnegative matrices and they are upper triangular. Moreover, by Proposition

2.16, we know that

M j+1 fori < k

™M fori<k+1
(54) m,/w = { " !

. mulz m+m1 fOI'i:k
Xa,b,cmii fori>k+1" 1,1+ ii iit .
Xopemiiy1  fori>k
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As the matrices M7, and Mg;ot are upper triangular, it follows from Proposition 3.8 and Corollary 4.5
that A vet N Ay and A vet N A,s are the images under the marking f,vot of the sets

Agbor N Ag: {xeAdlzxi—xiH#—v(mii) > —v (m”ﬂ> for 1§z’<d},

Mi41,i+1 My
/ /
_ my; My i1 .
Aot N Ay xr € A? 1:xi—xi+1+v — >—v<”,+> forl1<i<djy;.
My11i4+1 i

Therefore, by Equation 5.4, the intersection A vot N A, is the image under the marking f, ot of the set
of x € A1 satisfying the following inequalities:

R Mii > gy [ Myt for i
Ti = Ti1 U mittit1) = 0\ Tma ) ori <k
My Miitl -
T; — T v =) > gy (1 L fori ==k
¢ i1+ Mit1,i41 ) — T )
LT Miit1 L
Ti = Tiy1 TV mi+1”i+1 n U(Xa’b’c) 2 —v (Xa’b’c Tlnzu ) fori=Fk+1
Xa,b,cMii KXa,b,cMi,i+1 .
$1—$Z+1+U m > —v W f0r2>k+1

Observe that as 1 + T2kt ¢ Fy. its valuation is equal to min {O,v <M> } The result follows by

Mmrk mrk
comparing the above inequalities to the inequalities defining A_vot N A, .

An analogous argument as the one in the proof of Lemma 5.4 shows the following.

Lemma 5.5 (Asymptotic tail move). Let o and o’ be snakes in @j such that o' is obtained from o by a
tail move. Suppose the intersection of A vot N Ay is the image under the marking f vor of the set

{meAd_lzxi—xiH—i—aiZ—ﬁi fori=1,...,d—1}

with o € R, B; € RU {oo}. Then, the intersection of Ajvor N Ay is the image under the marking f,vot
of the set defined by the inequalities

T — Tip1 + o > —f; fori<d-—1,
x; — Tiv1 + a; > —min{0, 5;}  fori=d— 1.

Proof. This proof is similar to the proof of Lemma 5.4, but it is simpler. O

The following theorem is the main step in the proof of Theorem 1.1 from the introduction.

Theorem 5.6. Let 0°t and 0P be the bottom and top snakes in @fl- with snake basis (uP°%) and (uEOp),
respectively. Let A vor and Agtop denote the corresponding apartments in the R-Euclidean building Bgy.
Then, the intersection A, vot N Agytop is the image under the marking f,vo. of the set of x € A%~ satisfying

the inequalities

r1 — T2 Z 0
xo — x3 > max{0,v(X4-211)}
(5.5) x3 — x4 > max{0,v(Xg-321),v(Xg-321Xa-312)}
Tpo1 — op > max{0,v(X14-21), -, 0(X1,4-21 X1,1,4-2)}

Proof. We want to prove this theorem by induction on d. The case d = 2 is reduced to Lemma 5.5 as
there are only two snakes in O3 that differ by a tail move.

Case d = 3: In this case, there is only one triple ratio X7 ;1. We can obtain the top snake from the
bottom snake with a sequence of a tail move, a diamond move at k = 1 and another tail move. Therefore,
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diam. tail

F1GURE 3. A pictorial version of the proof of Theorem 5.7 in dimension d = 3.

applying Lemma 5.4 and Lemma 5.5 we have

{m—xzz—oo tail {ﬂn—xzz—oo

To — X3 > —O0 To —x3 >0

diag}ond 1 —22 >0
g — w3 —v(X1,1,1) > —v(X1,1,1)

tail | o1 — 22 >0
: .
xg — w3 — v(X1,1,1) = —min{0, v(X111)}
and we conclude by observing that
—min{0,v(X111)} + v(X1,11) = —min{0, —v(X1,11)} = max{0,v(X111)}-

See Figure 3.
We now assume the result is true for d — 1 and we prove it for d.
Case d > 3: Consider the subtriangle @j‘_l C @fi— as in Figure 4. The key observation, which follows

from Lemma 5.4 and Lemma 5.5, is that any snake move at a vertex in (@f{_l)o does not affect the
inequality involving the variables x4 and z4.

Starting with ¢°, by Lemmas 5.4 and 5.5, performing a tail move and a diamond move at d — 1 gives
us the new inequality

4—1 — x4 — v(X1,1,4—2) > —min{0, 00} — v(X1,1,4-2).

We proceed by performing diamond moves at k for k = 1,2,...,d—2. Again, by Lemma 5.4 these moves
do not affect the last inequality, and therefore we still have

g1 — g — V(X1 1,4-2) > —0(X11,4-2)-
We then perform a tail move in @dL which gives
4—1 — x4 — v(X1,1,4—2) > —min{0,v(X1,1,4-2)}
and then a diamond move at d — 1 in the triangle @f{. This changes the last inequality to
Tg-1—2q —v(X1,1,40-2X124-3) = —min{0,v(X1142)} —v(X1243)
which is equivalent to
g1 — g — V(X1 1,d-2X124-3) > —min{v(X124-3),v(X124-3X124-2)}

We conclude by iterating this procedure. More precisely, consider the level sets in Gj given by fixing the
value of the second variable b (these are horizontal lines in the discrete triangle G)dL). We can proceed by
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FIGURE 4. Diamond moves at d — 1 in the triangle @dL correspond to tail moves in @jﬁl.

induction as b varies between 1 and d — 2. The discussion above proves our claim for the cases b = 1 and
2. To simplify notation, set

Voa = (X1 pd—b-1X10-1,d-b-2 - - - X1 p—a,d—(b—a)1)

withb=1,...,d—2and a=0,...,b—1. Observe that V, o + v(X1 p+1,d-0-2) = Voo + Votr1,0 = Vor1,a+1-
Assume

Tg—1 — g — Vpp—1 > —min{V,0, Vo 1,..., Vop—1}-
Applying a tail move to the snake we obtain
g1 —xqg— Vpp—1 > —min{0, Voo, Vo1,..., Vop-1}

Hence, with a diamond move we have

41 —xq — Vpr1p > —min{0, Vo0, Vi1, ..., Vip—1} — (X1 pt1,d—0—2)
Tg-1—Tq— Vor1p > —min{Vyr10, Vo1, -5 Vor1p)-

In other words, we showed that the formula repeats itself when we apply a tail move followed by a diamond
move. The result then follows because this process ends with a tail move in @j which has the effect of
changing the right hand side of the inequality

g1 —Tqg— Va24-3 > —min{Vy 20,Va21,Vi22,...,Va24-3}
to —min{0, Vg_2,0, Va—2,1, Va—22,..., Va—24-3} 0
The edges of the discrete triangle @dL determine three apartments Agqg, Agr and Agr associated to
line decompositions defined by the pairs of flags (F,G), (G, F) and (E, F), respectively. The pairwise

intersections of these three apartments are non-empty by Lemma 5.3. The following theorem expresses
these intersections in terms of the valuations of the triple ratios X, .

Theorem 5.7 (Theorem 1.1). Let (E,, F,,G,) be a sequence of positive triples of flags in R? such that
the wltralimit (E, F, Q) is positive. Let Apg, Agr and Apg be the apartments associated to the triple
(E,F,G). There exists a marking fpg of Apg such that

- the intersection Apg N Agp is the image under fpa of the subset of AL described by the in-

equalities:
1 —222>0
xy — x3 > max{0,v(X4-211)}
(56) x3 — x4 > max{0,v(Xg-321),0(Xq-321X4-31,2)}

g1 — xq > max{0,v(X1,4-21),.- -, 0(X1,d-21 - X11,d-2)}
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- the intersection Apg N Agr is the image under frg of the subset of A%! described by the in-
equalities:
r1 — 22 <min{0,v(X1,4-21), ..., v(X1,g-2,1 - Xg-2.11)}

(5.7) T4—3 — Tqg—2 < min{0,v(X1,2.4-3), v(X1,2,4-3X2,1,4-3)}

Tg—2 — 24—1 < min{0,v(X11,4-2)}

(Zg—1— 24 <0

Proof. The proof follows by combining Remark 2.6 and Theorem 5.6. The formula for Agpg N Agg follows
at once from Theorem 5.6. Permute the positive maximum span triple from (E, F, G) to (G, F, E). Then,
we can apply Theorem 5.6 to the triple (G, F, F) in order to find the intersection of the apartments
Apa N Agp. Let (vib‘)t) denote the basis associated to the bottom snake in the discrete triangle G)dL
with respect to the maximum span triple (G, F, E). By choosing v'fOt = uso_tl, we have that v}mt = usiti.
This allows us to explicitly relate the markings fpg and fgr. Namely, fqr is obtained from frg by the

permutation defined by

o ... 0 1
wo = : - : O S Gd
o 1 ... :
1 0 ... 0
Moreover, by Remark 2.6 we have X, .(G,F,E) = Xc_bla(E,F, G). Therefore, by Theorem 5.6 and

Remark 3.6 we have that Apg N Apg is the image via fgq of the set
(2q—xq-1 >0

Tg—1 — Tq—2 > max{0, —v(X11,4-2)}

Tg—o — Tq—3 > max{0, —v(X124-3), —v(Xg-321X214-3)}

xg — 1 > max{0, —v(X14-21),. .., —0(X14-21- Xg-211)}
It is easy to see that these inequalities are equivalent to the ones in the statement of the theorem. O

Remark 5.8. The marking fpa from Theorem 5.7 determines a preferred point fpa(1/d,1/d,...,1/d) €
Aga. Geometrically, Theorem 5.7 says that the intersections ApgNAgr and ApgNArg are Weyl sectors
fec(€1) and fpa(€;) contained in the opposite Weyl sectors based at fpg(1/d,1/d,...,1/d). Note that
the triple intersection ApgNArg NAgr is a point when all triple ratios have valuation equal to zero. For
d = 2 this recovers the fact that if three apartments (lines) in an R-tree intersect pairwise along half-lines,
then they form a tripod. For d = 3, Theorem 5.7 was proved by Parreau [27] in greater generality, but
with different methods.

Remark 5.9. Theorem 5.7 and Remark 2.6 suffice to describe the intersections Ag/ o N Ap/ o for any
E' F' G with {F',F',G'} = {E, F,G}.
5.3. Shearing in B;. The analogous of Theorem 5.7 for the positive ultralimit of a sequence of positive
quadruple of flags (Ey, Fy,, Gy, Hy,) follows from Proposition 2.17. Let us ease notation by setting

Z; = ulim Z;(E,, F,,Gp, Hy)
which we are assuming to be a positive element in F.
Theorem 5.10. Let (E,, F,, G, H,) be a sequence of positive quadruples of flags in R? with positive
ultralimit the quadruple of flags (E,F,G,H) in F?. Consider the markings frg and fre of the apart-

ment Apc obtained by applying Theorem 5.7 to the sequence of positive triples of flags (En, Fy,Gy) and
(En, Hp, Gy), respectively. Then, the element

wE,Fre.H) = f56 0 fEe € Wag



POSITIVE CONFIGURATIONS IN A BUILDING AND POSITIVE REPRESENTATIONS 25

is the translation by the unique vector (21, 2, ..., zq) € V471 such that z; — 21 = —v(Zg_;).

Proof. Recall that the sequence of flags (E,, F,, Gy,) determines a sequence of bases (u; ) for the line
decomposition associated to the flags (E,,Gy). Likewise, the sequence of flags (E,, H,, Gy) determines
a sequence of bases (U; ) for the line decomposition associated to the flags (E,,Gp). Thanks to Lemma
4.13, the ultralimits of the basis (u;,) and (U;,) define bases (u;) and (U;) of the vector space V =
(F%)*. The markings fpc and fj in Theorem 5.7 are the standard markings of the bases (u;) and (U;),
respectively. Proposition 2.17 implies that U; = Z17Z5 - - - Z4_;u;. Applying Remark 3.6, we have that for
all (z1,x9,...,2q),

f(;j) o fwy (w1, T2, ..., 2q) = (¥1 + 21,02 + 22, .., Ta + 24)
where (21,22, . ..,2q4) € V¢! is such that
zi— zip1 =v((Z122 -+ Za—i) ") —v((Z1Z2 - Zg—i—1) ")
= —v(Za-i)
which is what needed to be proved. O

Remark 5.11. Theorem 5.10 is equivalent to [27, Prop. 4.5]. The reader should be aware of the small
difference between the double ratios and the edge parameters as explained in [27, §2.6].
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