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1. INTRODUCTION

In recent years, the fractional calculus (FC) has received increasing attention in the scientific
community and plays a crucial role in several areas, of which we mention: pure and applied
mathematics, physics, engineering and medicine, among others, specifically for their impor-
tance in theory and applications [I, 2, [B]. In fact, it is important to note that, the large
number of definitions of fractional derivatives and integrals that emerged during this period
reveals that the researchers proposed to work in this area of knowledge because it continues

to expand [3| [, [5], [6], [7].

On the other hand, there was considerable growth in the study of the existence and unique-
ness of solutions of fractional differential equations and integral equations [14} [17, (18] 19} 20,
211 22],23]. In fact, it is possible to note that researches involving the existence of solutions of
linear and nonlinear fractional differential equations are object of recent studies [13], [15], [16].

The investigation of Ulam-Hyers stability and Ulam-Hyers-Rassias stability became the ob-
ject of research by several mathematicians and the study of this area has become one of the
central themes of mathematical analysis. Afterwards, with the wide expansion of the FC, the
study of stability by means of fractional derivatives, has attracted the attention of the spe-
cialized community [33] [34], 35, 36], 37, B8]. Recently, using the ¢-Hilfer fractional derivative
and the Banach fixed-point theorem, a considerable attention was paid to the study of the
stability of Ulam-Hyers and Ulam-Hyers-Rassias involving a nonlinear differential integral

equation [30, 31 [32].
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In addition, Wang et al. [23] discussed stability of fractional differential equations in several
works and obtained some new and interesting stability results. Unfortunately, it is important
to mention that there are few studies related to the stability of fractional equations of the
impulsive type, among which we cite [24] 25], 26] 27, 28] 29]. In this sense, we are working
on a research project in which, is directing to the study of Ulam-Hyers stability of impulsive
fractional differential equations. Also recent is the book by Benchohra et al. [22] where they
address the existence and stability of solutions to problems of initial value and boundary
problems for differential and integral functional equations, using the Riemann-Liouville and
Caputo fractional derivatives

In this paper, we consider the following class of fractional integro-differential equations

a1 H[Dgfﬂﬁy (x) = f <x, y(x), /m K (z,7,y(1),y(d(7))) dT)

I;:Wy (a) = e, y=a+p(1-a)

where #D%(.) is ¢-Hilfer fractional derivative [6], I, (-) is ¢-Riemann-Liouville frac-
tional integral [6], with 0 < a < 1,0 < 3 <1,y € C'[a,b], for z € [a,b], a and b are fixed
real numbers, f : [a,b] x C x C — C and K : [a,b] X [a,b] x C x C — C are continuous
functions, and § : [a, b] — [a, ] is a continuous delay function.

The main objective of the paper is to analyze the various types of stability, that is, Ulam-
Hyers, Ulam-Hyers-Rassias and semi-Ulam-Hyers-Rassias in the interval [a, b] for a class of
fractional integro-differential equations, through the Banach fixed-point theorem. Besides
that, the stability of Ulam-Hyers-Rassias in the semi infinite interval [a, 00) is also discussed.

The paper is organized as follows: Section 2, presents, as preliminaries, the definition of the
-Hilfer fractional derivative, fractional integral of Riemann-Liouville with respect to another
function and some important theorems, as well as the spaces in which such operators and
theorems are defined. Besides that, we present the concepts of Ulam-Hyers, Ulam-Hyers-
Rassias and semi-Ulam-Hyers-Rassias stabilities and the Banach fixed-point theorem. In
Section 3, our main result, we discuss the Ulam-Hyers, Ulam-Hyers-Rassias and semi-Ulam-
Hyers-Rassias stabilities in the interval [a, b]. Also, Ulam-Hyers-Rassias stability in the semi
infinite interval [a, 00) is also discussed. Concluding remarks close the paper.

2. PRELIMINARIES

In this section we introduce the function spaces in which they are of paramount importance
to define the ¥-Riemann-Liouville fractional integral and the -Hilfer fractional derivative.
In this sense, we present two important theorems in obtaining the main results. Also, we
introduce the concept of stability of Ulam-Hyers and Ulam-Hyers-Rassias and Banach fixed
point theorem.



ULAM-HYERS-RASSIAS STABILITY FOR A CLASS OF FRACTIONAL INTEGRO-DIFFERENTIAL EQUATIONS

Let [a,b] (0 < a < b < o0) be a finite interval on the half-axis R™ and let C' [a, b] be the space
of continuous function f on [a,b] with the norm [6]

2.1 = .
(2.1) 1 llcras = max |f (@)]

The weighted space Cy_..y [a, b] of continuous f on (a, b] is defined by

(2.2) Chy [, 8] = {f : (a,b] = R; (¢ (2) = ¥ (a))" " f (x) € C[a, 1]}
0 < v < 1 with the norm
23)  flle, yon = l(@ )7 @l ogay = ma [ (@) = (@) 7 f (@)

The weighted space C7.,, [a, b] of continuous f on (a,b] is defined by

@4 e ={f (@] 5 R f(@) €™M [al]; ™ (2) € Cy[a, 8]}
0 < v < 1 with the norm

n—1
(2.5) 1fllen fosy = Z 1F N ey + 17 eyt

Definition 1. [6] Let (a,b) (—oo < a < b < 00) be a finite interval (or infinite) of the real

line R and let o > 0. Also let 1 (x) be an increasing and positive monotone function on
d

(a,b], having a continuous derivative ¢’ (x) (we denote first derivative as d—w(x) =/ (z))
x

n (a,b). The left-sided fractional integral of a function f with respect to a function ¢ on
la, b] is defined by

o 1 c o
(2.6) I f (2) = m/ W (s) (¢ (w) = 0 ()" £ (s)ds.
The right-sided fractional integral is defined in an analogous form.

As the aim of this paper is present some types of the stabilities involving a class of fractional
integrodifferential equations by means of ¢-Hilfer operator, we introduce this operator.

Definition 2. [0] Let n — 1 < a < n withn € N, let I = [a,b] be an interval such that
—00 < a<b<ooandlet fiip € C"[a,b] be two functions such that 1 is increasing and
' (x) # 0, for all x € I. The left-sided 1— Hilfer fractional derivative H[Dgf“” () of a
function f of order a and type 0 < B < 1, is defined by

apw ey _ pBo—aw (L AN a-pm-ay
27) RS o) = 1 () 1T @),

The right-sided 1»— Hilfer fractional derivative is defined in an analogous form.
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Theorem 1. If f € C'[a,b], 0 <a <1 and 0 < 3 <1, then

y—1
Igzj:/f HDng;df (x) = f (:L,) . (?/f (x) — ¢ (a)) ]&r—ﬁ)(l—a);dff (a) .

I'(v)
Proof. See [6]. I:I
Theorem 2. If f € C'[a,b], 0 < a <1 and 0 < B <1, we have
23) HDSPY 19 f (@) = f ().
Proof. See [0] . I:I

We present the concepts of Ulam-Hyers and Ulam-Hyers-Rassias stabilities, both fundamen-
tal in the study of the main results of the article. The following Definition Bl and Definition
M were adapted from paper [10].

Definition 3. For each function y satisfying

(2.9) HpPYy (2) — (a: v@), [ Ky @)y 6 ) df)

x € [a,b], where O > 0, there is a solution yo of the fractional integro-differential equation
and a constant C' > 0 independent of y and yo such that

(2.10) ly () —yo (x)| < CO

for all x € [a,b], then we say that the integro-differential equation has the Ulam-Hyers
stability.

If instead of 0, in Eq.(29) and FEq.[2I0), we have a nonnegative function o defined on
la, b], then we say that the fractional integro-differential equation has the Ulam-Hyers-Rassias
stability.

<4

Definition 4. If for each function y satisfying

e ey -1 (s [ K6 @)
x € |a,b], where 8 > 0, there is a solution yy of the fractional integro-differential equation
and a constant C' > 0 independent of y and yo such that

(2.12) ly () = yo (2)| < Co ()

x € [a,b] for some nonnegative function o defined on [a,b], then we say that the fractional
integro-differential equation has the so-called semi-Ulam-Hyers-Rassias stability.

Definition 5. [11] We say that d: X x X — [0,00] is a generalized metric on X if:

(1) d(x,y) =0 if and only if x = y;
(2) d(z,y) =d(y,z), for all z,y € X;

<4
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(3) d(z,z) <d(z,y) +d(y,z) forall x,y,z € X.

Theorem 3. (Banach) Let (X,d) be a generalized complete metric space and T : X — X
a strictly contractive operator with Lipschitz constant L < 1. If there exists a nonnegative
integer k such that d (Tk+1x, Tkx) < 0o for somex € X, then the following three propositions
hold true:

1) The sequence (1T"x converges to a fized point x* of T';

neN
(2) z* is the unique fized point of T in X* = {y € X; d (Tk:c,y) < oo};
(3) If y € X*, then

(2.13) A(y.2") < 2 d (Ty.y).

Proof. See [11]. I:I

3. MAIN RESULTS

In this section it will be divided into subsections in which we present the main purpose
of this paper. First, we study the stability of Ulam-Hyers, semi-Ulam-Hyers-Rassias and
Ulam-Hyers-Rassias in the finite interval, by means of the Bielecki metric. In this sense, we
also discuss the stability of Ulam-Hyers-Rassias stability in the infinite range, by means of
the metric dp.

3.1. Ulam-Hyers-Rassias stability. In this subsection, we present sufficient conditions to
obtain the Ulam-Hyers-Rassias stability of the integro-differential fractional equation where
x € |a, b], for some fixed real numbers a and b.

Consider the space of continuously differentiable functions C" [a,b] on [a, b] endowed with a
Bielecki type metric

@y
(31) d( ’ ) mG[aI,)b} 0'(:17)

where ¢ is a non decreasing continuous function o : [a,b] — (0,00). We recall that
(C']a,b],d) is a complete metric space [12].

Theorem 4. Let § : [a,b] — [a,b] be a continuous delay function with § (t) < t for all
t € [a,b] and o : [a,b] — (0,00) a non decreasing continuous function. In addition, suppose
that there is £ € [0, 1), such that

(3.2) ﬁ /m W(r) (¢ (@) = ¢ (7)™ o (1) dr < €0 (2)
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for all x € [a,b]. Moreover, suppose that f : [a,b] x C x C — C is a continuous function
satisfying the Lipschitz condition

(3.3) |f (@, u,9) = f (2,0, h)] < M (Ju—v|+]g—hl)

with M > 0 and the kernel K : [a,b] X [a,b] x Cx C — C is a continuous function satisfying
the Lipschitz condition

with L > 0.
Ify € C'[a,b] is such that

35 |FDfy @) - f (y @), [ K@y 60) df) ‘ <o ()

x € [a,b], and M (¢ + L&?) < 1, then there is a unique function, yo € C" [a,b] such that
"0 0) = £ (0 o). [ K @00 G ) )

and

(3. (@)~ (2)] < 0

M (£ + LE&?)

for all x € [a,b].
This means that under above conditions, the fractional integro-differential equation Eq.(I])

has the Ulam-Hyers-Rassias stability.

Proof. Applying the fractional integral operator I ;ﬂw (+) on both sides of the fractional equa-
tion Eq.(.I) and using Theorem [Il we can write

(@b(z)—w(a))“’_lc ey (x ' x, 7,y (T 7)) dr
r sy (a0, [ K@) w6 ) ar).

On the other hand, if y satisfies Eq.([31), then y satisfies Eq.(IT)). However, applying the
fractional derivative 7D (-) on both sides of Eq.(B7), we have

37 ylr)=

H o, B _ HpnoB (Y () _w(a))w_l
DYy (z) = Dy [ ) 01

IO (a0, [ K @) w6 ) dr).

Using Theorem 2 and the expression

HDSF () (z) = (@) =0, 0 <y < 1,
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we conclude that, y (z) satisfies initial value problem Eq.(T) if, and only if, y (z) satisfies
the integral equation

38 vl = ISy (@), [ K@) 60 ).

So, consider the operator T : C* [a,b] — C'[a, ], defined by

3.9) Tu(x)= c+ ISV f (:c,u (z), /:K (x,7,u (), u(d(7))) dT)

for all x € [a,b] and u € C" [a, b].

Note that for any continuous function u, T is also continuous. In fact,

(3.10)|Tu (x) — T (wo)]

(¢ (2) = (@)

c a;y - x i ] ]
_ T (v) +[a+,mf<a ()a/a K (z,7,u(T), (5()))d)
(¥ (z0) — ¥ (a))"™"

R () e~ Ll <$0’“($o)>/;OK(9:O,T,u(T),u(a(f)))df)

—0

when © — xg.
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We will deduce that the operator 7' is strictly contractive with respect to the metric Eq.(B.1]).
Indeed, for all, u,v € C' [a,b] we get

d (T, Tv)
J (m u(z), / K (2,7, (r),u(0 (7)) dT)
Iy (z v (), / K (z, 7,0 (1), 00 (1)) df)

= sup

z€la,b] 0'(1’)
- v [ K@@ e |
< up oo [ SGRDE )
- z€la,b] 0'(1’)
w2 ([ ) - o @m)dr
v @ =@ (/ )
z€[a,b] o (z) z€la,b) o (x)
s @ 0@ @) 0@ ()l dr
z€a,b] a (LU) T€[a,b] o (T)
Ig‘ﬁ wO’(T)dT
+ sup [/“ ]
z€la,b] O'(LU)

sy

(311) < M (£+ L&) d(u,v).

As M (€ + LE?) < 1 it follows that T is strictly contractive. In this way, we can apply the
above mentioned Banach fixed-point theorem which allows us to ensure that we have the
Ulam-Hyers-Rassias stability for the fractional integro-differential equation.

In fact, from Eq.(3.3]), using fractional integral Eq.(2.6]) and Theorem [I we have

y(2) — (¢ (x);(zi)(a))”’_ c—I%Vf (x,y(s),/xK(z,T,y(T),y(a (T)))df)‘

(3.12)< %Yo (1)

x € [a,b].
Therefore, having in mind Eq.([39) and Eq.(3.2]), we conclude that

(3.13) ly () = Ty ()] < 1310 (1) < €0 (2), @ € [a,0].
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Note that,

1 1
1—L = 1— M+ L&)

M (E+LE)<-L=>1-M(E+LE)<1-L=

Consequently, Eq.([30) follows directly from the definition of the metric d, Eq.([21I3]) and
Eq.BI3). [

3.2. Semi-Ulam-Hyers-Rassias and Ulam-Hyers stabilities. The next step, presented
as a theorem contains the proof of the following result: the fractional integro-differential
equation admits semi-Ulam-Hyers-Rassias and Ulam-Hyers stabilities.

Theorem 5. Let ¢ : [a,b] — [a,b] be continuous delay function with § (t) <t for allt € [a, b]
and o : [a,b] — (0,00) a non-decreasing continuous function. In addition, suppose that there
is £ €10,1) such that

1 ’ / a—
(314) i [ VO E@ - e < o a),
for all x € [a,b]. Moreover, suppose that f : [a,b] x C x C — C is a continuous function
satisfying the Lipschitz condition

with M > 0 and K : [a,b] x [a,b] x Cx C — C is a continuous kernel function satisfying the
Lipschitz condition

(3.16) |K (x,t,u,w) — K (x,t,v,2)] < Lw— z|
with L > 0. Ify € C'[a,b], is such that

(3.17) Doy () - f (x,y(x),/jf((xmy(f),y@ (T)))df)‘ <9

x € [a,b] where > 0 and M ( + LE?) < 1, then there is a unique function yy € C'[a, ]
such that

(3.18) HpIYy (o) = f ( (@) [ K @), G ) df)
and
(3.19) ly (2) — yo ()] < —0— V0 o (@)

[1—M(&+ L&) o (a)
for all x € [a,b].

This means that under the above conditions, the fractional integro-differential equation Eq.(T)
has the semi-Ulam-Hyers-Rassias stability.
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Proof. The first part of the proof follows the same steps as in the proof of Theorem 2l The
main purpose here is to choose a general o and do as previously done in the metric function
d, using the same idea as in Eq.([3.8)-Eq.([3I0), and just take it as a constant in all the
remaining places.

Consider the operator T': C' [a, b] — C' [a, b], defined by

(¥ (z) — 1 (a)""
I'(v)

for all z € [a,b] and u € C' [a, b] and by using the same reasoning an in Eq.(3.9)-Eq.([3.10)
we conclude that T is strictly contractive with respect to the metric Eq.([B1l), due to the
fact that M (€ + L&?) < 1. Thus, we can again apply the Banach fixed-point theorem, which
guarantees us that

(3.20) Tu(z) =

cH IV f <x,u(:c),/:K(x,T,u(:c) ,u(é(T)))dT)

1
(3.21) d(y,y0) < 7 M(§+L€2)d(Ty,y)-

Now, by Eq.([BI7), using fractional integral Eq.(2.6]) and Theorem 1, we get

(o) - PO gy (s, [ Km0 G e ar)

(3.22)< I%Y6.

Therefore, having in mind Eq.([3.9) and Eq.([3.2]), we conclude that

(¥ ()~ ¥ (@)

(3.23) ly () = Ty (x)| <01 (1) < 0 Tlat1)

Using the Eq.(8:21), and having in mind Eq.(2:6) and that o is a positive non-decreasing
function, it follows

1y (2) — 5o (z)] 1 d(Ty,y)
T o) S I-MEreD) o o)

0 (¢ (b) =+ (a)”
T A-ME+EL))T(v+1)o(a)

(3.24)

Consequently, Eq.[319) follows directly from Eq.([3.24) and this led us to the semi-Ulam-
Hyers-Rassias stability of the fractional integro-differential equation under study.

Still having in mind that ¢ is a positive non-decreasing function, and considering an obvious
upper bound in Eq.([BI9), we directly obtain from the last result the following Ulam-Hyers
stability of the fractional integro-differential equation Eq.(LTl). ]



ULAM-HYERS-RASSTAS STABILITY FOR A CLASS OF FRACTIONAL INTEGRO-DIFFERENTIAL EQUATIONS$

Corollary 1. Let § : [a,b] — [a,b] be a continuous delay function with 6 (t) < t for all
t € [a,b] and o : [a,b] — (0,00) a non-decreasing continuous function. In addition, suppose
that there is £ € [0, 1) such that

1 v a—
(3.25) m/ V(1) (¢ (2) = ¢ (7)) o (1) dr < & (2)
for all x € [a,b]. Moreover, suppose that f : [a,b] x C x C — C is a continuous function
satisfying the Lipschitz condition

with M >0 and K : [a,b] X [a,b] x Cx C — C is a continuous kernel satisfying the Lipschitz
condition

\K(x,t,u,w)—K(x,t,v,zﬂ SL‘U)—Z|
with L > 0.

If y € C'[a,b] is such that
(3.27) HpPYy (2) — (a: v@), [ Ky @)y 6 ) df)

x € [a,b] where @ > 0 and M (¢ + &2L) < 1, then there is a unique function yo € C'[a,b];
such that

<9

D3y () = f (:c,yo (x),/:K(%T, Yo (1), 0(0 (T)))dT)

and
0 (¢ (b) = (a))" o (b)
[1—M(E+EL)I(y+1)o(a)

ly (z) —yo (z)] < x € [a,b].

This means that under the above conditions, the fractional integro-differential equation Eq.(IL)
has the Ulam-Hyers stability.

3.3. Ulam-Hyers-Rassias stability in the infinite interval case. In this section we will
discuss the Ulam-Hyers-Rassias stability associated with the fractional integro-differential
equation on semi infinite interval [a, c0) for a fixed a € R.

Consider the fractional integro-differential equation

(3.25) Oy @) = 1 (w0, [ K w6 @) )
Ly(e) = ¢ y=a+p(l-a)

with y € C'[a, ), z € [a,00) where a is a fixed real number, f : [a,00) x C x C — C
and K : [a,00) X [a,00) x C x C — C are continuous functions and ¢ : [a,00) — [a,00) is a
continuous delay function which therefore fulfills § (7) < 7 for all 7 € [a, ).
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Here, we will use a recurrence procedure due to the result of the corresponding finite interval
case. Let us now consider a fixed non-decreasing continuous o : [a,00) — (€,w) for some
g,w > 0 and the space C} [a, 00) of bounded differentiable functions endowed with the metric

(3.29) dy (u,v) = sup M
z€[a,00) O'(ZL')

Theorem 6. Let § : [a,00) — [a,00) be a continuous delay function with 6 (t) < t, for all
t € |a,00), and o : [a,00) = (e,w), for some €,w > 0, a non-decreasing continuous function.
Suppose that there is 5 € [0,1] such that

(3:30 o [ YO @-s @y e < e

for all x € |a, 00) . Moreover, suppose that, f : [a,00) x Cx Cx — C is a continuous function
satisfying the Lipschitz condition

(3.31) |f (2w, 9) = f (2,0, )] < M (Ju—v|+|g — hl)

with M > 0, and the kernel K : [a,00) X [a,00) X C x Cx — C is a continuous function
so that /w K (x,7,2(1),2(0(7)))dr is a bounded continuous function. In addition, suppose
that K saatisﬁes the Lipschitz condition

(3.32) |K (z,t,u,w) — K (x,t,v,2)] < Ljw — z|

with L > 0.

If y € C} [a,00) is such that

Hpfivy (1) - (x,y@:),/:K@,T,ym,y<a<7>>>df)\ <o)

T € [a,00) and M (€ + &*L) < 1, then there is a unique function yo € C} [a,b] such that

(3.33)

(3.3 HDOy () = ( w@, [ K (e, 06 @) dr)
and
335) ) w0 < —r

for all x € |a, c0).

This means that under the above conditions, the fractional integro-differential equation Eq.(3.29)
has the Ulam-Hyers-Rassias stability.

Proof. For any n € N, we will define I,, = [a,a + n]. By Theorem @] there exists a unique
bounded differentiable function vy, : 1, — C such that

) = LDy 120 (o ). [ (o () 0 6 (7))
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and
{o (z)
. — <
for all € I,,. The uniqueness of yo, implies that: if z € I,, then
(337> Yo,n (SL’) = Yon+1 (LL’) = Yo,n+2 (SL’) =

For any x € [a, 00), let us define n (x) = min {n € N; = € I,,} and the function y : [a, c0) —
C by

(3.38) Yo () = You() (%) -
For any x; € [a,00), let ny = n(xy). Then x; € Int I,,41 there exists an £ > 0 such that

Yo () = Yont1 (x) for all x € (21 — e, 21 4+ €). By Theorem l yg .41 is continuous at x;, and
so it is yq.

Now, we will prove that y, satisfies

339) o (w) = L (f)(“w_ o4 Iy (x wo (). / K (50 ()90 (5(1) df)

and Eq.(330). For an arbitrary € [a, c0) we choose n (z) such that = € I,,;). By Eq.(3.30)
and Eq.([338)), we have

(Y (z) =9 (a))'y_lC
I'(v)

+I¢(;{—7i-wf (SL’, Yon(z) (SL’) ) / K (SL’, Ty Yon(x) (T> » Yo,n(z) (5 (T)>) dT)

= (¢(I)—¢(a))7_lc vz o (x ' x, 7, Yo (T 7)) dr
B T () “a+f(,yo()>/a K (x, ,yo(),yo(é()))d).

Yo () = Yone) (¥) =

(3.40)

Note that n (1) < n(x), for any 7 € I, and it follows from Eq.[B37) that yo (1) =
Yon(r) (T) = You() (T), s0, the last equality in Eq.([340) holds true. To prove Eq.([333), by
Eq.([338) and Eq.([330]), we have for all z € [a, 00)

(3.41) [y (2) = 9o (2)] = [y (+) = Yo (2)] < 1= o)

M (& + L&)

Now, we will prove the uniqueness of y,. Consider another bounded differentiable function
y1 which satisfies Eq.(334) and Eq.([339), for all € [a,00). By the uniqueness of the
solution on I,y for any n (z) € N we have yq, W = Yon() and ¥, . satisfying Eq.(334)

and Eq.([3.33)) for all x € I,,(;) and so

(3.42) Yo (z) = Yo, ,, = Y11, = Y1-

n(z)
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]

It is also possible to obtain proof of Theorem [B for semi infinite interval of the type (—oo, b]
with b € R and (—o0, 00), just choose the necessary conditions.

4. CONCLUDING REMARKS

In this paper, we have shown that, by means of the -Hilfer fractional derivative and the
Banach fixed-point theorem, the class of fractional integro-differential equations allows the
stability of Ulam-Hyers, Ulam-Hyers-Rassias and semi-Ulam-Hyers-Rassias in the intervals
la,b] and [a,00). The investigation of the Ulam-Hyers stability theme in the FC has been
growing and other works related to stability with the ¢-Hilfer fractional derivative and other
derivatives [8, 9] will be presented in the near future.
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