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Abstract

In this paper we find all complex symmetric weighted composition
operators with special conjugations. Then we give spectral properties
of these complex symmetric weighted composition operators.

=

1 Introduction

Let D denote the open unit disk in the complex plane. The Hardy space,
denoted H?(D) = H?, is the set of all analytic functions f on D, satisfying
the norm condition

“
D) Q.
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The space H*(D) = H> consists of all the functions that are analytic and
bounded on D, with supremum norm || f||occ = sup,¢p |f(2)]-

Let ¢ be an analytic map from the open unit disk D into itself. The
operator that takes the analytic map f to f o ¢ is a composition operator
and is denoted by C,. A natural generalization of a composition operator
is an operator that takes f to ¢ - f o ¢, where ¢ is a fixed analytic map
on . This operator is aptly named a weighted composition operator and
is usually denoted by Cy ,. More precisely, if z is in the unit disk then
(Coo)(2) = V() Flp(2).

The automorphisms of D, that is, the one-to-one analytic maps of the

disk onto itself, are just the functions ¢(z) = A{==, where |A| = 1 and
la| < 1.
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Let P denote the orthogonal projection of L?(0D) onto H?. For each
b € L>®(0D), the Toeplitz operator T}, acts on H? by Ty(f) = P(bf).

In [5], Cowen obtained an adjoint formula of a composition operator
whose symbol is a linear-fractional self-map of D; for ¢(z) = ZZZIS which is
a linear-fractional self-map of D, he showed that C7 = T,C, T}, where oy, g

and h are the Cowen auxiliary functions given by 0,,(2) := (az — ¢)/(~bz + d),
9(2) == (=bz +d)~! and h(2) := (cz + d). We can see that o,(z) = ——

(L)’
so o, maps D into itself. It follows that ¢(a) = a if and only if o,(2) = 1,
where a € C. Note that g and h are in H*®. If ¢(¢) = n for {,n € ID, then
o,(n) = (. We know that ¢ is an automorphism if and only if o, is, and
in this case o, = ot we will write o for o, except when confusion could
arise. From now on, unless otherwise stated, we assume that o, h and g are
given as above.

A bounded operator T' on a complex Hilbert space H is said to be a
complex symmetric operator if there exists a conjugation C' (an isometric,
antilinear involution) such that CT*C = T'. The complex symmetric oper-
ators class was initially addressed by Garcia and Putinar (see [9] and [10])
and includes the normal operators, Hankel operators and Volterra integra-
tion operators. Invoking [I1, Theorem 2], any composition operator with an
involutive automorphism symbol is complex symmetric. In [18], Bourdon
et al. showed that among the automorphisms of D, only the elliptic ones
may introduce complex symmetric operators. Moreover, they proved that
for ¢, not the rotation and involutive automorphism, which is elliptic auto-

morphism of order g that 4 < g < oo, C,, is not complex symmetric. In this

paper we use the symbol J for the special conjugation that (Jf)(z) = f(Z)
for each analytic function f. In [7] and [14], all J-symmetric weighted com-
position operators were characterized. Recently in [I7] Narayan et al. have
found complex symmetric composition operators whose symbols are linear-
fractional, but not an automorphism.

In the second section of this paper, first we find all unitary weighted
composition operators which are J-symmetric. Then we consider the special
conjugations which are the products of these unitary weighted composition
operators and the conjugation J. Next in Theorem 2.5, we obtain com-
plex symmetric weighted composition operators with these conjugations. In
addition, in Theorem 2.7, we characterize all complex symmetric weighted
composition operators which are isometries.

In the third section, we provide a characterization of ¢, when ¢ has
the form which was stated in [7, Proposition 2.9] and [14, Theorem 3.3]. Fi-
nally, we obtain the spectrum and spectral radius of some complex symmetic



weighted composition operators that study in the second section.

2 Weighted composition operators

az+b

Suppose that ¢(z) = {217 is a linear-fractional self-map of D. If ¢ is written

as () = ao + 2=, then it is not hard to see that ¢ = b = ag. We use this
fact frequently in this paper.

An operator T is said to be unitary if T7*T = TT* = I. In the following
proposition, we find all unitary weighted composition operators Cy, , which

are J-symmetric.

Proposition 2.1. The weighted composition operator Cy , is unitary

. e - / B p—
and J-symmetric if and only if either ¥(z) = c% and ¢(z) = L=,

where p € D — {0} and |c| =1 or ¢ = p and p(2) = Az, when |u| = |A| = 1.

Proof. Let Cy , be unitary and J-symmetric. By [2, Theorem 6],

o(2) = A 17’__]; (1)
e (1 - [pl2)2
p(z) = AP @

1—7pz
where |\| = |c¢| = 1. First suppose that p # 0. We can see that ¢(0) = A\p
2

and ¢'(0) = A(|p|*> — 1). Let gZ(zZ = A\p+ ’\(ﬁi)\;zl)z. It is not hard to see
that @ = ¢ if and only if A = % Invoking [I4, Theorem 3.3] (see also
[7, Proposition 2.9]), the conclusion follows for p # 0. Letting p = 0 in
Equations (1) and (2), we get v is a constant function and ¢(z) = —Az,
when |\ = 1.

Conversely, suppose that either ¢(z) = gf__gz and ¥(z) = c% or
1 is a constant function and ¢(z) = Az. In this both cases, by [2] Theorem
E(lpI>~1)=

6], Cy,, is unitary. Rewriting ¢, we see that ¢(z) = g% =P+ 1=

Again [7, Proposition 2.9] and [I4] Theorem 3.3] imply that in these both
cases the weighted composition operators Cy, , are J-symmetric. O

; N
From now on, unless otherwise stated, we assume that ¢,(z) = i

where p € D — {0} and ¢,(2) = c%, when p € D and |¢| = 1. The
proof of the next lemma is left to the reader.



Lemma 2.2. If U is a unitary and complexr symmetric operator with
congugation C, then UC is a conjugation.

Let C be a conjugation. Then C'J = W is a unitary operator and
W is both C-symmetric and J-symmetric (see [8, Lemma 3.2]). We have
C = WJ. Then all conjugations can be considered as a product of a J-
symmetric unitary operator W and the conjugation J.

Proposition 2.3. Suppose that U is unitary and complex symmetric
with conjugation WJ, where W is unitary. Then an operator A is W J-
symmetric if and only if UA is UW J-symmetric.

Proof. Suppose that A is W J-symmetric. Invoking Lemma 2.2, UW J
is a conjugation. We have

UWJUA*UWJ =UWJAU*UWJ =UA,

so U A is complex symmetric with conjugation UW J.
Conversely, suppose that UA is UW J-symmetric. We see that

WJAWJ =UUWJUA)*UWJ =U"UA = A.
Hence, A is W.J-symmetric. (]

Assume that an operator B is U J-symmetric. Let W = I in Proposition
2.3. By Proposition 2.3, U*B is J-symmetric. We have B = UU*B. It
shows that every complex symmetric operator can be written as a product of
a unitary J-symmetric operator and a J-symmetric operator. Since recently
a lot of J-symmetric operators have been found, this idea may be useful in
order to obtain complex symmetric operators more.

In the following example, we find a complex symmetric Toeplitz operator
Ty with |f| =1 on 0D (see [15, Corollary 2.2]).

Example 2.4. Suppose that p € (—1,1) is a real number. By [I8]
Lemma 2.1] and [18, Lemma 2.2], U,, is J-symmetric, when U, is the
unitary part in the polar decomposition of C,, (note that in this case
¢p is an involutive automorphism). By the proof of [16, Lemma 4.7],
Up, = Cp, T 1-pz) . Proposition 2.1 implies that Cy, ., is J-symmetric.

(1-1p2)1/2
Invoking Proposition 2.3, Cy, »,Cp, T 1-ps) 18 Cy, ,, JJ-symmetric. Then
(1-1pI2)1/2

T /(1—p=)T|1—pz| is symmetric. Thus, (Tl/(l—pz)T|1—pz|)_1 =T j1—pz| Tp—2 =
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T‘ =1 is symmetric with conjugation Cy,, ., J.
1—pz

In the following theorem, we find all complex symmetric weighted com-
position operators with conjugations UJ that U is unitary and J-symmetric
weighted composition operator which was stated in Proposition 2.1.

Theorem 2.5. Let ag € D and a1,b € C. Suppose that ¥(z) = 1_202
and ¢(z) = ag + 2= that ¢ is an analytic self-map of D.
(1) For p # 0, the wezghted composition operator CJ 3 is complex symmetric
with conjugation Cy, . J if and only if 1 =1, - o pp and ¢ = @ oy, for
some @ and 1.
(2) For |\ = 1, the weighted composition operator CJ@ s complex symmet-
ric with conjugation Cy,J if and only ifJ = ¥(A\z) and p(z) = p(A\z) for
some @ and .

Proof. (1) Let Y = Yp - o, and ¢ = p o g, for some ¢ and .
Then C{/Z@ = Td’p'dfo@pcﬂpmpp = C@Z’pv@pcdf,@’ Since C@Z’pv@p and 01/’,80 are J-
symmetric (see [7, Proposition 2.9] and [14, Theorem 3.3]), by Proposition
2.3, C{l;@ is prppJ—symmetric

Conversely, suppose that C'- - is complex symmetric with conjugation
Cy,ppJ- By Proposition 2.3, g ~ is J-symmetric. The Cowen ad-
joint formula shows that C’ Dorn is also a weighted composition operator.
Then C’* CJ@ is a weighted composition operator which was defined in
[7, Proposmon 2.9] and [14, Theorem 3.3]. Then there is a J-symmetric
weighted composition operator Cy , that C> 5= Copop C0-

(2) By the same idea which was stated in the proof of Part (1), the con-
clusion follows. O

Proposition 2.6. Suppose that T is a bounded operator on a Hilbert
space H. Then T is a complex symmetric operator and an isometry if and
only if T is unitary.

Proof. Suppose that T is complex symmetric with conjugation C. Since
T is an isometry, for each f € H?,

[T*C | = ICT*Cfll = ITfIl = Il£1-

Then | T*f|| = ||T*C(Cf)|| = ||Cf]| = ||fl|, and so T* is an isometry. We
infer that T is a unitary operator from [4, Proposition 2.17, p. 35] and [4]
Proposition 2.18, p. 35].



Conversely, it is obvious. O

In Theorem 2.7, we show that a weighted composition operator which is
both a complex symmetric operator and an isometry is unitary; moreover,
we find all conjugations for unitary weighted composition operators.

Theorem 2.7. A weighted composition operator Cy, , is both an isom-
etry and a complex symmetric operator if and only if p(z) = )\lp__;z and
) = 1)y, where |X\| =1 and p € D. Furthermore, if p # 0, then the conjuga-
tion for Cy, , is Cy, o, J

Proof. By Proposition 2.6 and [2, Theorem 6], the first part is obvious.
According to [14, Theorem 3.3] and [7, Proposition 2.9], C,; is J-symmetric,
when |y| = 1. Let v = )\%. We obtain Cy , = Cy, ,,Cy.. By Propositions
2.1 and 2.3, we complete the proof. O

3 Spectral theory

Recall that a nontrivial automorphism ¢ of D (i.e., ¢ is not the identity
function of D) is called elliptic if ¢ has a fixed point in D and the other fixed
point is in the complement of the closed disk.

We say that ¢ has a finite angular derivative at { € 0D if the nontangen-
tial limit ¢({) exists, has modulus 1, and ¢'({) = Zlim,_¢ % exists
and finite. Let oo = I and ¢, = popo...op denote the n-th iterate of ¢. If
©, not the identity and not an elliptic automorphism of D, is a holomorphic
self-map of D, then there is a unique point w in D so that the iterates ¢,
of ¢ tend to w uniformly on compact subsets of D (see [6l, Theorem 2.51]).
The point w will be referred to as the Denjoy-Wolff point of . We know
that the Denjoy-Wolff point of ¢ can be described as the unique fixed point
of ¢ in D with |¢'(w)| < 1.

Suppose that ¢, not an automorphism, is a linear-fractional self-map of
D with a fixed point on 9D. Then ¢ satisfies one of the following

(a) ¢ is hyperbolic with one fixed point ¢ € 9D and the other fixed point
outside the closed unit disk. Let T'(z) = gfi Then ¢(2) = (TopoT 1) (z) =
rz +t, where r = 1/¢'({) (note that r > 1) and Re(t) > 0 (and Re(t) = 0 if
and only if ¢ is an automorphism; moreover, in this case both fixed points




of ¢ lie on D). We call t the translation number of ¢. Then we obtain

I+ r—=tz+(r+t-1)¢C
ol2) = (r—t—1)Cz+1+r+t)

(3)

(b) ¢ is hyperbolic with one fixed point, w, inside the unit disk, and
the other fixed point (, on the unit circle. It is not hard to see that ¢ is
hyperbolic with this type (Denjoy-Wolff point of ¢ is in D) if and only if the
Cowen auxiliary function o, is hyperbolic under the condition (a). Hence

in this case . ; s 1
(‘0(2):( +r— )Z_(T_ B )C (4)

l+r+t—(+T-1)Cz’

where ¢ is the translation number of o, and 17 = o';(() Note that in this
©

case, since ¢ has a Denjoy-Wolff point in DD, ¢ is not an automorphism.
Hence o, is not automorphism, so Re(t) > 0.

(c) ¢ is parabolic with only one fixed point ¢ € dD. Let T'(z) = %
Then ¢(z) = (T o po T 1) (2) = 2z +t, where Re(t) > 0. Let us call ¢ the
translation number of ¢. Note Re(t) = 0 if and only if ¢ is an automorphism.
In [I9] p. 3] Shapiro showed that among the linear-fractional self-map of D
fixing ¢ € 9D, the parabolic ones are characterized by ¢'(¢{) = 1. We see

that in this case @t "
—t)z +
#(2) 24+t —1(z (5)

Suppose that @1 and @9 are parabolic with the same fixed point. It is not
hard to see that (1 o @9 is also parabolic. We use this fact in the proof of
Theorem 3.5.

Lemma 3.1. Suppose that ¢ is hyperbolic with fixed point ( € ID. If ¢

1s written as
a1z

p(z) = ao + (6)

1—apz’
when ag € D and a1 € C, then ¢ is an automorphism.

Proof. First suppose that ¢ is hyperbolic with Denjoy-Wolff point ¢ €
OD. Then by Equation (3), we have

Lir—t, 4 (rt=1)¢

(,D(Z) _ 1+T’+_t — 14+r+t )
(r—t 1)(Z+ 1
14r+t

If ¢ is written as in Equation (6), then _lz_tilz = ’iif;i( . Therefore,

—r{+t(+( =r(+t{— ¢ and so (Re(¢))(1—7) = t(Im(¢))i. It shows that ¢




is pure imaginary and the result follows. Now suppose that ¢ is hyperbolic
with Denjoy-Wolff w € D and fixed point ¢ € dD. By Equation (4), assume
that

(A4r=t) ,  r—i—1
1+r+t 1+r+t
z) = — —
90( ) 1— (r+t—1)¢z
1+r+t

Since ¢ is as in Equation (6), (T’ff;rli)f =— (rl—f;lz)é‘ Then (Re(¢))(r — 1) =

t(Im(¢))i. It follows that ¢ is pure imaginary which is a contradiction. [

Lemma 3.2. Suppose that ¢ is parabolic with fixzed point ( € OD. Then
@ is as in Equation (6) if and only if ( =1 or ( = —1.

Proof. Suppose that ¢ is written as in Equation (6) and by Equation
(2—t)z

(5), p(z) = % If t = 0, then ¢(z) = z and ¢ is not parabolic. Then
2+t

we assume that t # 0. Since ¢ is as in Equation (6), ( = ¢. It shows that
(=1lor(=—-1.
Conversely, it is obvious. O

Note that by the proof of the pervious lemma, we see that if ¢ is parabolic
with Denjoy-Wolff point 1 which is written as in Equation (5), then

2—t t

Lemma 3.3. Suppose that p € D — {0}. If 1 is the fized point of ¢p,
then @, is a parabolic automorphism. Moreover, if —1 is the fized point of
©¥p, then ¢, is a hyperbolic automorphism with Denjoy- Wolff point —1.

Proof. Assume that ¢,(1) = 1. Note that p = |p|cos(#) + |p|sin(0)1,
where 6 = Arg(p). Then p(p—1) = p(1—p) and so |p|?> = Re(p) = |p| cos(h).

Hence |p| = cos(#). Since g = e 2% [19, Exercise 4, p. 7] implies that ¢, is
parabolic. Now suppose that ¢,(—1) = —1. Then p(p + 1) = —p(1 + p)

and so |p|> = —Re(p) = —|p|cos(f). Hence |p| = —cos(f). Again by
[19, Exercise 4, p. 7], ¢p is a hyperbolic automorphism. Now we show

that —1 is the Denjoy-Wolff point of ¢,. We have ¢, (—1) = % g'j]_j)é We

know that p = ]p\ cos(0) + |p| sin(8)i = — cos?(6) — sin(#) cos(#)i. Therefore,

1+7P = 1— cos?(f) + sin(f) cos(A)i = sin?(#) + sin(#) cos(f)i. We obtain
S(C

V2 lp|2—112 _ cos?(6)—1 2 sin®(0)
|(’DP( 1)| B |(1+p2| |(sin2(0)+sin(€)cos(0)z)2| — sin?(0)+sin?(9) cos2(9) < L
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Then |¢),(—=1)] < 1 and it follows that —1 is the Denjoy-Wolff point of ¢,.
U

In the rest of this paper, we suppose that Cy, ., is J-symmetric and ¢ and
1) were represented in Theorem 2.5. From now on, unless otherwise stated,
we assume that C'> - is weighted composition operator which was given in
the first part of Theorem 2.5. Suppose that T is a bounded operator on a
Hilbert space H. Through this paper, the spectrum of T" and the spectral
radius of T" are denoted by o(T') and r(T'), respectively.

Theorem 3.4. If C{E{o’ is compact or power compact, then 7‘(0{5 5) =

(W)Y (pp(w))| and o(C; ’ 5) = {p(w)y(ep(w))(@' (w))™ : m =0,1,..} U
{0}, where w is the Denjoy Wolﬁ point of g = ¢ o @y,.

Proof. If ¢ o ¢, is compact or power compact, then it is easy to
see that ¢ o ¢, has a Denjoy-Wolff point w € ID. There is an integer
n such that C’%@ = C- _ is compact. By the Spectral Map-

, $-po@...poFn—1,3n
ping Theorem, O'E(Cw 30) = {0}. Moreover, by [12| Theorem 1], O’(C% 5) =

{((w))"(@ (w))™ : m = 0,1,...} and it follows from the Spectral Map-
ping Theorem that all elements of 0(0{576) are in 60'(0{5’5). Then by
[4, Proposition 6.7, p. 210] and [4, Proposition 4.4, p. 359], O’(C{Z’@) =
0e(Cg 5)Uop(Cy ) The result follows by [7, Proposition 2.6] and [14], The-

¥,9
orem 4. 3] O

Now suppose that ¢ = ¢ o ¢, is not power compact and it is not an
automorphism. Then either

(i) ¢(¢) = ¢ and ¢,(¢) = ¢, where ¢ € 0D

or
(i) ¢(¢) = n and ¢,(n) = ¢, where (,n € ID and ¢ # 7.

By Lemmas 3.1 and 3.2, we see that if ¢ and ¢, satisfy the conditions
of Part (i), then either ( = 1 or ( = —1. In the following theorem, we find
T(qu’&), when ¢ and ¢, satisfy the conditions of Part (i) and ¢ is parabolic.

Theorem 3.5. Suppose that ¢ is not an automorphism. If ¢ and pp

fix 1, then ¢, p, and o are parabolic, T‘(CJ@) = |w(0)(1_2|(11|i¥)/2(2+t)| and

o(Cp ) = {d} ) ‘p‘ 1)/2(2+t) “b(+D) b > 0} U {0}, where t and T are the
tmnslatzon number of @ and @, respectively.

Proof. Since ¢, is an automorphism and ¢ o ¢, is not an automor-



phism, ¢ is not an automorphism. Invoking Lemmas 3.1 and 3.2, ¢ must
be parabolic with fixed point 1. By Lemma 3.3, ¢, must be parabolic with
fixed point 1. Hence ¢ = ¢ o ¢, is also parabolic. Since ¢ is parabolic
with fixed point 1 and Cy , is J-symmetric, by Equation (7), we find that

$(2) = X2 Then by [T, Theorem 4.7}, r(C 2) = [ (1] = (1) (1) =

1/2 1/2 _
‘w )(1 2\(;;\ ;) (2+1) \anda((} ) {w(o (- Ipl )) (2+1) o —b(t+1) . :b > 0}u{0}.0

In the next theorem, we find r(C~ ), when ¢ is a hyperbolic non-
automorphism with Denjoy-Wolff point —1.

Theorem 3.6. Suppose that ¢ is not an automorphism. If ¢ and ¢,
fix =1, then @ is hyperbolic with Denjoy- Wolff point —1, ¢ is parabolic with

5) = |55 ) V2 and o (Cp ) = (= 1|2 <

translation number t, r(Cw s@
r(C’%&)}.

Proof. It is easy to see that —1 is the fixed point of ¢ o ¢,. We see
that (oo @) (1) = ¢'(pp(—1)) - v, (—1). Since by Lemmas 3.1 and 3.2, ¢
is parabolic, ¢'(—1) = 1 and so (¢)'(—1) = ¢},(—~1). Lemma 3.3 shows that
l(powp)(—1)] <1 and —1 is the Denjoy-Wolff point of ¢. Then ¢ must be
a hyperbolic non—automorphlsm W1th Denjoy-Wolff point —1. From Equa-

t

tion (5), p(z) = (ii)ﬁtt = Qﬁ_ 2:“ where ¢ is the translation number of

#
1+2—+tz

. 2
ing [1. Theorem 4.5], 7(C; 5) = | 552 (225) V2] = | 52855 (2 25) V2] and

0(0{576) ={z:]z] < T(C’WD)}. O

@. Since Cy , is J-symmetric, it is easy to see that ¢(z) = . Invok-

Note that although every complex symmetric composition C, must have
a fixed point in D (see [3, Proposition 2.1]), Theorems 3.5 and 3.6 showed
that there are complex symmetric weighted composition operators C - that
@ has no fixed point in D.

In [T4] Theorem 4.6] Jung et al. obtained an inequality for r(Cy.,), when
Cy,p is J-symmetric. In the next corollary, we find the spectral radius of
J-symmetric weighted composition operators, when ¢ is not an automor-
phism. Note that for an automorphism ¢, the spectral radius of C, , was
found in [13].

Corollary 3.7. Assume that © is not an automorphism. Let w be the
Dengjoy- Wolff point of .

10



(a) If w €D, then 1(Cyy) = [(w)].
(b) If w € 9D, then ¢ is parabolic and w is either 1 or —1. Moreover, if

w=1, then r(Cy,,) = ‘%‘ and if w = —1, then 7(Cy,,) = P(0)(2+1) 7

2+2t

where t is the translation number of .

Proof. (a) If w € D, then by Lemmas 3.1 and 3.2, ¢ has no fixed point
in OD. Then C, is compact or power compact. The result follows by the
Spectral Mapping Theorem, [14, Theorem 4.3] and [7, Proposition 2.6].

(b) Assume that ¢ has a Denjoy-Wolff point w € 9D. As we saw in Lemmas
3.1 and 3.2, ¢ must be parabolic with fixed point 1 or —1. By [I, Theorem
4.7] and the similar idea which was stated in the proof of Theorem 3.5, we

see that if w=1, then r(Cy ) = |[¢(1)] = ‘w‘ and if w = —1, then
r(Co) = I(-1)] = | 1952, 0

It is not hard to see that for |\| = 1, Cy(xz) 1s not power compact if and
only if there is ¢ € 0D such that ¢(A{) = (. In the following proposition, we
find the spectrum of power compact weighted composition operator CJ,@
when CIZ#E was given in the second part of Theorem 2.5.

Proposition 3.8. Assume that ¢ is not an automorphism. Suppose
that C’ ~ s as in the second part of Theorem 2.5. Let X be constant and

|A| = 1 Iffor each ¢ € D, ¢(X() # ¢, then O’(Cw =) = {(Aw) (Mg’ (Aw))™ :
n=0,1,..} andr( ) [ (Aw)|, when w € D cmd e(Aw) = w.

Proof. One may easily see that in this case C~¢ is power compact and
the result follows by the similar idea which was stated in the proof of The-
orem 3.4. (]

References
[1] P.S. Bourdon, Spectra of some composition operators and associated weighted com-
position operators, J. Oper. Theory 67 (2) (2012), 537-560.

[2] P. S. Bourdon and S. K. Narayan, Normal weighted composition operators on the
Hardy space H?(D), J. Math. Anal. Appl. 367 (2010), 278-286.

[3] P.S. Bourdon and S. W. Noor, Complex symmetric of invertible composition opera-
tors, J. Math. Anal. Appl. 429 (2015), 105-110.

[4] J. B. Conway, A Course in Functional Analysis, Second Edition, Springer-Verlag,
New York, 1990.

11



[5]
(6]
(7]
8]

[9]

raz,

C. C. Cowen, Linear fractional composition operators on H?, Integral Equations and
Operator Theory 11 (1988), 151-160.

C. C. Cowen and B. D. MacCluer, Composition Operators on Spaces of Analytic
Functions. Studies in Advanced Mathematics. CRC Press, Boca Raton, FL, 1995.

S. R. Garcia and C. Hammond, Which weighted composition operators are complex
symmetric?, Oper. Theory Adv. Appl. 236 (2014) 171-179.

S. R. Garcia, E. Prodan and M. Putinar, Mathematical and physical aspects of
complex symmetric operators, J. Phys. A: Math. Theor. 47 (2014): 353001.

S. R. Garcia and M. Putinar, Complex symmetric operators and applications, Trans.
Amer. Math. Soc. 358 (2006), 1285-1315.

S. R. Garcia and M. Putinar, Complex symmetric operators and applications II,
Trans. Amer. Math. Soc. 359 (2007), 3913-3931.

S. R. Garcia and W. R. Wogen, Some new classes of complex symmetric operators,
Trans. Amer. Math. Soc. 362 (11) (2010), 6065-6077.

G. Gunatillake, Spectrum of a compact weighted composition operator, Proc. Amer.
Math. Soc. 135 (2) (2007), 461-467.

O. Hyvarinen, M. Lindstrom, I. Nieminen, and E. Saukko, Spectra of weighted com-
position operators with automorphic symbols, J. Funct. Anal. 261 (2011), 831860.

S. Jung, Y. Kim and J. E. Lee, Complex symmetric weighted composition operators
on H?(D), J. Funct. Anal. 267 (2014), 323-351.

E. Ko and J. Lee, On complex symmetric Toeplitz operators, J. Math. Anal. Appl.
434 (2016), 20-34.

B. D. MacCluer, S. K. Narayan and R. J. Weir, Commutators of composition oper-
ators with adjoints of composition operators on weighted Bergman spaces, Complex
Var. Elliptic Equ. 58 (2013), 35-54.

S. K. Narayan, D. Sievewright and D. Thompson, Complex symmetric composition
operators on H?, J. Math. Anal. Appl. 443 (2016), 625-630.

S. W. Noor, Complex symmetry of composition operators induced by involutive ball
automorphisms, Proc. Amer. Math. Soc. 142 (9) (2014), 3103-3107.

J. H. Shapiro, Composition Operators and Classical Function Theory, Springer-
Verlag, New York, 1993.

M. Fatehi, Department of Mathematics, Shiraz Branch, Islamic Azad University, Shi-
Iran.
E-mail: fatehimahsa@yahoo.com

12



	1 Introduction
	2 Weighted composition operators
	3 Spectral theory

