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Wiener Index, Hyper-wiener Index, Harary Index and Hamiltonicity of

graphs

Guidong Yu? Lifang Ren, Gaixiang Cai
School of Mathematics & Computation Sciences, Anqing Normal University, Anqing 246133, China

Abstract: In this paper, we discuss the Hamiltonicity of graphs in terms of Wiener index, hyper-
Wiener index and Harary index of their quasi-complement or complement. Firstly, we give some
sufficient conditions for an balanced bipartite graph with given the minimum degree to be trace-
able and Hamiltonian, respectively. Secondly, we present some sufficient conditions for a nearly
balanced bipartite graph with given the minimum degree to be traceable. Thirdly, we establish
some conditions for a graph with given the minimum degree to be traceable and Hamiltonian, re-
spectively. Finally, we provide some conditions for a k-connected graph to be Hamilton-connected

and traceable for every vertex, respectively.
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1 Introduction

Let G be a simple graph of order n with vertex set V(G) = {vy,vs,...,v,} and edge set E(G),
denoted by e(G) = |E(G)|. The distance between two vertices v; and v; of G, denoted by dg (v, v;),
is defined as the minimum length of the paths between v; and v; in G. Let Ng(v) be the set of
vertices which are adjacent to v in G. The degree of v is denoted by dg(v) = |[Ng(v)|, the minimum
degree of G is denoted by §(G). Let X C V(G), G— X is the graph obtained from G by deleting all
vertices in X. G is called k-connected (for k € N) if |V(G)| > k and G — X is connected for every
set X C V(G) with |X| < k. Let G = (X,Y; E) be a bipartite graph with two part sets X,Y. If
|IX|=Y|, G=(X,Y;E) is called an balanced bipartite graph. If | X| =Y |+ 1, G = (X,Y; E) is
called a nearly balanced bipartite graph. For two disjoint graphs G7 and G4, the union of G1 and Ga,
denoted by G1 + Ga, is defined as V(G +G2) = V(G1)UV(G2) and E(G1 +G2) = E(G1)UE(G3);
and the join of G; and Ga, denoted by G V Go, is defined as V(G V Ga) = V(G1) UV (G2), and
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E(G1V G2) = E(G1 + Go) U{zy : € V(G1),y € V(G2)}. Denote K,, the complete graph on n
vertices, Oy, the empty graph on n vertices (without edges), Ky, = Oy, V Oy, the complete bipartite
graph with two parts having n,m vertices, respectively.

The complement of G is denoted by G = (V(G), E(G)), where V(G) = V(G), E(G) =
{zy : z,y € V(G),zy & E(G)}. The quasi-complement of G = (X,Y;E) is denoted by G :=
(X,Y; E'), where E' = {zy:2 € X,y € Y,zy & E}.

The Wiener index of a connected graph G, denote by W(G), which is introduced by Wiener

[17] in 1947, is defined to be the sum of distances between every pair of vertices in G. That is
W(G) = Z dg(?}i, ?}j).
03,0, €V (G)
We denote D;(G) = Dg(vi) = > dg(vi,vj), then
v; EV(G)

W(G) = % > Di(G).
=1

The hyper-Wiener index, as a generalization of the Wiener index, is traditionally denoted by
WW (G). The hyper-Wiener index of acyclic graphs was introduced by Milan Randié [16] in 1993
and extended to all connected graphs by Klein et al. [8]. The hyper- Wiener index of a connected
graph G is defined as

WW(@) =5 > delwv)+ Y, da(vi,vy).

v;,0; €V (G) v3,v; €V (G)

We denote DD;(G) = DD¢(v;) = Y.  d%(vi,v;), then

v; EV(G)
WW(G) = 1 S (Di(G) + DDAE)).
i=1

The Harary index is also a useful topological index in chemical graph theory and has received
much attention during the past decades. This index has been introduced in 1993 by Plavsi¢ et al.
[15] and by Ivanciuc et al. [7], independently. For a connected graph G, the Harary index of G,
denoted by H(G), is defined as

We denote ﬁg(vi) = > dg(i}' L then
v;eV(G) ©




A Hamiltonian cycle of the graph G is a cycle which contains all vertex of G. A Hamiltonian
path of the graph G is a path which contains all vertex of G. The graph G is said to be Hamiltonian
if it contains a Hamiltonian cycle, and is said to be traceable if it contains a Hamiltonian path. If
every two vertices of G are connected by a Hamiltonian path, it is said to be Hamilton-connected. A
graph G is traceable from a vertex x if it has a Hamiltonian x-path. A graph is traceable from every
vertex if it contains a Hamilton path from every vertex. All these concepts belong to Hamiltonicity
of graphs. The problem of deciding whether a graph has Hamiltonicity is one of the most difficult

classical problems in graph theory.

Recently, some topological indices have been applied to this problem. Up to now, there are
some references on the Wiener index, hyper-wiener index and Harary index conditions for a graph
to be traceable, Hamiltonian, Hamilton-connected, traceable from every vertex. We refer readers
to see [3 4, 5 © 8, @, 10, 11, 12, 21, 20]. Among them, Hua and Ning [6] give conditions for
an balanced bipartite graph to be Hamiltonian in terms of Wiener index and Harary index. Cai
et al. [4], in terms of Hyper-Wiener index, give conditions for an balanced bipartite graph to be
traceable and Hamiltonian, and a k-connected graphs to be Hamiltonian, respectively. Li [11] [12]
gives some conditions for a k-connected graph to be Hamiltonian in terms of Wiener index and
Harary index, respectively. Yu et al. [20] give conditions for a k-connected graphs to be Hamilton-
connected and traceable for every vertex and a nearly balance bipartite graph to be traceable in
terms of Wiener index, Harary index and Hyper-Wiener index, respectively. Especially, Liu et al.
[9] [10] give sufficient conditions for a graph to be traceable and Hamiltonian in terms of the Wiener
index and Harary index of its complement, and an balanced bipartite graph to be traceable and
Hamiltonian in terms of its Wiener index and Harary index of its quasi-complement, respectively.

As a continuance of the these results, we also study the similar problems.

In this paper, we discuss the Hamiltonicity of graphs in terms of Wiener index, hyper-wiener
index and Harary index of their quasi-complement or complement. In section 2, we present some
notations and some lemmas needed in the following. In sections 3-4, we present some conditions
for an balanced bipartite graph with given the minimum degree to be traceable and Hamiltion,
respectively. In section 5, we give sufficient conditions for a nearly balanced bipartite graph with
given the minimum degree to be traceable. In sections 6-7, we present some conditions for a graph
with given the minimum degree to be traceable and Hamiltonian, respectively. In sections 8-9, we
provide some conditions for a k-connected graph to be Hamilton-connected and traceable for every

vertex, respectively.

2 Preliminarie

In this paper, when we mention a bipartite graph, we always fix its partite sets, e.g., Oy, and

Opm.n are considered as different bipartite graphs, unless m = n.



Let G1,G4 be two bipartite graphs, with the bipartition X7,Y; and Xs, Y5, respectively. We
use G1 U G2 to denote the graph obtained from G1 + G2 by adding all possible edges between X3

and Y5 and possible edges between Y; and X5. We define some classes of graphs as follows:

O U Enpn(1 < k < n/2),
Okp—i UKn_p—1(1 <k <nj2),
Kip + Knpn(1 <k < n/2),

Ory1n—k U Kpp11(1
K1V (K + Kyp—g—1), (
KV (EKn_op + kK1), (
Kot + Kn_p1, (1 <k
KV (Kp_gp—1+ (k+1)K1),(1 <k <(n—2)/2).

Note that e(C*) = n(n — k — 1) + k? and C¥ is not traceable.

LEMmMma 2.1 If G be a connected balanced bipartite graph on 2n wvertices, then

W(G) < 2n° = 3n2 + 2n + 2(n — 1)e(Q).

Proof. Let G be the quasi-complement of G. Then

WG = > dgluv)

This completes the proof.

uweV(G)

1 2n R
5 Z D;(G)
=1

2n

(D _(dg(ai) + (2n = 1)(n — dg(@:) + (2n = 2)(n — 1))

=1
2n

=4n3 —5n? +2n — (n—1) Zd@(:nl)

i=1
2n

=dn® —5n% + 20— (n—1) Y _(n — dg(x:))

=1
2n

=20 = 30> + 20+ (n— 1)) da()

i=1

=2n% — 3n? + 2n + 2(n — 1)e(G).



LEMMA 2.2 Let G be a connected balanced bipartite graph on 2n wvertices, then

WW(G) < 2n* —5n% + 5n% — n + (2n% — n — 1)e(G).

Proof. Let G be the quasi-complement of G. Then
1

WW(G) = 5 > (dgu,v) + d%(u,v))
u,vEV(é)
1 2n R R
=7 2_(Di(G) + DDy(G))
i=1
2n
< i (da(xi) + (2n — 1)(n — dg(xi)) + (2n — 2)(n — 1))
i=1
2n
£33 (g () + (20— 10— dgle)) + (2n— 2(n — 1))
i=1
— An? 3 gn2 o 1 NS d
=4n* —6n° +4n“ —n — (n —§n—§); a(zi)
4 3 2 o 1 =
=4n" —6n° +4n° —n — (n° — gn = i)Z(n—dg(xl))

1
=20t — 503 +5n% —n + (202 — n — 1)e(Q).
This completes the proof.

LEMMA 2.3 Let G be a connected balanced bipartite graph on 2n wvertices, then

an®—n  2n—2

H(G) > —
&)z 4 —5 ~ o 1°

(@).

Proof. Let G be the quasi-complement of G. Then

~ 1 1 ~
HG) = ) ey =32 Palvi)
uweV(G) '

2n




This completes the proof.

LEMMA 2.4 Let G be a connected graph of order n, then

W(@) < %n(n 1)+ (n— 2)e(@).

Proof.

This completes the proof.

LEMMA 2.5 Let G be a connected graph of order n, then

WW(G) < zn(n—1) + %(n2 —n —2)e(G).

DO =



Proof.

WW(G) = 3 Z (de(u,v) + d%(u,v))

u,weV (G)

_ i (Di(G) + DD;(G))
=1

< i (dg(@:) + (n — 1)(n — 1 — d(x;)))
i=1

3 D (@) + (=1 (n— 1~ dw)))
i=1

= inz(n — 1)2 + —(2 +n— n2) Zn: d@(%)

=1
= 12— 1) + (240 n?) D (n— 1= da(x)

This completes the proof.

LEMMA 2.6 Let G be a connected graph of order n, then

H(G) > %(n2 —n) — Z: fe(G).
Proof.
H(G) = !
uweV () g (1, v)
=2 Dew)
=1
> % (dg () + ——(n — 1 — dg (1))

This completes the proof.



3 'Traceable of balanced bipartite Graphs

LEMMA 3.1 [T]] Let k be an integer and G be an balanced bipartite graph on 2n wvertices. If
0(G)=2k>1,n>2k+3 and
e(G)>n(n—k—2)+ (k+2)%

then G is traceable unless G C QF ork =1, G C R}.

THEOREM 3.2 Let k be an integer and G be a connected balanced bipartite graph on 2n vertices. If
0(G)=2k>1,n>2k+3, and
W(G) > 4n® — (2k + 9)n? + (2k? + 10k + 14)n — 2(k + 2)2,

then G is traceable unless k =1 and G C R),.

Proof. Since W(G) > 4n3 — (2k + 9)n? + (2k% 4 10k + 14)n — 2(k + 2)2, and by lemma 2.1,
we get e(G) > n(n —k —2) + (k + 2)%. By lemma 3.1 we obtain that G is traceable or G C Q¥ or
k=1,GCR..

If G C QF. Because @ is connected, and 0G)=2k>1,wegete(G)<n(n—k—1)+k(k+1)—
(n—k—1)—k<n(n—k—2)+ (k+2)2, a contradiction.

If k=1, G C R.. Because G is connected, and 6(G) > 1, we get k=1 and G C R..

This completes the proof. |

THEOREM 3.3 Let k be an integer and G be a connected balanced bipartite graph on 2n vertices. If
0(G)=2k>1,n>2k+3, and
WW (G) > 4n* — (2k 4+ 10)n® + (2k2 + 9k + 14)n® — (K* + 3k + 3)n — (k + 2)%,

then G is traceable unless k =1 and G C R},.

Proof. Since WW (@) > 4n — (2k +10)n3 + (2k2 + 9k + 14)n? — (k2 + 3k + 3)n — (k+2)2, and
by lemma 2.2 we get e(G) > n(n —k —2) + (k+2)%. By lemma 3.1 we obtain that G is traceable or
G C Qfl or k=1, G C R}. By the same discussion as the proof of theorem 3.2, we get the result.l

THEOREM 3.4 Let k be an integer and G be a connected balanced bipartite graph on 2n vertices. If
0(G)=2k>=1,n>2k+3, and

H(G) < (4k 4 12)n? — (4% + 20k — 25)n + 4k* + 16k + 16
dn — 2 ’

then G is traceable unless k =1 and G C R),.

~ 2_ 2 _ 2
Proof. Since H(G) < (4k+12)n°—(4k +i(1)1k_225)n+4k +16k+16

k —2) + (k +2)2. By lemma 3.1 we obtain that G is traceable or G C QF or k = 1, G C R}. By

the same discussion as the proof of theorem 3.2, we get the result. |

, and by lemma 2.3, so e(G) > n(n —



4 Hamiltonian of balanced bipartite Graphs

LEMMA 4.1 [13] Let k be an integer and G be a balanced bipartite graph on 2n vertices. If 6(G) >
k>1,n=>2k+ 3 and
e(G)>n(n—k—1)+ (k+1)%

then G is hamiltonian unless G C BE.

THEOREM 4.2 Let k be an integer and G be a connected balanced bipartite graph on 2n vertices. If
5(G)=k>1,n>2k+3,

W(G) > 4n® — 2k + T)n® + (2k + 2(k + 1)® + On — 2(k + 1)2,

then G is hamiltonian.

Proof. Since W(G) > 4n® — (2k + 7)n2 + (2k + 2(k + 1)2 + 4)n — 2(k 4+ 1)2, and by lemma 2.1,
thus e(G) > n(n —k — 1) + (k + 1)2. By lemma 4.1, G is hamiltonian or G C BY.

If G C BF. Because G is connected, and §(G) > k > 1, we get e(G) < (n—k)2+nk—(n—k)—k <
n(n —k—1)+ (k + 1)?, a contradiction.

This completes the proof. |

THEOREM 4.3 Let k be an integer and G be a connected balanced bipartite graph on 2n vertices. If
5(G)=k>1,n>2k+3,

WW (G) > 4n* — (2k + 8)n° + (2k% + 5k + 7)n® — (K + k + )n — (k + 1)2,

then G is hamiltonian.

Proof. Since WW (G) > 4n* — (2k + 8)n® + (2k% + 5k + T)n? — (k2 + k+ )n — (k4 1)2, and by
lemma 2.2 we get e(G) > n(n —k —1) + (k+1)2. By lemma 4.1, G is hamiltonian unless G C BE.

By the same discussion as the proof of theorem 4.2, we get the result. |

THEOREM 4.4 Let k be an integer and G be a connected balanced bipartite graph on 2n vertices. If
5(G)=>k>1,n>2k+3,

(4k + 8)n? — (4k? + 12k + 9)n + 4k% + 8k + 4

H(G) < pT— ,

then G is hamiltonian.

Proof. Since H(G) < (4k+8)n2_(4k22il2_]€;9)"+4k2+8k+4, and by lemma 2.3, so e(G) > n(n — k —

1)+ (k4 1)2. By lemma 4.1, G is hamiltonian unless G C BE. By the same discussion as the proof
of theorem 4.2, we get the result. |



5 'Traceable of nearly balanced bipartite Graphs

LEMMA 5.1 (Yu, Fang and Fan [19]) Let G be a nearly balanced bipartite graph of order 2n— 1. If
(G =2k>21,n>2k+1, and

e(G)>nn—k—2)+ (k+1)%

then G is traceable unless G C CF.

THEOREM 5.2 Let G be a connected nearly balanced bipartite graph of order 2n—1, where n > 2k+1,
0G) =z k>=1.1If

W(G) > 4n® — (2k + 14)n? + (4k + 2(k + 1)2 +16)n — 4(k + 1)% — 4,
then G is traceable.
Proof. Let G = G[X,Y], where X = {x1, 29, -+ 2, }, Y ={y1,92, -, Yn—1}-

WG = Y dauv)

n—1

5 (dg(y) + (2n = 3)(n — dg(y)) + (2n — 4)(n - 2))
i=1

n n—1
=4n® — 120" +12n — 4 — (n —2)(O_dg(xi) + > _ da(vs))
=1 =1

n n—1
=2n% —6n? +8n — 4+ (n— 2)(2 da(wi) + ZdG(yz))
i=1 i=1

=203 — 6n2 +8n — 4+ 2(n — 2)e(G),

where dg(z;) = n — 1 —dg(z;) and dg(y;) = n — dg(y;). Because W(G) > 4n3 — (2k + 14)n? +
(4k +2(k +1)2 +16)n — 4(k + 1)? — 4, we get e(G) > n(n —k —2) + (k + 1)2. By lemma 5.1, we
obtain that G is traceable or G C C*.

If G C CF. Because G is connected, and §(G) =k > 1, we get e(G) < k2 +n(n—k—1) — (n—
k—1)—k<n(n—k—2)+ (k+1)? a contradiction.
This completes the proof. |

10



THEOREM 5.3 Let G be connected a nearly balanced bipartite graph of order 2n—1, where n > 2k+1,
0G)=z2k>=1.If

WW(G) > 4n* — (2k + 18)n> + (2k% + 9k + 6—25)n2 — (5K + 12k + %)n +2k% + 4k + 8,
then G is traceable.

Proof. Let G = G[X,Y], where X = {z1,22,- - ,xn}, Y = {y1,¥2, " , Yn—1}-
1

WW(G) = 5 > (dgu,v) + d5(u,v))
u,vEV(é)
1 2n—1 R R
=1 (Di(G) + DD;(G))
=1
< 3 (gl + (2n = 3)(n— 1~ dg(es) + (20— 20— 1)

=1

~.

(dg(zi) + (2n = 3)*(n — 1 — dg(x;)) + (2n — 2))*(n — 1))

+
| =

i=1
1 n—1
+7 > (dayi) + (2n = 3)(n — dg(y:) + (2n — 4)(n — 2))
=1
1 n—1 ) )
+7 2 (daly) + (2n = 3)%(n — dg(ys)) + (2n — 4))*(n - 2))
i=1
51 5, 39 1 " s,
_ 4 3 2 2 (. ~(ay:
=dn" —160° + on® = Son 6+ o (~4n® + 100 - 4)(; dg(a;) + Z:; dg (i)
37 , 35 1 " i,
_ 4 3 2 2 . .
=2n' =90’ + T’ — Ton 4 6+ L (4n? — 100 + 4)(; de(zi) + ; da(y:))
=2nt —9n3 + 3?7712 - %n + 6+ (2n? — 51 + 2)e(@),

where dg (7)) =n — 1 —dg(z;) and dz(yi) = n — dg(yi). Because WW(G) > 4n* — (2k + 18)n3 +
(2k? + 9k + L)n? — (5k% + 12k + 2)n + 2k* + 4k + 8, we get e(G) > n(n — k — 2) + (k + 1)%
By lemma 5.1, we obtain that G is traceable or G C C¥. By the same discussion as the proof of

theorem 5.2, we get the result. |

THEOREM 5.4 Let G be a connected nearly balanced bipartite graph of order 2n—1, where n > 2k+1,
0(G)=zk>1.1If

(4k + 8)n? — (4k? + 16k + 17)n + 8k + 16k + 8

H(G) <
(@) yPo—- ,

then G is traceable, unless G C CE(k < 6).

11



Proof. Let G = G[X,Y], where X = {x1, 29, -+ 2, }, Y ={y1,92, - , Yn—1}-

G 1 1~
H(G) = 1 Boton
“ uweV(G) alu,v) 2 — G( )
1 & .
P 5;(6@( i)+ C— (n_l_d@(wi))—i- (2n—2))
14 -
+§ ZZl(d@(yi) + o — 3(n da(yi)) + @ 4))

And —8n2+3n n—2 & =
i e — 2n_3(;dc¥(ﬂfi)+;dc(y0)
_4n® —8n*+3n  2(n-2)
N dn — 6 2n —3

e(G)7

where dz(7;) =n — 1 —dg(zi) and dgz(y;) = n — dg(y:). Because

(4k + 8)n? — (4k? + 16k + 17)n + 8k + 16k + 8

3) <
H(G) < 4n — 6 ’

we get e(G) > n(n — k —2) + (k + 1)2. By lemma 5.1, we obtain that G is traceable or G C CF.
)n2+(16k%+48k+44)n—16k%—32k—19

Note k > 7, H(é\ﬁ) — %(n2 +2%kn—n — 2k2) > (4k+8)n3 —(4k%+24k+33

~

4n2—14n+12

If G C CF, then H(G) > H(CF). We get the result.

6 'Traceable of Graphs

LEMMA 6.1 [13] Let k be an integer and G be a graph of order n > 6k + 10. If 6(G) > k and

e(G) > ("_];_2) + (k+1)(k +2), then G is traceable, unless G C L or NE.

THEOREM 6.2 Let k be an integer and G be a connected graph of order n > 6k + 10. If §(G) > k

and

— 1
W(G) > 5(n3 — (2k 4 6)n? + (3k? + 15k 4+ 19)n — 6k — 22k — 20),

then G 1is traceable.

Proof. Since W(G) > 3(n® — (2k + 6)n* + (3k* + 15k + 19)n — 6k* — 22k — 20), by lemma

2.4, we get e(G) > ("_];_2) + (k+ 1)(k + 2). By lemma 6.1, we obtain that G is traceable unless

G C L or N*.

If G C L*. Note that W(LF) = n% — 2n — kn + k2 + 2k + 1. Then if G C

12

LF, we have
W(G) < W(LF) < %(n?’ — (2k + 6)n? + (3k% + 15k + 19)n — 6k% — 22k — 20), a contradiction.



If G C N*. Note that W(W) = %(2712 — 4n — 6kn + 5k + Tk + 2). Then if G C N*, we have
W(G) < W(Nk) $(n® — (2k + 6)n? + (3k? + 15k + 19)n — 6k* — 22k — 20), a contradiction.

This completes the proof. |

THEOREM 6.3 Let k be an integer and G be a connected graph of order n > 6k + 10. If §(G) > k

and

3 3

1
2) 3+(Zk2 k? ) 2

WW(6)>1n—( k+ +-n

4

then G 1is traceable.

Proof. Since WW (G) > in—(3k+ 303+ k2 + LBk+ L)n? — 3k2+ Zk+ S)n— 3k — Lk —5,
by lemma 2.5, we get e(G) > ("_5_2) + (k+1)(k+2). By lemma 6.1, we obtain that G is traceable
unless G C L or Nk,

If G C LE. Note that WW (LE) = 1(3n2 — 7n — 4kn + 4k% + 8k + 4). Then if G C L¥, we have
WW(G) < WW(LE) < 1nt — (2k+ 303 + Br% + Bk + )02 — 3k + Tk + Ln— 382 — Lk — 5,
a contradiction.

If G C N*. Note that WW(N*) = 3n% — Tn — 10kn + 92 + 13k + 4. Then if G C N*, we have
WW (@) < WW(INE) < Int — (k4 3)n03 + BR2 4+ Bl 4 )02 — (32 4 Tk 4 Lyn— 352 — L — 5,
a contradiction.

This completes the proof. |

THEOREM 6.4 Let k be an integer and G be a connected graph of order n > 6k + 10. If §(G) > k

and
(2k + 4)n? — (3k? + 15k + 18)n + 6k2 + 22k + 20

H(G) < S ,

then G 1is traceable.

Proof. Since H(G) < (2k+4)"2_(3k2+125:f218)n+6k2+22k+20, by lemma 2.6, we get e(G) > ("_];_2)+

(k4 1)(k +2). By lemma 6.1, we obtain that G is traceable unless G C LF or N¥.

If G C L*. Note that H(ﬁ) 1(n® +n+ 2kn — 2k? — 2). Then if G C L%, we have H(G) >
H(Lk) (2k+4)n —(3k2+15k+18)n+6k2+22k+20

=n 2n—2

If G C N*. Note that H(ﬂﬁ) = 1(n* + n + 2kn — 2k* — 6k — 2). Then if G C N we have

-_—_n
val Nk 2k+4)n? —(3k2+15k+18)n+6k2+22k+20
H(G) > H(NE) > G @ isks)

, a contradiction.

, a contradiction.

This completes the proof. |
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7 Hamiltonian of Graphs

LEMMA 7.1 [13] Let k be an integer and G be a graph of order n > 6k + 5. If §(G) > k and

e(G) > <n_§_1>+(k+1)2.

then G is hamiltonian, unless G C LY or NF.

THEOREM 7.2 Let k be an integer and G be a connected graph of order n > 6k + 5. If 6(G) > k
and

1
W(G) > 5(n3 — (2k + 4)n? + (3k* + 11k + 19)n — 6k* — 14k — 8),

then G is hamiltonian.

Proof. Since W(G) > 3(n® — (2k + 4)n® + (3k? + 11k 4+ 19)n — 6k — 14k — 8), by lemma 2.4,
we get e(G (" k= 1) (k +1)2. By lemma 7.1, we obtain that G is hamiltonian unless G C L
or NF.

If G C LF. Note that W(LE) = n® — kn — 3n + k> + k + 2. Then if G C L, we have
W(G) < W(LE) < L(n® — (2k + 4)n? + (3k% + 11k + 19)n — 6k% — 14k — 8), a contradiction.
If G C NF. Note that W(NF) = n? — 3kn — n + 5k* + 2k. Then if G C NF, we have

W (G) < W(NF) < $(n® — (2k + 4)n? + (3K + 11k + 19)n — 6k* — 14k — 8), a contradiction.
This completes the proof. |

THEOREM 7.3 Let k be an integer and G be a connected graph of order n > 6k + 5. If 6(G) > k
and

7

3 3,
— (5K + gk +2),

1
Sin2 (%1& 4 zk -

1
WW(G) > -n —( k4 1)nd + (= 1{:24—%1{:4-2 4)n

4

then G is hamiltonian.

Proof. Since WW (G) > tn*— (3k+1)n®+ (k2 + 3k + 2)n2 — (3k%+ 3k + Hn— Bk2 + Tk +2),
>

(" - 1) + (k +1)2. By lemma 7.1, we obtain that G is hamiltonian

by lemma 2.5, we get e(G) 5

unless G C Lk or NF.

If G C Lk. Note that WW (L) = 3n2? — 4kn — 9n + 4k? + 4k + 6. Then if G C L, we have
WW(G) < WW(LE) < In* — Ak + 1) + CR2 + Sk + 3)n? — CR2 + 3k + DHn— Gk + Tk +2),
a contradiction.

If G C NF. Note that WW(Nk) = 3n? — 10kn — 3n + 9k% + 5k. Then if G C N¥, we have
WW(G) < WW(NF) < Int — (3k+ )0 + (3k2 + 9k + 3)n? — Gk + 3k + Dn— (3K2 + Tk + 2),
a contradiction.

This completes the proof. |
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THEOREM 7.4 Let k be an integer and G be a connected graph of order n > 6k + 5. If 6(G) > k

and H(@) < (2k+2)n? —(3k2+11k+8)n+6k2+14k+8

53 , then G is hamiltonian.

Proof. Since H(G) (2k+2)n2_(3k2+21$]i;8)"+6k2+14k+8, by lemma 2.6, we get e(G) > ("_];_1) +

(k +1)2. By lemma 7.1, we obtain that G is hamiltonian unless G C L¥ or NF.

If G C LF. Note that H(LE) = 1(n? — 3n + 2kn — 2k* — 2k +2). Then if G C L
H(@) S H(ﬁ) > (2k+2)n%—(3k2+11k+8)n+6k>+14k+8

k
~, we have

, a contradiction.

2n—2
If G C N*. Note that H(NF) = 1(n®* —n — 3k* + k), Then if G C N, we have H(G) >
H(N_,’j) > (2k+2)n2—(3k2+21$ﬁ—i2-8)n+6k2+14k+87 a contradiction.

This completes the proof. |

8 Hamilton-connected of Graphs

LEMMA 8.1 J20] Let G be a k-connected graph of order n, where k > 2. If e(G) > "("_1)_§(n_k_1),

then G is Hamilton-connected.

By lemmas 2.4, 2.5, 2.6 and 8.1, and by direct computations, we get theorems 8.2, 8.3, and 8.4,

respectively.

THEOREM 8.2 Let G be a k-connected graph of order n, G be a connected graph, where k > 2. If

— 1 1 1
W(G) > §n3 -Gk + n? + 5(/<;2 + 3k + 1)n — k* — k,

then G is Hamilton-connected.

THEOREM 8.3 Let G be a k-connected graph of order n, G be a connected graph, where k > 2. If

Lo o b c e e r e ety L2 L
WW(G)>4n (4/<:+2)n +(4k +2k+4)n (4k 4/<;)n 2l<: 2/<;,

then G is Hamilton-connected.

THEOREM 8.4 Let G be a k-connected graph of order n, G be a connected graph, where k > 2. If

(k+1)n? — (k* + 3k + 1)n + 2k* + 2k
2(n—1) ’

H(G) <

then G is Hamilton-connected.
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9 'Traceable from every vertex of Graphs

LEMMA 9.1 [20] Let G be a k-connected graph of order n, where k > 2. If e(G) > w,

then G is traceable from every vertex.

By lemmas 2.4, 2.5, 2.6 and 9.1, and by a direct computation, we get theorems 9.2, theorem
9.3, theorem 9.4, respectively.

THEOREM 9.2 Let G be a k-connected graph of order n, G be a connected graph, where k > 2. If
el L3 1 2, 1.9 2

then G is traceable from every vertex.

THEOREM 9.3 Let G be a k-connected graph of order n, G be a connected graph, where k > 2. If
— 1, 1 1,4 1.5 1 1, 5 1.5 1 1 4
WW(G)>4n (4k‘—|—2)n —I-(4k‘ —|—4k‘—|-4)n (4k‘ 2k‘)n 21{: ,

then G is traceable from every vertex.

THEOREM 9.4 Let G be a k-connected graph of order n, G be a connected graph, where k > 2. If

(k+ 1)n? + (—k? — 2k — 1)n + 2k?

e
(@) < o ;

then G is traceable from every vertex.
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