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ABSTRACT. In this article we study localisation of spectral sums {Sgr}r>0
associated to the sub-Laplacian £ on the Heisenberg Group H? where Sg f :=
fOR dEyf, with £ = fooo AdE) being the spectral resolution of £. We prove
that for any compactly supported function f € L?(H?), and for any v < %7
RYSrf — 0 as R — oo, almost everywhere off supp(f).

1. INTRODUCTION

We define the standard Laplacian on R as A = — 2?21 8%25' It is a densely
j

defined positive, self-adjoint operator and it admits a spectral decomposition in
L?(R%). Using functional calculus we define Bochner Riesz means of order a@ > 0

corresponding to A by
1 (0%
Se=|1-—=A] .
(- mt),

When a = 0, we obtain the spectral sums {S%}r~¢ associated to A. Let f be a
measurable function on R? vanishing identically on an open subset © of RZ. We say
that the localisation principle for S% holds if limp_,o S%f = 0 either pointwise or
uniformly over compact subsets of €2. To be more specific, when the convergence is
pointwise a.e. we will refer to it as a.e. localisation principle.

Foranyd > 1and o > %, it is well known that S% f converges to 0 uniformly on
every compact subset of € for any f € LP(RY) with 1 < p < oo (see [4] and Chapter
7 of [I7]). In higher dimensions d > 2, in the case when o = 0, A. I. Bastis [2] and
P. Sjolin [16] proved a.e. localisation principle for compactly supported functions.
Later, Bastis [3] established the a.e. localisation principle for all functions f €
L?(R4). Around the same time, A. Carbery and F. Soria [6] proved that the a.e.
localisation principle is indeed true for functions f € LP(R?) with 2 < p < 2L
Using dilation and translation, and thus assuming without loss of generality that
f is identically 0 in the open ball {|x| < 3}, Carbery-Soria [6] proved their result
on the a.e. localisation principle by showing that for any g < 1, the following
weighted-norm inequality holds:

(1.1) /| sup [Shf(a)Pde < 0y [ LT

z|<1 R>1
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One could observe that the above inequality is stronger in the sense that it gives
the a.e. localisation principle for a larger class of functions, as for any 2 < p < dQle,
one has LP(R4\ {|z| < 3},dz) — L?>(R4\{|z| < 3}, |z|~7 dx) for any 3 > d(1—2/p),
by Holder’s inequality.

Recently, R. Ashurov [I] proved the a.e. localisation principle for the spectral
sums corresponding to the Laplacian on d-dimensional Torus T¢ for f € L?(T?).

Let H? be the Heisenberg group. We consider the positive sub-Laplacian (or
Kohn-Laplacian) £ on HY. Tt is known that £ has a self-adjoint extension on
L?(H%). Therefore, it admits a spectral resolution of identity such that £ =

fooo AE). We define the spectral sums of f corresponding to £ as Sgf = fOR dE\f.
In this article, we study a.e. localisation of these spectral sums Sgf.

Before stating our main result, let us also introduce the Bochner Riesz means of
order o > 0, corresponding to the sub-Laplacian £, which include the spectral sums
{Sr}Rr>0 as a special case. As we did in the case of A on R, using the functional
calculus of £ we define the Bochner Riesz means of order o« > 0 for £ as

1 (o7
Sg = (I — —E) .
R/,

Note that a = 0 corresponds to the operator Sg (that is, Sg = S%). When
a > 0, D. Gorges and D. Miiller [I0] proved that S%f converges a.e. to f as
R = oo forall f e LP(HY), %1 (L - 525) < L < L, where @ = 2d + 2 and
D =2d+1.

In this paper we are interested in establishing a.e. localisation principle for the

spectral sums {Sgr}r>o associated to £. We show that the following version of
localisation principle holds for compactly supported functions in L?(H?).

1

Theorem 1.1. Let f € L*(HY) be compactly supported. Then, for any v < 5

RYSpf — 0 as R — oo, almost everywhere off supp(f).

We remark here that our method does not extend to functions in L?(HY) that
are not necessarily compactly supported. We expect though that the above result
should hold without the assumption of compact support for functions.

Let us also mention some of the important developments on a.e. convergence of
spectral sums associated to the sub-Laplacian on other groups. In [I1], the authors
proved a.e. convergence of spectral sums for the right invariant sub-Laplacian £
on a connected Lie Group. In fact, there they proved an analogue of Rademacher-
Menshov theorem [I3], [I5] for general Lie groups. More precisely, they showed that
Srf — f a.e. as R — oo for any f such that log(2 + £)f € L*(G). See also [§] for
a similar result for spectral sums for the standard Laplacian A on R,

Organisation of the paper: We recall some preliminaries of the Heisenberg group
in Section[2l In Section[3] we state and prove some sharp weighted estimates for the
spectral sums (Theorem B]) from which the a.e. localisation principle (Theorem
1) follows immediately. We also state the key lemma (Lemma B3) in Section
that is required in establishing Theorem B.I] and the same is proved in Section Ml
In the proof of Lemma [3.3] we make use of an interpolation of certain Besov-type
spaces and we prove it separately in the Appendix (Section ().

Notation: For A, B > 0, the expression A < B indicates that A < C'B for some
C > 0. We write A Sg B when the implicit constant C' may depend on 5. We
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also use the notation A ~ B if A < B and B < A. The constants appearing in the
inequalities may change from line to line. We only keep track of the dependence of
the constants.

2. PRELIMINARIES

We recall basics of the Heisenberg group. The Heisenberg Group H? can be
identified with C% x R. The Haar measure on H¢ is given by the Lebesgue measure
on C? x R. We denote a point in H? by (z,t), where z = (z1,22,...,24) € C%
t € R, and z; = x; +iy;; x,y; € R. It is well known that H? is a simply connected,
unimodular, two step nilpotent Lie group under the group operation

(z,t)(w,s) = (z +w,t+ s+ %Im(z -1D)),

where z - w = Zd z;w;. The convolution of functions on H? is given by

j=1
fxglzt) = /Hd f(z, ) (w,s) g(w, s) dw ds.

We consider the following left-invariant vector fields on H%:

0 1 0 0 1 0 0
=g, e gy, e T A

for 1 < j < d. These form a basis of the vector space of left invariant vector fields
on HY. In fact, the Lie algebra of left invariant vector fields on H¢ is generated by
taking the Lie brackets and finite linear combinations of {X}, Yj}‘j:l. The operator

d
==Y (X7 +Y)),
=1

is known as the sub-Laplacian (or Kohn-Laplacian) on H?. It is known that £ is
a densely defined positive, hypoelliptic operator and it has a self-adjoint extension
on L?(H?), and that it also commutes with left translations. The spectrum of L is
well known (see, for example, Section 2.1 of [20]).

The action of £ on functions of the form f(z,t) = e**g(z), A # 0, leads us to the
following family of operators defined by Lf(z,t) = e**L()\)g(z). More explicitly,

0 0
L(\) = Agza + = /\2| |2+MZ (xj 5y yja—x).

These operators are called special Hermite operators and their spectral projec-
tions in L2(C?) are explicitly known (see, for example, Section 1.3 of [I9] and
Section 1.4 of [20]). When A = 0, L()\) reduces to A on R??.

Fix XA #£ 0. Let ¢, denote the Laguerre functions of order d — 1. Then, we know
that

LN ee(VIAL) = (A 2k + d)or (VA ).
If we write Eya(2,1) = e™or(y/]N2), then using the left invariance of L, it
follows that for f € S(H?), the space of Schwartz class functions on H?, we have

E(f * Ekﬁ)\) = f *EEkﬁ)\ = |/\|(2I€+d)f *Eky)\.



4 RAHUL GARG AND K. JOTSAROOP

In terms of the spectral resolution of identity associated to £, we have that
f € L?(HY) can be written as

f(z,t) T Z/ f* Epalz, t)| A% dX
R\{0}

in L%-sense. Note that f — f* Ej \ + f * Er _ is the spectral projection corre-
sponding to the eigenvalue |A|(2k + d).
Therefore, it suffices to work on the spectrum

{I\(2k+d): A e R\ {0}, ke NU{0}}

as A = 0 corresponds to the set of measure zero in the spectral resolution of £ given
above.

Recall that the Bochner Riesz means of order e« > 0, corresponding to L are
given by

« 1 ¢
+
In terms of the spectral projections, the above can be expressed as

k+ d)|A
22) Sif0 =g [ 2 (1 M) £ % Bea(s O A,
k>0

For any A € R, we denote by f* the inverse Euclidean Fourier transform (upto a
constant) of f in the last variable at the pomt A\, that is, fA(2) fR e dt.

It is easy to verify that (f * g)* = f* x, ¢*, where x, is called the )\ tw1sted
convolution on C% and is defined by

F x\G(z) = / F(z— w)G(w)ei%Im(z'@) dw,
Ccd

for any F,G € L'(C?).
For each k € N and A € R\ {0}, let us consider the operator Py » defined on
LN L2(CY) by

PP = Fx o uWIRE) = [ P = )V Ww)e 370 au.

It is known (see Section 2.1, page 53 in [20]) that each of (27) "¢\ P; \ ex-
tends to L2(C?) as an orthonormal projection, and for F € L?(C%), we have
F = (27)743 o0 NP (F) in L%sense. In fact, (2m)¢|A|?P;, is the spectral
projection of L(i) corresponding to the eigenvalue (2k + d)|\|.

Writing ex(z,t) = [5 [N“Erx(z,t) dX = [; [N%r(y/[A[2)e™ dA, one can verify
that

(2.3) [*Epxa(z,t) = (f = ek)f)‘(z)eMt = Pk),\(ff)‘)(z)ei)‘t|)\|d.

Therefore, one could also express S% as follows:

2k + d)| N\ B ;
597G = Gy [ 3 (1= EEIAN et an
R\{0} 1.>0 +
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By abuse of notation, we write S% as Sg. It is then clear from the above that
(2.4)

1 - it
Snf(:1t) = oy [, oy 2o X (BN BA N

Before proceeding further, let us also recall certain functional identities which
will be required in the proofs later.

Define ¢q,5(2) = (7(2,0)®4, ®s), the special Hermite functions on C?. Here
{®,}aene are the Hermite functions defined on RY and 7 is the Schrédinger rep-
resentation of the Heisenberg group. It is well known that the system {®,},cna
forms an orthonormal basis of L?(R?). Using the properties of the Schrédinger
representation one can show that |A\|%2¢, 5(1/|\|-) form an orthonormal basis of
L?(C%) (see, for example, Theorem 1.3.2 on page 16 in [19]). We note the following
identities:

(2.5) er(VINZ) = 2m)*? Y daa(VINR),

|| =k

and

(26)  Bur(VIA) xa b0 s (VIN) = 072N 8,5 (VIA e

The above identities can be found in [19] (Proposition 1.3.2 on page 21 and
identity (1.3.42) on page 22). In Theorem 1.3.6 of [19], the above mentioned identity
@3 is proved for A = 1 only. For A # 0, one can make a change of variables to
reduce it to the case of A = 1.

3. PROOF OF THEOREM [I.1]

Let || - | be the homogeneous Cygan-Koranyi norm on H¢ which is given by
) 1/4
(0] = (=1* +16[2)"* = <(Zj_1|zj|2) +16|t|2> . It is known that

| - || is subadditive on H? (see, for example, [9]). We write the corresponding
left invariant distance function dg((z,t), (w,s)) = ||(z,t)" (w, s)||. We also de-
fine the non-isotropic dilations {6, },~o on H? as d,(z,t) = (rz,7t), where rz =
(rz1,729,...,724) for z € CL. Tt is easy to verify that ||6,(z,t)| = r||(z,t)]|.

We denote by dcc the Carnot-Carathéodory metric on H¢, which is also referred
to as the control distance. It is well known (see, for example, Proposition 5.1.4 on
page 230 and Theorem 5.2.8 on page 235 in [5]) that dx and doe are equivalent,
that is, there exists a constant A > 1 such that

AildCC((zv t)a (wa S)) < dK((Za t)v (’LU, S)) < Adcc((z, t)a (wa S))

Note that for studying localisation principle, using non-isotropic dilation and left
translation, one may assume without loss of generality that f is identically 0 in the
open ball {(z,¢) : ||(z,t)]| < 3}.

Let 0 < ¢ < 1 be an even and smooth function on R such that ¥» = 1 on the
interval [-%, 2] and support of 9 is contained in the interval [—¢o, €o], for some
0 < ¢y < 1, which will be chosen later. Denote the characteristic function of the
interval [—R, R] on R by xx. Then, in L2-sense, we have

(v = 2 [ o i) ap.

™ Jo
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Using the above expression for yr in (1) (for @ = 0) one can see that for any
f € S(HY) we have

B Sefn=2 [ oDty dp

™

2 / Oowp)@cos(pﬁ)f(z,t) dp

+ 2 [ 0= 000 2 oo 2.0 .
™ Jo P

Note that cos(p\/Z) f is the solution to the wave equation for the sub-Laplacian
L with initial data f and initial speed 0. Since f is identically 0 on the ball {(z,¢) :
doco((z,t),e) < 3A71}, where e is the identity element of H, it follows from the
finite speed of propagation of the wave equation for £ on H? (see [12] and Theorem
6.2 in the appendix of [T4]), that cos(pvVL)f(z,t) = 0 on {(2,t) : doc((2,t),e) <
3A71 — p} for any 0 < p < 3471, As a consequence, choosing ¢ = A1, we get
that cos(pvVL)f =0 on {(2,t) : ||(2,1)]| < 2472} for any 0 < p < €.

Hence, for f = 0 on the set {||(z,t)| < 3}, choosing ey = A1, it suffices to study

(3.2) Brf(z0) = [ (= 0o) =02 oo D00,
for (z,t) such that ||(z,t)|| < 2A72.

In order to prove our result, we further break Bpr into simpler operators and
analyse each piece separately. Let ¥ be an even and smooth function on R sup-
ported in the interval [—2, 2], further with the property that 0 < ¥ < 1 and that it
is identically 1 on the interval [—1,1]. Restricting ¥ on [0, c0), it is easy to verify
that on [0, 00) one has

1= ";(p) + ¥(p),
=1

where Jj(p) = U(277p) — W(277Fp), for j > 1. Clearly, each Jj € C([0,00))
with support in [2771,29+1]. From this, we have

L=9(p) = (1=%(p) ¥(p) + (1= (p)) ¥(p).

j=1
Therefore, for any f € S(H?), we get

Brfe) = X [ 0= 000 3505 conpvDp 1) dp

i>1
sin(Rp)

+/O (1 —=(p)) ¥(p) cos(pV'L) f(z,t) dp.

Now, since 1 —1(p) = 1 on [eg, 00), and is identically 0 on (0, €y/2], it suffices to
analyse ., Br ; f(2,t), where

Brjf(o.t) = / T (1= 000) 55 0)

In fact, we can handle

/O T (1= 0(0) (o)

sin(£p) cos(pVL) f(z,t) dp.

SRP) s/ T) (2 8) dp
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in a similar manner since (1 — ¢ (p)) ¥(p) is compactly supported away from 0.
For each j > 1, we define

o ~  sin(Rp
mas) = [ 0= 00 G0 cos(on) dp.
0
Using the above expression for mpg j, we can rewrite B ; f(z,t) as

BR,jf(th) = mR,j(\/Z)f(th)
= ca > ms (VEE+DIN) Pea(F ) ()e™ A d.

R\{0} ;>0

We now study the following weighted bound estimate for 3 j>1Br;f-

Theorem 3.1. Let K C H¢ be compact. For any q < 1, and 0 < n < 1, the
following estimate holds:
2

t 2
(3.3) /”( sup R* | Br; f(z,0)| dzdt SK’M/| FEOE

sh)ll<2A—2 R>1 957 Golzs 1z 0l7

for any f € L2H\ {||(z,t)|| < 3}, ||(2,t)||""dz dt) such that supp(f) C K.

Using standard density arguments, Theorem [[T] follows immediately from The-
orem 3] In order to prove Theorem Bl we need to first estimate mpg ;’s and their
derivatives.

Remark 3.1. In [6], the authors proved an estimate similar to that in Theorem Bl
above for ¢ = 0 without any assumption on the support of f (See Theorem 2.2 in
[6]). However, for compactly supported functions, the inequality (33]) allows us to
put a factor of R?, for any ¢ < 1, in front of Spf and we still get an a.e. localisation
principle. If we restrict only to compactly supported functions in Theorem 2.2 [6],
we would get a similar inequality as ([B3]) above.
Lemma 3.2. For any l,k € NU {0}, there exists a constant Cjj > 0 such that
dl 2jl

—mp; <Clp———r,

'de Rd(n)' = l7k(1+2j|R—77|)k
forallm >0 and j,R > 1.

Proof. Recall that

i) = [ (1= 0(0)) () Sm(f”) cos(pn) dp.

Now, since 1 — ¢(p) =1 on [eg, 00), we have (1 —(p)) zzj(p) = Jj(p), for every
j > 1 (for sufficiently small ¢y > 0). A further simplification gives us that

L sin ((R+n)27p) +sin ((R —n)27p)
- 5/0 (W(p) — ¥(2p)) ; dp.

Recalling that W(p) — ¥(2p) is supported in [1,2], the usual integration by parts
gives us the desired estimates for mg ; and it’s derivatives. g
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We next move to a key estimate, which in essence is the analogue of Lemma 2.3
of [6], and this will be used further in the proof of Theorem Bl For this, we define
the operator T, as

T.f(zt) = / X @k + D) Pea (S ) (2)eM A,
R\{O}kzzo {11=4/|A(2k+d)|<e}

for suitable functions. We have the following estimate for the operator 7.

Lemma 3.3. For any 0 < 3 <1, and € > 0, we have

(3.4)

& [galF(2, 012 (z,8)[|?P dzdt  when 0 < e < 1;

[ sl dsde 5,
e B [ 1 F(2 OR)|(2, D)2 dzdt - when e > 1.

for any f € L2(HY, ||(2,1)||?? dzdt). Moreover, €®||(z,t)||*? on the R.H.S of the
inequality above cannot, in general, be replaced by €®||(z,t)||7 for any v < 28.

We postpone the proof of Lemma to the next section.

Remark 3.2. If we compare the above inequality with the one in Lemma 2.3 in [6]
(for the Laplacian A on R?), there it was shown that

/ IW(©)2dE < cad?™ / ()] de,
[[E]—t] <6 Rn

whenever 0 < o < 1/2, ¢t > 0 and 0 < 6§ < 2t. Here } is the Euclidean Fourier
transform of A on R™. The powers of ¢ and the weight function [£| on the R.H.S. of
the inequality above are the same. However, in Lemma above, because of the
non-isotropic homogeneity of the Cygan-Koranyi norm on H", we do not get the
same power in e and the weight function [|(z,1)].

Remark 3.3. As a consequence of Lemma B3] we get a refinement when f is a
compactly supported function. More precisely, given a compact set K C H?, for
any 0 < S < 1andn< g,
(3.5)
€ Jga | f (2, 0P|z, 8)|*dzdt  when 0 < € < 1;
/ |Tef(27t)|2 dzdt SKHQJI
d
" P Lo lF ORIz, 0] dz dt when e > 1.

for any f € L2(HY,||(2,1)||*" dz dt) such that supp(f) C K.

We are now in a position to prove Theorem [3.11

Proof of Theorem 3.7l Fix a 3 € (0,1) and 0 < < 3. Define 21 = 8 — 1. Let
w € C*(R) be such that 0 < w <1 on R, w(R) =1 when R > 1 and w(R) =0
when R < % For convenience, we work with the operator w(R)Bg, ;. Now,
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(3.6)
2 2
sup R |y " Brjf(z,t)| < sup R*|w(R)Y_ Br;f(z1)
R>1 i>1 ReR i>1

2

<, / S DY (RUw(R)Brjf (2 1)| dR

j>1
1/2
< Z(/ D7 (R¥w(R)Bre, (2. 1)) dR) |
j>1

for any % < v < 1, where the second last estimate follows from Sobolev inequality,
with D7 denoting the fractional derivative in R-variable defined by the Euclidean
Fourier multiplier as

(3.7) Dg(r) = |77g(7).
Therefore, by Minkowski’s inequality
9 1/2

(3.8) /”( sup R? w(R)ZBRJ-f(z,t) dz dt

2,)|<24-2 R>1 i

1/2
Sy Z (/ / |DY (RHW(R)BR,J‘JP(Z,lf))|2 dR dz dt) .
[(zt)[|<2A-2 JR

Jj=1

We will now analyse terms corresponding to each index j separately. Let us first
consider the case v = 0. Note that

BR-,jf(th) = (f * KR-,j) (th)a

where

K j(zt) = / T (1= () (o) Si“(pRp) cos(pVE)3(z. 1) dp.

where § denotes the Dirac distribution at origin in H?. We claim that Kg; is
compactly supported in {||(z,t)|| < 2771 A}. This claim follows from the fact that
cos(pv/L)6 is compactly supported in {||(z,t)|| < pA}, because of the finite speed
of propagation of the wave equation (as discussed in the beginning of this section),
and Jj(p) is supported in the interval [27=% 27F!]. For a large enough ¢ > 0, it
follows directly from the definition of convolution on H? that

(X{l->e21 f) * KR j(2,1) = 0,

for all (z,t) with ||(z,t)|] < 2472 and for all j. As a consequence, we may assume
without loss of generality that f is supported in the ball ||(z,#)|| < ¢27, and we shall
shortly make use of this assumption.
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Now, as also done in [0], it is enough to show that
(3.9) / / R*Mw(R)?|f * Krj(z,t)|*||(2,t)|| " dz dt dR
He JO

o 29727 [ 1f( 0 de .

By duality, the above is equivalent to proving

2
(3.10) /
Hd
oy 2902 J// R/ fa(z, ) 2I|(z, 1) [T R dR d dt.
H

dz dt
After applying Euclidean Plancherel theorem in the ¢-variable and orthogonality
of the special Hermite projections, we can write

2
L.

dz dt
= Cd

/OO fr*Kp (2, t)w(R)dR

/OOO fR * KRJ'(Z, t)w(R) dR
J(V @k + DA Pea(f2)(2) A “w(R) dR

By Lemma [3.2] it is easy to see that

|mR,j(\/(2k+d|)‘ )l LZ27 X{QJI\/Td)IM R|<2n} ((2k+d)|)‘|)

2
d\dz.

R2d+1 ©

for L > 0 large enough. So, it is enough to look at

[ > | X @i (2 DDPAUD (R aR

Now, we apply Cauchy Schwarz inequality to get

2
IN2?dNdz.

2

[ o i (@ 4 DD PLA R ) R)
<20 [ o (@6 DADIPeA D) (R)? R

0
We now consider the following two cases:

Using the non-isotropic dilation (z,t) — dr(2,t) for a fixed R > 0, it is easy to

see that by putting € = % in the inequality ([B3) of Remark 33 we get

[eS) 2
X{Qj‘ (2k+d)|)\‘_R‘S2n}((2k+d)|)‘|)Pk,k(f§)(2)w(R) dR |)‘|2dd)‘dz

R2d JR\{0} "%

n—j > A 2 2
< [Cf ] o XTI ey (2 + DD BA )P R) dz R
S0 229220 [ [ Pl ORI O R s dtd

for any 0 < 8 < 1 and n < 203, which is clearly satisfied as we have chosen n < 5.
Case 2. Whe

i
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Once again, we put € = %;j, and apply the non-isotropic dilation (z,t) —
(Rz, R?*t) for a fixed R > 0 in the inequality (.H) of Remark B3] and we have

/de R\{0} 7,

< [Cf ] 10, X BTy (2 + DDIPeA FRNEPs(R A i d= R

S 2092900 [ [Pl PRzt d

2
X{Qj‘ (2k+d)|)\‘,R‘S2n}((2k+d>|/\|)Pk,>\(f])%\)(z)w(R)dR |)‘|2dd)‘dz

S 292900 [ [ il O PO R st d

for any 0 < § < 1 and nn < B. The last inequality follows from the fact that w
is supported on [1/2,00). We can choose L large enough to make the above sum
convergent in n and take the maximum over weight function in R and the constant
in the inequality as well. Thus, we have

/ / RP(RY?|Bre f (2, 1) 2l (. 8)] " dz dt dR
Hd Jo
< 2*H’j/ |f(z,t)*dzdt
Nﬁﬁ )
Hd
~p 27 [ (02 dz dt
[[(z,t)]|<c27
oy 27970 / PNt ddt
[[(z,t)||<c27
o277 [ 1GOOI dede

for any 0 < 8 < 1, and 6 > 0 such that § — ¢ > 0. In the above estimation, we
made use of the fact that f is supported in the ball ||(z,t)|| < c27.

When v = 1, denoting by D! the distributional derivative in R-variable ﬁ%, one
could use similar method as above to prove that

L] [gtweetses i)

Sons 27 [ 1GOOI dz e

2
Iz, )||""dzdtdR

And then for 0 <« < 1, one could apply interpolation theorem for weighted LP

spaces (see 5.3 of Section 5, Chapter 5 of [I7] with pg = p1 = 2). In particular, we
have

[ [ 107 ) B o) o) de dear
HC JR

oo 2770 [P 01 O dede.
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Finally, given 6 > 0, one could choose % < v < 1such that 1 +J —2v > 0. Using
these estimates in inequality (B.8), we have

/ SUPR2#|ZBR,jf(Z,t)|2dzdt
|(z,t)]|[<2A—2 R>1 =
1\ 2
2
Soaa | D2 </ / |DY (R"w(R)Br,; f(2,1))* dRdz dt>
i>1 \llzt)l<24-2 JR
; 2
oo | 2 (277029 [ 15Ga0PIG 0l 0 dzat)
j=1 THd
S /H D))~ dzd.
Since 0 < 0 < 3 is arbitrary, this completes the proof of Theorem 311 O

4. TECHNICAL LEMMAS

We will prove Lemma [3.3] in this section. For convenience, we state it again.

Lemma 3.3. For any 0 < g <1, and € > 0, we have

(3.4)

e [qa [F (2 0)12)(2,0)|*P dzdt  when 0 < e < 1;

[ s dede 5,
e B [ 1F(z OR|(2, D)2 dzdt - when € > 1.

for any f € L2(HY,||(2,t)||?? dzdt). Moreover, €°||(2,t)||*® on the R.H.S of the
inequality above cannot, in general, be replaced by €°||(z,t)||7 for any v < 28.

Proof. We would like to first remark that when ¢ is away from 0, the estimate of
the lemma holds true easily. To see this, let € > 1, then ‘1 —VINQRE+d)| < €

implies [A|(2k + d) < 4€2. In this case one could use Plancherel theorem for the
Euclidean space in last variable and the orthogonality of Py )’s in L?(C%) to have

(4.1)
1
IT.f(2,1)]" dzdt < C 645/ o5 | P (f )2 cay | AP dX
/Hd ’ R\{o}%}) (AI(2k + d))? e
20564’8/ |L7Pf(z,t)>dzdt
Ha

S5 [ 10RO de .

where the last inequality follows from the Hardy-Sobolev inequality on the Heisen-
berg group (see Section 3 in [7]).



LOCALISATION OF SPECTRAL SUMS 13

Let us now assume that 0 < € < 1. Again, using the Plancherel theorem for the
Euclidean space in the last variable and orthogonality of Py )’s in L?(C?), we get

/|T€f(z,t)|2 dz dt

Hd

_ —A\ 12 2d
i 0 2 Xt (26 DBl AP

/R S X oty <0y (26 + DA [Poo () 2y A2 A

{0} >0
- / S B R AP N
MO} e coppac 2isae
=1+ I,
where,
L= / S IRl ) e AP A,
R\{O} 1 36 <2k+d< l‘t\?‘:e
[6e/|A]|>1
L= / S Pl e AP AN
R\{0} 1_ 1-8¢ ot d< 1‘4&3‘.5
[6e/|Al]=0

Now, using the fact that

S IPAE e W = Call Pl ey,
k>0

we get
I < f dA,
l,e B € / }|)\|,3|| ||l2 )

for every 8 > 0. Restricting S in the open interval (0,1), we invoke Hardy’s
inequality for fractional derivatives in A-variable to have

2
4 [ pplrelass (DR a=cs [ e or

where D?/2 denotes the fractional derivative in A-variable (as in (B7)).
Therefore, for any 8 € [0, 1),

L. <s eﬂ/ (2, )21 d dt.
Hd
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On the other hand, using relation (Z3]), we have that

b, — / 1P (F )2 oy A dA
R\{0} 1_3¢ Z i

1+3e
T <2k+d< T

[6¢/IA1]=0

—cd/ / |(f*e;€)_’\(z)|2d)\dz
c4 JR\{0} 1 3e

<2k+d< lﬁj

Lﬁé/\/\lj 0

/ > / (f*ek) Mz)|? dAdz.

2ktd< s mra <A<

For 0 < 8 < 1, using Lemma 2.3 of [0] in the above estimate, one gets

LeSse® Y / (f % ex)(z, )22k + d)P|t|? dz dt

2k+d<4+

<y eﬁz/ (f * ex) (2 )2k + )Pt de dt,

k>0

If we could show that for any 0 < 8 < 1,

43 Y [ e orersa il i sy [ 1fGoPIeol

k>0

then that would complete the proof of inequality [84) as stated in Lemma B3]
In fact, the following estimate holds true

(4.4)

Z/ (f xer)(z,t)[*(2k + d) P [t|P dz dt

k>0

o [ ieopid s [ [Pl d>\d+// EATRCI
~ Jha ' ce Jr\{0} I caJrygor  AP/2 ’

for any 0 < 8 < 2. We shall prove inequality ([@4]) later in this section (Lemma
D).

Assuming inequality (4] for now, and by restricting 8 in the open interval (0, 1),
we can once again invoke Hardy’s inequality for fractional derivatives in A-variable
(see (L2)). Thus, for 0 < 5 < 1, inequality (@A) implies

S [N e O+ e dzde S5 [ IO + ) dze
k>0

o [ 10RO dzde.

This completes the proof of the inequality [£3]) and hence of ([B4)).

Finally, we shall show that €®||(z,#)||*® which appears on the right hand side of
inequality ([3.4]) in the statement of Lemma B3] cannot, in general, be replaced by
A||(z,1)||” for any v < 2. To show this, let us assume on contrary that there exists
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some y < 2/ such that for all 0 < € < 1, we have
(4.5) [ LGP dede S € [5G OPIG I o,
Hd Hd
for all f such that the right hand side of the above inequality is finite.
Consider now a function f such that f*(z) = g(A)xp,y(z), where g is a
Schwartz class function on R, n a fixed positive real number, and B(0,7) the open

ball in C? centred at the origin and of radius .
By definition of the operator T, for any 0 < € < 1, we have

/ T f (2,0 dzdt
Hd
— [ S o (@4 DDA e N i
R\{0} 5
> Z X{1- A @k+d)|<e} (2k + DIADIPR (f )12 (cay [AF dA
R\{0} ;>0

> / o i< (2 DRDIE I o N

2 2
:c/ / F A (z)e dz‘ A1 dA.
[1—d|)||<e |/ Cd

In particular, for our choice of f, the following holds:
BN

—IAl=12
/ /XB(O,n)(Z)e > dz
[1—d|)||<e |JCd

¢ [ 100Pxm0n )OI dede

2
[G(=NPIAI dA

For € > 0 small, |\| ~ d~! in the integral on the L.H.S. of the above inequality.
Using this fact, we get that

/ G dX Sp.y € (77”/ lg(t)|* dt +/ lg() [t dt) :
j1-dlAll<e jtl<n? jt1>n?

By change of variables, it is easy to see that for R > 1, the last inequality implies
that

ao [ e

B8

€ i ol
< — 2 2 2 21tz
S8, n / gt)|*dt+ R / g(t)|“[t|=z dt ] .
B RA ( )< 2| ()' o> 2| ()' | |

n- n-
R R

Let us now choose g such that g(A) = ¢(A— R), for some ¢ € C°(R) with ¢ =1
on |A| < 1.1t is easy to see that g(t) = e"F¢(—t). For the above choice of g, it is
straightforward to verify that

/AI A |§()\)|2d)\2/ |§()\)|2d)\:26'
—R|<e

[A—R|<e
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Therefore, inequality (£6) implies that

6'8 -~ It -~ o4
¢ <o (o / B(—)? dt + R? / RENEIER AR
o1 RA ( <2 > 72

n

R
As we take R — oo, the right hand side of the above inequality goes to 0 because
by assumption 3 < . But € > 0, and therefore we arrive at a contradiction. This
proves the sharpness of the exponent of the weight in the inequality (B4 as stated
in Lemma B3] and completes the proof of Lemma [3.3 O

We had claimed estimate (£4]) in the proof of Lemma B3] and we establish it
below.

Lemma 4.1. For any 0 < 8 < 2, we have

@4
Z/ (f xep)(z,t)*(2k + d)~P|t|® dz dt

k>0

<5/ |f(z t)|2|t|5dzdt+// [Per d)\d +// 2P1rG) ’d)\dz
M S ca Jr\{0} |)\|B ca Jrypoy  IAP/2

for functions on H? for which the right hand side is finite.
Proof. Note that for g = 0, estimate (£4]) reduces to

(4.7) Z/ (f xex)(z t)|2dzdt</ |f(2,1)|* dz dt.

k>0

which is true in view of the Plancherel theorem for the Heisenberg group, and in
fact the above estimate holds with equality (upto a constant multiple).

For 8 = 2, we will prove the estimate (£4)) by analysing each summand of the
left hand side. For this, let us consider the functions w and ¢; on H? defined by
w(z,t) =t and ¢;(z,t) = z;. Note that

w(z, t)(f xer)(2,t)

1
=t | flz—w,t—s—=Im(z w))eg(w,s)dwds
Hd 2

= /Hd(t_ 5— %Im(z c))f(z —w, t—s— %Im(z -0))ex (w, s) dw ds

+/ sflz —w,t—s— %Im(z-u?))ek(w,s) dw ds
Hd

+ % /H Im(z- @) f(z — w,t — s — %fm@ - 0))ex(w, 8) dw ds

= (wf) xep(z,t) + [ * (weg)(z,t) + %/Hd Im(z- @) f((z,t)(w, )" Hep(w, s) dw ds.

Plugging Im(z - w) = —4 ;l:l ((zj — wj)w; — (£; — wj)w;) in the last integral
of the above expression, we get the following identity:
. d

(4.8) w(fxex) = (wf)*ex+ f*(wer) — (G ) = (Gew) = (G ) = (Gew))
1

]
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Note that the term % E?:l (¢ f) = (Gew) — (G f) * ((er)) appears in the iden-

tity (Z8) above due to the non-commutative group structure of H.
Therefore,

(19) 17 = el 0P 2+ 2 dz
S [ ) e 0PeE+d) 2 dsdi
Hd

* He |(f * (wer))(2, 1) *(2k + d) 2 dz dt
d
) (Cep)(z, )2 —2 1z
+3 [ M6D* G+ o) dsat

d

It is easy to handle the sum (over k > 0) of the first term on the right hand side
of inequality ([@3]). In fact,

(4.10)
I;)Aﬂdl((wf)*ek)(z,m (2k +d)~ dzdtSI;/HdK(wf)*ek)(z,m dz dt

:cd/ (wf) (=) d= dt

Hd

:cd/ £ (2, ) [2E[2 d dt.
Hd

To estimate the sum (over k > 0) of the second term of inequality ([@3]), we make
use of the recurrence identities for Laguerre polynomials and Laguerre functions
(see Page 92 of [20], and equation (5.1.10) on Page 101 of [I8]) to verify that

= (%ﬁk( |>\|Z)|>\|d) equals to

kE+d—-1

d k+1 A
(o) = g = s (V) + N

P (VI )

Therefore when z # 0, we have

(wer) (2, ) :t/Re%k( IN2) (Al dA

od
= At d
—Z/Re Y (cpk( [A|2)|A| ) d\

. d k+d—-1 k+1 A
=i [ (et - P () + e (VIN))
R\{0} A

|>\|d716i>\tdA.

Then, using the Euclidean Plancherel theorem in ¢-variable, we have that

/ |(f * (wew)) (=, 1) dt
R
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is equal to a constant multiple of

/ £ % (gwk(m')—w%—l(m')‘?
E\{0} 2 2

IA[29=2 d.

2

1%1(@-)) (2)

Using (Z3) and (26), the above identity implies that

/| (wer))(z, )% dt
is equal to a constant multiple of
d? Y 2
L[l et/
ca Jr\ {0y 4A|
(k+d—1)?
s [ ] E an (VIRDE)|
cd JR\{0} RY

(k + 1)
+// - ‘f %> o1 (V) ‘|)\|2dd)\dz
ca Jryvgoy 41

Hence, we have that

(4.11) Z/ (wer)) (2, )2 (2k + d) "2 dz dt
k>0
1 2
<Z/ /R\{O}W’f S VIRE)

k>0

1 N v2
=c — | (2)| dAd=z.
d/(cd /R\{o} |A[? )

Now, for estimating the sum (over k£ > 0) of the third term on the right hand
side of the inequality (@3], it is sufficient to analyse

N2 dNdz

1?1 d\ dz

dA\dz

(4.12) L1 = Gen (0 dz i

forafixed 1 < j < d, as the estimates for the terms with other j’s follow analogously.
We will now simplify the expression of ;e (z,t). Using (2.0]), we have

@ek(z,t) :/RZJS%( |)\|2)|)\|d it d\ — 27T d/2 Z /Zg¢aa |)\|2)|)\|d it d\.

lee|=k

We first look at Zj¢a,q(1/|A|2). It is known (see, for example, equation (1.3.24)
on page 18 in [19]) that

Zi0aa (V) = =N { 205 4+ 2) 26010, (VINZ) = (205) 2600, (VIN2) |
From this, we get that (Ejek)A (z) is a constant multiple of

A2 3 { @05+ 2) 2 00te,a(VINZ) = (205)260.a-e, (VIAIZ) AL

la|=k
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Applying the Plancherel theorem in the ¢-variable in (£I12) and making use of
the above identity for (Q_“jek)A (2), we get

/H () * Gew) (2 D) dz

_cd//‘ G 1) * (Gew) )

= C i i A z 2 dzd
¢ /(Cd /R\{O} |(<Jf) “ (CJEk) ( )| g
2

S j V20 , 2d—1
- /Cd /R\{O} |Zk(2aj + 2V T X Pakes o (VIAL ()] AP dzdA
2

)2 ¢GH o, a—e; Al)(z A 2d—1 dz d\
- /(Cd /R\{O} Iazk(2aj) (ij) XX ¢ ! J (m )( ) | |

dz d\

2
(2% + d) / / (G % bate, V@) A2 dzdA
o=k C R\ (0}
2
+ (2k + d) Z/ / xma,a_ej(\/m)(z)‘ A2 dz d),
o=k C TR\ {0}

where the last inequality follows from the identity ([2.6]) together with the fact that
IN%2¢4.5(+/]N]) are orthonormal in L?(C%).
From the above inequality, we get

(4.13) Z/ (G ) * (Cer) (2,02 (2k 4+ d) "2 dz dt

2
/ / CJ X)x ¢a+ej,a(\/ |>\|)(Z) |A|2d71 dz d\
k= 0|a\ i/ C? /R{O}
2
+Z Z/ / (G X2 basa—e, VIN)(Z)] AP dzdN
k=0 |a|=k Y C* /R\{0}

N// LR 1P drde
ca Jr\fo} Al

Similar calculations could be performed to estimate the sum (over k > 0) of the
fourth term on the right hand side of the inequality ([@9). Finally, substituting

estimates from (I0), (@II) and @I3) into [@I), we have
(4.14)

Z/ I(f * ex)(2,t)]*(2k + d)2|t|* dz dt

k>0

)x 2 )x
5/ |f(z,t)|2|t|2dzdt+/ / LRl d)\dz+/ / ELIPEL g
H ca Jry\joy Al ca Jr\{0} Al

Finally, we claim that for 0 < 8 < 2, the estimate (@4]) could be proved by
invoking interpolation between the parameters f = 0 and $ = 2 in the inequalities
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1) and (AI4). We postpone the proof of this interpolation to the next section
(appendix). This completes the proof of Lemma [£T] O

5. APPENDIX

We made use of an interpolation of certain Hilbert spaces while claiming in-
equality ([£4) in the proof of Lemma Tl We shall prove the same here. Consider
following Hilbert spaces:

(5.1) As ={f e 'R 1 ||f|? < oo},

for each 0 < s < 1, where D'(R??*1) is the space of tempered distributions on
R2d+l and
t 2
||f||§:/ Mdzdt—i—/ |D* f(z,t)° dzdt
R24d xR\{0} |t| s R2d+1

|Z|2S 5
4 (e D) d= dt.
R2d xR\ {0} [t°

Here D?, for 0 < s < 1, denotes the fractional derivative in ¢t-variable (see (B.1)),
DY is the identity operator, whereas D = D' stands for the distributional derivative
in t-variable. Note also that Ay coincides with L?(R24+1).

For each 0 < s < 1, and k = 0,1,2,3,..., let M7 = L?(C? x R,wi(z,t)dzdt),
with w(z,t) = (2k+d)~2%|¢|**, and consider following vector valued Hilbert Spaces:

oo
(M) = a=(a3);50 + a € M, allf,arey = D llaf I3y < oo
=0

Define the linear operator 7" on Ag + Ay by
Tf = (F *ex)io,
where f(z,t) = [, f(z, \)e™™ dA.
Then, as shown in inequalities (A7) and (I4) in the proof of Lemma Il T
maps Ay and A; boundedly into lo(M}) and l2(M}!) respectively, that is,
1T fliney S Mo
T fllipary < -

For each 0 < s < 1, the complex interpolation of the spaces lo(M}y) and l2(M})
is (see Page 121, Section 1.18.1 of [22]):

[12(M), l2(My)] | = Ia ([ M, My] ) -
Now, the interpolation of the spaces My and M} is well known and follows from

general theory of interpolation of weighted LP spaces (see, for example, 5.4, Page
241, Chapter 5 of [17]), and for each 0 < s < 1 we have

[MP, M] = M.
Finally, if we could show that Ay, for 0 < s < 1, is the complex interpolation
space of Ag and A, then we will have that T is bounded from A, into l3(M}), and

this will complete the proof of the inequality (£4]). We now explain the complex
interpolation of Ap and A;.

Theorem 5.1. Let the Hilbert spaces As, for 0 < s <1, be as defined in (B.1)). For
each 0 < s < 1, the complex interpolation of the pair (Ao, A1) is As.
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Proof. We closely follow the proof of [2I], and rewrite it to suit to our context. For
each j € Z, consider intervals Qj = (277973,27913) and Q; = (—279%3,—27973)
Clearly, these intervals have finite overlap, (0,00) = Ujezﬂj, and (—o0,0) =
Ujez2; . Choose and fix ¢ € C° (Qar) with the property that ¢ = 1 on the
interval [%,2], 0 < ¢ <1 on the interval (%,4), and 0 elsewhere. Now, define
oi(t)=¢ (2jt) for j € Z. Finally, for each j € Z, define

O] ; for ¢t € (0,00).

<&y . B
9(t) = {Z g i for £ € (700,0)
pIEENO)

Clearly, <Ej € Cx (Q;r U Q;), and Ej gj = 1. Moreover, for any t € (0, 00),

o SO bk — 6(6) 3 04(1)
di(t) = >
(i or(®) |
95 (0) 3055 s k(1) — 6i() 155 4 () _
(Crez o1() -

27,

In the last inequality, we used the fact that ez @k 1s uniformly bounded from
below on (0, 00). In fact, >, ., ¢x(t) > 1. Similar estimate holds true on (—o0,0).
For each 0 < s < 1, let us now consider the spaces

W5 ={feD'R*):[f|2, <o},

where || f||2 , is defined to be

S [ BFUGDEDE + D@0 OF + 2B\ )z O dza

JEL

‘We shall show that

(1) W5 is a Banach space.

(2) C®(R?? x R\ {0}) is dense in W5 in the || - ||« norm.

(3) W5 is the completion of C>°(R2? x R\ {0}) in the || - ||s norm. In other
words, the spaces A; and W3 are identical with norm equivalence.

It is easy to note that W2 is noting but Ay with norm equivalence. So, we only
need to study the case when 0 < s < 1.

(1) W35 is a Banach space.
It could be proved using standard arguments, so we omit the proof.

(2) C*(R* x R\ {0}) is dense in W5 in the | - ||s. norm.
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Take f € W3, then for any M € N large enough, ||f—f > 5k||§* equals to
k| <M+3

S S bl + DIDC Y By
7 k| >M+3 j |E|>M+3
3251 N GrdsflIRemaaes
J |k|>M+3

= D020 Y abifliamey + D IDNC DD ki Hfagaa

lj|>M |k|>M+3 |4|>M |k|>M+3

+ 3 Y R,

l5]>M |k|>M+3

using the fact that %QNS;C =0 for any j and k with |j — k| > 3. The above estimate
is bounded by

D 2 2Uekbiflageary + D0 D 1D (ki f)lEagary
3]>M [k—j5|<3 |71>M |k—7]<3

+ DD 2k fl T mean):

|51>M |k—j|<3

Clearly, the first and third terms of the above sum tend to 0 as M — oo. For
the second term, we claim that

1D*(dr )1 72 (moasry S 22ks||f||%2(R2d+1) + 1D f1 2 (maasay-
From these estimates with QNSj f in place of f, it follows immediately that

Jim [f =7 Y dullas =0,

|k|<M+3

The claimed estimate for Ds(gk f), for s = 1, follows once we apply Leibniz rule
for differentiation and then using estimates of derivatives of 5;{5. For 0 < s < 1,
we assume the claimed estimate for now. In fact, in the next step, we estimate the
full sum >, [D%(¢nf)|3- (r2a+1)- In those detailed calculations, one could easily
verify that the claimed estimate for each fixed k also holds. Thus, we have so
far shown that every function f in W2 could be approximated by a sequence of
functions supported in sets of the form R2? x K with K compact in R\ {0}.
Finally, one could use standard methods of approximation to complete the claim
that C2°(R2? x R\ {0}) is dense in W5 in the || - ||« norm.

(3) W5 is the completion of C°(R2¢ x R\ {0}) in the | - ||; norm.
It is straightforward to verify that

1 4 ~
/ (e, t) P i~ 3 2290 / (3,1) (= D) d dt,
R2d xR\ {0} It] F R2d+1

|Z|25

and/ |f(zt) dzdt~22j5/ 12125](6,£) (2, £)|? dz dt.
R24 xR\ {0} |t|S ; R2d+1
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Next, writing Q; = Q+ U Q) , we perform following calculations to estimate
Zj HD ((]5] )||L2(R2d+1). For 0 <s <1,

~ 2
S ID8 @y =X [ [ (Gu) 1) = GuN)GE  y g,
J J

[t; — to] 125

(6:0)(2,11) — (63.1) (2, 12)|?
S ;/R% /RXQj J |t1 — t2|1J]r2s dz dtl dtg,

which is dominated by

2 1f (2, L‘l) [z 1))
Z/RM‘/Q x € |¢] | | |1Jr2S o dtl dt2

+z/

2
| 6,00 = 5P 5 42 42 ary
2d Q; %y

R |t; — to|1H2s
|¢j t2 | 9
to)|* dz dty dt
+ZAZdACXSZ |t1_t2|1+25|f(2; 2)|? dz dty dts
= I+ II+1II.

We now estimate sums I, 1, and I11 as follows.

|f(z,t1) — f(z,t2)]?
1< dz dty dt
_Z/2d/9xsz [t1 — ta|t+2s e

t1) ts)|?
/ / fet) = f )t
R2d JR2 |t1—t2|1+25

= C“DSpr(de“)'

[65(t1) = 6;(t2) 2
11 = / / J J dtl f Z,tg dzdtg
; R0, < Q, |t1 —t2|1+25 | ( )|
< 22%5/ (Z,t2)|2d2d/t2

R24xQ;

< DR dz
R24 xR\ {0} |t|

Here we have used the estimate

/ 16(t1) — &;(t2)]? ity < 2%
Q

|t1 _ t2|1+25

J

which holds uniformly for ¢» € €25, and the proof of this estimate is

~ ~ ~ ~ 2
95(t1) — @5(t2)® . ¢;(t1) — ¢;(t2)
/Qj |ty — to|1F2s = /Qj tr — o]

< H%;—Hio/Q ty — £ 2 dty

J

[t1 — ta]' 2% dty

~ 22js
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Recalling that Q; = (=279%3,—27973) U (27773,27973) and gj are supported
n [—279+2,—27972) Uy [27772,279%2]  one can perform calculations similar to the
above ones to verify that

1 .
—dt; < 2%,
J, T %

and thus,

115y 2% / |f (2, t2)|? dz dts

; R2d % Q)

< (et o dz dt.
R2d xR\ {0} |’5|

So, we have have shown that for any 0 < s < 1, >, HDS(%—f)HN(deH) is
bounded by a multiple of || f|s.
Summarizing the above, we have that for any 0 < s < 1,

Sy% ~o ||f||5
For s = 1, while analysing || f||1,+, one could simply apply the Leibniz formula

for differentiation in the first two terms and then make use of the estimates of (;NS]-’S
together with the fact that these are supported in €;’s, and the above analysis for
the fractional differentiation for the third term to easily verify that

On the other hand, for 0 < s < 1,

/ D () dzdt
R2d+1

t1) t2)|?
/ / |f(z.t) — f(z, 2)| dz dty dis

<ZZ/2d/Q |35 (f5) (2 t1) = S (For) (2, 12) 2 A dt, dts

2 2 Jees Jo o oGP
+3 o7 143 -
ZZ/ / |Z;n:m_3(f¢j)(z,t1)— k:l_g(f¢k)(zat2)|2 dz di+ dt
= 1 ata.
o 1o JE2a S0 ) [t — tof 20

For each m, one could arrange the summand in the above expression in the
following manner. For m <[ < m + 9, write each pair of terms with same index
together and the remaining terms separately. For [ > m + 9, there is no common
index, and we write each term separately. Finally, one could apply Cauchy Schwarz
inequality to verify that the above summation is dominated by

f¢m (Z t )— (fam)(Z,t )|2
Z/Wd/fz X |t11— to|1+2s 2 dzdty dt

f¢m (Z t1)|2
+ / / dz dty dt
Z 2d JQ,, x Qe r

R |t1 _ t2|1+2

which is further bounded from above by

Z ||Ds(f¢m)”%2(R2d+1) + Z 22ms||f¢m”%2(R2d+1)'
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This completes the proof of the fact that for 0 < s < 1,

[£lls S W fllsx-

Finally, when s = 1, one could directly estimate Df in terms of D( f%m) as
follows :

e 2
_ o[
L2(R2d+1) N /]de+1 ; ot ( ’t) dz dt
2
Z/ f¢m)(zat) dz dt
f¢m
<

m L2(R2d+1)

Hence, for all 0 < s < 1, the two spaces (A, | - ||s) and (W35, ] - ||s.«) are identical
with norm equivalence. For any 0 < s < 1, since W3 is the complex interpolation of
W and W3 (see Page 121, Section 1.18.1 of [22]), it follows that A is the complex
interpolation of Ay and A;. This completes the proof of Theorem (.11 O

ACKNOWLEDGEMENTS

The authors would like to thank the referee for meticulous reading of the man-
uscript and for valuable suggestions which have greatly helped in improving the
presentation of the paper. The second author is very grateful for the kind hospi-
tality provided at IISER Bhopal where this project was initiated. This work was
supported in part by the INSPIRE Faculty Award of the first author from the
Department of Science and Technology (DST), Government of India.

REFERENCES

1. R. Ashurov, Generalized Localization for Spherical Partial Sums of Multiple Fourier Series,
J. Fourier Anal. Appl. (2019). https://doi.org/10.1007/s00041-019-09697-7.

2. A. 1. Bastis, The generalized principle of localization for an N-multiple Fourier integral Dokl.
Akad. Nauk SSSR 278 (1984), no. 4, 7T77-778.

3. A. I Bastis, The generalized localization principle for an N-multiple Fourier integral in classes
LP, Dokl. Akad. Nauk SSSR 304 (1989), no. 3, 526-529.

4. S. Bochner, Summation of multiple Fourier series by spherical means, Trans. Amer. Math.
Soc. 40 (1936), no. 2, 175-207.

5. A. Bonfiglioli, E. Lanconelli, and F. Uguzzoni, Stratified Lie groups and potential theory for
their sub-Laplacians, Springer Monographs in Mathematics. Springer, Berlin, 2007.

6. A. Carbery and F. Soria, Almost-everywhere convergence of Fourier integrals for functions
in Sobolev spaces, and an L?-localisation principle, Rev. Mat. Tberoamericana 4 (1988), no
2, 319-337.

7. P. Ciatti, M. G. Cowling, and F. Ricci, Hardy and uncertainty inequalities on stratified Lie
groups, Adv. Math. 277 (2015), 365-387.

8. L. Colzani, C. Meaney, and E. Prestini, Almost everywhere convergence of inverse Fourier
transforms, Proc. Amer. Math. Soc. 134 (2006), no. 6, 1651-1660.

9. J. Cygan, Subadditivity of homogeneous norms on certain nilpotent Lie groups, Proc. Amer.
Math. Soc. 83 (1981), no. 1, 69-70.

10. D. Gorges and D. Miiller, Almost everywhere convergence of Bochner-Riesz means on the
Heisenberg group and fractional integration on the dual, Proc. London Math. Soc. (3) 85
(2002), no. 1, 139-167.

11. C. Meany, D. Miiller, and E. Prestini, A.e. convergence of spectral sums on Lie Groups, Ann.
Inst. Fourier (Grenoble) 57 (2007), no. 5, 1509-1520.



26

12

13.
14.

15.

16.

17.

18.
19.

20.

21.

22.

RAHUL GARG AND K. JOTSAROOP

. R. Melrose, Propagation for the Wave Group of a Positive Subelliptic Second-Order Dif-
ferential Operator, Hyperbolic equations and related topics (Katata/Kyoto, 1984), 181-192,
Academic Press, Boston, MA, 1986.

D. E. Menshov, Sur les séries de fonctions orthogonales, Fund. Math. 4, no. 1, 82-105.

D. Miiller, Marcinkiewicz multipliers and multi-parameter structure on Heisenberg groups,
Lecture notes, Padova, June 2004.

H. Rademacher, Finige Sdtze iber Rethen von allgemeinen Orthogonalfunktionen, Math. Ann.
87 (1922), no. 1-2, 112-138.

P. Sjolin, Regularity and integrability of spherical means, Monatsh. Math. 96 (1983), no. 4,
277-291.

E. M. Stein and G. Weiss, Introduction to Fourier analysis on Fuclidean spaces, Princeton
Mathematical Series, No. 32. Princeton University Press, Princeton, N.J., 1971.

G. Szego, Orthogonal polynomials, Amer. Math. Soc., Colloq. Publ., Providence, R.I., 1975.

S. Thangavelu, Lectures on Hermite and Laguerre expansions, Mathematical Notes 42.
Princeton University Press, Princeton, NJ, 1993.

S. Thangavelu, Harmonic analysis on the Heisenberg group, Progress in Mathematics, 159.
Birkh&auser Boston, Inc., Boston, MA, 1998.

H. Triebel, Interpolation theory for function spaces of Besov type defined in domains. II,
Math. Nachr. 58 (1973), 63-86.

H. Triebel, Interpolation theory, function spaces, differential operators, North-Holland Math-
ematical Library, 18. North-Holland Publishing Co., Amsterdam-New York, 1978.

DEPARTMENT OF MATHEMATICS, INDIAN INSTITUTE OF SCIENCE EDUCATION AND RESEARCH

BHoPAL, INDIA.

Email address: rahulgarg@iiserb.ac.in

DEPARTMENT OF MATHEMATICS, INDIAN INSTITUTE OF SCIENCE EDUCATION AND RESEARCH

MOHALI, INDIA.

Email address: jotsaroop@iisermohali.ac.in



	1. Introduction
	2. Preliminaries
	3. Proof of theorem 1.1
	4. Technical Lemmas
	5. Appendix
	Acknowledgements
	References

