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UNIQUENESS AND CONVERGENCE ON EQUILIBRIA OF THE
KELLER-SEGEL SYSTEM WITH SUBCRITICAL MASS

JUN WANG, ZHI-AN WANG, AND WEN YANG

ABSTRACT. This paper is concerned with the uniqueness of solutions to the following
nonlocal semi-linear elliptic equation

eu

Joe
where Q is a bounded domain in R? and 8, \ are positive parameters. The above equation
arises as the stationary problem of the well-known classical Keller-Segel model describ-
ing chemotaxis. For equation () with Neumann boundary condition, we establish an
integral inequality and prove that the solution of (@) is unique if 0 < A < 87 and u sat-
isfies some symmetric properties. While for (@) with Dirichlet boundary condition, the
same uniqueness result is obtained without symmetric condition by a different approach
inspired by some recent works [I9] 21I]. As an application of the uniqueness results,
we prove that the radially symmetric solution of the classical Keller-Segel system with
subcritical mass subject to Neumann boundary conditions will converge to the unique
constant equilibrium as time tends to infinity if 2 is a disc in two dimensions. As far as
we know, this is the first result that asserts the exact asymptotic behavior of solutions
to the classical Keller-Segel system with subcritical mass in two dimensions.

Au — fu+ A =01in Q, (*)

1. INTRODUCTION

This paper is concerned with a system of partial differential equations modeling chemo-
taxis which refers to the active motion of biological species towards higher concentrations
of chemical substances that they emit themselves. The classical chemotaxis model is
well-known as the Keller-Segel (KS) system [29, [30], reading as

vy =V - (Vv —oVu) in Q,
ur = Au— fu+v in , (1.1)
Oyv=0,u=0 on 0,

v(x,0) = wvo(x), wu(z,0)=mup(x) in L,

where € is smooth bounded domain in RY(N > 2), v(x,t) and u(x,t) denote the cell
density and chemical concentration, respectively; 8 is a positive constant accounting for
the chemical death rate, v is the unit outward normal vector at the boundary 0.

The underlying equations in system (LI]) were proposed by Keller and Segel in 1970
[29, B0] to describe the aggregation phase of cellular slime molds Dictyostelium discoideum
in response to the chemical substance Cyclic adenosine monophosphate (cAMP) that they
secreted. An immediate result derived from (LLI]) is the mass conservation for v(x,t) by
integrating the first equation

)\::/Qv(x,t)da::/gvo(a:)da:.

Among other things, the most striking feature of the KS system (1) lies in the existence

of critical space dimension and critical mass. Roughly speaking, in one-dimensional space

(N = 1), the KS system (I.I]) admits globally bounded classical solutions [22, [42]. In the

two dimensional radially symmetric domain (disc), global bounded classical solutions exist
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(cf. [40]) if A < 87 (subcritical mass), whereas solutions may blow up in finite or infinite
time (cf. [23] 28]) if A > 87 (super-critical mass), where the critical mass 87 becomes
4 if € is a general domain without symmetry. In three dimensions, the solution may
blow up in finite time for any mass A > 0 (cf. [50]). Therefore N = 2 is a borderline
space dimension where a critical mass exists, and as such the KS model (L)) and its
variants (extensions) have attracted extensive attentions and a vast number of fruitful
results have been obtained (cf. review papers [0, 26, 24] and book [43]). However, as
far as we know, the long-time behavior of solutions to the Keller-Segel system (LT]) with
subcritical mass in two dimensions still remains unknown. It is the purpose of this paper
to explore this open question. Precisely we shall show that the radial solution of (I.1]) in a
disc with subcritical mass will converge to the unique constant equilibrium as time tends
to infinity. Since it has been shown in [I6] that the globally bounded solution (if it exists)
of (LI) converges to the steady states in L*°-norm, our question boils down to prove the
uniqueness of constant equilibrium for the stationary problem of (L1]) in 2 C R%:

V- (Vv—vVu)=0 1in(,
Au—pu+v=0 in €, (1.2)
o,v=0,u=0 on 0,
in the case of subcritical mass fQ x)dx < 8m. To study the stationary system (L2), we
note that the first equation can be ertten as
V- (vV(logv —u)) =0.

Testing the above equation against log v — u, then an integration by parts shows that any
solution of (L2]) verifies the equation

/ v|V(logv — u)|?dz = 0,
Q

so that v = Ce" for some positive constant C. Hence, all the solutions (v,u) of (L2l
would satisfy the relation v = C'e*. Denoting

)\:/vxdx

we have C' = f . Therefore, the stationary problem (L.2)) is equivalent to the following
nonlocal semi- hnear Neumman problem
U
Au — fu+ A\—— :0 in ,
Jo e (1.3)
d,u =10 on 0f),

and v = fecfidm. Integrating the first equation of (I.3]), one immediately obtains that
Q

/Qu(:n)da: = %
_i_

Ulx)=u(r)—1u, u= |Q|/ x)dxr = Ek (1.4)

the problem (3] can be transformed as the following

Then by a (new) shifted variable

{AU BU (1% — ) =0 in©, s

o,U=0 on 0f).
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From (L4) we know that the mean of U is zero, namely

/ U(2)dz = 0. (1.6)
Q

When 8 = 0, the nonlinear differential equation in ([LH) is closely related to the Gaussian
curvature problem on a surface (see [39]). In Onsager’s vortex theory the asymptotic
limit of the Gibbs measure yields to similar problems (see [9, [12] [31]). Moreover the
first equation of (5] on a torus arises in the Chern-Simons gauge theory [48] and has
been investigated among others by Struwe-Tarantello [46]. Chen-Lin [I3] and Machioldi
[38] have independently derived the Leray-Schauder Topological degree for (LH]) on the
Riemann surface without boundary. By assuming S > ﬁ — A1 and A > 4w, where \;

is referred to the first eigenvalue of the Neumann eigenvalue problem, Wang-Wei [49]
and Horstmann [25] have independently shown the existence of non-constant solutions for
(L3). Very recently, Battaglia obtains the existence of non-constant solutions to (LX)
with (A, ) in a wider range, see [4, Theorem 1.1] for the details.

Since the Neumann problem (LH)-(L6) admits a trivial solution U = 0, it is natural
to ask whether there is any other solution. When g = 0, a simple application of the
maximum principle will show that U = 0 is the unique solution to problem (L5])-(T4])
provided that A < 0 though it is not of interest in applications. For A > 0, the first
equation of (LH) (without Neumann boundary condition) on a standard sphere admits
only the constant solution whenever A < 8 (cf. [12] [32] 41]), while the uniqueness result
also holds for some flat torus provided A < 8 (cf. [33]). When Q is the unit disc,
Horstmann-Lucia [27] proved that U = 0 is the unique solution for Neumann problem
(C5)-(TE) if A < 22. The uniqueness result also holds when the solution is constant on
the boundary (i.e. oscpo(u) = 0) and A < 87. As a consequence of their results, we may
expect to conclude that U = 0 is the unique radially symmetric solution to the Neumann
problem (LH)-(LA) if A < 87 and € is the unit disc.

We remark that the above results for the Neumann problem (LH) with § = 0 can not be
converted to the Neumann problem (L2) since the transformation (L)) no longer works
for p = 0. Indeed, if 8 = 0, the integration of the second equation of (2] along with the
Neumman boundary condition yields that fQ vdx = 0, which along with the fact v > 0
indicates that (L2) with 8 = 0 has no solution if A > 0 or v = 0 if A = 0. Hence the
solution for the case 8 = 0 is clear but not of interest. To the best of our knowledge,
there are very few results available for the case 8 > 0 for which the shifted problem
(LA is equivalent to (L3) under the shifting (L4)). In this paper, we shall investigate the
uniqueness of solutions to (L3)) with 8 > 0 which is equivalent to (L2]) with v = ﬁidx.
Hereafter, we shall assume 3 > 0 unless otherwise stated. When §2 is the unit disc, Senba-
Suzuki [44, Theorem 4] have obtained the existence of nontrivial radial solutions of (L3])
for A > 8x. In this paper, we shall prove that the constant equilibrium v = B—);r is the only

radially symmetric solution to the Neumann problem (L3]) if € is the unit disc and A < 8.
Using the maximum principle, one can get u > 0 in €2 and we leave the proof in the appen-
dix (see Lemmal[6.I]). Therefore our study will be focused on the positive solutions of (L3]).

Our first result concerning the Neumann problem (L3)) is the following:

Theorem 1.1. Let Q be a non-empty bounded open set in R?. Then for A < 8m the
constant u = ﬁ is the unique solution to the problem (L3]) with oscon(u) = 0.

Remark 1.1: When 2 is the unit disc, we can obtain from Theorem [[1] that u = ﬁ—);r is

the only radially symmetric solution to the problem (3] provided A\ < 8.
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Inspired by the result of Theorem [[.I one may ask what happens if the condition
oscgnu = 0 is replaced by some symmetric condition, i.e., the solutions which are invariant
under the group of isometries of a unit disc. To state the results, we introduce the following
classes of functions:

HY ={we H(B):w=wog, YgeG}.
and
ﬁG::{wGHG:/wzo},
Q
where B denotes the unit disc. For any 6 € (0,27) and C # 0 we use the notations
Ry := rotation of angle 0,

D¢ := reflection with respect to O? (O stands for the orgin point),

and (g) stands for the subgroup generated by an isometry g. We list the following examples
which are used usually:

@)“mmw}:SOQ):{<

radial H'(B)-functions.

(b) HEx) consists of the H'(B)-functions satisfying w(z) = w(—z).

(c) Let Dy, : (Roy Jmo D¢) be a group generated by the rotation Ry, /m and a reflection
D¢. The group with 2m elements is called the m—th dihedral group. For m > 3,
it is the symmetry group of regular m-polygon.

cosf sinf

G .
_dind cos 9> ,0 €10, 271)}, the space H” consists of the

For solutions of (L3]) which are invariant under rotations, we have:

Theorem 1.2. Let G = (Ryr /), m € N with m > 2. If a non-constant function u € HE
solves the problem (L3l) in B, then

64 ; =9
As A, =4 Um=2 (1.7)
8m, if m>3.

To prove Theorems [LIHT.2] we first consider a more general problem

Au—g(u) + f(u) =0 in £,

u>0 in Q, (1.8)
d,u=0 on 0f),
where f, g satisfy the following conditions:
fig€ C*(R), [f(t),['(t) >0, g(t),g'(t) = 0 for t > 0. (1.9)
For equation (LL8]) with f, g satisfying (L9]), we derive an integral inequality
[ raweoe - ueiar = [ soBmow (110)

where
1
Ay = 9] /Qg(u)dm, w(t) ={z € Q:ulx) >t}

and Iq(s) is referred to the “isoperimetric profile” of Q with volume s, the detailed defini-
tion of the “isoperimetric profile” will be given in Section 2. In [27) [36], the authors study
the problem (L8] with g(u) replaced by a constant A = ﬁ Jo f(w)dz. In their approach,
a similar inequality of (LI0) is obtained with A, replaced by A. Different from their
problem, we assume that g(u) is a non-constant function with some increasing property.
To derive the inequality (I.I0), we have to estimate the integration of g(u) with respect
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to the level set of u. With a simple manipulation, see Lemma 2.2] we manage to estimate
the integration of g(u) in terms of the mean value A,. This is the key point which helps
us to generalize all the results to g(u) - a nontrivial function. Another new ingredient in
our proof is that we find to study the augmented functions ¥ and ¥ (see the definition of
U and ¥ in (B2)) together to show that the jump of each discontinuous point is positive,

see (33). It is different from the simpler case of constant function g(u), where ¥ and W
can be studied separately (cf. [27, [36]).

We shall apply our uniqueness results to exploit the asymptotic behavior of solutions
to the Keller-Segel system (I[LI]). Specifically we show that if A < A,, any rotationally
invariant solution to (L)) is uniformly bounded, exists globally and converges to the
unique constant equilibrium.

Theorem 1.3. Consider the problem (L) in the unit disc B C R%. Let (v,u) be a C2-
solution to (L) belonging to H® x HY with G = (Rog/m) (m > 2). If X < Ap, with Ay,
defined in ([LT), then the solution of (L)) is globally defined and

lim (v,u)(-,t) = <A i) in C'(B). (1.11)

t—ro0 ;7 /871'
In particular, if X < 8, any radial solution (v,u) of (LIl will satisfiy (LIT).

We remark that the convergence of solutions (LIl to the constant equilibrium as time
tends to infinity in the critical case A = 87 remains unknown. Indeed the asymptotic
behavior of solutions to the classical Keller-Segel system in the case of critical mass is a
rather complicated issue and the answer was only partially given in the whole space R?
for the case § = 0 (cf. [34] B5]). Although the asymptotics of solutions for critical mass
in a bounded domain still remains unknown in this paper, our results in Theorem [I.1] and
Theorem will shed lights on this problem for further pursues in the future.

The last problem to be considered in this paper is the uniqueness of solutions for the
following Dirichlet problem:
u =0 on 0.
The above problem is the steady state problem of the Keller-Segel system with mixed
zero-flux and Dirichelt boundary conditions

vy =V - (Vv —oVu) in Q,
up = Au — fu+ v in Q,
Oy —vou=u=0 on 0f),

u(x,0) =ug(z), v(r,0) =ve(z) in Q.

When § = 0, Suzuki [47] proved that if © is simply-connected, then the problem (LI2])
has a unique solution for 0 < A < 87 . The uniqueness result for A = 87 is obtained
by Chang-Chen-Lin [I1]. Later in [3] Bartolucci and Lin extended the result to multiply-
connected domains. Recently, based on the Bol’s inequalities and equi-measurable sym-
metric rearrangement, Gui-Moradifam [19] developed a new tool named “Sphere Covering
Inequality”. This inequality and its generalizations are applied to establish the best con-
stant in a Moser-Trudinger type inequalities, some symmetry and uniqueness results for
the mean field equations and Onsager vortex (cf. [I8, 19, 20, 21, 45] for details). Based
on their results in [19] 21], we shall derive the uniqueness of ([.I2]) in the subcritical mass
cases.
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Theorem 1.4. Let Q be an open bounded and simply-connected set in R, If0 < X\ < 8,
then there exists a unique solution of the problem (LI2)) with 8 > 0. While if X = 8,
equation (LI2) has at most one solution.

Remark 1.2: We remark that the the Dirichlet problem (LI2) no longer has a constant
solution provided that A > 0. In other words, the unique solution of the problem (12
for 0 < A < 87 must be non-trivial, which differs from the Neumann problem (L3]).
Furthermore, we can show that the degree of equation (II2)) is 0 for A € (87, 16m7), see
Theorem As a consequence, the Dirichlet problem (LI2) has no solution or at least
two solutions if A € (87,16m). On the other hand, we note that the existence of solutions
to (LI2) with A = 8 is still unknown and it may depend on the topology of © (cf. [3]
for B = 0). In this sense, A\ = 87 is a threshold for the uniqueness of solutions for the
Dirichlet problem (L12]).

The paper is organized as follows. In Section 2, we derive a differential inequality which
involves the distribution of u, the function || sty (u)dz, the average of function g(u) and
the isoperimetric profile of the domain. Based on this result, in Section 3 we derive an
integral inequality which is the key to the proof of Theorems The Section 4 is
devoted to the proof of our results on the Neumann problem ([L3]). While in Section 5 we
study the uniqueness of solutions to the Dirichlet problem. In the appendix, we give a
proof for the positivity of solutions to (L3]) in 2.

2. A DIFFERENTIAL INEQUALITY

In the present section, we shall establish a differential inequality, which plays an impor-
tant role in our discussion. Given two functions f, g which satisfy (L3]). We set

C(f,9) ={t]f(t) =g(t), t =0}, (2.1)
and consider the following nonlinear problem:
Au—g(u)+ f(u) =0 in €,
u >0 in , (2.2)
dyu =0 on 0f).

To proceed with our argument, we make the following preparation. Denote by H® the
s-dimensional Hausdorff measure in Q2. Given w C {2, its perimeter relative to €2 is defined
as

P(w,Q) == H' (0w N Q),
and its area H?2(w) will be denoted by |w|. (See Figure 1 for an illustration of dw N €2.)

FIGURE 1. For the figure on the left, the part on the left of the dashed
curve is w and the dashed curve represents dw N €2, for the figure on the
right, the part enclosed by the dashed closed curve is w and the dashed
closed curve represents dw N €.
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Definition 2.1. Let Oq be the class of open subsets w C §2 satisifying
w=w NQ, o &R?of class C*.
The “isoperimetric profile” of € is the function I : [0, |Q|] — (0,00) defined as
Io(s) == inf{H' (0w N Q) : w € Oq,H?*(w) = s}, Vs € (0,]Q]],
and we set In(0) = 0.

Remark 2.1: For each w € Oq the boundary of w in  is a 1-submanifold of class C'. We

remark that only dw N is taken into consideration in the definition of the isoperimetric

profile. We mention two properties of the isoperimetric profile that will be used in the
following:

Io(s) = Ia(I] — ), Vs € [0,]Q]; (2.3)

In(s)=0& s=0or s=|Q]. (2.4)

The symmetric property (2.3]) readily follows from the definition of isoperimetric profile,

while for (2.4 we refer to [17].
We will need the following lemma.

Lemma 2.1. Assume that (L9) holds. Then any non-constant solution u of problem (Z1)
satisfies

H2({u | f(u) # g(u)}) = 0.
Proof. Given a fixed t € R\ C(f,g), we divide {u =t} := E1(t) U Es(t) with
Ei(t) :={z € Q:u(zx) =t,Vu # 0},
and
Es(t) :={z € Q,u(z) =t,Vu(x) = 0}.
Using the implicit function theorem, we get the set Fj(t) is locally a one-dimensional
manifold. Then we can deduce that Fj(t) is at most countable union of sets of measure

zero. Hence H?(E1(t)) = 0 for all ¢t € R.
For the set Fs(t), using the equation (22)) we have

Au # 0, whenever u(z) ¢ C(f,g).

Therefore if ¢ ¢ C(f, g), then we have
Ey(t) Sz € Q: Vu(z) = 0,u(z) ¢ C(f,9)}
2
- U{x € Q: du(x) =0,V(9u)(x) # 0}.
i=1
Thus, for t ¢ C(f,g), the set Es(t) is contained in a finite union of 1-submanifolds. So we
conclude that H?(Fy(t)) = 0 for all t € R\ C(f, g).
From the above discussion we get H?(FE(t)) = 0 for all ¢t € R? \ C(f, g), which finishes

the proof. O

For any solution u of (Z1]), we introduce the following notations:
FO)i= [ flde, GO = [ g, u(t) = {u> 1] = 1 ({u > 1),
{u>t} {u>t}

and

(o) ::/ Fu)dz, G(1) ::/ gu)dz, () == [{u < £} = H2({u < ).
{u<t} {u<t}
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By Lemma 21 the functions F, F,G, G, p, and fi are continuous on R\ C(f,g). Fur-
thermore, if the set C(f,g) is finite, then the above functions are monotone and therefore
differentiable a.e. t € R.

We set

1
A, = — .
9 ‘Q’/Qg(u)dx

Before stating the main result of this section, we give the following lemma.

Lemma 2.2. Suppose that h is a non-decreasing function. For any solution u of (22,
it holds that

Aplfu > )] < /

h(u)dz and Ap|{u < t}| > / h(u)dz, Yt € [minwu, maxu].
{u>t} Q Q

{u<t}

Proof. We only give the proof of the first inequality, the other one can be proved similarly.
Using h is non-decreasing, we immediately get

f{u>t} h(u)d$ > f{ugt} h(u)dm
{u>t} = Hu<t}

AS a consequence
f{u>t} h(u)dx > f{u>t} h(u)dx + f{ugt} h(u)d‘r

= = Ah7
{u > t}| {u >t} + {u <t}
which implies
Anl{u > )] g/ h(u)da.
{u>t}
It proves the result. ]

Now we establish the main result in this section.

Proposition 2.3. Let f,g be a function satisfying [L9)). Assume C(f,g) is finite. Then
any non-constant solution u of [2.2)) satisfies the following inequalities:

d

L (A2~ F2) > A, (O0P(0) + 20 (O3 nl1)). Vi € B\ D, (2.5)
@ (4072 F?) 2 A, OF0) + 2/ O GE(D). WER\D,  (26)

where D :={u(z) : x € Q,Vu(x) = 0} and Io stands for the isoperimetric profile of .

Proof. At first, we notice that Sard’s Theorem ensures that the set of critical value D
associate to u has Lebesgue measure zero in R.

Let us prove (2.5]) first. By Lemma 2.1 the functions F, G and p are continuous on
R\ C(f,g). Therefore, by using the co-area formula, we obtain

() = — /{u:t} Wl—u'cml, Vt € R\ D, (2.7)
F'(t) = — /{u:t} %d%l = f(t)i/(t), Vt € R\ D, (2.8)
G'(t)=— /{u:t} %d%l =g(t)y'(t), Vt e R\ D. (2.9)

Secondly, by integrating equation (2.2)) on the set {u > ¢} and using the Stoke’s Theorem,
we obtain

/ IVuldH! = F(t) — G(t), ¥t € R\ D. (2.10)
o{u>t}
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Since

Hu >t} = (0{u>t}NQ)U(0{u >t} NoN)
= ({u=t}NQ)U (0{u >t} NOQ),

and furthermore u satisfies the Neumann boundary condition on 9{u > t} N 9, the left
hand side of (ZI0) equals to |, (u=t}n02 |VuldH'. Based on this observation, we have

F(t) = G(t) +/ VuldH, Vi € R\ D. (2.11)
{u=t}NQ

Using (ZI0)) and the assumption f > 0 we derive:

—F(t)F(t) = (G(t)—l—/{ :t}mQ|VU|d’H1>/{:t} %d?—[l

1 t
- / VuldH! / LY / SO / o(u)dz
{u=t}nQ fu=t} |Vl {u=t} |Vl {u>t)

2
> f(t) (/{ e dHl) — f(O) Agu(t)p'(t)

= fOH {u =13 N QP — f(t) Agu(t)p' (1),
(2.12)
where we have used the Schwarz inequality and Lemma Recall the definition of
isoperimetric profile of €2, we have

/ dH' = P{u > t4,9) > Io(u(t)). (2.13)
{u=t}NQ

Hence, (Z12)) and (Z.I3)) yield

L (Agfu® — F2Y ()2 FOIA(D) + S0P ),
where we have used b
fup' = f% = % () = f'u?).

Following almost the same argument, we can derive (2] by replacing (27)-(29) and
(ZII) with

FO = [ g B O = 1070, G0 = g0

and

Flt) = G(t) — /{ v

3. AN INTEGRAL INEQUALITY

In this section, we shall derive an important integral inequality, which plays a key role
in the proof of our uniqueness result.

Proposition 3.1. Assume ([L9) holds and the set C(f,g) is finite. The any solution u of
22) satisfies

% /_ Z FOuO(Q] — u(e))dt > /_ Zf(t)l%(u(ﬂ)dt- (3.1)



10 JUN WANG, ZHI-AN WANG, AND WEN YANG
Proof. For any solution u of (2.2), we set
to ;= minu, t; := maxu, Fo= [ f(u)dz.
Q QO Q

The result of Proposition B will follow by integrating the differential inequalities (25])-
(23] on the interval (tp,t1) as shown below.
Let us consider the functions

U= A fp? —F2 and W= A, fj? — F2 (3.2)

By Lemma 2] the functions ¥ and ¥ are continuous on any interval [a,b] C R\ C(f,g).
At the point ¢t € C(f, g), these functions may be discontinuous, and hence we have to treat
it separately.

For each a € C(f,g), we set I'y := {u = a}, and claim

U(at)+U(aT) —T(a™) - ¥(a)
= 2f(a)ITal [(F(a) — (a)Ag) + (@) Ay — F(a)) (3:3)
>0,

where (a™) :=lim. o ¥(a +¢), ¥(a®) = lim. o U(a+e).
Indeed, according to the definition of ¥ and ¥, we have

V(a®) = W(a™) = Agf(a)n(a)® — (n(a) + [Tal)’]

3.4
+(F(@) + @[T — F(a)? o)
and
U(a®) = U(a™) = Ay f(a)[(i(a) + [Ta])? = f1(a)?]
T ; (3.5)
+ F(a)” = (F(a) + f(a)|Ta])".
Adding (34]) and [B33) together, we have
U(at) +U(a™) - W(a™) - ¥la™)
(3.6)

= 2f(a)ITal [(F(a) - (@) Ag) + (i) Ay — F(a))] .

It is easy to see that A, = Ay from the equation (2.2) and the Neumann boundary
condition. Using Lemma 2.2] we get

F(a) > Jo flu)d F(a) - Jo f(u)dz _4
pla) = |9 fifa) = 19
which imply F(a) — u(a)A, > 0 and ji(a)A, — F(a) > 0. As a consequence, the right hand
side of (B.6) is non-negative. Thus the claim (B3] is proved.

By ([23) and (Z8), we have both ¥ and ¥ are monotone increasing on the intervals
o, t1] \ Usec(r,g)(@ —€,a +¢) for € > 0. Then we get

x:Af:Ag and =4y,

[ waes YD (W) - i) + B - gt iof (37)
o a€C(£.9)

Similarly, we derive that

AR ST B T R WS R (39)
fo acC(f,9)
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By Proposition 23] B.7)-(B-8) and B3), we get
t1

AP (1) — f(te)) > / (Ag F (D2 () + 2f (IR (1)) dt

to

n / (AP OR(E) + 2 (VI3 (A1) dt

to

= [ AP @) () + (19— p()?) d

to

w4 [ IR

to

t1 t1
= AgQP [ fl(t)dt+4 [ )T (u(t))dt

24, | L) () — |9t

where we used i = |Q — p and Ig(u) = In(|2] — w). Since f is differentiable, inequality
B3) yields:

0=4, P OuOm® — 12Ddt+2 [ FOL ),

to to

or equivalently

Ag PO - p@)dt =2 [ FOR ),

to to

which proves (B1]). O

Remark 3.1: Instead of using the inequality H!({u =t} N Q) > Io(u(t)) from (ZI3), we
can keep the term H!'({u = t}) and repeat the arguments of deriving ([B:I)) to get

% /_Z FOut) (9] — pt))dt > /_Z FOH ({u =t} nQ)%dt. (3.10)

In section 4, we will get the uniqueness result asserted in Theorem [[T] from the above
inequality (B.10).

Remark 3.2: When 2 is replaced by the mainfold M, we can also derive a counterpart
result of Proposition Bl Then a similar result of [36, Theorem 1.1] and some related
conclusions can be obtained by the same arguments (see [36], section 3] for more details).

4. THE UNIQUENESS OF THE NEUMANN PROBLEM ([[.3))

In this section, we shall apply the inequalities established in the preceding section to
prove the main results of the Neumann problem (3]
With

eu

flu) = )\W and  g(u) = fu, (4.1)
Q
the problem (2.2)) is turned to be

Au—5u+)\W:O in Q,

u >0 in €, (4.2)
dyu =0 on (.
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It is easy to check that f, g verify the condition (L9). In the next result we shall prove
eu
C.0) = e 0
fQ evdx

Lemma 4.1. Let f,g be defined in [@Il). Then
1<IC(f,9)l <2.

Proof. We divide our proof into two steps.

< +00.

Step 1. |C(f,g)| > 1. Using the boundary condition, we have

/f dm-ﬂ/udaz (4.3)

Then we claim that f(u(z)) = Su(x) must happen for some z € Q. Otherwise, We have
either f(u(x)) > Bu(z) or f(u(z)) < Bu(x) for all x € Q, which leads to [, f(u)dz >

B Jqudz or [ f(u)dr < B [, udz, it contradicts to {@3). Thus {u | f(u) = fu} # Q)

Step 2. |C(f,g)] < 2. Considering the function h(x) = f(z) — Bz, which is convex by
noticing that f is a convex function. As a consequence, the function h possesses at most
two roots. Hence, we finish the proof. O

Next we prove the following theorem, which is equivalent to Theorem L1l

Theorem 4.2. Let u be a non-constant solution of problem ([A2) with oscoq(u) = 0. Then
the following inequality holds:

B/ udx > 8.
Q

Proof. In Remark 3.1, we have pointed out that the following inequality,
4 / PO - no)i = [ F@Op (=) )k, (1.4)

By the setting of g, we have A, = fu. Setting ug := u|pn, we consider the regular values
of u:
Reg(u) := {t € R: Vu(z) #0, Vo € u~(t)}.
From Sard’s theorem we have R \ Reg(u) has zero Lebesgue measure, which along with
the implicit function theorem implies that
{u=1t} €Q, {u=t}is a l-submanifold of class C" for t € Reg(u) \ {uo}.

Next we claim that {u < ¢} or {u >t} must be contained in a domain enclosed by some
connected branch of the set {u = t}. Indeed, for any t # ug, without loss of generality we
may assume ¢ < ug. Then it is evident to see that {u < t} NIQ = () and the claim holds.

As a consequence
H {u=1t}NnQ) =H' ({u=1t}).
Next, by using the isoperimetric inequality we have

A ({u = 1) > 4w min{a(t), |9 — pu(t)[}, ¥ € Reg(u) \ {uo}. (45)
From (L) we get
SOPR {u=thP ar S AT e tout). (4.6)

FOp@) Q] = p(t) — max{u(t), Q] —pt)} €
Combining with the fact R \ Reg(u) has zero Lebesgue measure, ([£4) and (4.6]), we have
8w
Ba > 5T
jv
which yields the result. O
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Before proving Theorem [I.2] we shall give the following result on the general solutions
of (L3)) on the unit disc.

Proposition 4.3. Let Q be the unit disc. If u is a non-constant solution solving the

problem ([L3]), then
32
—
Proof of Proposition [{.3 When Q is a disc, it is proved in [8, 18.1.3] that
I3(s) 16 1]
N 0, —).

Q=9 a0

Using the condition f > f’ > 0, we have
B 16
s(1Q] —s)f'(s) = 7lQ|’

which along with Proposition [B.1] implies

A >

On the other hand, we have A = 8 fQ u. Thus, we get A > 3—73 and it proves the conclusion.
O

In the following, we shall consider the case that u is invariant under a rotation Ry. To
study the class of functions which are invariant by a rotation R2~, we recall a definition

in [27, 536]:
Definition 4.1 (isoperimetric profile) Given a group G of isometries of €2, we consider
the class of open subsets:

0§ == {w C Oq: gw) =w,¥g € G}.
The “G-isoperimetric profile” of €2 is defined as
I§(s) == inf {H' (0w N Q) 1w € OF , H*(w) = s}, Vs € (0,|Q]].
We set 1§ (0) = 0.

In the setting of “G-isoperimetric profile”, we can generalize the Proposition Bl to the
following result:

Proposition 4.4. Let ) € R? be a piecewise C'-domain. If G is a group of isometry of
Q and v € C%2(Q) N HC is a non-constant solution of &), then

S [ reuoael- ez [ rougmo)Pe

Proof. We can follow the proof of Proposition B.I] step by step to prove Proposition [4.4],
just by noticing that for almost every ¢ € R the level sets {u > ¢} and {u < t} belong to
5. 0

To continue our discussion, we need the following two lemmas. For the proof we refer
the readers to [27, Lemma 4.6-4.7].

Lemma 4.5. Let B be a disc of R? and set G = (Rar/m), m > 2.
(a) If w € OF is such that

(i) H'@NOB) =0 or (ii) H'(B\wnNadB) =0,
then H (0w N B) > min{(47w)z, (47[| B| — |w|])2}.
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(b) If w= U?:ol Ry, (wo) (disjoint union) with wy satisfying

wo € Op, H'@gNdB) > 0 and H'(B\ wyNIB) > 0, (4.7)
then
H1(OwN B) > nlp (%‘) . (4.8)

If B\w= U?:ol R, (wo) with wy satisfying [@1), then X)) still holds.
Lemma 4.6. For a disc B C R? and G = (Ror/m) it holds

(15 (s)]? , { 47 16m}
——————>miny =, ——= (-
s(|B| - s) |B| 7| B
With the above two lemmas, we can prove Theorem
Proof of Theorem [I2. For the solution v € H with G = (Ry, /m)> each of the level set

Qy := {u > t} is invariant under the action of the group. Then we deduce from Proposition

A4 that f
B Joudx [ 0
SR [ ram0e - uoye > [ roU§ P,

u

with f(u) = /\ﬁ and Q = B. Using Lemma (.6, we get
Q

A {g_g” if m =2,
—_ >

4 :
2|19 an if m > 3.
Then
\ - o, %f m=2,
8m, ifm >3,
which finishes the whole proof. O

Next we shall apply Theorem to derive the optimal inequalities for the functional

I (u):
Ja(u) = %/Q\Vulzda: + g /Q |u[*dz — \log </Q e“dm) .

Proposition 4.7. Let J{"(-) be the restriction of Jx(-) to the space HC with G = (Ro /), m >
2. Then the following hold:
(a) The functional J{*(-) is bounded from below whenever A < 8.
(b) If m > 3 and X\ < 8, the functional J*(-) admits a unique global minimizer given
by u = ﬁ
(¢c) For m = 2, the functional J*(-) admits a global minimizer for each A < 8.

Furthermore, the this global minimizer is unique and given by ﬁ whenever A <

64
2R

Proof. Let us first prove that when A < 87 we may find a constant C' > 0 depending only
on A and || such that

Ja(u) > —C, Yu € HF2r/m),
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We need the following inequality. For a bounded domain Q of R? whose boundary is C2-
piecewise with finite number of vertexes, denote by f the minimum interior angle among
all the vertexes. Then we have the following Moser-Trudinger inequality (cf. [10, [14]):

/ 6299( \VuH2> dx < Cy, Yu € H(Q).
Q

As a consequence, we have

log/ e'dr =

/ud:n—l—log/ e Uy
(u—7)2

|u| dm+ / \Vul|?dz + |Q| + log Co,

IN
%‘Q [O‘ — [O‘

and it implies that
1 2 B 2 u 1
— [ |Vul*dz + = [ |u|*dz — 460q log ede | > —C1, ue H (). (4.9)
2 Ja 2 Ja 0
Now fixing P # 0, we consider a fundamental domain
x-OP 0
I(P,0) := {:17 € B\ {0} : 0 < arccos <7> < —} ;
[zllloP] /) 2
and split II(P, 0) as follows:
IL.(P,6) == {x €X:z-Rz(OP) > o},
I (P,6) := {x €%:z-R:(OP) < 0}.

In I, for any u € HF2x/m) we have

Ia(u) : = %/B|Vu|2d:17+§/3|u|2d:n—)\log (/B e“da:)
1
:m<—/ |Vu|2d:17+é/ |u|2dx—ilog </ e“dm)).
2 I 2 I m I

For the domain II, we apply the inequality ([A.9) with 61 given by

z iftm=2,3
0 29 )y
. {—2”, if m > 4.
m

(4.10)

Then we see that ([@I0) is uniformly bounded from below if
i§49n: 271, %fm:2,3,
m >, ifm >4,

which is equivalent to
2mm, if m = 2,3,
A<
— | 8m, if m > 4.

This proves that (AI0) is uniformly bounded from below provided A < 8t and m > 4.
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For m = 2,3, using the Steiner symmetrization, we can assume that the function w is
radial. As a consequence, the fundamental domain II is replaced by I} and

I(u) = %/ \Vu|?dz + g/ lu?dz — \log </ e“dm)
B B B
=2m 1 / \Vu|>dz + s |u|?dx — A log / e'dx | ).
2 I, 2 i 2m I

Notice that in II;, the constant 6y, = .. Using ([3)), we see ([AII) is bounded from
below if

A ™

Zo<q

2m — m
which implies A < 87. Thus we have deduced that the functional Jy(u) restricted to the
space HC is bounded from below when A < 87. From the standard variational argument

we can find Uy, € H (R2r/m) guch that
Ja(w) > Jx(umin), Vu € HFor/m),

Then the remaining assertion of Proposition[4.7is a direct consequence of Theorem[T.2l [

(4.11)

Now we ready to prove Theorem

Proof of Theorem[I-3. Applying Proposition [£7] and the arguments in [40, Theorem 1.1],
we can conclude that any solution (v,u) € HY x HY of () is globally defined whenever
A < A, and show that

Jim sup (o, )| ey + (e, 1) @) < oo.

From the result [I6, Theorem 1.1], we get that the classical solutions converge in C'(B) as
t — o0 to a stationary solution. Particularly, this convergence holds true for a subsequence
(tx)ken in the sense that

Uoo

s 2
WIHL(B)aStk—)OO,

v(ty) —
and
u(ty) — uso in HY(B) as tj, — oo,

where 1o is a solution of (L3). It is known by Theorem that u = ﬁ—);r is the only

solution to the problem (I3) provided A\ < A,,. Thus, a solution (v,u) € HY x HE of
system (LI) must converge to the constant solution (2, Biﬂ) as t — oo when A < A,,.

Finally, if A < 8m, the convergence to the constant equilibrium of any radial solution of
(LI) results from Remark 1.1. O

5. UNIQUENESS OF THE DIRICHLET PROBLEM ([L12])

In this section, we shall provide a complete proof of Theorem [[.4l Indeed, we may
consider a more general problem:

Au—g(u) +A+—%—=0 inQ,
Jq evda
u>0 in Q, (5.1)
u=20 on 052,
where ¢ satisfies that g(x), ¢’ () > 0 for 2 > 0.
Concerning the problem (B.1I), we obtain the following conclusion,

Theorem 5.1. Let € be an open bounded and simply connected set. Assuming that u; €
C2(Q)NCQ)(i = 1,2) solve the equation (51) and uy # ua, then \ > 8.
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We prove the above result by following the same spirit as treated for the Neumann
problem (L3]). Precisely, we focus on the difference between the integration of g(ug) and
g(uq) with respect to the level set of ug — g, instead of the pointwise comparison between
g(uz2) and g(uq). To begin with the argument, let us recall the classical Bol’s isoperimetric
inequality, see [I 2, [6] and [8] for a detailed history of the Bol’s inequality.

Theorem 5.A. Let 2 C R? be a simply-connected and assume w € C?(Q)NC(Q) satisfies

Aw+e¥ >0, / e’dx < 8.
0

Then for every w € Q of class C' the following inequality holds

</8we%d:s>2 > % </wewd:n> (87T—/we“’d:n>.

Moreover the above inequality is strict if Aw + e* > 0 somewhere in w or w is not simply
connected.

For 6 > 0, the function defined by
02‘x’2
Up(z) = —2log [ 1+ g +2log 0 (5.2)

satisfies the following property

2
AUy + eV =0, and (/ e%d:E) = % (/ eUadaz> (877 —/ eU9d$> ,
OBy r r

for all » > 0 and 6 > 0, where B, denotes the ball of radius r centered at the origin in R2.

Next we shall recall some facts about the rearrangement with the measures. Such
discussions have been detailed in [1 2] B] [IT], 19} [47], we shall sketch the process here only.
For any function ¢ € C?(Q2) which is constant on 92 can be equimeasurably rearranged
with respect to the measures e“dz and eY?dx, where u is a function satisfying that Awu +
e* > 0 and Uy is defined in (2.2). For any ¢ > min_ g ¢, we define 2} be a ball centered

at the origin such that
/ eYody = / e'dr.
Q {p>t}
Then we define ¢* : Q* — R by

¢*(x) :=sup{t e R: x € Qf},

which gives an equimeasurable rearrangement of ¢ with respect to the measures e*dz and

eVoda:
/ eVodr = / e“dx, VYt > min ¢.
{¢*>t} {p>t} zeQ

For functions ¢ and ¢*, by using Proposition 5.A, the following conclusions hold.
Proposition 5.B. [19] Let u € C%1(Q) satisfy
Au+e* >0 in 9,

and let Uy be given in ([B2). Suppose ¢ € C*(Q) and ¢ = C on Q. Let ¢* be the
equimeasurable symmetric rearrangement of ¢ with respect to the measures e*dx and eV dz,
then it holds for all t > min g () that

/ |V¢*|d0§/ Vol do.
for=t) fo=1}

*
t
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The following two lemmas are the consequences of the Bols’s inequality and reversed
Bol’s inequality in the radial setting respectively.

Lemma 5.C. [19] Assume that ¢p € C%'(BR) is a strictly decreasing, radial, Lipschitz
function, and satisfies

/ \Vy|do < / eVdx (5.3)
0By B
a.e. 7 € (0,R) and 1p = Uy, = Uy, for some 3 > 01 on OBr. Then there holds
either / eVdr < / Vodr  or / Vdx > / Yo dy. (5.4)
Bgr Br Br Br

Moreover if the inequality in ([53]) is strict in a set with positive measure in (0, R), then
the inequalities in ([B.4) are also strict.

Lemma 5.D. [21] Assume that ¢y € C%'(R?\ BR) is a strictly decreasing, radial, Lipschitz
function, and satisfies

/ |Vip|ldo < 8 — / e¥dx (5.5)
dB, R2\B,
a.e. 7 € (R,400) and ip = Uy, = Uy, for some 3 > 01 on OBr. Then there holds
/ Vo2 dx; §/ eVdx §/ Vo1 dg. (5.6)
R2\Bg R2\Bg R2\Bg

Moreover if the inequality in (B.0]) is strict in a set with positive measure in (R, +00), then
the inequalities in (B.6]) are also strict.

We shall also need the following lemma.

Lemma 5.E. [21] Assume that ¢ € C%\(BR) is a strictly decreasing and radial function
satisfying (53)) for a.e. r € (0, R). If

/ eVdr = / eYodr < 8,
Br Br
then Ug(R) < ¢(R).

Now we are ready to prove Theorem [5.11

Proof of Theorem[521. Without loss of generality, we may assume fQ g(ug)dx > fQ g(uy)dx.
Let

v; = u; + log A — log/ ede, 1 =1,2.
Q
Then v; (i = 1,2) satisfy the following equation

Av; +e” = g(u;), i =1,2, (5.7)

where [, e’ = [, € = A It is not difficult to see that vy # vy. Indeed, if vy = v, then
we get g(u1) = g(ug) by (51). Combined with the fact g(u) is strictly increasing, we get
u1 = uy and contradiction arises. Thus, vy # vs.
Set
t; = igf(vg —wv1) and tg=sup(vy — v1).
0

Then we claim that
[ (o)~ gl 20, e ), (5.8)
{va—v1>t}
‘We notice that

/ @@g—gwnsz/‘ (9(uz) — g(un))d,
{va—v1>t} {ug—u1>t*}



UNIQUENESS OF A NON-LOCAL SEMILINEAR ELLIPTIC EQUATION 19

where

t=t+ log/ e“*dx — log/ e“dx.
Q Q
If t* > 0, then there is nothing to prove, while if t* < 0, we have

[ Gt =gt = [ (o) —gtuir= [ (o) ~gluis >0

Thus we have proved the claim.
Next we divide our arguments into two steps.

Step 1. We prove that A > 87. Suppose A < 8, we choose # > 0 and R € (0,00) such

that
/e”lda;:/ eYodzr,
Q Br

and let ¢ be the symmetrization of vy — v, with respect to the measure e’'dz and eV¢dz.
Then it follows from Proposition 5.B and Fubini’s theorem that

/ Vol|do g/ V(03 — v1)|do = —/ A(vs — v1)dz
{p=t} {v2—v1=t} {va—v1>t}
= [ gemeendn— [ (glus) - gl
{vag—v1>t} {va—v1>t}
S/ (e —e")dx = / eVotods — / eV dx
{va—v1>t} {p>t} {p>t}

:/ eU9+¢dx—/ |VUy|do,
{o>t} {o=t}

for t € (tp, ts], where t, = (vo — v1) |9 and we used (B.8). If t < 5, we find that
8{1)2—?]1 >t}: {1)2—?]1 :t}U(‘)Q.

On the other hand, we notice that v9 — v1 < t for t < t, implies that us — u; < 0, so
g(u2) —g(u1) <0 in {ve — vy <t} for t < tp. Then

/ Voldo g/ V(03 — v1)|do
fo=1} oz 1=t}

= — / A(’Ug — Ul)d$ + 6,,(1)2 — Ul)dO'
{Uz—v1>t} o0

— /{U2_U1>t}(ev2 — e")da +/ (9(u2) — g(ur))dx

{v2—v1 <t}

S/ (e —e")dx = / eVorPdy — / eV dx
{va—v1>t} {p>t} {p>t}

:/ eU0+¢dx—/ \VUy|do,
{¢>t} {o=t}

for ¢ € [t;, ty), where we used

Oy (vy —vy)do = /QA(UQ —v1)dr = /Q(g(uQ) —g(up))dx — / (e¥ — e")dx
~ [ (9(u2) ~ glun))d.

o0

Hence

/ IV(Ug + ¢)|do s/ eVorody
{p=t} {p>t}
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for all a.e. t > t;. Since ¢ is decreasing in 7, ¢ := Uy + ¢ is strictly decreasing function,
and

/ |Vip|do < / eVdzr, a.e. r e (0,R).
9B, .
Since vy # vy and fQ edx = fQ e2dx, then vy < v on a subset of ) with positive
measure. Hence ¢(R) < 0, therefore
¥(R) = Uy(R) + ¢(R) < Up(R).
It is a contradiction by Lemma 5.E., and therefore A > 8.

Step 2. We prove A\ # 87. Suppose A = 81 and let 6; > 0. From the above arguments we
can find there exists ¢ = Up, + ¢ € C%1(R?) such that

/e”ldx:/ eUgld:L":Sw:/e”zd:E:/ e¥dx,
Q R2 Q R2

/ |Vip|do < / e¥da for a.e. r € (0,00).
OBy

T

and

Since [, €¥dz = [ eV dzx, there exists 79 € (0,00) such that ¢(rg) = Up, (o). Let
0y = ;2%9—1, then it is easy to see that
0

Us, (r0) = Up, (r0) = (ro)
by the expression of Uy in ([B.2]). We notice that ¢ > Uy, in By, it follows from Lemma

5.C that 61 < 65 and
/ eVdx > / Vo2 dx.
B B

T0 T0

While in R?\ B,,, we have ¢ < Up, and it follows from Lemma 5.D that

/ eVdx > / Vo2 dx.
R2\ By, R2\ By,

8r=A= / eVdx > / Y2 dx = 8. (5.9)
R2 R2

Since the solution u of (B.1]) is positive, we have Av; +e¥ > 0, i = 1,2, as a consequence,
the inequality in (5.9)) is strict by Lemma 5.C and Lemma 5.D. Thus A # 87 and it finishes
the proof. O

Hence

BeforEle proving Theorem [[.4] we shall derive the degree counting formula for (L.I2]) in
HE(Q) L.

For any solution of (LIZ) in HE(Q), an inequality of Brezis-Strauss [7] asserts that (also
see [15], Lemma 2.3])
[ullwia) < C for 1 < g <2 with a constant C' = Cy > 0.
We decompose u = w + v, where w, v satisfy
Aw—pu=0in 2, w =0 on 012,

and
he?

A Arr——
vt fQ heVdx

=0in Q, v=0o0n 09, (5.10)

THI(Q) = {u e H'(Q) : u =0 on 0Q}.
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respectively, where h = e. Using the standard elliptic estimate and the fact u € Wh4(Q),
we get w € W*4(Q) and ||Jw||c1(q) < C. We denote H = )‘f o and it is easy to see

that ||H|[c1(q) < C. If there is a sequence of solutions {u,} of ([(LIZ) with A = A, such
that maxgq u, —> +00 as n — +o00, then for equation (EI0) with A replaced by A, we get
maxq v, — +00 as n — +oo. By [37, Theorem 1], we have A\, — 8mm for some m € N.
As a consequence, if A\ # 8mm, then any solution v of (5I0) is uniformly bounded, and
we can find a constant C' > 0 such that [[u[|;e~q) < C for any solution of (LI2). Set T'(\)
to be

T\ =A™ <)\fﬂ Zd —ﬂu)

which acts in H(Q). Then the Leray-Schauder degree
dy = deg(I + T()\), Bg,0)
is well-defined for A # 8mm and
Br ={u€ Hj(Q) : |jul| g < R} with R is sufficiently large.

Next, we introduce a homotopy deformation for (.12])

{ u—tﬁu—l—)\f GUdm—O in Q,

(5.11)
u=>0 on 0f).

When ¢ = 1, equation (.I1)) is (LI2]), while if ¢ = 0, equation (5.I1]) is the mean field
equation in bounded domain. It is not difficult to see that as t changes from 1 to 0, we
can argue as above to get that the solution w; of (5I1]) is uniformly bounded provided
A # 8mm. Therefore the Leray-Schauder degree of the above equation is the same for
t =1 and t = 0. Together with the degree formula for the mean field equation in bounded
domain (see [13, Theorem 1.3]), we get

Theorem 5.2. Let Q2 be a non-empty bounded open set and 8mm < A < 8(m + 1)7 for

some positive integer m. Then the Leray-Schauder degree of ([L12) d) = mt+g- 1>,

where g denotes the number of holes in Q. While if 0 < X\ < 8w, dy = 1.

m

Next we prove Theorem [[L4] by Theorems (.1l and

Proof of Theorem [1.4} First we claim that all the solutions to the equation (L.I2]) are
positive. Indeed, if u is not positive in €2, letting p be the point in 2 where u obtains its
minimal value, then we have u(p) <0 and Au(p) > 0. Therefore

u

Jae

which gives a contradiction. Hence, the claim is true. Next, it is easy to see that g(u) = u
satisfies the condition g(x),¢'(x) > 0 for > 0. Then Theorem [[.4] follows by Theorems
BT and Thus we finish the proof. O

Au— pu+ \—— >0atp,

6. APPENDIX
Lemma 6.1. Let u be a solution to the boundary value problem (I.3) with 8 > 0. Then

u >0 in Q.



22 JUN WANG, ZHI-AN WANG, AND WEN YANG

Proof. Let

a = minu(z).
€0

We shall prove a > 0 by contradiction. Suppose a < 0, we first prove the value a can not
be obtained by w in €2, indeed if u(zg) = a with z¢ € Q, we get

A )\ eu(xo)
u(xg) — fu(zog) + \Am—— >0
(z0) — Bu(xo) s~
contradiction arises. Hence, a can only be obtained by w on 02, say at xg € 0f2. By the
continuity of u, we can always find Q' C Q with ¢y € N0 and u(r) < 0in . As a
consequence, we can see that

u

e
Au=fu— A\——
u=pPu fQ etdr

<0in .

By the Hopf boundary lemma, we get g—“(xo) < 0, which contradicts to the Neumann

v
boundary condition. Thus the assumption is not true and @ > 0. On the other hand, by

the above arguments we can also show that u(z) can not reach the value a in Q if a = 0.
Therefore u(x) > 0 in €2 and the lemma is proved. O

Acknowledgement: Part of this work was finished when the third author was a post-
doctoral fellow in the Department of Applied Mathematics in the Hong Kong Polytechnic
University supported by the project G-YBKT. The research of J. Wang is supported by
NSFC of China (Grants 11571140, 11671077), Fellowship of Outstanding Young Schol-
ars of Jiangsu Province (BK20160063). the Six big talent peaks project in Jiangsu
Province(XYDXX-015), and NSF of Jiangsu Province (BK20150478). The research of
Z.A. Wang is supported by the Hong Kong GRF grant PolyU 153041/15P. The research
of W. Yang is supported by CAS Pioneer Hundred Talents Program (Y8S3011001).

REFERENCES

[1] C. Bandle, Isoperimetric Inequalities and Applications. London: Pitman (1980).

[2] D. Bartolucci, C.S. Lin, Uniqueness results for mean field equations with singular data. Comm. Partial
Differential Equations 34 (2009), no.7-9, 676-702.

[3] D. Bartolucci, C.S. Lin, Existence and uniqueness for mean field equations on multiply connected
domains at the critical parameter. Math. Ann. 359 (2014), 1-44.

[4] L. Battaglia, A general existence result for stationary solutions to the Keller-Segel system. Preprint.

[5] N. Bellomo, A. Bellouquid, Y.S. Tao, M. Winkler, Towards a mathematical theory of Keller-Segel
models of pattern formation in biological tissues. Math. Models Methods Appl. Sci., 25(2015):1663-
1763.

[6] G. Bol, Isoperimetrische Ungleichungen fiir Bereiche auf Flachen. Jber. Deutsch. Math. Verein. 51
(1941), 219-257.

[7] H. Brezis, W.A. Strauss, Semi-linear second order elliptic equations in L*, J. Math. Soc. Japan 25
(1973) 565-590.

[8] Y.D. Burago, V.A. Zalgaller, Geometric Inequalities, Grundlehren der Mathematischen Wis-
senschaften, vol. 285, Springer-Verlag, Berlin, 1988.

[9] E. Caglioti, P.L. Lions, C. Marchioro, M. Pulvirenti, A special class of stationary flows for two-
dimensional Euler equations: a statistical mechanics description, Commun. Math. Phys. 143 (1992),
501-525.

[10] A. Chang, P.C. Yang, Conformal deformation of metrics on S?, J. Diff. Geom. 27 (1988), 259-296.

[11] S.Y.A. Chang, C.C. Chen, C.S. Lin, Extremal functions for a mean field equation in two dimension.
Lecture on Partial Differential Equations, New Stud. Adv. Math. vol.2, pp. 6193. Int. Press, Somerville
(2003).

[12] S. Chanillo, M. Kiessling, Rotational symmetry of solutions of some nonlinear problems in statistical
mechanics and in geometry, Comm. Math. Phys. 160 (1994), 217-238.



[13]
[14]
[15]
[16]
[17]

18]

[19]
[20]
21]
22]
[23]
24]

[25]
[26]

[27]
28]
29]
[30]
[31]
32]
[33]
[34]
[35]
[36]

[37]
[38]

[39]
[40]
[41]

[42]

UNIQUENESS OF A NON-LOCAL SEMILINEAR ELLIPTIC EQUATION 23

C.C. Chen, C.S. Lin, Topological degree for a mean field equation on Riemann surfaces. Comm. Pure
Appl. Math. 56 (2003), 1667-1727.

A. Cianchi, Moser-Trudinger inequalities without boundary conditions and isoperimetric problems,
Ind. Univ. Math. J. 54 (2005), 669-705.

W. Ding, J. Jost, J, Li, G.F. Wang, The Differential Equation Au = 87 — 8mhe" on a compact
Riemann surface, Asian J. Math 1 (1997), 653-666.

E. Feireisl, P. Laurencot, H. Petzeltovd, On convergence to equilibria for the Keller-Segel chemotaxis
model, J. Diff. Equ. 236 (2007), 551-569.

E. Giusti, Minimal Surfaces and Functions of Bounded Variation, Monographs in Mathematics, vol.
80, Birkhauser Verlag, Basel, 1984.

C.F. Gui, A. Jevnikar, A. Moradifam, Symmetry and uniqueness of solutions to some Liouville-type
problems: asymmetric sinh-Gordon equation, cosmic string equation and Toda system, to appear in
Comm. Partial Diff. Equation.

C.F. Gui, A. Moradifam, The Sphere Covering Inequality and Its Applications, to appear in Inven-
tiones Mathematicae..

C.F. Gui, A. Moradifam, Symmetry of solutions of a mean field equation on flat tori, to appear in
International Mathematics Research Notices.

C.F. Gui, A. Moradifam, Uniqueness of solutions of mean field equations in R?, Proc. Amer. Math.
Soc. 146(3):1231124.

T. Hillen, A. Potapov, The one-dimensional chemotaxis model: global existence and asymptotic
profile. Math. Methods Appl. Sci. 27 (2004), 1783-1801

M.A. Herrero, J.J.L. Veldzquez, Chemotactic collapse for the Keller-Segel model. J. Math. Biol. 35
(1996), 177-194.

T. Hillen, K.J. Painter, A user’s guide to PDE models for chemotaxis. J. Math. Biol. 58 (2009),
183-217.

D. Horstmann, Aspekte Positiver Chemotaxis, Univ. Kéln, 1999.

D. Horstmann, From 1970 until present: The KellerSegel model in chemotaxis and its consequences.
I, Jahresber. Deutsch. Math.-Verien.105(2003), 103-106.

D. Horstmann, M. Lucia, Uniqueness and symmetry of equilibria in a chemotaxis model. J. Reine
Angew. Math. 654 (2011), 83-124.

D. Horstmann, G. Wang, Blow-up in a chemotaxis model without symmetric assumptions, Furopean
J. Appl. Math., 12 (2001), 159-177.

E.F. Keller, L.A. Segel, Initiation of slime mold aggregation viewed as an instability, J. Theor. Biol.
26 (1970), 399-415.

E.F. Keller, L.A. Segel, Travelling bands of chemotactic bacteria: A Theoretical Analysis, J. Theor.
Biol., 30 (1971), 235-248.

M. Kiessling, Statistical mechanics of classical particles with logarithmic interactions, Comm. Pure
Appl. Math. 46 (1993), 27-56.

C.S. Lin, Uniqueness of solutions to the mean field equatiions for the spherical Onsager vortex, Arch.
Ration. Mech. Anal. 153(2000), 153-176.

C.S. Lin, M. Lucia, Uniqueness of solutions for a mean field equation on torus. J. Differential Equations
229 (2006), no. 1, 172-185.

J. Lépez-Goémez, T. Nagai, T. Yamada, Non-trivial w-limit sets and oscillating solutions in a chemo-
taxis model in R? with critical mass. J. Funct. Anal. 266 (2014): 3455-3507.

J. Lopez-Gomez, T. Nagai, T. Yamada, The basin of attraction of the steady-states for a chemotaxis
model in R2 with critical mass. Arch. Ration. Mech. Anal. 207 (2013): 159-184.

M. Lucia, Isoperimetric profile and uniqueness for Neumann problems. Ann. Inst. H. Poincaré Anal.
Non Linéaire 26 (2009), no. 1, 81-100.

L. Ma, J.C. Wei, Convergence for a Liouville equation, Comment. Math. Helv. 76(2001), 506-514.

A. Malchiodi, Morse theory and a scalar field equation on compact surfaces. Adv. Differential Equa-
tions 13(2008), no.11-12, 1109-1129.

J. Moser, A sharp form of an inequality by N. Trudinger, Indiana Univ. Math. J. 20 (1970/71),
1077-1092.

P. Nagai, T. Senba, K. Yoshida, Application of the Moser-Trudinger inequality to a parabolic system
of chemotaxis, Funkc. Ekvacioj, Ser. Int. 40 (1997), 411433.

E. Onofri, On the positivity of th effective action in a theory of random surfaces, Comm. Math. Phys.
86(1982), 321-326.

K. Osaki, A. Yagi, Finite domensionsal attractors for one-dimensionsal Keller-Segel equations, Funk-
cial. Ekvac. 44(2001),441-469.



24

JUN WANG, ZHI-AN WANG, AND WEN YANG

[43] B. Perthame, Transport Equations in Biology: Frontiers in Mathematics. Birkhduser Verlag, Basel,

2007.

[44] T. Senba, T. Suzuki, Some structures of the solution set for a stationary system of chemotaxis. Adv.

Math. Sci. Appl. 10 (2000), 191-224.

[45] Y.G. Shi, J.C. Sun, G. Tian, D.Y. Wei, Uniqueness of the mean field equation and rigidity of Hawking

mass. preprint.

[46] M. Struwe, G. Tarantello, On Multiplevortex Solutions in ChernSimons Gauge Theory. Boll. U.M.I.

8 (1998), 109-121.

[47] T. Suzuki, Global analysis for a two dimensional elliptic eigenvalue problem with exponential nonlin-

earity. Ann. Inst. H. Poincaré Anal. Non Linéaire 9 (1992), 367-398.

[48] G. Tarantello, Multiple condensate solutions for the Chern-Simons-Higgs theory, J. Math. Phys. 37

(1996), 769-796.

[49] G.F. Wang, J.C. Wei, Steady state solutions of a reaction-diffusion system modeling chemotaxis. Math.

Nachr. 233/234 (2002), 221-236.

[50] M. Winkler, Finite-time blow-up in the higher-dimensional parabolic-parabolic Keller-Segel system,

J. Math. Pures. Appl. 100(2013), 748-767.

JUN WANG, FACULTY OF SCIENCE, JIANGSU UNIVERSITY, ZHENJIANG, JIANGSU, 212013, P.R. CHINA
E-mail address: wangmath20110@126.com

ZH1-AN WANG, DEPARTMENT OF APPLIED MATHEMATICS, HONG KONG POLYTECHNIC UNIVERSITY,

Hunc HoMm, KowLoon, HonG KoNG

E-mail address: mawza@polyu.edu.hk

WEN YANG, WUHAN INSTITUTE OF PHYSICS AND MATHEMATICS, CHINESE ACADEMY OF SCIENCES,

P.O. Box 71010, WuHAN 430071, P. R. CHINA

E-mail address: wyang@wipm.ac.cn



	1. Introduction
	2. A differential inequality
	3. An integral inequality
	4. The uniqueness of the Neumann problem (??)
	5. Uniqueness of the Dirichlet problem (??)
	6. Appendix
	References

