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Abstract

We introduce a discrete delayed exponential depending on sequence of matrices. This discrete
matrix gives a representation of a solution to the Cauchy problem for a discrete linear system with
pure delay with sequence of matrices. We discard the commutativity condition used in recent works
related to the representation of solutions for discrete delay linear systems.
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1 Introduction

For given a,b € ZU {#o00}, a < b, we set Z? := {a,a + 1,...,b}. We study a discrete linear delay system
with sequence of matrices of the form:

{x(k—!—l)—Aﬂi(k)—FBklE(k—m)"'f(k)a (1)

z (k)= (k),

where m > 1 is a fixed integer, k € Z§°, A = (ai;), det A # 0 and By, = (bfj) are a constant n x n
matrices, f: Z§8° — R" , ¢ : Z°, — R", Az(k) = x(k + 1) — z(k). Solution z : Z%, — R" of initial
value problem is defined as an infinite sequence {¢ (—m), o (—=m+1),...,¢0(0),2(1),...,x (k),...} such
that for any & € Zg°, (1) holds.

Substituting in (@) z (k) := A%z (k), Dy := A=F" 1B A* "™ k € Z>,, we get an equivalent discrete
linear system of the form

z2(k+1)=2(k)+ Dpz(k—m)+ A1 (k), ke Z, (2)
z(k)=AFp k), keZ®,. (3)

Recently, Diblik and Khusainov presented in [1], [2] a solution of difference equations with linear parts
with constant coefficients given by permutable matrices and constant delay via a discrete matrix delayed
exponential. Advantage of discrete delayed exponential matrix is to help transferring the classical idea
to represent the solution of linear ordinary differential equations into linear delay discrete equations.
Although there are many continued contributions in a discrete linear system with pure delay with per-
mutable matrices, to stability theory [B], [6], [7], [9], [11], controllability theory [12], [I3], [10], delay
oscillating systems [14], discrete linear system with two delays [3], [4], Fredholm integral equations [15],
no results were obtained for such systems with non permutable matrices. It should be mentioned that
recently non permutable case for the contiunous delay linear systems was considered in [§].

We introduce a discrete delayed exponential depending on sequence of matrices © = {D1, Do, ...} and
give a representation of solution to linear system of difference equations with delay parts with nonconstant
coeflicients given by non permutable matrices. We discard the commutativity condition used in recent
works related to representation of discrete delay linear system. In particular the results are new even for
the case when matrices By, does not depend on k, that is, By = B.
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2 Main results

In order to drop the commutativity condition, we introduce the following matrix

I, l=d=0,
k—1 J1 Ja—1 ( )
I(m+1
P® (k,d) := > Dy Y. Dipemere D, Dipwnminy, KE€ZG i
A=(d=D(m+1)  ja=(d—1)(m+1) da=(d=1)(m+1)

leze, 1<d<l.

We state and prove our first result. Note that in the proof of Lemma [[land Theorem 2l we follow the idea
of the proofs of statetmens in [I].

I(m+1)

Lemma 1 Foranyle Z°, 1<d<l, ke Z(d—l)(m—i—l)—i—l’

the following relation holds
P® (k+1,d) — P® (k,d) = DyP® (k —m,d — 1). (4)

Proof. We will prove the lemma in two cases.

Case 1: (d—1)(m+1)+1<k<Il(m-+1): In this case k —m € Z((é:é))((zfl))ﬂ and by definition
k—m—1 j2 Jd—2
P2 (k—m,d—1) = Z Dj, Z Dy, (1) Z D, (d2)(min), 2 <d <1,
Ji=(d=2)(m+1)  ja=(d—2)(m+1) Ja—1=(d=2)(m+1)
P® (k—m,0) = 1.
Ford=1weget1<k<l(m+1)and
k k—1
P®(k+1,1)= P® (k,1)= > Dj, — Y Dj, = Dy = DgP® (k—m,0).
j1=0 j1=0
For 2 < d <[ we get
P® (k+1,d) — P® (k,d)
k Ji Jd—1
= Z Dj, Z Dj,—m—1-.. Z Djy—(a-1)(m+1)
Ji=(d=1)(m+1)  ja=(d—1)(m+1) Ja=(d—1)(m+1)
k—1 Ji Jd—1
- > Di > Dipmeie > Dj@nmin
Jji=(d=1)(m+1)  ja=(d—1)(m+1) Ja=(d—1)(m+1)
k Jd—1
=Di Y. Dpmie > Dja-iymen)
J2=(d—1)(m+1) Ja=(d—1)(m+1)
k—m—1 j2 Jd—2
=D > Dy Y Dy > Dj, i —@-2)(m+1)
Ji=(d=2)(m+1)  ja=(d—2)(m+1) Ja—1=(d—2)(m+1)

= DP® (k—m,d—1),

which proves the lemma for the case 1.
Case 2: k=I(m+1): Inthiscasek+1=I(m+1)+1landk—m=I(m+1)—meZ
For d = 1 we have:

I(m+1)
(I=1)(m+1)+1"

I(m+1) I(m+1)—1
PR U(m+ 1)+ 1,1)—-P2 ((m+1,) = 3. D S Dy, = Digmyny = Digpny P (L + 1) — 1, 0)
71=0 71=0



For 2 < d <1 we get

P (I(m+1)+1,d) — P® (I(m +1),d)

I(m+1) J1 Jd—1
= > Dy > Djpmoie > Dj(anmen
J1=(d—=1)(m+1) j2=(d—1)(m+1) Ja=(d—1)(m+1)
I(m+1)—1 J1 Jd—1
- > Dy Y. Dpmeae Y. Dj(a-nme
J1=(d—1)(m+1) J2=(d—1)(m+1) Ja=(d—1)(m+1)
I(m+1) J2 Jd—1
= Di(m+1) Z Dj,—m-1 Z Dj, _o(m1)--- Z Dj,—(a—1)(m+1)
j2=(d—1)(m+1) Js=(d—1)(m+1) Ja=(d—1)(m+1)
(I-1)(m+1) J1 Jd—2
= Dim+1) >, D, > Dis(min)e- > Djy_y—(a-2)(m+1)
Jj1=(d—2)(m+1) J2=(d—2)(m+1) Ja—1=(d—2)(m+1)

= Dy PP (L (m+1) —m,d—1), 2<d <L

]
Using P (k,d) we may define the delayed exponential depending on sequence of matrices:

e kez-m 1,
I kel |
em (k) = ! (5)
" I Pk.d) ke zmD lez>®
+ Z ( ’ ) € (I-1)(m+1)+1> €47

d=1

I(m+1)

Theorem 2 For any k € Z(z 1) (m41)+17

the following relation holds

e (k+1) = €D (k) = Dyel (k—m), ke z " )1 . (6)

Proof. The proofis based on Lemmal[ll Let us consider the cases when (I — 1) (m +1)+1 <k <l(m+1)
and k =Il(m+1).
Casel: I-1)(m+1)+1<k<l(m+1): By Lemmalll

l l l
D (k+1)—eD (k) =D P2 (k+1,d) =Y _P® (k,d) = D> _P® (k—m,d—1)
d=1 d=1 d=1

-1
=Dy P? (k—m,d) = Dyed (k—m). k—mezj "t .
d=0

Case 2: k =1(m+ 1): By Lemmall]

+1 l
D (k+1) - iPi’ I(m+1)+1,d) =Y P (I(m+1),d)
d=1
:Z(Pg(l(m—l—l)—i—l,d)—PD(l(m—i—l),d))+P©(l(m+1)+1,l+1)

l
= Dl(erl)ZP@ Im+1)—m,d—1)+ Dl(m+1)D(171)(m+1)-..DO

d=1
-1
= Di(m+1) (I +Y P2 (I (m+1)—m,d)+ P (I (m+1) —m, z>>
d=1

= Dl(m+1)6 (k m)



Here we used the following formula

I(m+1) J1 Ji
PPm+1)+1L1+1)= > Dj > Djpmae >, Djimen)
Ji=l(m+1) Je=l(m+1) Jr+1=l(m+1)
l(m+1) Ji
= Digmit)y Y, Djpom-te D Djiimin
J2=l(m+1) Ji+1=l(m+1)

= Dyim+1)D-1)(m+1)---Do.

]
Now using the matrix delayed exponential we can solve the following linear matrix equation:
O (k+1)=AP (k) + Dp®(k—m), ke Z5°,
X (k)y=A" keZz’, (7)

Theorem 3 The matriz

S) if kez "l
Ak if keZ°

—m>

d (k) =

l
. . l(m+1
AT+ PG| if ke Zg" 0
j=1

solves the problem (7).
Remark 4 It can be shown that
k—1 J1 Jd—1
E—(d—-1)m I(m+1)
Z Z Z 1= ( d ) ; k€ Zg ymin
j1=(d=1)(m+1)j2=(d=1)(m+1) ja=(d—1)(m+1)

If By does not depend on k, B, = B and matrices A and B are permutable (AB = BA), then Dy, =
A F"IBAF™ = A=TBA~™ =: D and

k—1 J1 Jd—1 k (d 1)m
D _ pA—dpd g—dm _ p—dpd g—dm —(a—
P® (k,d) = A~'BA > oo > 1=47BA < p >
s1=(d=1)(m+1)j2=(d-1)(m+1) ja=(d—1)(m+1)
In this case
S) kezz
I ke ng,

I ; A—dpd g—dm k—(d—1)m ke z!m+h)
+ Z d , € 20D (mt+1)+1
d=1

and coincides with the discrete matriz delayed exponential defined in [1].
Using @ (k) we give the representation of solution to the homogeneous delay problem
x(k+1)= Az (k)+ Brx(k—m), ke Z§, (8)
zk)y=pk), keZz°,,. 9)
Theorem 5 The solution of the problem (&), () can be expressed as

0

(k) =@ (k) A" (-m) + A" Y (k—m—j)(p(j) — Ap(j — 1)) (10)
j=—m+1



Proof. Introduce a new variable z (k) = A=*x (k) , k € Z*,,. Then the problem (&), (@) is equivalent to
z(k+1)==z(k)+ Drz(k—m), keZ;°, (11)
z(k)=AFp(k), keZ®, . (12)

We are looking for the representation of solution of the problem (I, (I2)) in the form

0

zk)y=en(k)C+ Y en(k—m—jw(), keZ, (13)
j=—m+1

where C' € R"™ is an unknown vector and w : Z°, — R™ is an unknown discrete function. The represen-

tation (I3)) is a solution of homogeneous delay equation (II)) for any C and w and for k € Z§°. Indeed,
by the formula (@) we get

0
Az(k)=Alep (B)]C+ Y Alen (k—m—j)]w(j)
j=—m+1
0
=Dy eﬁ(k—m)C—i— Z eg(k—2m—j)w(j)
k=—m+1

=Dyz(k—m), keZ.

So expression ([I3) solves (II)) for k£ € Z5°. Now we determine C' and w. By definition, C' and w must
satisfy the initial condition (I2) for k € Z°,,. For k € Z°, , (3] leads to relation

k) =ATFpk)=en (R)C+ D en(k—m—j)w(j)

j=—m+1
k 0
=en(H)C+ Y en(k—-m—jw()+ > em(k—m—jw(j)
j=—m+1 j=k+1
k 0
=C+ > epk-m-jwl)+ Y enlk—m—jw(), kez’,.
j=—m+1 j=k+1

It follows that
A" (—m)=C, k= —m,

Aik@(k)zc_k Z W(j), keng-i—la
j=—m+1,j<k

and one can obtain
wk)=A"Fp k) - A p(k-1), k=-m,—-m+1,..,0,
C=A""¢p(-m).
In order to get the formula (), it remains to insert C' and w into (I3). Indeed

0
(k)= Az (k)= A" | R () Ao (=m) + Y e (k—m—j) A7 (¢ (j) — Ap (j — 1))

Jj=—m+1

0
=0 (k) A" (—m) + AF Y ATHHARG (k- m — ) AT (0 (j) — Ap ( — 1))

j=—m+1

0
R Ao (-m) 4 Y ATTIE(k—m— ) A7 (p(j) — Ap (j — 1)).

j=—m+1



Corollary 6 A solution x : Z>, — R"™ of initial value problem () has a form

0
z(k)=® (k) A "o (-m)+ Y A"HE(k—m—j) A (¢ (j) - Ap (j — 1))
j=—m+1
k
+Y A" (k—m— ) AT f(j - 1). (14)

Jj=1

Remark 7 If By does not depend on k, that is, By = B and matrices A and B are permutable (AB =
BA), then Dy, = A"*=1BAF™ = A"1BA~™ =: D then the presentation (T7) coincides with the formula
obtained in [1].
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