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A VECTOR BUNDLE VERSION OF THE MONGE-AMPÈRE

EQUATION

VAMSI PRITHAM PINGALI

Abstract. We introduce a vector bundle version of the complex Monge-
Ampère equation motivated by a desire to study stability conditions involv-
ing higher Chern forms. We then restrict ourselves to complex surfaces,
provide a moment map interpretation of it, and define a positivity condi-
tion (MA-positivity) which is necessary for the infinite-dimensional symplec-
tic form to be Kähler. On rank-2 bundles on compact complex surfaces,
we prove two consequences of the existence of a “positively curved” solu-
tion to this equation - Stability (involving the second Chern character) and a
Kobayashi-Lübke-Bogomolov-Miyaoka-Yau type inequality. Finally, we prove
a Kobayashi-Hitchin correspondence for a dimensional reduction of the afore-
mentioned equation.

1. Introduction

The Kobayashi-Lübke-Bogomolov-Miyaoka-Yau (KLBMY) inequality for Mum-
ford stable bundles on Kähler manifolds (and its cousin the Bogomolov-Miyaoka-
Yau inequality for anti-Fano Kähler manifolds)

(r − 1)c21[ω]
n−2 − 2rc2[ω]

n−2 ≤ 0

has many complex-geometric applications (see [17, 11] for instance). It is natural to
ask whether we can produce similar inequalities for higher Chern classes conditioned
on more complicated stability conditions. Alternatively, one can attempt to discover
Partial Differential Equations whose solvability implies such inequalities. As far as
we know, the only result in this direction is due to Collins-Xie-Yau [4].

Theorem 1.1 (Collins-Xie-Yau). Let (M,ω) be a compact Kähler 3-manifold and L
is a holomorphic line bundle over it. Consider the deformed Hermitian-Yang-Mills
(dHYM) equation for a metric h on L whose curvature is F

Arg

(
(ω − F )3

ω3

)
= θ̂,(1.1)

where θ̂ ∈ (π2 ,
3π
2 ) is a constant. Suppose there exists a solution to 1.1. Then
∫

M

ω3

∫

M

ch3(L) ≤ 3

∫

M

ch2(L) ∧ ω
∫

M

ch1(L) ∧ ω2.(1.2)

In two dimensions the dHYM equation can be written as a Monge-Ampère equa-
tion [10]. In higher dimensions one can get existence results by either treating it
directly [3], or in some special cases, by rewriting it as a generalised Monge-Ampère
equation [12].

To extend Theorem 1.1 to vector bundles, one approach would be to consider a
1
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naive generalisation of the dHYM equation by replacing the curvature form with the
curvature endomorphism. Since the simplest of this flavour of fully nonlinear PDE
is the usual complex Monge-Ampère equation, we propose to study the following
vector bundle Monge-Ampère (vbMA) equation for a metric h on a holomorphic
vector bundle E over a compact complex n-dimensional manifold M :

(
iΘh
2π

)n
= ηId(1.3)

where Θh is the curvature of the Chern connection of (E, h) and η is a given volume
form.

Note that on Riemann surfaces (n = 1) 1.3 is just the Hermitian-Einstein equa-
tion and hence can be solved if and only if E is Mumford polystable. For line
bundles on general manifolds, it is equivalent to the Calabi Conjecture which can
be solved if the bundle is ample. Hence it is reasonable to expect that for 1.3 to
have a solution, one needs some positivity condition on iΘh in addition to a stability
condition. We observe that on a general vector bundle, it is not even clear whether
there is a solution to 1.3 for some η > 0 (as opposed to any given η > 0). In
fact, even if h has Nakano-positive curvature (the strongest positivity assumption),
(iΘh)

n

η may not be a positive-definite endomorphism.

Our first result (Theorem 2.1 in Section 2) is a moment map interpretation of
the vbMA equation. The corresponding infinite-dimensional symplectic form in
Theorem 2.1 is a Kähler form near a connection if and only if the curvature of the
connection satisfies a positivity condition that we call MA-positivity.

Definition. Let (E, h) be a Hermitian holomorphic vector bundle on an n-dimensional
complex manifold M . An endomorphism-valued (1, 1)-form Θ is said to be MA-
positively curved if for every non-vanishing endomorphism-valued (0, 1)-form a, the
following inequality holds at all points on M where a 6= 0.

n∑

k=0

itr
(
a†
(
iΘ

2π

)k
a

(
iΘ

2π

)n−k−1 )
> 0,(1.4)

where a† is the adjoint of a with respect to h and an (n, n)-form is considered to
be positive if it is a volume form.

In the case of surfaces, this condition implies Griffiths positivity and is implied
by Nakano-and-dual-Nakano positivity (Lemma 2.4). It turns out that CP

2 with
the Fubini-Study metric is MA-positive but not Nakano positive (and in fact CPn

cannot have a Nakano positive metric).
Now we define a slope involving higher Chern characters.

Definition. Let E denote a coherent torsion-free sheaf over a smooth projective

varietyM of dimension n. Define the Monge-Ampère slope as µMA(E) = [chn(E)][M ]
rk(E)

where the Chern character class is defined using the Whitney product formula and
a finite resolution (a Syzygy) of E by vector bundles.

The Monge-Ampère slope defined above can be computed for coherent sub-
sheaves of vector bundles using only subbundles via resolution of singularities. This
strategy is used in Section 3. There is also a corresponding stability condition.

Definition. A holomorphic vector bundle E over a smooth projective varietyM of
dimension n is defined to be Monge-Ampère stable (MA-stable) if for every coherent
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saturated subsheaf S ⊂ E the following inequality holds.

µMA(S) < µMA(E).

We have the following consequence of solvability of the vbMA equation (proved
in Section 3) :

Theorem 1.2. Let E be a holomorphic rank-2 vector bundle on a smooth projective
surface M . Assume that η > 0 is a given volume form. If there exists a smooth
metric h such that (iΘh)

2 = ηId and iΘh is Griffiths positive, then the following
hold.

(1) Stability : If E is indecomposable then E is MA-stable.
(2) Chern class inequality :

c21(E)− 4c2(E) ≤ 0(1.5)

with equality holding if and only if Θ is projectively flat.

In Section 4 we look at a few examples where we produce solutions for some η -
TCPn, Mumford stable bundles, and Vortex bundles. Our last example deals with
bundles originally studied by Garćıa-Prada [8]. In this example, we dimensionally
reduce Equation 1.3 to an equation (the Monge-Ampère Vortex equation) for a
single function on a Riemann surface and prove a Kobayashi-Hitchin correspondence
for it. This theorem may be viewed as the main result of this paper.

Theorem 1.3. Let (L, h0) be a holomorphic line bundle over a compact Riemann
surface X such that its curvature Θ0 defines a Kähler form ωΣ = iΘ0 over M .
Assume that the degree of L is 1. Let r1, r2 ≥ 2 be two integers, and φ ∈ H0(X,L)
which is not identically 0. Then the following are equivalent.

(1) Stability : r1 > r2.
(2) Existence : There exists a smooth metric h on L such that the curvature Θh

of its Chern connection ∇h satisfies the Monge-Ampère Vortex equation.

iΘh = (1− |φ|2h)
µωΣ + i∇1,0

h φ ∧ ∇0,1φ†h

(2r2 + |φ|2h)(2 + 2r2 − |φ|2h)
,(1.6)

where µ = 2(r2(r1+1)+ r1(r2+1)) and φ†h is the adjoint of φ with respect
to h when φ is considered as an endomorphism from the trivial line bundle
to L.

Moreover, if a solution h to 1.6 satisfying |φ|2h ≤ 1 exists, then it is unique.

The existence part of Theorem 1.3 is proved using the method of continuity. Sur-
prisingly enough, it turns out that the openness of the continuity path as well as
uniqueness are the most delicate parts of the proof. Both results use the maximum
principle for an appropriately chosen function.

It turns out that MA-stability of the corresponding rank-2 Vortex bundle implies
r1 > r2 in Theorem 1.3. This observation lends evidence to the following conjecture.

The vbMA equation admits a smooth solution if and only if the bundle is MA-
stable.
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Another observation is that the Vortex bundle is actually Mumford-stable when
r1 > r2. This fact “explains” the KLMBY-type inequality 1.5. Putting this remark
and the Griffiths Conjecture (which states that Hartshorne ample bundles admit
Griffiths positively curved metrics) together, one is tempted to conjecture the fol-
lowing.

A rank-2 MA-stable indecomposable Hartshorne ample bundle E over a compact
complex surface is Mumford semistable.

Acknowledgements : The author thanks Richard Wentworth and Indranil Biswas
for useful discussions. It is also a pleasure to thank Dror Varolin for constructive
criticism as well as encouragement. The author is grateful to the anonymous ref-
eree for their comments. This work is partially supported by an SERB grant :
ECR/2016/001356. The author is also grateful to the Infosys foundation for the
Infosys Young Investigator Award. This work is also partially supported by grant
F.510/25/CAS-II/2018(SAP-I) from UGC (Govt. of India).

2. Moment map interpretation

In a manner analogous to that considered by J. Fine [7] regarding the Calabi
Conjecture, equation 1.3 can be obtained as the zero of a moment map associated
to a Hamiltonian action of a certain gauge group on a space of unitary integrable
connections. More precisely, we have the following theorem.

Theorem 2.1. Let (E, h0) be a Hermitian complex vector bundle of rank-r with a
holomorphic structure given by a unitary integrable connection ∇0 over a compact
complex manifold M of complex dimension n. Let η > 0 be an (n, n)-form on M

such that

∫

M

η =
n!

r

∫

M

chn(E) where ch is the Chern character. Let A1,1 denote

the space of unitary integrable connections on E. There exists a holomorphic line
bundle Q on an open subset U1,1 ⊂ A1,1 with a unitary Chern connection whose
curvature Ω is a symplectic form on U1,1. Moreover, the unitary gauge group G
acts in a Hamiltonian manner on U1,1 with a moment map µ. There is a zero
of the moment map in the complex gauge orbit of ∇0 if and only if the following
vector bundle Monge-Ampère equation is satisfied for an h0-Hermitian smooth gauge
transformation g

(
i(Θ0 + ∂̄(g−1∂0g))

2π

)n
= ηId,(2.1)

where Θ0 is the curvature of ∇0.

Proof. We follow some ideas of [7, 13]. The tangent space of A1,1 consists of
endomorphism-valued (0, 1)-forms a such that ∂̄a = 0. It is clear that the gauge
group G preserves integrability. The Lie algebra TIG of the gauge group consists
of skew-Hermitian matrices iH . For future use we note that the space A1,1 can
be thought of as a complex manifold by thinking of it as a subset of the complex
vector space (endowed the conjugate of the usual complex structure) of ∂̄ operators
satisfying ∂̄2 = 0. The bundle Q will be the Quillen determinant bundle of a virtual
bundle E on M ×A1,1.

Firstly, we find the “correct” symplectic form Ω.
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Lemma 2.1. Let U1,1 ⊂ A1,1 be an open subset consisting of connections A so
that the closed 2-form

ΩA(a, b) =
W

2π

∫

M

n−1∑

k=0

tr

(
a
( iΘA

2π

)k
b
( iΘA

2π

)n−1−k)

(where W ≥ 1 is any integer) is actually a Kähler form. An equivariant moment
map µ corresponding to the symplectic form Ω is given by the following equation.

µA(iH) =W

∫

M

tr

(
H

(( iΘA
2π

)n
− ηId

))
.(2.2)

Proof. The fact that this form Ω is closed will follow from a later result that it is
in fact the curvature of a line bundle. Let b be a skew-Hermitian endomorphism.
By definition of the moment map, the variation of µ at A along b ought to be
−Ω(idAH, b). Indeed,

δbµA(iH) =W

∫

M

n−1∑

k=0

tr

(
H
( iΘA

2π

)k idAb
2π

( iΘA
2π

)n−k−1
)

= −W
∫

M

n−1∑

k=0

tr

(
dAH

( iΘA
2π

)k ib
2π

( iΘA
2π

)n−k−1
)

= −Ω(idAH, b).(2.3)

Now we prove equivariance. Indeed,

µg.A(iH) =

∫

M

tr

(
Hg

(( iΘA
2π

)n
− ηId

)
g−1

)

= µA(ig
−1Hg).(2.4)

�

It is clear that G preserves U1,1 because Θu.A = uΘAu
† which continues to satisfy

the positivity condition (for endomorphism valued (0, 1)-forms a)

iΩu.A(a
†, a) =

Wi

2π

∫

M

n−1∑

k=0

tr

(
a†
( iΘu.A

2π

)k
a
( iΘu.A

2π

)n−1−k)

=
Wi

2π

∫

M

n−1∑

k=0

tr

(
u†a†u

( iΘA
2π

)k
u†au

(iΘA
2π

)n−1−k)
> 0, ∀ a 6= 0(2.5)

if and only if ΘA does.
The complexification GC acts on ∂̄ operators according to v.A0,1 = vA0,1v−1 −

∂̄vv−1. This gives rise to a unitary connection v.A = vA0,1v−1 + (v−1)†A1,0v† −
∂̄vv−1 + (v−1)†∂v†. Every such v can be written uniquely as v = ug where u
is h0-unitary and g is h0-Hermitian (the polar decomposition). It is easy to see
that v.A is still integrable. The curvature of v.A is (see page 5 of [6] for instance)
Θv.A = vΘAv

−1+v∂̄((g†g)−1∂A(g
†g))v−1. Therefore, there is a zero of the moment

map in the complex gauge orbit of ∇0 if and only if there is a solution to the vector
bundle Monge-Ampère equation.

Now take the bundle E equipped with the connection ∇0 and form the following
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virtual bundle

E = N
[
0 0 . . . 0 1

]T




1 1 1
2! . . . 1

(n+1)!

1 2 22

2! . . . 2n+1

(n+1)!

...
...

...
. . .

...

1 (n+ 2) (n+2)2

2! . . . (n+2)n+1

(n+1)!




−1 


E
E⊗2

E⊗3

...

E⊗(n+2)



,

(2.6)

where N is a large enough positive integer that clears the denominators. If E is
equipped with the induced connection, then it is easily seen to satisfy

ch(E) = Ntr

(
iΘ0

2π

)n+1

.(2.7)

Consider the virtual bundle Ẽ = π∗
1E overM ×A1,1. Define a connection A(p,A) =

A(p) on Ẽ . It is not hard to see that this connection defines an integrable ∂̄ operator

on Ẽ . Finally, we have the following lemma that completes the proof of the theorem.

Lemma 2.2. The symplectic form Ω is the first Chern form of the Quillen metric
on the Quillen determinant bundle of Ẽ (equipped with the aforementioned holo-
morphic structure).

Proof. By Theorem 1.27 of [2] we see that the first Chern form of the Quillen metric

of the Quillen determinant of L̃ is given by

Ω̃ =

∫

M

[ch(Ẽ)]1,1Td(M).(2.8)

Consider a surface full of connections in A1,1 defined by Φ : X × R2 → A1,1 as
Φ(p, x, y) = A− xa− yb. Therefore, using formulae 2.7 and 2.8 we get

Ω̃x=y=0(a, b) = Ωx=y=0(a, b),(2.9)

thus proving the lemma. �

�

Now we have an “openness” result.

Lemma 2.3. If there is a metric h on an indecomposable holomorphic vector bundle
E whose curvature Θh satisfies the vector bundle Monge-Ampère equation

(
iΘh
2π

)n
=

ηId for some η > 0 such that Θh is MA-positive then for all volume forms α
sufficiently close η, there exists a smooth solution hα (that is unique up to rescaling

by a constant among all solutions in a neighbourhood of h) to
(
iΘhα
2π

)n
= αId.

Proof. If we fix a metric h0, then every other metric is h = h0H for some h0-
Hermitian invertible endomorphism H . Let B be the Banach manifold consisting

of C2,γ metrics h satisfying

∫
tr(H)ωn = 1 for some fixed Kähler form ω. There-

fore the tangent space at H consists of h0-Hermitian endomorphisms g satisfying∫
tr(g)ωn = 0. Let C be the Banach manifold of C0,γ top-form valued endomor-

phisms u satisfying r

∫
tr(u) = n!

∫
chn(E). Consider the map T : B → C given
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by T (h) =
(
iΘh
2π

)n− ηId. We calculate the derivative below at a point h0 where h0
is MA-positive.

DTh0
(g) =

n−1∑

k=0

( iΘ0

2π

)k i∂̄∂hg
2π

( iΘ0

2π

)n−1−k
(2.10)

Using a = ξId (where ξ is a (1, 0)-form) in the definition of MA-positivity, we see
that the above operator is elliptic. It is clearly symmetric too. Thus, if we prove that
ker(DT )h is trivial we will be done by the Fredholm alternative. Indeed, suppose
g ∈ ker(DT0). Then, multiplying 2.10 by g, taking trace, and integrating-by-parts
we see that

0 = Ω(∂0g, ∂̄g),(2.11)

and hence by the MA-positivity condition, ∂0g = 0. Since g is Hermitian, ∇0g = 0.
Diagonalising g we see that since E is indecomposable, g = λI for some real λ. By
normalisation λ = 0. �

Before we proceed further, we recall the various definitions of positivity.

Definition. Let Θ ∈ Λ1,1(End(E)) be the curvature endomorphism of the Chern
connection of a Hermitian metric h on a holomorphic vector bundle E over a com-
plex manifold M . Let p ∈M be a point. Then Θ(p) is said to be

(1) Griffiths positive if Θ(p)α
ij̄β
vβhαγ̄ v̄

γwiw̄j ≥ 0 for all vectors v ∈ Ep and

w ∈ T 1,0
p M , with equality holding iff vαwi = 0 ∀ α, i.

(2) Nakano positive if Θ(p)α
ij̄β
aiβ ājγhαγ̄ ≥ 0 for all tensors aiβ ∈ T 1,0

p M ⊗ Ep,

with equality holding iff aiβ = 0 ∀i, β.
(3) dual Nakano positive if Θ(p)α

ij̄β
ajβ āiγhαγ̄ ≥ 0 for all tensors aiβ ∈ T 1,0

p M ⊗
Ep, with equality holding iff ajβ = 0 ∀j, β.

The following lemma sheds a little light on the mysterious MA-positivity condi-
tion.

Lemma 2.4. The following hold when n = 2 (on a complex surface).

(1) Nakano-and-dual-Nakano positivity implies MA-positivity.
(2) MA-positivity implies Griffiths positivity.

Proof. Choose a normal holomorphic frame at p. From now onwards we work only
in this frame at this point.

(1) We may write the curvature as iΘ = Aidz1 ∧ dz̄1 +Cidz2 ∧ dz̄2 +Bidz1 ∧
dz̄2+B†idz2∧dz̄1 where A,B,C are r× r complex matrices (with A = A†,
C = C†). Nakano positivity is easily seen to be equivalent to the 2r × 2r
matrix

T =

[
A B†

B C

]
(2.12)

being positive-definite. Likewise, dual Nakano positivity is equivalent to
the positivity of

T ′ =

[
A B
B† C

]
.(2.13)
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Now suppose a† is an r×r matrix of (1, 0) forms given by a† = αdz1+βdz2

where α, β are r× r matrices of complex numbers. Assume that αl, βl and
αl, βl are the lth columns and rows of α, β respectively. Then we see that

tr
(
ia† (iΘ) a

)
+ tr

(
ia†a (iΘ)

)

idz1dz̄1idz2dz̄2
= tr(αCα†) + tr(αα†C) + tr(βAβ†) + tr(ββ†A)

−tr(αB†β†)− tr(αβ†B†)− tr(βBα†)− tr(βα†B).(2.14)

Note that tr(αCα†) = α1Cα
†
1 + α2Cα

†
2 and likewise tr(α†Bβ) = α†

1Bβ1 +

α†
2Bβ2. Therefore using the assumption that T and T ′ are positive-definite,

tr
(
ia† (iΘ)a

)
+ tr

(
ia†a (iΘ)

)

idz1dz̄1idz2dz̄2
=

2∑

l=1

[
β†
l −α†

l

] [ A B†

B C

] [
βl
−αl

]

+
2∑

l=1

[
βl −αl

] [ A B
B† C

] [
(βl)†

−(αl)†

]
≥ 0,(2.15)

with equality holding if and only if a = 0. Hence Nakano-and-dual-Nakano
positivity implies MA-positivity for complex surfaces.

(2) Griffiths positivity means that Θ(ξ, ξ̄) is a positive-definite matrix for all
co-vectors ξ 6= 0. Given a ξ, choose coordinates so that ξ = ∂

∂z1 . So we

need to prove that A is a positive-definite matrix, i.e., v†Av > 0 for all
v 6= 0. Indeed, choose a = dz2β. Then

tr
(
ia† (iΘ) a

)
+ tr

(
ia†a (iΘ)

)

idz1dz̄1idz2dz̄2
= tr(βAβ†) + tr(β†Aβ) > 0,(2.16)

if β 6= 0. Suppose βij = viv̄j . Then β = β† and hence

0 < tr(βAβ†) + tr(β†Aβ) = 2
∑

i

viv̄jAjkvkv̄i = 2|v|2v†Av.(2.17)

Hence for surfaces, MA-positivity implies Griffiths positivity.

�

In order to prove existence results, one typically uses the method of continuity.
The following potentially useful lemma shows that for certain kinds of continuity
paths Griffiths positivity is preserved.

Lemma 2.5. Let h(t) (where t ∈ [0, 1]) denote a path of metrics on a holomorphic
vector bundle E over a compact complex surface M such that Θt=0 is Griffiths

positive, and (iΘt)
2

η > 0 as positive-definite endomorphisms (where η is any fixed

volume form). Then Θt is Griffiths positive for all t ∈ [0, 1].

Proof. As before, it is enough to prove that Θt(ξ, ξ̄) is positive-definite where by a
change of coordinates we may assume that ξ = ∂

∂z1 . Let T be the first t such that

v†Θt(ξ, ξ̄)v = 0 for some v. Using the same notation as before, note that

(iΘ)2 = idz1dz̄1dz2dz̄2(AC + CA−BB† −B†B) > 0(2.18)

Thus, v†(AC+CA)v > v†(BB†+B†B)v. Since v†Θt(ξ, ξ̄)v = 0, we see that Av = 0
(A is positive semidefinite). So 0 > ‖Bv‖2 + ‖B†v‖2 which is impossible. Hence
Griffiths positivity is preserved. �
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It is easy to see that the linearization of the vector bundle Monge-Ampère equa-
tion is elliptic if and only if Griffiths positivity holds. So the point of Lemma 2.5
is that for most reasonable continuity paths, ellipticity is preserved.

3. Consequences of existence

In this section we prove two consequences of existence of positively curved solu-
tions to the vbMA equation, and thus prove Theorem 1.2.

3.1. MA Stability.

Lemma 3.1. Let E denote an indecomposable holomorphic rank-2 vector bundle
on a smooth projective surface M . Le η > 0 be a given volume form. If there exists
a smooth metric h such that (iΘh)

2 = ηId and tr(iΘh) is positive, then for every
holomorphic subbundle S, µMA(S) < µMA(E).

Proof. Suppose Q is the quotient line bundle and β is the second fundamental form.
Then the curvature looks like the following

Θ =

[
ΘS − β ∧ β† ∇1,0β
−∇0,1β† ΘQ − β† ∧ β

]
.(3.1)

Since (iΘ)2 = ηId, we see that

tr(i2(ΘS − β ∧ β†)2)− i2tr(∇1,0β ∧ ∇0,1β†) = η

⇒ 2(2π)2ch2(S)− 2i2tr(ΘSβ ∧ β†)− i2tr(∇1,0β ∧∇0,1β†) = η,(3.2)

and likewise,

tr(i2(ΘQ − β† ∧ β)2)− i2tr(∇1,0β ∧ ∇0,1β†) = η

⇒ 2(2π)2ch2(Q)− 2i2tr(ΘQβ
† ∧ β)− i2tr(∇1,0β ∧∇0,1β†) = η.(3.3)

Using 3.2 and 3.3, and integrating we get,∫

M

(2π)2ch2(S) +
1

2

∫

M

i2tr((ΘQ +ΘS)β
† ∧ β) = 1

2

∫

M

(2π)2ch2(E)

⇒
∫

M

(2π)2ch2(S) +
1

2

∫

M

i2πtr(c1(E)β† ∧ β) = 1

2

∫

M

(2π)2ch2(E).(3.4)

The given positivity condition is c1(E) > 0 and hence 3.4 implies that µMA(S) ≤
µMA(E) with equality holding if and only if E is decomposable. Hence µMA(S) <
µMA(E). �

In order to prove a version of Lemma 3.1 for coherent saturated subsheaves, we
need to do more work (akin to [15, 9, 14]).

Proposition 3.1. If (E, h) is an indecomposable Hermitian holomorphic rank-2
vector bundle on a smooth projective surface M such that (iΘh)

2 = ηId where
η > 0, and tr(iΘh) is positive, then E is MA-stable.

Proof. Let S ⊂ E be a coherent saturated subsheaf. By assumption, the singulari-
ties of S are points (codimension 2). We adapt the discussion following Corollary
4.2 in [14]. Essentially, one takes the singular locus of S, blows it up finitely many

times to get π : M̃ → M , and takes S̃ to be the saturation of π∗S in π∗(E). It

is a subbundle of E such that T = S̃/π∗S is a torsion sheaf supported on points
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∑
imZi,0Zi,0 (by the reasoning in the proof of Proposition 4.3 in [14]). At this point

we appeal to Proposition 3.1 of [15] which shows that ch2(T ) = PD(
∑

i

mZi,0Zi,0)

where PD is the Poincaré dual. Therefore,

π∗ch2(S) = ch2(S̃)− PD(
∑

i

mZi,0Zi,0).(3.5)

From 3.5 we see that µMA(S) ≤ µMA(S̃). By Lemma 3.1, µMA(S̃) < µMA(E).
Hence E is MA-stable. �

3.2. Chern class inequality.

We prove the following KLBMY-type inequality thus completing the proof of
Theorem 1.2.

Proposition 3.2. Let (E, h) be a Hermitian rank-2 holomorphic vector bundle
on a compact complex surface such that iΘh > 0 in the sense of Griffiths, and
(iΘh)

2 = ηId where η > 0 is a volume form and Θh is the curvature of the Chern
connection of h. Then c21(E)− 4c2(E) ≤ 0 with equality holding if and only if Θ is
projectively flat.

Proof. Choose a holomorphic frame near p which is also orthonormal at p. Then
Θ12 = −Θ̄21. Moreover, the Griffiths positivity of iΘh implies that we can choose
coordinates near p so that at p, iΘ11(p) = idz1 ∧ dz̄1 + idz2 ∧ dz̄2 and iΘ22(p) =
iλ1dz

1 ∧ dz̄1 + iλ2dz
2 ∧ dz̄2 where λ1, λ2 > 0. Also, η = fidz1 ∧ dz̄1 ∧ idz2 ∧ dz̄2.

Thus,

η(p)Id = (iΘh)
2(p)

=

[
2idz1 ∧ dz̄1 ∧ dz2 ∧ dz̄2 −Θ12Θ̄12(p) Θ11Θ12(p) + Θ12Θ22(p)

−Θ11Θ̄12(p)− Θ̄12Θ22(p) 2iλ1λ2dz
1 ∧ dz̄1 ∧ dz2 ∧ dz̄2 −Θ12Θ̄12(p)

]
.

(3.6)

Therefore,

1 = λ1λ2,

(Θ12)22(p)(λ1 + 1) = −(Θ12)11(p)(λ2 + 1), and

2 + (Θ12)11(Θ̄12)22(p) + (Θ12)22(Θ̄12)11(p)− |(Θ12)
2
12|2(p)− |(Θ12)21|2(p) = f(p).

(3.7)

Substituting the second equation in 3.7 in the third and using the first equation we
get

2− 2
|(Θ12)11|2(p)

λ1
− |(Θ12)21|2(p)− |(Θ12)12|2(p) = f(p).(3.8)

Now,

(−i)2(c21(p)− 4c2(p)) = (Θ11(p) + Θ22(p))
2 − 4(Θ11Θ22 +Θ12Θ̄12)(p)

= dz1 ∧ dz̄1 ∧ dz2 ∧ dz̄2
(
2(1 + λ1)(1 + λ2)− 4(λ1 + λ2) + 4(f(p)− 2)

)
.(3.9)

Using 3.8 and 3.9 we get the following.

c21(p)− 4c2(p)

idz1 ∧ dz̄1 ∧ idz2 ∧ dz̄2 = 4− 2

(
λ1 +

1

λ1

)
+ 4(−|(Θ12)

2
12|2(p)− |(Θ12)21|2(p)− 2

|(Θ12)11|2(p)
λ1

)

≤ 0,(3.10)
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with equality holding if and only if Θ = ωI where ω2 = η (which can be solved
because it is the Calabi conjecture). �

4. Special cases

In this section we discuss some examples.

4.1. Projective space. The projective space CP
n with the Fubini-Study metric

ωFS = i
2π∂∂̄ ln(1 + |z|2) (where |z|2 =

∑
i |zi|2) does satisfy ( i

2πΘFS)
n = λωnFSId

where λ is a constant. (So, at least there is one metric on TCPn whose curvature’s
power is proportional to identity.) Indeed, the curvature of the Fubini-Study metric
is given by ΘFS = ∂̄(H̄−1∂H̄) where iHijdz

i ∧ dz̄j = ωFS. Therefore,

H̄ij =
1

2π(1 + |z|2)

[
δij −

ziz̄j

1 + |z|2
]
=

1

2π(1 + |z|2)H̃ij

iΘFS
2π

= ωFS +
i

2π
∂̄(H̃−1∂H̃).(4.1)

We calculate ∂̄(H̃−1∂H̃) :

H̃−1
ik = δik + ziz̄k

∂H̃kj = − dzkz̄j

1 + |z|2 +

(
∑

l

z̄ldzl)zkz̄j

(1 + |z|2)2 ⇒ (H̃−1∂H̃)ij = − dziz̄j

1 + |z|2

⇒ ∂̄(H̃−1∂H̃)ij =
dzid̄z

j

1 + |z|2 +
(
∑

k z
kd̄z

k
)dziz̄j

(1 + |z|2)2(4.2)

Since the Fubini-Study metric is symmetric, i.e., there is a transitive group of
isometries, it is enough to prove that

(
iΘFS
2π

)n
= λωnFS at the point z = 0. Indeed,

at z = 0,

(
iΘFS
2π

)

αβ

(z = 0) =
i

2π
δijdz

i ∧ dz̄jδαβ +
i

2π
dzα ∧ dz̄β

⇒
(
iΘFS
2π

)n

αβ

(z = 0) =

r=n−1∑

r=0

(
n

r

)
ωrFS(−ωFS)n−r−1dzα ∧ dz̄β + ωnFS

= ωnFSδαβ + (n− 1)!

(
i

2π

)n−1∑

j

(dz1 ∧ dz̄1 . . . d̂z
j
∧ d̂z̄j ∧ . . .) ∧

n−1∑

r=0

(
n

r

)
(−1)n−r−1dzα ∧ dz̄β

= ωnFSδαβ(1 +

n−1∑

r=0

(
n

r

)
(−1)n−r−1) = 2ωnFS.(4.3)

Actually, the Fubini-Study metric on CP
2 satisfies the positivity condition in

Section 2 and hence, for small perturbations η of λω2
FS there exist solutions of the

vector bundle Monge-Ampère equation. Indeed, by symmetry it suffices once again
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to verify this at z = 0. Suppose [a]αβ = aαβ,µdz
µ is a 2× 2 matrix of (1, 0)-forms.

tr

(
ia

(
iΘFS
2π

)
(z = 0)a†

)
+ tr

((
iΘFS
2π

)
(z = 0)iaa†

)
= 2iωFSaαβ ∧ āαβ

+
i

2π
dzα ∧ dz̄βiaβγ ∧ āαγ +

i

2π
dzβ ∧ dz̄γiaαβ ∧ āαγ

=
i

2π
dz1 ∧ dz̄1 ∧ idz2 ∧ dz̄2

(
2
∑

α,β

(|aαβ,2|2 + |aαβ,1|2)

+|a1γ,2|2 + |a2γ,1|2 − a2γ,2ā1γ,1 − a1γ,1ā2γ,2 + |aα1,2|2 + |aα2,1|2 − aα1,2āα2,1 − aα2,1āα1,2

)

≥ 0,(4.4)

with equality holding if and only if aαβ,γ = 0 ∀ α, β, γ.

4.2. Mumford stable bundles. Suppose a holomorphic vector bundle E over a
compact complex surface is Mumford stable with respect to a polarisation c1(L).
Then we prove that E ⊗ Lk admits solutions to the vector bundle Monge-Ampère
equation (for a sufficiently large k depending on the right hand side):

Theorem 4.1. Assume that a rank-r holomorphic vector bundle E over a compact
complex surface M is Mumford stable with respect to an ample class c1(L). Given

a volume form η > 0 such that

∫

M

η =

∫

M

c1(L)
2, there exists a positive integer k

such that E ⊗ Lk has a metric hk, the curvature Θk of whose Chern connection is
Griffiths positive and satisfies

(
iΘk
2π

)2

= ηk = η

∫

M

2ch2(E ⊗ Lk)
∫

M

rη
Id = k2ηId+ k

∫

M

2c1(E)c1(L)
∫

M

rη
ηId+

∫

M

2ch2(E)
∫

M

rη
ηId.

(4.5)

Proof. By Yau’s solution of the Calabi conjecture, there exists a metric h0 on L such
that its first Chern form ω0 satisfies ω2

0 = η. Let g0 be a Hermitian-Einstein metric
on E (which exists by the Uhlenbeck-Yau theorem [16]) with curvature Θ0. Every
other metric on E is of the form g = g0H where H is a g0-Hermitian endomorphism
of E. The curvature of g is Θ = Θ0+ ∂̄(H

−1∂0H) (here the matrix for the metric is

such that 〈s, t〉 = s†Ht). Consider the following family of equations parametrised by
~ = 1

k for a Hermitian endomorphism H~ satisfying
∫
M
tr(H~)volω0

= r
∫
M
c1(L).

(
i

2π
(~Θ0 + ω0 + ~∂̄(H−1

~
∂0H~))

)2

= ηId+ ~

∫

M

2c1(E)c1(L)
∫

M

rη

ηId+ ~
2

∫

M

2ch2(E)
∫

M

rη

ηId.

(4.6)

The above equation 4.6 has a solution H0 = Id at ~ = 0. The implicit function
theorem proves that for small ~ (i.e. large k) equation 4.6 has a solution provided
the linearization at ~ = 0 is an isomorphism. However, it is not prudent to linearise
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the above equation directly because the zeroeth order term is 0. Therefore we
consider the linearization of

T (~, H) =
1

~

((
i

2π
(~Θ0 + ω0 + ~∂̄(H−1∂0H))

)2

−ηId−~

∫

M

2c1(E)c1(L)
∫

M

rη

ηId−~
2

∫

M

2ch2(E)
∫

M

rη

ηId

)

at ~ = 0. Indeed, T (0, Id) = 0. The linearization is

DT(0,I)(h) = 2ω0 ∧ ∂̄∂0h.

This is of course a self-adjoint map and hence by the Fredholm alternative we need

to prove that it has trivial kernel. Indeed, ifDT (0, h) = 0, then

∫

M

ω0∧tr(h∂̄∂0h) =
0. Integration-by-parts allows us to conclude that h is parallel. Therefore, the
eigenspaces of h are parallel transported to form holomorphic subbundles of E.
Since E is stable, it is indecomposable and hence h = cId. By the normalisation
condition, c = 0. Hence we are done. �

4.3. The Vortex bundle. In [8] a construction of a rank-2 holomorphic bundle
over a product of Riemann surfaces Σ × CP

1 was given. This bundle had a high
degree of symmetry that was exploited to reduce its Mumford stability to a sim-
ple Chern classes inequality. Moreover, the Hermitian-Einstein equation could be
reduced to a single PDE for a single function on a Riemann surface (to which the
Kazdan-Warner theory could be applied). For the remainder of this paper, we study
these Vortex bundles in the context of the vbMA equation. In particular, we prove
Theorem 1.3 in this section. To have notation consistent with the existing literature
on these bundles, we drop the 2π in several of our definitions below (especially in
the Fubini-Study metric).

Consider a genus g compact Riemann surface Σ endowed with a metric whose
(1, 1)-form is ωΣ = iΘ0 where Θ0 is the curvature of a metric h0 on a degree one
line holomorphic bundle L. Let CP

1 be endowed with the Fubini-study metric
ωFS = idz∧dz̄

(1+|z|2)2 which is the curvature of a metric hFS on O(1). Consider the

rank-2 bundle

V = π∗
1((r1 + 1)L)⊗ π∗

2(r2O(2))⊕ π∗
1(r1L)⊗ π∗

2((r2 + 1)O(2)),

where r1, r2 ≥ 2.
Suppose h is a smooth metric on L and f2 is a smooth positive function on Σ.

Put a metric H = h1 ⊕ g2 on V where h1 = π∗
1(hf2h

r1
0 ) ⊗ π∗

2(h
2r2
FS) is a metric

on π∗
1((r1 + 1)L) ⊗ π∗

2(r2O(2)) and g2 = π∗
1(f2h

r1
0 ) ⊗ π∗

2(h
2r2+2
FS ) is a metric on

π∗
1(r1L)⊗ π∗

2((r2 + 1)O(2)).
Using a holomorphic section φ ∈ H0(X,L) endow V with a holomorphic struc-

ture through the second fundamental form β = π∗
1φ⊗π∗

2ζ ∈ H1(X, π∗
1L⊗π∗

2O(−2)) ≃
H0(Σ, L) where ζ =

√
8πdz

(1+|z|2)2 ⊗ dz̄.

4.4. Dimensional reduction to the Monge-Ampère Vortex equation. We
now reduce the vbMA equation for the Vortex bundle V for certain symmetric
right-hand-sides to a single equation on Σ. To this end, the Chern connection of
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(V,H) is given by the following expression.

A =

(
Ah1

β
−β†h Ag2

)
(4.7)

Its curvature is

Θ =

(
Θh1

− β ∧ β†h ∇1,0β
−∇0,1β†h Θg2 − β† ∧ β

)

=

(
Θh +Θf2 − ir1ωΣ − 2ir2ωFS − i|φ|2hωFS ∇1,0φ ∧ π∗

2ζ
−∇0,1φ†h ∧ π∗

2ζ
† Θf2 − ir1ωΣ − (2r2 + 2)iωFS + i|φ|2hωFS

)
.

(4.8)

For future use we record that

∇1,0β ∧ ∇0,1β†h = −i∇1,0φ ∧ ∇0,1φ†h ∧ ωFS .(4.9)

We note that rescaling the metric h0 to h0A does not change the curvature iΘ0 =
ωΣ. Assume that h0 has been rescaled so that |φ|20 < 1

2 . Now we dimensionally
reduce the vbMA equation to the Monge-Ampère Vortex equation.

Theorem 4.2. Suppose there is a smooth metric h on L satisfying

|φ|2h ≤ 1,

and solving the following equation.

iΘh = (1− |φ|2h)
ζ + i∇1,0φ ∧ ∇0,1φ†h

(2r2 + |φ|2h)(2 + 2r2 − |φ|2h)
,

where ζ > 0 is a given (1, 1)-form on Σ satisfying
∫

Σ

ζ = 2(r1(r2 + 1) + r2(r1 + 1)).

Then there is a smooth Griffiths positively curved metric H on the Vortex bundle
V whose curvature Θ satisfies the vbMA equation :

(iΘ)2 = π∗
1ζ ∧ π∗

2ωFSI.(4.10)

Proof. Without loss of generality, we may choose the Kähler form ωΣ on Σ to satisfy

µωΣ = ζ,

where µ is a constant given by the following expression.

µ = (2π)2
∫

X×CP1

ch2(V ) = 2(r2(r1 + 1) + r1(r2 + 1)) > 0.

Substituting 4.8 in the vbMA 4.10, we get the following equations.
[

(iΘh1
− iβ ∧ β†h)2 +∇1,0β ∧ ∇0,1β†h 0

0 (iΘg2 − iβ†h ∧ β)2 +∇0,1β†h ∧ ∇1,0β

]
= ηId.

The above equation can be simplified to yield a system of equations.

2(iΘh + iΘf2 + r1ωΣ)(2r2 + |φ|2h)− i∇1,0φ ∧ ∇0,1φ†h = µωΣ,(4.11)

and

2(iΘf2 + r1ωΣ)(2r2 + 2− |φ|2h)− i∇1,0φ ∧ ∇0,1φ†h = µωΣ.(4.12)
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From 4.11 and 4.12 we see that

2(iΘf2 + r1ωΣ)(1 − |φ|2h) = iΘh(2r2 + |φ|2h)

⇒ iΘf2 + r1ωΣ =
iΘh(2r2 + |φ|2h)

2(1− |φ|2h)
.(4.13)

Substituting 4.13 in 4.12 we see that

iΘh = (1− |φ|2h)
µωΣ + i∇1,0φ ∧ ∇0,1φ†h

(2r2 + |φ|2h)(2 + 2r2 − |φ|2h)
.(4.14)

By assumption, equation 4.14 has a smooth solution satisfying |φ|2h ≤ 1. (Hence
Θh ≥ 0.) We can now solve 4.13 for a smooth f2 and thus we can solve the vbMA
equation.

Lemma 4.1. If equation 4.14 has a smooth solution h satisfying |φ|2h ≤ 1, then
4.13 has a smooth solution f2 (unique up to a constant).

Proof. Using local normal coordinates it is easy to prove the following Weitzenböck-
type identity.

∂∂̄|φ|2h = −Θh|φ|2h +∇1,0φ ∧ ∇0,1φ†h .(4.15)

Integrating on both sides we see that

∫
iΘh|φ|2h =

∫
i∇1,0φ ∧ ∇0,1φ†h

=

∫
iΘ

(2r2 + |φ|2h)(2r2 + 2− |φ|2h)
1− |φ|2h

−
∫
µωΣ

⇒ µ =

∫
iΘh

|φ|2h + 2r2(2r2 + 2)

1− |φ|2h
=

∫
iΘh

[
−1 +

1 + 2r2(2r2 + 2)

1− |φ|2h

]

⇒ µ+ 1

1 + 2r2(2r2 + 2)
=

∫
iΘh

1− |φ|2h
(4.16)

Equation 4.13 is a linear equation and hence has a unique (up to a constant) smooth
solution if and only if the right-hand-side is smooth and the integrals on both sides
match up. Using the expressions 4.14 and 4.13 it is easy to see that the coefficients
of the equation are smooth. It remains to check that the integrals are equal.

∫
(iΘf2 + r1ωΣ) = r1

∫
iΘh(2r2 + |φ|2h)

2(1− |φ|2h)
=

∫
iΘh
2

(
2r2 + 1

1− |φ|2h
− 1

)

=
2r2 + 1

2

∫
iΘh

1− |φ|2h
− 1

2
.
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At this juncture we may use equation 4.16 to conclude the proof.

∫
iΘh(2r2 + |φ|2h)

2(1− |φ|2h)
=

2r2 + 1

2

µ+ 1

1 + 2r2(2r2 + 2)
− 1

2

=
(2r2 + 1)(2r1(r2 + 1) + 2r2(r1 + 1) + 1)

2(2r2 + 1)2
− 1

2

=
2r1(2r2 + 1) + 2r2 + 1

2(2r2 + 1)
− 1

2

= r1 =

∫
(iΘf2 + r1ωΣ).

�

Therefore, equation 4.10 has a smooth solution H = h1 ⊕ g2 where h1 =
π∗
1(hf2h

r1
0 ) ⊗ π∗

2(h
2r2
FS) and g2 = π∗

1(f2h
r1
0 ) ⊗ π∗

2(h
2r2+2
FS ). We just need to prove

that H is Griffiths positively curved. Indeed,

Lemma 4.2. ΘH is Griffiths positive.

Proof. We check the Griffiths positivity of the metricH by looking at the (1, 1)-form
~v†Θ~v.

~v†Θ~v = |v1|2(Θh +Θf2 − ir1ωΣ − 2ir2ωFS − i|φ|2hωFS)
+ |v2|2(Θf2 − ir1ωΣ − (2r2 + 2)iωFS + i|φ|2hωFS)
+ v̄1v2∇1,0φ ∧ π∗

2ζ − v̄2v1∇0,1φ†h ∧ π∗
2ζ

†

= |v1|2(Θh +Θf2 − ir1ωΣ) + |v2|2(Θf2 − ir1ωΣ)

+ ωFS(|v1|2(−2ir2 − i|φ|2h) + |v2|2(−(2r2 + 2)i+ i|φ|2h))
+ v̄1v2∇1,0φ ∧ π∗

2ζ − v̄2v1∇0,1φ†h ∧ π∗
2ζ

†.(4.17)

The form i~v†Θ~v is positive for all ~v 6= 0 if and only if

iΘh + iΘf2 + r1ωΣ > 0,

iΘf2 + r1ωΣ > 0,

(2r2 + 2)− |φ|2h > 0,

and

0 <
(i~v†Θ~v)2

2
= ωFS

(
|v1|4(2r2 + |φ|2h)(iΘh + iΘf2 + r1ωΣ)

+|v2|4(2r2 + 2− |φ|2h)(iΘf2 + r1ωΣ)

+|v1v2|2
(
iΘh(2r2 + 2− |φ|2h) + (4r2 + 2)(iΘf2 + r1ωΣ)− i∇1,0φ ∧∇0,1φ†h

)
)
.

(4.18)
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In our case we may use equations 4.11 and 4.12 to calculate.

|φ|2h ≤ 1 < 2r2 + 2

iΘh + iΘf2 + r1ωΣ =
µωΣ + i∇1,0φ ∧ ∇0,1φ†h

2(2r2 + |φ|2h)
> 0

iΘf2 + r1ωΣ =
µωΣ + i∇1,0φ ∧ ∇0,1φ†h

2(2r2 + 2− |φ|2h)
> 0.(4.19)

As for the inequality 4.18, it is clear that the coefficients of |v1|4 and |v2|4 are
positive. We will prove that the coefficient of |v1v2|2 is non-negative. In what
follows, we use expressions 4.14 and 4.19 to calculate.

(
iΘh(2r2 + 2− |φ|2h) + (4r2 + 2)(iΘf2 + r1ωΣ)− i∇1,0φ ∧ ∇0,1φ†h

)

≥ i∇1,0φ ∧ ∇0,1φ†h
(

1− |φ|2h
2r2 + |φ|2h

+
4r2 + 2

2(2r2 + 2− |φ|2h)
− 1

)

= i∇1,0φ ∧ ∇0,1φ†h
(

1− |φ|2h
2r2 + |φ|2h

− 1− |φ|2h
2r2 + 2− |φ|2h

)

=
2i∇1,0φ ∧ ∇0,1φ†h(1 − |φ|2h)2
(2r2 + |φ|2h)(2r2 + 2− |φ|2h)

≥ 0.

Hence, the metric H is Griffiths positively curved as desired. �

Therefore, the vbMA equation has been dimensionally reduced to the Monge-
Ampère Vortex equation thus proving Theorem 4.2. �

4.5. Existence. Now we set up the method of continuity to solve the Monge-
Ampère Vortex equation 1.6. To this end, we need to choose a good initial metric.
We choose it to be h0A where h0 satisfies iΘ0 = ωΣ and |φ|20 < 1

2 as before, and A
is a small scaling factor. This rescaled metric has the same curvature as the original
one.

Let T ⊂ [0, 1] be the set of all t such that the following equation has a smooth
solution ht = h0e

−ψt .

iΘht = i(Θh0
+ ∂∂̄ψt) = (1− |φ|2ht)

µu1−tωΣ + it∇1,0
t φ ∧ ∇0,1

t φ†ht

(2r2 + t|φ|2ht)(2 + 2r2 − t|φ|2ht)
,(4.20)

where u = 1
α(1−|φ|2

0
)
and

α =
µ

(2r2)(2r2 + 2)
=

2(2r1r2 + r1 + r2)

4r22 + 4r2
> 1,

if r1 > r2. As we shall see, it is crucial that α > 1 (for Lemma 4.8 to hold).
At t = 0 we have a solution h0, i.e., ψ0 = 0. If we prove that T is open and

closed then we will be done.
For future use, we record a useful observation :

Lemma 4.3. |φ|2ht ≤ 1. Thus Θht(x) ≥ 0 ∀ t ∈ T, x ∈ X.

Proof. Recall equation 4.15 :

∂∂̄|φ|2ht = −Θt|φ|2ht +∇1,0
t φ ∧ ∇0,1

t φt∗.(4.21)
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At the maximum point p of g = |φ|2ht , we know that ∇g(p) = 0 and i∂∂̄g(p) ≤ 0.
Therefore ∇tφ(p) = 0, and since φ is not identically 0, we see that Θt(p) ≥ 0. From
equation 4.20 it is now clear that 1− |φ|2ht(p) ≥ 0. Hence g(x) ≤ g(p) ≤ 1 ∀ x ∈ X
as desired. �

Now we prove openness of the set T .

Lemma 4.4. The set T ⊂ [0, 1] such that equation 4.20 has a smooth solution is
open. In particular, there exists a δ > 0 such that [0, δ) ⊂ T .

Proof. Assume that t0 ∈ T . We want to prove that (t0 − δ, t0 + δ) ⊂ T for some
δ > 0 (depending on t0). To this end, let C1 denote the open subset of the space
of C2,α functions C consisting of functions ψ such that 2r + 2 − |φ|2h0e−ψ

> 0. Let

C2 be the space of C0,α (1, 1)-forms. Define the metric h by h = h0e
−ψ. Consider

the map L : C1 × R → C2 given by

L(ψ, t) = iΘh − (1− |φ|2h)
µu1−tωΣ + it∇1,0

h φ ∧ ∇0,1
h φ†h

(2r2 + t|φ|2h)(2 + 2r2 − t|φ|2h)
= iΘh − (1− |φ|2h)J,(4.22)

where J =
µu1−tωΣ+it∇1,0

h
φ∧∇0,1

h
φ†h

(2r2+t|φ|2h)(2+2r2−t|φ|2h)
. L is clearly a smooth map between Banach

manifolds and L(ψt0 , t0) = 0. If we prove that DψLψt0 ,t0 : C → C2 is an isomor-

phism, then by the implicit function theorem of Banach manifolds, (t0−δ, t0+δ) ⊂ T
for some δ > 0 as desired. Denote 2r2 + t|φ|2h by I and 2 + 2r2 − t|φ|2h by II. Note
that II − I = 2− 2t|φ|2h. For the sake of convenience we drop the t subscript from
ht from now onwards.

Indeed, the derivative along a C2,α function w is

DψLψ,t(w) = i∂∂̄w − |φ|2hwJ − (1− |φ|2h)
itδw∇1,0

h φ ∧∇0,1
h φh∗

(I)(II)

−w(1 − |φ|2h)t|φ|2hJ
(
1

I
− 1

II

)
(4.23)

Now we use equation 4.21 to see that

δw(∇1,0
h φ ∧∇0,1

h φh∗) = δw∂∂̄|φ|2h + δw(Θh|φ|2h)
= ∂∂̄(−|φ|2hw) + ∂∂̄w|φ|2h −Θh|φ|2hw.(4.24)

Using 4.24 in 4.23 we get,

DψLψ,t(w) = i∂∂̄w − |φ|2hwJ − (1− |φ|2h)(1− t|φ|2h)
2wt|φ|2hJ
(I)(II)

−(1− |φ|2h)
it(∂∂̄(−|φ|2hw) + ∂∂̄w|φ|2h −Θh|φ|2hw)

(I)(II)
.(4.25)
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By the Fredholm alternative, if we prove that the kernel of DL∗(v) is trivial, then
we will be done. Indeed, a calculation shows that

(DψLψ,t)
∗(v) = i∂∂̄v − |φ|2hvJ − (1− |φ|2h)(1 − t|φ|2h)

2vt|φ|2hJ
(I)(II)

+ (1 − |φ|2h)
itΘh|φ|2hv
(I)(II)

− it

(
|φ|2h∂∂̄

(−(1− |φ|2h)v
(I)(II)

)
+ ∂∂̄

(v|φ|2h(1 − |φ|2h)
(I)(II)

))

= i∂∂̄v − |φ|2hvJ − (1− |φ|2h)(1 − t|φ|2h)
2vt|φ|2hJ
(I)(II)

+ (1 − |φ|2h)
itΘh|φ|2hv
(I)(II)

− it

(
v(1 − |φ|2h)
(I)(II)

∂∂̄|φ|2h + ∂

(
v(1− |φ|2h)
(I)(II)

)
∧ ∂̄|φ|2h + ∂|φ|2h ∧ ∂̄

(
v(1 − |φ|2h)
(I)(II)

))
.

(4.26)

Using 4.21 and the fact that iΘh = (1− |φ|2h)J we see that

(DψLψ,t)
∗(v) = i∂∂̄v − |φ|2hvJ − (1− |φ|2h)(1 − t)

2vt|φ|4hJ
(I)(II)

− (1− |φ|2h)
it∇1,0φ ∧∇0,1φ∗hv

(I)(II)

− it

(
∂

(
v(1− |φ|2h)
(I)(II)

)
∧ ∂̄|φ|2h + ∂|φ|2h ∧ ∂̄

(
v(1− |φ|2h)
(I)(II)

))

= i∂∂̄v − |φ|2hvJ − (1− |φ|2h)(1 − t)
2vt|φ|4hJ
(I)(II)

− (1− |φ|2h)
it∇1,0φ ∧∇0,1φ∗hv

(I)(II)

− it

(
1− |φ|2h
(I)(II)

∂v ∧ ∂̄|φ|2h + v∂

(
1− |φ|2h
(I)(II)

)
∧ ∂̄|φ|2h

+ v∂|φ|2h ∧ ∂̄
(
1− |φ|2h
(I)(II)

)
+

1− |φ|2h
(I)(II)

∂|φ|2h ∧ ∂̄v
)
.

(4.27)

Now notice that

∂

(
1− |φ|2h
(I)(II)

)
= − 1

(I)(II)
∂|φ|2h +

1− |φ|2h
(I)(II)

(
−∂I
I

− ∂(II)

II

)

= − 1

(I)(II)
∂|φ|2h −

2(1− |φ|2h)(1− t|φ|2h)∂|φ|2h
(I)2(II)2

.(4.28)

Using this in 4.27 we see that for v ∈ ker(DL∗),

0 = i∂∂̄v − |φ|2hvJ − (1− |φ|2h)(1− t)
2vt|φ|4hJ
(I)(II)

− (1− |φ|2h)
it∇1,0φ ∧ ∇0,1φ∗hv

(I)(II)

− it

(
1− |φ|2h
(I)(II)

∂v ∧ ∂̄|φ|2h +
1− |φ|2h
(I)(II)

∂|φ|2h ∧ ∂̄v

− 2
v∂|φ|2h ∧ ∂̄|φ|2h

(I)(II)

(
1 +

2(1− |φ|2h)(1 − t|φ|2h)
(I)(II)

))
.

(4.29)
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Let ṽ = vI. We calculate the derivatives of ṽ now.

∂̄ṽ = tv∂̄|φ|2h + I∂̄v

⇒ ∂∂̄ṽ = t∂v ∧ ∂̄|φ|2h + tv∂∂̄|φ|2h + t∂|φ|2h ∧ ∂̄v + I∂∂̄v.(4.30)

At the point p where the maximum of ṽ occurs, i∂∂̄ṽ(p) ≤ 0 and ∂ṽ(p) = ∂̄ṽ(p) = 0.
The latter observation implies that

∂̄v(p) = − tv∂̄|φ|
2
h

I
(4.31)

Hence,

0 ≥ −2i
t2v∂|φ|2h ∧ ∂̄|φ|2h

I
(p)− tviΘh|φ|2h(p) + itv∇1,0φ ∧ ∇0,1φ†h(p) + Ii∂∂̄v(p)

⇒ 0 ≥ −2i
t2v|φ|2h∇1,0φ ∧ ∇0,1φ†h

I
(p)− tviΘh|φ|2h(p) + itv∇1,0φ ∧ ∇0,1φ†h(p) + Ii∂∂̄v(p)

(4.32)

We suppress the point p in what follows. Substituting 4.29 in the above inequality
and dividing both sides by I we get the following.

0 ≥ −2i
t2v|φ|2h∇1,0φ ∧ ∇0,1φ†h

I2
− tv

(1 − |φ|2h)J |φ|2h
I

+
itv

I
∇1,0φ ∧ ∇0,1φ†h

+ |φ|2hvJ + (1 − |φ|2h)(1 − t)
2vt|φ|4hJ
(I)(II)

+ (1− |φ|2h)
it∇1,0φ ∧∇0,1φ∗hv

(I)(II)

+ it

(
1− |φ|2h
(I)(II)

∂v ∧ ∂̄|φ|2h +
1− |φ|2h
(I)(II)

∂|φ|2h ∧ ∂̄v

− 2
v∂|φ|2h ∧ ∂̄|φ|2h

(I)(II)

(
1 +

2(1− |φ|2h)(1− t|φ|2h)
(I)(II)

))
.

Using 4.31 in the above equation we may simplify it.

0 ≥ −2i
t2v|φ|2h∇1,0φ ∧ ∇0,1φ†h

I2
− tv

(1 − |φ|2h)J |φ|2h
I

+ i
tv

I
∇1,0φ ∧ ∇0,1φ†h

+ |φ|2hvJ + (1− |φ|2h)(1− t)
2vt|φ|4hJ
(I)(II)

+ (1− |φ|2h)
it∇1,0φ ∧ ∇0,1φ∗hv

(I)(II)

− itv

I

(
2t
1− |φ|2h
(I)(II)

|φ|2h∇1,0φ ∧∇0,1φ†h

+ 2
|φ|2h∇1,0φ ∧∇0,1φ†h

II

(
1 +

2(1− |φ|2h)(1 − t|φ|2h)
(I)(II)

))

= Ai
tv

I
∇1,0φ ∧∇0,1φ†h +B

µu1−tωΣ

(I)(II)
|φ|2hv,(4.33)
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where

A = −2t|φ|2h
I

− t(1− |φ|2h)|φ|2h
(I)(II)

+ 1 +
|φ|2h
II

+
2(1− |φ|2h)(1− t)t|φ|4h

(I)(II)2
+

1− |φ|2h
II

− 2t(1− |φ|2h)|φ|2h
(I)(II)

− 2|φ|2h
II

(
1 +

2(1− |φ|2h)(1 − t|φ|2h)
(I)(II)

)

⇒ A = −2t|φ|2h
I

− t(1− |φ|2h)|φ|2h
(I)(II)

+ 1 +
2(1− |φ|2h)(1− t)t|φ|4h

(I)(II)2
− 2t(1− |φ|2h)|φ|2h

(I)(II)

+
1

II

(
1− 2|φ|2h −

4|φ|2h(1− |φ|2h)(1 − t|φ|2h)
(I)(II)

)

≥ −2

I
− 1

4(I)(II)
+ 1− 1

2(I)(II)
+

1

II

(
−1− 1

(I)(II)

)

≥ −1

2
− 1

80
+ 1− 1

40
− 1

5

(
1 +

1

20

)
> 0,

and

B = − t(1− |φ|2h)
I

+ 1 +
2(1− |φ|2h)(1− t)t|φ|2h

(I)(II)

≥ −1

4
+ 1 > 0.

Going back to 4.33 we see that v(p) ≤ 0. (Indeed, since L has degree 1, either
|∇φ|(p) 6= 0 or φ(p) 6= 0.) Thus, ṽmax ≤ 0. The same argument shows that
ṽmin ≥ 0. Hence ṽ ≡ 0 ≡ v, thus proving that ker(DψL

∗
ψ,t) = {0}. Therefore T is

open. �

We prove the closedness of T assuming openness near t = 0, i.e., [0, δ) ⊂ T for
some δ > 0. Suppose tn → t is a sequence such that htn = h0e

−ψtn solves 4.20. We
need to show that a subsequence ψtnk → ψt in C

2,α and that ψt is smooth. If we

prove that ‖ψt‖C2,β ≤ C where C is independent of t, then by the Arzela-Ascoli
theorem, for α < β we have a convergent subsequence. Lemma 4.3 together with
elliptic regularity shows that ψt is smooth. So we just need to prove C2,β a priori
estimates on ψt. From now onwards we suppress the dependence of ψt on t. The
following lemma reduces the estimates to a C1 estimate.

Lemma 4.5. Suppose ‖ψ‖C1 ≤ C. Then ‖ψ‖C2,β ≤ C.

Proof. Under the hypotheses, using Lemma 4.3 it is clear that the right hand side
of 4.20 is uniformly bounded in C0. Therefore, by the Lp regularity of elliptic
equations, ψ is bounded uniformly in W 2,p for all large p. Using the Sobolev
embedding theorem we see that ‖ψ‖C1,β ≤ C. Thus the right hand side is in C0,β .
By the Schauder estimates we are done. �

Now we reduce the C1 estimate to a uniform estimate on ψ.

Lemma 4.6. If ‖ψ‖C0 ≤ C, then ‖ψ‖C1(X) ≤ C̃.

Proof. To produce a contradiction, assume that there exists a sequence ψn (cor-
responding to tn → t) such that maxX |dψn| = |dψn(pn)| = Mn → ∞. Up to a
subsequence, we may assume that pn → p. Choose n large enough so that pn, p lie
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in a coordinate ball B̃ centred at p with coordinates z (with z = 0 corresponding

to p). Define ψ̃n(z̃) = ψ(pn + z̃
Mn

). Now |d̃ψ̃n| ≤ 1 = |d̃ψ̃n|(0). Note that

∂ψ̃n
∂z̃

=
1

Mn

∂ψ

∂z
,
∂ψ̃n

∂z̃
=

1

Mn

∂ψ

∂z̄

∂2ψ̃n

∂z̃∂z̃
=

1

M2
n

∂ψ

∂z∂z̄
.(4.34)

We abuse notation from this point onwards and denote the functions ωΣ

idz∧dz̄ = Θ0

dz∧dz̄
by ωΣ and ∇1,0φ∧∇0,1φ∗

dz̃∧dz̃ by ∇̃1,0φ ∧ ∇̃0,1φ∗. Using 4.34 and 4.20 we see that

ωΣ

M2
n

+ i
∂2ψ̃n

∂z̃∂z̃
=

1− |φ|2n
(In)(IIn)

[
it∇̃1,0

n φ ∧ ∇̃0,1
n φn∗ +

µωΣu
1−tn

M2
n

]
.(4.35)

We observe that since ‖φ‖2n ≤ 1, the denominator in 4.35 is bounded below.

On a coordinate ball BR(0) in the z̃ coordinates we have |d̃ψ̃n| ≤ 1. Using 4.35 we

conclude that |∆̃ψ̃n| ≤ C on BR(0). Hence, by interior Lp regularity and Sobolev

embedding we see that ‖ψ̃n‖C1,β(0.6BR(0)) ≤ C. Thus by the interior Schauder

estimates ‖ψ̃n‖C2,β(0.5BR(0)) ≤ C. Suppose ‖ψ̃n‖C2,β(B0.5R(0)) ≤ CR for some fixed

β > 0. For every fixed R, a subsequence of ψ̃n converges in C2,α(B0.5R(0)) to a

function ψ̃R for a fixed α < β. Choosing a diagonal subsequence we may assume

that for all R we have a single function ψ̃. It is easy to see using 4.35 that i ∂
2ψ̃

∂z̃∂z̃
≥ 0.

But a subharmonic function on C cannot be bounded above unless it is a constant.
Hence ψ̃ is a constant. But this contradicts the fact that |d̃ψ̃|(0) = 1. Hence
|∇0ψ| ≤ C thus implying a C1 estimate. �

For the C0 estimate we need the following form of Green’s representation formula.
Let G be a Green’s function of the fixed background metric ωΣ such that −C[1 +
| ln(dωΣ

(P,Q))|] ≤ G(P,Q) ≤ 0. Then any continuous function w satisfies the
following equation.

w(Q) =

∫
wωΣ∫
ωΣ

+

∫

Σ

G(P,Q)i∂∂̄w(Q).(4.36)

Next we prove a lower bound on ψ :

Lemma 4.7. The function ψ satisfies ψ ≥ −C, where C is independent of t.

Proof. Firstly, note that since |φ|20e−ψ ≤ 1,
∫
ψωΣ ≥

∫
ln(|φ|2h0

)ωΣ.(4.37)

Using Green’s formula 4.36 we see that

ψ(P ) ≥
∫

ln(|φ|2h0
)ωΣ +

∫
G(P,Q)i∂∂̄ψ(Q)

=

∫
ln(|φ|2h0

)ωΣ +

∫
G(P,Q)iΘh(Q)−

∫
G(P,Q)ωΣ(Q).(4.38)
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At this point we note that

iΘh ≤ µu1−tωΣ + i∂∂̄|φ|2h + iΘh|φ|2h
2r2(2r2 + 1)

⇒ iΘh(2r2(2r2 + 1)− 1) ≤ iΘh(2r2(2r2 + 1)− |φ|2h)
≤ µu1−t + i∂∂̄|φ|2h

⇒ G(P,Q)iΘh(Q) ≥ G(P,Q)
µu1−t(Q)ωΣ(Q) + i∂∂̄|φ|2h(Q)

2r2(2r2 + 1)− 1
.(4.39)

Using 4.39 in 4.38 we get

ψ(P ) ≥
∫

ln(|φ|2h0
)ωΣ +

∫
G(P,Q)

µu1−t(Q)ωΣ(Q) + i∂∂̄|φ|2h(Q)

2r2(2r2 + 1)− 1
−
∫
G(P,Q)ωΣ(Q)

= ln(|φ|2h0
)ωΣ +

∫
G(P,Q)

µu1−t(Q)ωΣ(Q)

2r2(2r2 + 1)− 1
−
∫
G(P,Q)ωΣ(Q) +

|φ|2h(P )−
∫

|φ|2hωΣ

2r2(2r2 + 1)− 1

≥ ln(|φ|2h0
)ωΣ +

∫
G(P,Q)

µu1−t(Q)

2r2(2r2 + 1)− 1
ωΣ(Q)−

∫
G(P,Q)ωΣ(Q)− 1

2r2(2r2 + 1)− 1

≥ −C,
where we used the Green representation formula again in the third-to-last inequality.

�

Finally we prove an upper bound on ψ thus proving the closedness of T .

Lemma 4.8. The function ψ satisfies ψ ≤ C, where C is independent of t.

Proof. Suppose the maximum of ψ is attained at a point p. At this point, we see
that i∂∂̄ψ(p) ≤ 0 and ∂ψ(p) = ∂̄ψ(p) = 0. Thus

iΘ0(p) = ωΣ(p) ≥ (1 − |φ|2h(p))
µu(p)1−tωΣ(p)

(I)(p)(II)(p)
.(4.40)

If the upper bound does not hold and a sequence of ψn(pn) → ∞ (with pn → q),
then |φ|2n(q) → 0. Hence,

1 ≥ µu1−t(q)

2r2(2r2 + 2)
=

αt

(1− |φ|2h0
(q))1−t

≥ αt > αδ/2 > 1.(4.41)

We have a contradiction. Hence ψ ≤ C. �

Therefore T is open, closed, and non-empty. Hence T = [0, 1] as desired.

Postscript : A slightly unsatisfactory aspect of the above proof is that the
method of continuity used above is tricky to generalise to an arbitrary vector bundle.
The usual method of continuity used for the complex Monge-Ampère equation is

ωnφt = etfωn.

A naive generalisation of this to the Monge-Ampère Vortex equation 1.6 seems to
cause problems with regard to the upper bound on ψ, i.e., Lemma 4.8. That being
said, it is quite possible that an involved Moser iteration argument (akin to the one
used for Calabi Conjecture) might circumvent this problem.



24 VAMSI PRITHAM PINGALI

4.6. r1 > r2 assuming existence. We now show that if a solution to equation
1.6 exists, then r1 > r2. Indeed, if a solution exists then it also solves the vbMA
equation by Theorem 4.2. Theorem 1.2 shows that the bundle is MA-stable. This
means that

µMA(π
∗
1(r1 + 1)L⊗ π∗

2r2O(2)) < µMA(V ).

We now calculate the second Chern characters of the bundles involved.

ch2(π
∗
1(r1 + 1)L⊗ π∗

2r2O(2)) =
ch1(π

∗
1(r1 + 1)L))ch1(π

∗
2r2O(2))

2

= (r1 + 1)r2c1(L)[P
1]

ch2(V ) = ch2(π
∗
1(r1 + 1)L⊗ π∗

2r2O(2)) + ch2(π
∗
1r1L⊗ π∗

2(r2 + 1)O(2))

= ((r1 + 1)r2 + r1(r2 + 1))c1(L)[P
1].(4.42)

Therefore the stability condition translates into the following inequality.

(r1 + 1)r2 <
(r1 + 1)r2 + r1(r2 + 1)

2
⇒ r2 < r1.(4.43)

Remark 4.1. Interestingly enough, it can be shown that V is Mumford stable with
respect to c1(V ). Indeed, by a result of Garćıa-Prada [8] it suffices to check this for
the subbundle S = π∗

1(r1 + 1)L⊗ π∗
2r2O(2).

c1(π
∗
1(r1 + 1)L⊗ π∗

2r2O(2)).c1(V ) = ((r1 + 1)c1(L) + 2r2[P
1]).((2r1 + 1)c1(L) + 2(2r2 + 1)[P1])

= (2(r1 + 1)(2r2 + 1) + 2r2(2r1 + 1))c1(L).[P
1]

c1(V ).c1(V ) = 4(2r1 + 1)(2r2 + 1)

deg(S)

1
− deg(V )

2
= 2(r1 + 1)(2r2 + 1) + 2r2(2r1 + 1)− 2(2r1 + 1)(2r2 + 1)

= −2r1 + 2r2 < 0.(4.44)

As remarked in the introduction, this explains why a KLBMY-type inequality holds
in this case.

4.7. Uniqueness. To complete the proof of Theorem 1.3 we need to prove unique-
ness. Our strategy to do so is as follows :

(1) Let h1 denote the t = 1 solution arising from the continuity path 4.20, i.e.,

iΘht = i(Θh0
+ ∂∂̄ψt) = (1− |φ|2ht)

µu1−tωΣ + it∇1,0
t φ ∧ ∇0,1

t φ†ht

(2r2 + t|φ|2ht)(2 + 2r2 − t|φ|2ht)
.(4.45)

Let h2 denote any other solution of the Monge-Ampère Vortex equation
satsifying |φ|2h2

≤ 1. We wish to run another continuity path backwards

starting with h̃t=1 = h2 :

iΘh̃t = i(Θh0
+ ∂∂̄ψ̃t) = (1− |φ|2

h̃t
)
µu1−tωΣ + it∇1,0

h̃t
φ ∧ ∇0,1φ†h̃t

(2r2 + t|φ|2
h̃t
)(2 + 2r2 − t|φ|2

h̃t
)
.(4.46)

Denote by T̃ ⊂ [0, 1] the set of t such that 4.46 has a smooth solution. This

set is non-empty because 1 ∈ T̃ .
(2) The proof of openness for 4.45 shows that the set T̃ ⊂ [0, 1] is open. The a

priori estimates for 4.45 show that (0, 1] ⊂ T̃ . The only potential problem
can occur at t = 0 because Lemma 4.8 is no longer valid.
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(3) We prove that there exists a “small” t0 ∈ [0, 1] such that 4.45 has a unique
solution at t = t0. That is, there exists a unique smooth h satisfying
|φ|2h ≤ 1 and

iΘh = i(Θh0
+ ∂∂̄ψ) = (1− |φ|2h)

µu1−t0ωΣ + it0∇1,0
h φ ∧ ∇0,1φ†h

(2r2 + t0|φ|2h)(2 + 2r2 − t0|φ|2h)
.(4.47)

(4) The previous point implies that the two continuity paths 4.45 and 4.46
intersect at t = t0. Using this observation we prove that h1 = h2.

Since steps 1 and 2 are already done, we proceed to step 3 :

Lemma 4.9. There exists a number t0 ∈ (0, 1] depending only on r2, µ, h0 such that
there is a unique smooth metric h satisfying |φ|2h ≤ 1 and the following equation.

iΘh = i(Θh0
+ ∂∂̄ψ) = (1− |φ|2h)

µu1−t0ωΣ + it0∇1,0
h φ ∧ ∇0,1φ†h

(2r2 + t0|φ|2h)(2 + 2r2 − t0|φ|2h)
.(4.48)

Proof. As we go along the proof, we will choose t0 to be a small enough number
depending only on r2, µ, h0.
Let h1 be the solution ht0 coming from the continuity path 4.45. Denote by h2 any
other smooth solution of 4.48 satisfying |φ|2h2

≤ 1. Define a function f to satisfy

h2 = h1e
−f . Without loss of generality, there exists a point q such that

f(q) > 0.(4.49)

Let hs = h1e
−sf = hs2h

1−s
1 where 0 ≤ s ≤ 1. It is easy to see that

|φ|2hs = (|φ|h1
)2(1−s)|φ|2sh2

≤ 1.(4.50)

Let Is = 2r2 + t0|φ|2hs , IIs = 2r2+2− t0|φ|2hs , and Js =
µu1−t0ωΣ+it0∇1,0

hs
φ∧∇0,1φ†hs

(I)s(II)s
.

Therefore iΘhs = (1− |φ|2s)Js.
By assumption, iΘh1

= (1− |φ|h1
)2J1 and iΘh2

= (1− |φ|h2
)2J2. Upon subtrac-

tion we get the following equation.

i∂∂̄f =

∫ 1

0

ds
d((1 − |φ|2hs)Js)

ds

=

∫ 1

0

ds

(
f |φ|2hsJs + (1− |φ|2hs)

dJs
ds

)
.(4.51)

We now calculate dJs
ds .

dJs
ds

= −Js
(

1

Is

d(I)s
ds

+
1

IIs

d(II)s
ds

)
+
it0

d
ds∇

1,0
hs
φ ∧ ∇0,1φ†hs

(I)s(II)s

=
2Jst0f |φ|2hs(1− t0|φ|2hs)

(I)s(II)s
+

it0
(I)s(II)s

d

ds

(
∂∂̄|φ|2hs +Θhs |φ|2hs

)
,(4.52)
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where we used the Weitzenböck identity 4.15 in the last equation of 4.30. Continuing
further,

dJs
ds

=
2Jst0f |φ|2hs(1− t0|φ|2hs)

(I)s(II)s
+

it0
(I)s(II)s

(
∂∂̄(−f |φ|2hs) + ∂∂̄f |φ|2hs −Θhsf |φ|2hs

)

=
2Jst0f |φ|2hs(1− t0|φ|2hs)

(I)s(II)s
+

it0
(I)s(II)s

(
−f∇1,0

hs
φ ∧ ∇0,1φ†hs − ∂f ∧ ∂̄|φ|2hs − ∂|φ|2hs ∧ ∂̄f

)
.

(4.53)

Substituting 4.53 into 4.51 we get the following equation.

i∂∂̄f =

∫ 1

0

ds

(
f |φ|2hsJs + (1− |φ|2hs)

2Jst0f |φ|2hs(1 − t0|φ|2hs)
(I)s(II)s

+
it0(1 − |φ|2hs)
(I)s(II)s

(
−f∇1,0

hs
φ ∧∇0,1φ†hs − ∂f ∧ ∂̄|φ|2hs − ∂|φ|2hs ∧ ∂̄f

))
.(4.54)

Before we proceed further, we note that the proof of Lemma 4.7 implies the following
lower bound.

f ≥ −C1,(4.55)

where C1 depends only on r2, µ, h0. Define

f̃ = f(β + |φ|2h),(4.56)

where β > 1 is a large enough constant (depending only on r2, µ, h0) to be chosen
later on and h is defined as

h =

∫ 1

0

hsds = h1

∫ 1

0

e−sfds.(4.57)

From 4.50 it easily follows that

|φ|2h ≤ 1.(4.58)

Moreover, the curvature of h is as follows.

Θh = Θh1
− ∂∂̄ ln

(∫ 1

0

e−sfds

)

= Θh1
+ ∂

∂̄f

∫ 1

0

se−sfds

∫ 1

0

e−sfds

= Θh1
+ ∂∂̄f

∫ 1

0

se−sfds

∫ 1

0

e−sfds

+ ∂f ∧ ∂̄f




(∫ 1

0

se−sfds

)2

(∫ 1

0

e−sfds

)2 −

∫ 1

0

s2e−sfds

∫ 1

0

e−sfds


 .

(4.59)
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By the Cauchy-Schwarz inequality we see that

(∫ 1

0

se−sfds

)2

(∫ 1

0

e−sfds

)2 −

∫ 1

0

s2e−sfds

∫ 1

0

e−sfds

≤ 0.(4.60)

Therefore,

iΘh ≤ 〈s〉iΘh2
+ (1− 〈s〉)iΘh1

,(4.61)

where

0 < 〈s〉 =

∫ 1

0

se−sfds

∫ 1

0

e−sfds

≤ 1.(4.62)

If the maximum of f̃ occurs at p, then ∂f̃(p) = ∂̄f̃(p) = 0. Assumption 4.49

implies that f̃(p) > 0, f(p) > 0. Therefore,

∂f(p)(β + |φ|2h)(p) = −f(p)∂|φ|2h(p)

⇒ ∂f(p) =
−f(p)∂(|φ|2h)(p)
β + |φ|2h(p)

.(4.63)

Moreover, i∂∂̄f̃(p) ≤ 0, i.e.,

0 ≥ (β + |φ|2h(p))i∂∂̄f(p) + i∂f(p) ∧ ∂̄|φ|2h(p) + i∂|φ|2h(p) ∧ ∂̄f(p)
+ f(p)(−iΘh(p)|φ|2h(p) + i∇1,0

h φ(p) ∧ ∇0,1φ†h(p))

⇒ 0 ≥ (β + |φ|2h(p))i∂∂̄f(p)−
2if(p)|φ|2h(p)∇

1,0
h φ(p) ∧ ∇0,1φ†h(p)

β + |φ|2h(p)
+ f(p)(−iΘh|φ|2h(p) + i∇1,0

h φ(p) ∧ ∇0,1φ†h(p))

⇒ 0 ≥ i∂∂̄f(p)−
f(p)iΘh(p)|φ|2h(p)

β + |φ|2h(p)
+ if(p)∇1,0

h φ(p) ∧ ∇0,1φ†h(p)
β − |φ|2h(p)

(β + |φ|2h(p))2

≥ i∂∂̄f(p)−
f(p)(〈s〉iΘh2

+ (1− 〈s〉)iΘh1
)(p)|φ|2h(p)

β + |φ|2h(p)

+ if(p)∇1,0
h φ(p) ∧ ∇0,1φ†h(p)

β − |φ|2h(p)
(β + |φ|2h(p))2

,

(4.64)
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where we used 4.61 in the last inequality. Expanding further, we get the following.

0 ≥ i∂∂̄f(p)−
f(p)(〈s〉iΘh2

+ (1 − 〈s〉)iΘh1
)(p)|φ|2h(p)

β + |φ|2h(p)

+ if(p)∇1,0
h φ(p) ∧∇0,1φ†h(p)

β − |φ|2h(p)
(β + |φ|2h(p))2

⇒ 0 ≥ i∂∂̄f(p)−
f(p)

(
〈s〉 1−|φ|2h2

(I)2(II)2
+ (1 − 〈s〉) 1−|φ|2h1

(I)1(II)1

)
(p)|φ|2h(p)µu1−t0(p)ωΣ(p)

β + |φ|2h(p)

+
if(p)

β + |φ|2h(p)

(
∇1,0

h φ(p) ∧ ∇0,1φ†h(p)(β − |φ|2h(p))
β + |φ|2h(p)

−
(
〈s〉

(1 − |φ|2h2
)∇1,0

2 φ ∧ ∇0,1φh2

(I)2(II)2
+ (1− 〈s〉)

(1 − |φ|2h1
)∇1,0

1 φ ∧∇0,1φh1

(I)1(II)1

)
(p)t0|φ|2h(p)

)
.

(4.65)

Let

E =

∂|φ|2h∂̄|φ|2hs
β+|φ|2

h

+
∂|φ|2hs ∂̄|φ|

2
h

β+|φ|2
h

∇1,0
hs
φ ∧ ∇0,1

hs
φ†hs

.

Before substituting 4.54 in 4.65 we evaluate it at p and simplify it using 4.63.

i∂∂̄f(p) ≥
∫ 1

0

ds

(
f |φ|2hs(p)Js(p)

+
it0(1− |φ|2hs)(p)
(I)s(p)(II)s(p)

f(p)∇1,0
hs
φ(p) ∧ ∇0,1φ†hs (p) (−1 + E)

)

≥
∫ 1

0

ds

(
f |φ|2hs(p)ωΣ(p)

µu1−t0(p)

(I)s(p)(II)s(p)

+
it0f(p)∇1,0

hs
φ(p) ∧ ∇0,1φ†hs (p)

(I)s(p)(II)s(p)

(
−(1− |φ|2hs)(p) + |φ|2hs(p) + (1− |φ|2hs)E

)
)(4.66)
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Now we substitute 4.66 in 4.65 to get the following equation.

0 ≥
∫ 1

0

ds

(
f |φ|2hs(p)ωΣ(p)

µu1−t0(p)

(I)s(p)(II)s(p)

−
it0f(p)∇1,0

hs
φ(p) ∧ ∇0,1φ†hs (p)

(I)s(p)(II)s(p)
(1 + |E|)

)

−
f(p)ωΣ(p)

(
〈s〉 1−|φ|2h2

(I)2(II)2
+ (1 − 〈s〉) 1−|φ|2h1

(I)1(II)1

)
(p)|φ|2h(p)µu1−t0(p)

β + |φ|2h(p)

+
if(p)

β + |φ|2h(p)

(
∇1,0

h φ(p) ∧ ∇0,1φ†h(p)(β − |φ|2h(p))
β + |φ|2h(p)

−
(
〈s〉

(1 − |φ|2h2
)∇1,0

2 φ ∧ ∇0,1φh2

(I)2(II)2
+ (1 − 〈s〉)

(1 − |φ|2h1
)∇1,0

1 φ ∧ ∇0,1φh1

(I)1(II)1

)
(p)|φ|2h(p)

)
.

(4.67)

We simplify 4.67 further to get the following inequality at p. (We suppress the
dependence on p from now onwards.)

0 ≥
∫ 1

0

ds

(
|φ|2hsfωΣµu

1−t0


 1

(I)s(II)s
−

〈s〉 1−|φ|2h2

(I)2(II)2
+ (1 − 〈s〉) 1−|φ|2h1

(I)1(II)1

β + |φ|2h




−
it0f∇1,0

hs
φ ∧ ∇0,1φ†hs

(I)s(II)s
(1 + |E|)

)

+
if

β + |φ|2h

(
∇1,0

h φ ∧ ∇0,1φ†h(β − |φ|2h)
β + |φ|2h

−
(
〈s〉

(1 − |φ|2h2
)∇1,0

2 φ ∧∇0,1φh2

(I)2(II)2
+ (1− 〈s〉)

(1 − |φ|2h1
)∇1,0

1 φ ∧ ∇0,1φh1

(I)1(II)1

)
|φ|2h

)
.

(4.68)

At this point we choose β > 1 to be so large that

1

(I)s(II)s
−

〈s〉 1−|φ|2h2

(I)2(II)2
+ (1 − 〈s〉) 1−|φ|2h1

(I)1(II)1

β + |φ|2h

= 〈s〉
(

1

(I)s(II)s
−

1− |φ|2h2

(I)2(II)2(β + |φ|2h)

)
+ (1− 〈s〉)

(
1

(I)s(II)s
−

1− |φ|2h1

(I)1(II)1(β + |φ|2h)

)

>
1

10(2r2)(2r2 + 1)
.

(4.69)
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Using 4.69 in 4.68 we get the following inequality at p.

0 ≥
∫ 1

0

ds

(
f |φ|2hsµu1−t0

10(2r2)(2r2 + 1)
−
it0f∇1,0

hs
φ ∧ ∇0,1φ†hs

(I)s(II)s
(1 + |E|)

)

+
if

β + |φ|2h

(
∇1,0

h φ ∧ ∇0,1φ†h(β − |φ|2h)
β + |φ|2h

−
(
〈s〉

(1 − |φ|2h2
)∇1,0

2 φ ∧∇0,1φh2

(I)2(II)2
+ (1− 〈s〉)

(1 − |φ|2h1
)∇1,0

1 φ ∧ ∇0,1φh1

(I)1(II)1

)
|φ|2h

)
.

(4.70)

Now we relate ∇h1
φ to ∇hφ using 4.63.

∇1,0
h1
φ ∧ ∇0,1φ†h1 =

(
∇1,0

h φ− ∂ ln

(∫ 1

0

e−sfds

)
φ

)
∧ ∇0,1

(
φ†h

(∫ 1

0

e−sfds

)−1
)

=

(
∇1,0

h φ+ 〈s〉∂fφ
)
∧
(
∇0,1φ†h + 〈s〉∂̄fφ†h

)

∫ 1

0

e−sfds

=

(
∇1,0

h φ− 〈s〉 fφ∂|φ|
2
h

β+|φ|2
h

)
∧
(
∇0,1φ†h − 〈s〉 fφ

†h ∂̄|φ|2h
β+|φ|2

h

)

∫ 1

0

e−sfds

=
∇1,0

h φ ∧ ∇0,1φ†h
∫ 1

0

e−sfds

(
1−

〈s〉f |φ|2h
β + |φ|2h

)2

=
∇1,0

h φ ∧ ∇0,1φ†h
∫ 1

0

e−sfds

(
1 +

∫ 1

0
(−tf)e−tfdt|φ|2h1

β + |φ|2h

)2

.(4.71)

Note that whenever x < C, xex is bounded above and below. Therefore, since
−tf ≤ tC1 (where C1 is the constant appearing in 4.55),

|
∫ 1

0

(−tf)e−tfdt| ≤ K,(4.72)

where K depends only on r2, µ, h0. This means that

|φ|2h∇1,0
h1
φ ∧∇0,1φ†h1 ≤ |φ|2h

∇1,0
h φ ∧ ∇0,1φ†h
∫ 1

0

e−sfds

(
1 +

K

β

)2

≤ |φ|2h1
∇1,0

h φ ∧ ∇0,1φ†h
(
1 +

K

β

)2

≤ ∇1,0
h φ ∧ ∇0,1φ†h

(
1 +

K

β

)2

.(4.73)
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Likewise, for ∇h2
φ we have the following relation.

∇1,0
h2
φ ∧ ∇0,1φ†h2 =

(
∇1,0

h φ− ∂ ln

(∫ 1

0

e−sfds

)
φ− ∂fφ

)
∧ ∇0,1

(
φ†he−f

(∫ 1

0

e−sfds

)−1
)

= e−f

(
∇1,0

h φ+ (〈s〉 − 1)∂fφ
)
∧
(
∇0,1φ†h + (〈s〉 − 1)∂̄fφ†h

)

∫ 1

0

e−sfds

= e−f

(
∇1,0

h φ− (〈s〉 − 1)
fφ∂|φ|2h
β+|φ|2

h

)
∧
(
∇0,1φ†h − (〈s〉 − 1)

fφ†h ∂̄|φ|2h
β+|φ|2

h

)

∫ 1

0

e−sfds

= e−f
∇1,0

h φ ∧ ∇0,1φ†h
∫ 1

0

e−sfds

(
1−

(〈s〉 − 1)f |φ|2h
β + |φ|2h

)2

= e−f
∇1,0

h φ ∧ ∇0,1φ†h
∫ 1

0

e−sfds

(
1 +

∫ 1

0
(1− t)fe(1−t)fdt|φ|2h2

β + |φ|2h

)2

.

(4.74)

By the same reasoning as before,

|φ|2h∇1,0
h2
φ ∧ ∇0,1φ†h2 ≤ |φ|2he−f

∇1,0
h φ ∧ ∇0,1φ†h
∫ 1

0

e−sfds

(
1 +

K

β

)2

≤ |φ|2h2
∇1,0

h φ ∧ ∇0,1φ†h
(
1 +

K

β

)2

≤ ∇1,0
h φ ∧∇0,1φ†h

(
1 +

K

β

)2

.(4.75)

Putting 4.73, 4.75, and 4.70 we get the following inequality at p.

0 ≥
∫ 1

0

ds

(
f |φ|2hsµu1−t0

10(2r2)(2r2 + 1)
−
it0f∇1,0

hs
φ ∧ ∇0,1φ†hs

(I)s(II)s
(1 + |E|)

)

+
if∇1,0

h φ ∧∇0,1φ†h

β + |φ|2h

(
β − |φ|2h
β + |φ|2h

−
(
1 +

K

β

)2( 〈s〉
(I)2(II)2

+
(1− 〈s〉)
(I)1(II)1

))
.

(4.76)
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For a large enough β (depending only on r2, µ, h0) we see that

0 ≥
∫ 1

0

ds

(
f |φ|2hsµu1−t0

10(2r2)(2r2 + 1)
− t0

if∇1,0
hs
φ ∧ ∇0,1φ†hs (1 + |E|)
2r2(2r2 + 1)

)

+
if∇1,0

h φ ∧ ∇0,1φ†h

β + |φ|2h

(
1− 3

2r2(2r2 + 1)

)

≥
∫ 1

0

ds

(
f |φ|2hsµu1−t0

10(2r2)(2r2 + 1)
− t0

if∇1,0
hs
φ ∧ ∇0,1φ†hs (1 + |E|)
2r2(2r2 + 1)

)
+
if∇1,0

h φ ∧∇0,1φ†h

2β
.

(4.77)

The following equations describe the relationship between ∇hφ and ∇hsφ.

∇1,0
hs
φ ∧ ∇0,1φ†hs =

(
∇1,0

h φ− ∂ ln

(∫ 1

0

e−tfdt

)
− s∂fφ

)
∧ ∇0,1

(
φ†he

−sf
(∫ 1

0

e−tfdt

)−1
)

=
e−sf∫ 1

0

e−tfdt

(
∇1,0

h φ+ (〈s〉 − s)∂fφ
)
∧
(
∇0,1φ†h + (〈s〉 − s)∂̄fφ†h

)

=
e−sf∫ 1

0

e−tfdt

∇1,0
h φ ∧∇0,1φ†h

(
1 +

(s− 〈s〉)f |φ|2h
β + |φ|2h

)2

(4.78)

Note that ∣∣∣∣∣
(s− 〈s〉)f |φ|2h
β + |φ|2h

∣∣∣∣∣ ≤
2

β
|f ||φ|2h1

∫ 1

0

e−tfdt

≤ 2

β
|1− e−f |

≤ 2(1 + eC1)

β
,(4.79)

where we used estimate 4.55. Using 4.77, 4.78, and 4.79 we see that

0 ≥
f |φ|2hµu1−t0

10(2r2)(2r2 + 1)
+ if∇1,0

h φ ∧ ∇0,1φ†h




1

2β
−
t0

(
1 +

∫ 1

0

|E| e−sf∫ 1

0 e
−tfdt

ds

)

2r2(2r2 + 1)

(
1 +

2(1 + eC1)

β

)2



.

(4.80)

Now we estimate
∫ 1

0
|E| e−sf∫

1

0
e−tfdt

ds.

∫ 1

0

|E| e−sf∫ 1

0
e−tfdt

ds ≤ 2

β + |φ|2h

∫ 1

0

e−sf∫ 1

0
e−tfdt

|φ|h|φ|hs
|∇1,0

h φ|h
|∇1,0

hs
φ|hs

ds

≤ 2

β

∫ 1

0

e−sf∫ 1

0
e−tfdt

|∇1,0
h φ|

|∇1,0
h φ+ φ∂f(s− 〈s〉)|h

√
e−sf√∫
1

0
e−tfdt

ds.(4.81)
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Using 4.63 we get the following.
∫ 1

0

|E| e−sf∫ 1

0
e−tfdt

ds ≤ 2

β

∫ 1

0

e−sf∫ 1

0
e−tfdt

1

|1− |φ|2
h
|s−〈s〉|

β+|φ|2
h

|
√
e−sf√∫
1

0
e−tfdt

ds

≤ 1,(4.82)

for large enough β. Therefore,

0 ≥
f |φ|2hµu1−t0

10(2r2)(2r2 + 1)
+
if∇1,0

h φ ∧∇0,1φ†h

4β
(4.83)

for sufficiently small t0 (depending on β, r2, µ, h0). As before, since the line bundle
is of degree 1, either φ(p) 6= 0 or |∇φ|(p) 6= 0. This implies that f(p) ≤ 0 which is
a contradiction. Hence f ≡ 0 showing uniqueness for small t0. �

Now we complete step 4 and hence the proof of uniqueness.

Lemma 4.10. If there exists a t0 ∈ [0, 1] such that ht0 = h̃t0 then h1 = h2.

Proof. Let S ⊂ [δ0, 1] be the set of all t such that ht = h̃t. Then S satisfies the
following.

(1) It is non-empty : δ0 ∈ S.
(2) It is open : The proof of openness (Lemma 4.4) and the inverse function

theorem of Banach manifolds shows that locally the solution is unique and
hence S is open.

(3) It is closed : The a priori estimates in the proof of existence show that S
is closed.

Therefore S = [δ0, 1] as desired. �
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