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Abstract

In this paper, we obtain weighted norm inequalities for the spatial gradients of weak solutions to quasilinear
parabolic equations with weights in the Muckenhoupt class A% (R™1) for ¢ > p on non-smooth domains. Here
the quasilinear nonlinearity is modelled after the standard p-Laplacian operator. Until now, all the weighted
estimates for the gradient were obtained only for exponents g > p. The results for exponents ¢ > p used the full
complicated machinery of the Calderén-Zygmund theory developed over the past few decades, but the constants
blow up as ¢ — p (essentially because the Maximal function is not bounded on Ll).

In order to prove the weighted estimates for the gradient at the natural exponent, i.e., ¢ = p, we need to
obtain improved a priori estimates below the natural exponent. To this end, we develop the technique of Lipschitz
truncation based on [3, 26] and obtain significantly improved estimates below the natural exponent. Along the
way, we also obtain improved, unweighted Calderén-Zygmund type estimates below the natural exponent which
is new even for the linear equations.
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1. Introduction

In this paper, we are interested in obtaining Calderén-Zygmund type regularity estimates in weighted Lebesgue
spaces for equations of the form

uy — div Az, t, Vu) = div |fP2f  in Q x (=T, T), L1

u=0 on d, (A x (-1,7)), (L)
where the nonlinearity A(z,t, Vu) is modelled after the well studied p-Laplacian operator given by |VulP~2Vu
in a bounded domain Q C R™ with n > 2, potentially with non-smooth boundary 9. The parabolic boundary
is given by 0, (2 x (=T, 7)) := 0Q x (=T, T)| JQ x {-T}.

Over the past decades, there have been a plethora of a priori estimates of the Calderén-Zygmund type obtained
for (1.1). We shall point out that all the estimates discussed in the introduction are quantitative, but in order to
highlight the novelty of the results in this paper, we shall only mention the qualitative nature of the estimates
existing in the literature. )

n

The first extension of the Calderén-Zygmund theory for (1.1) with A(x,t, Vu) = |Vu[P">Vu for p > 5
n

(note that this restriction is natural for parabolic problems, see [19, Chapter 5]) was obtained in [1], where they
proved

iflel]l,., = |VulelL], forall — ¢>p.
Since then, many extensions were obtained which generalized the estimates in [1] to more general nonlineari-
ties, function spaces and up to the boundary (see [6, 7, 12, 13, 22, 30] and the references therein). In this paper,

the first result we will prove is an improved global a priori estimate of the form

If| € LY(Qr) = |Vu|e€ LYQr) for all q € [p— Bo,pls
where [ is a sufficiently small universal exponent. The improvement is two fold, firstly this estimate is obtained
below the natural exponent and secondly, the estimate assumes no regularity of the coefficients and hence is
non-perturbative. As a consequence, this result is new even for linear equations.

The second result that we are interested in obtaining is global estimates in weighted Lebesque spaces with the
weight in Muckenhoupt class. For general nonlinear structures with linear growth, i.e., A(z,t, Vu) = Vu with
the coefficients satisfying a small bounded mean oscillation restriction, the following global weighted estimates
was obtained in [15]:

Ifl € LI(Qr) = |Vu| e Li(Qr) for all q>2 and we€ A%(R""’l).
Note that in particular, they cannot consider ¢ = 2 in [15].



Subsequently, in [16], they were able to prove analogous results for nonlinearities of the form A(x,t, Vu) =~

|VulP~2Vu with % < p < oo and more general Weighted Orlicz spaces, in particular, they prove
n

If| € LI(Qr) = |Vu| e Li(Qr) for all q>p and w € A%(R"H).
Note that in particular, they cannot consider ¢ = p in [16].

The main obstacle in proving weighted estimates at ¢ = p is due to the failure of strong L' — L' bounds for the
Hardy-Littlewood Maximal function. Therefore to reach the natural exponent, a different approach is needed.
In this paper, we achieve this result by showing the weighted estimate holds with ¢ = p, i.e., (1.2) holds. To
overcome this difficulty, we construct a suitable test function based on a modification of the techniques developed
in [3, 26] and obtain estimates below the natural exponent, i.e., under suitable restrictions on the A(z,t, Vu)
and € (similar to those in [16]), we prove

If| € LL(Qr) = |Vu|e LL(Qr) for all q>p and we A%(R"H). (1.2)
There are a few remarks to be made; firstly the estimate (1.2) represents an end point weighted estimate for
quasilinear parabolic equations; secondly, the optimal weight class in the elliptic case is conjectured to be Ap%l

(see [5, Theorem 1.9] for more on this and the elliptic Iwaniec conjecture) and in the parabolic case too, the
optimal result is expected to be of the form

If| € LI(Qr) = |Vu| e Li(Qr) for all g>p—1 and w € AP%I(R"H),
but this result seems to be far out of reach of current methods.

The plan of the paper is as follows: In Section 2, we collect all the assumptions on the domain, nonlinear
structure and the weight class along with some preliminary well known results, in Section 3, we will describe
the main theorem that will be proved, in Section 4, we will develop a general Lipschitz truncation technique
and construct a suitable test function, in Section 5, we will define useful perturbations of (1.1) and prove crucial
difference estimates below the natural exponent, in Section 6, we will prove Theorem 3.1, in Section 7, we will
use standard covering arguments to prove the parabolic analogue of a good-A estimate and finally use that in
Section 8 to prove Theorem 3.3.
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2. Preliminaries

The following restriction on the exponent p will always be enforced:

< p < o0. (2.1)

Remark 2.1. The restriction in (2.1) is necessary when dealing with parabolic problems because, we invariably
have to deal with the L*-norm of the solution which comes from the time-derivative. On the other hand, the
following Sobolev embedding WP «— L? is true provided (2.1) holds. On the other hand, if we assume u € L"(Qr)
for some r > 1 such that A, :=n(p —2) +rp > 0 (see [19, Chapter 5] for more on this), then we can obtain

analogous result as to Theorem 3.3. This extension of Theorem 3.3 to the case 1 < p < :2 requires only a
n

technical modification provided A, > 0 and will be omitted.

2.1. Assumptions on the Nonlinear structure

We shall now collect the assumptions on the nonlinear structure in (1.1). We assume that A(x,t, Vu) is a
Carathéodory function, i.e., we have (z,t) — A(x,t,() is measurable for every ¢ € R" and ( — A(x,t,() is
continuous for almost every (x,t) € Q x (=T,T). We also assume A(z,t,0) = 0 and A(x,t,() is differentiable in
¢ away from the origin, i.e., dc.A(z,t,¢) exists for a.e. (z,t) € R™TL.

We further assume that for a.e. (z,t) € Q x (=T,T) and for any 7, € R", there exists two given positive
constants Ag, A; such that the following bounds are satisfied by the nonlinear structures :

p—

(A, 1. — Al tn) . C—n) > Ao (IC2 + 1n2) 7 [¢ —nf?, (22)
A £,C) — A, t,m)] < AxlC —nf (I + )T (2.3)



Note that from the assumption A(z,t,0) = 0, we get for a.e. (z,t) € R"™! there holds
|A(z,t, Q)] < Aa[¢]P

2.2. Structure of Q

The domain that we consider may be non-smooth but should satisfy some regularity condition. This condition
would essentially say that at each boundary point and every scale, we require the boundary of the domain to be
between two hyperplanes separated by a distance proportional to the scale.

Definition 2.2. Given any v € (0,1] and Sy > 0, we say that Q is (v, So)-Reifenberg flat domain if for every
xo € OQ and every r € (0, Sy], there exists a system of coordinates {y1,yz,...,yn} (possibly depending on xy and
r) such that in this coordinate system, xo =0 and

B.(0) N {yn > 77} C B-(0) C B-(0) N {yn > —7r}.

The class of Reifenberg flat domains is standard in obtaining Calderén-Zygmund type estimates, in the elliptic
case, see [5, 11, 14, 17] and the references therein whereas for the parabolic case, see [10, 12, 13, 30] and the
references therein.

From the definition of (v, Sp)-Reifenberg flat domains, it is easy to see that the following property holds:

Lemma 2.3. Let v > 0 and Sp > 0 be given and suppose that 2 is a (7, So)-Reifenberg flat domain, then there
exists an me = me(7y, So,n) € (0,1) such that for every x € Q and every r > 0, there holds

|Q°N By (x)] > me|Byr(x)]- (2.4)

2.8. Smallness Assumption

In order to prove the main results, we need to assume a smallness condition satisfied by (A, Q).

Definition 2.4. Let v € (0,1) and Sp > 0 be given, we then say (A,Q) is (v, So)-vanishing if the following
assumptions hold:

(i) Assumption on A: For any parabolic cylinder Q,s(3) centered at 3 := (r,t) € R"" let us define the
following:

’A(.’II, tu C) - zBp(!i) (tu C)‘

O(A, Qp,s(3))(z,t) == sup

¢erm\ {0} ¢lp=t ’
where we have used the notation
XBp(x)(t,c) = i )A(x,t,() dx. (2.5)
p(L
Then A is said to be (v, So) vanishing if for some T € [1,00), there holds
[Al+.s, :== sup sup ][ |O(A, B,(x))(2)]” dz <~4". (2.6)
0<p<So eR T Qp,s(3)

0<s<S2
Here we have used the notation z := (x,t) C R" T,

(ii) Assumption on 9Q: We ask that Q) is a (v, Sp)-Reifenberg flat in the sense of Definition 2.2.

Remark 2.5. From (2.2), we see that |©(A, Q, s(3))(x,t)] < 2A41, thus combining this with the assumption (2.6),
we see from standard interpolation inequality that for any 1 <t < oo, there holds

]é " O(A, Qs () (2)]" dz < C(y, Av),
p,s\d
with C(v,A1) = 0 whenever v — 0.

2.4. Muckenhoupt weights

In this subsection, let us collect all the properties of the weights that will be considered in the paper. See
[24, Chapter 9] for the details concerning this subsection.



Definition 2.6 (Strong Muckenhoupt Weight). A non negative, locally integrable function w is a strong weight
in Ag(R"™1Y for some 1 < ¢ < oo if

q—1
sup  sup ]5[ w(z) dz ]5[ w%(z) dz =: [w]q < 0.
3ERTH %<P<°°v Qp,s(3) QRp,s(3)

<s<oo
In the case ¢ = 1, we define the strong A;(R™!) weight to be the class of non negative, locally integrable
function w € A1 (R satisfying

sup  sup ]§[ w(z) dz | ||w ], o = w1 < 00.
zeRn+1%<<p<<oo,< Qpos(3) (2) )H HL (Qp,5(3)) [«]

The quantity [w], for 1 < q < oo will be called as the A, constant of the weight w.
We will need the following important characterization of Muckenhoupt weights:

Lemma 2.7. A parabolic weight w € A, for 1 < g < oo if and only if

(rél//gf(x,t) do dt)q < ﬁ@)//@ 1 (s )| (e, ) da dt,

holds for all non-negative, locally integrable functions f and all cylinders Q = Q, s(x,t).
As a direct consequence of Lemma 2.7, the following Lemma holds:

Lemma 2.8. Let w € A (R™™!) for some 1 < q < 0o, then there exists positive constants ¢ = c(n,q,[w],) and

T =1(n,q,[wly) € (0,1) such that
1 (|E|)q w(E) (|E|>T
N S—=<cl=]
c \[Q| w(Q) Q|

for all E C Q and all parabolic cylinders Q,.s(3).

Another important result regarding the strong Muckenhoupt weights that will be needed is the following
self-improvement property:

Lemma 2.9. Let 1 < ¢ < 0o and suppose w € A, be a given weight, then there exists an g9 = €o(n, g, [w]q) > 0
such that w € Aq_o, with the estimate [w]q—e, < Clw]y where C' = C(g,n, [w]q).

We will now define the A, class as follows:

Definition 2.10. A weight w € A if and only if there are constants 79,71 > 0 such that for every parabolic
cylinder Q = Q,s C R and every measurable E C Q, there holds

s <m (1) v

Moreover, if w is an Ay weight with [w], < @, then the constants 7o and T can be chosen such that
max{7o, 1/} < ¢(w,n).

From the general theory of Muckenhoupt weights, we see that Ao = U Aq.
1<g<o0

Remark 2.11. The weight class considered in Definition 2.6 is called Strong Muckenhoupt class because the
cylinders are decoupled in space and time, i.e., p and s are not related when considering cylinders Q, . When
considering linear equations (i.e., p = 2), the weight class is defined with respect to cylinders of the form Q, ,».
This is possible because in the case p = 2, there is an invariance property under normalization, which does
not exist if p # 2. It is an open question if one can obtain the results of this paper for Muckenhoupt weights
defined with respect to cylinders belonging to a more restricted class (see the very nice thesis [32] for some results
concerning the weights arising in doubly nonlinear quasilinear equations).

2.5. Function Spaces

Let 1 < ¥ < oo, then Wol’ﬁ(Q) denotes the standard Sobolev space which is the completion of C2°(€2) under
the || - [|y1,» norm.



The parabolic space LY (=T, T; W¥(Q)) for any ¥ € [1,00) is the collection of measurable functions ¢(z, t)
such that for almost every t € (=T, T), the function x + ¢(z,t) belongs to W7 (Q) with the following norm
being finite:

1
v

T
DNl o~ mwio ) = (/T H(b(',t)“léw,ﬁ(n) dt) < 0.

Analogously, the parabolic space LV (=T,T; WO1 ’ﬁ(Q)) is the collection of measurable functions ¢(z,t) such
that for almost every ¢ € (=T, T), the function z — ¢(x,t) belongs to W, ().

Given a weight w € Ay for some 9 € [1,00), the weighted Lebesgue space LV (=T, T; L?(Q)) is the set of all
measurable functions ¢ : Q7 — R satisfying

/TT (/Q (2, 8)]"w(x,1) dﬂﬂ) dt < co.

Let us recall the following important characterization of Lebesgue spaces:

Lemma 2.12. Let Q be a bounded domain in R™ and let w € L*(Qr) be any non-negative function, then for all
B> a>1 and any non-negative measurable function g(z,t) : Qp — R, there holds

//QT gPw(z) dz = ﬂ/ooo M w({z € Qr : g(2) > A\}) d\ = (B—0) /OOO N\—a—l <//{ZGQTW)>A} g w(z) dz) d\.

Before we conclude this subsection, let us now recall the well known Poincaré’s inequality (see [2, Corollary
8.2.7] for the proof):

Theorem 2.13. Let 1 <9 < co and let f € W 19( ) for some bounded domain Q and suppose that the following
measure density condition holds:

’{xéfl:f(a:):()}‘zme>0,

then there holds
9

_S
diam ()

J

Let us define the Parabolic metric on R" ™! that will be used throughout the paper:

2 < Cnomey [ V11 da
Q

2.6. Parabolic metric

Definition 2.14. We define the parabolic metric d, on R gs follows: Let z1 = (x1,t1) and z2 = (x2,t2) be
any two points on R, then

dp(z1,22) 1= rnax{|3:1 —xa|,\/|t1 — t2|} .

2.7. Maximal Function

For any f € L*(R™"!), let us now define the strong maximal function in R"** as follows:

M(If) () == sup ﬁ[ £y, 9)| dy ds, (2.7)

Qa(m t)
where the supremum is taken over all parabolic cylinders me with a,b € RT such that (z,t) € Qa)b. An
application of the Hardy-Littlewood maximal theorem in z— and ¢— directions shows that the Hardy-Littlewood
maximal theorem still holds for this type of maximal function (see [28, Lemma 7.9] for details):

Lemma 2.15. If f € LY(R™™Y), then for any o > 0, there holds
n+2

5
{z e R"™ M(|f])(2) > a}| <
and if f € L°(R™Y) for some 1 < ¥ < oo, then there holds
IMUSDN Lo @rrry < Cinoy 1 f Lo @ntry-

I £l @nt1y,



2.8. Notation
We shall clarify the notation that will be used throughout the paper:

(i) We shall use V to denote derivatives with respect the space variable .

d
(ii) We shall sometimes alternate between using d—J;, d;f and f’ to denote the time derivative of a function f.

(iii) We shall use D to denote the derivative with respect to both the space variable x and time variable ¢ in
R,

(iv) Let 2z = (20, t0) € R™"! be a point and p, s > 0 be two given parameters and let A € (0, 00). We shall use
the following notation to denote the following regions:

{ Q;\(Zo) = Qp,,\%r)p?(zo) for p > 2,

Q;\(Zo) = Q/\z%?mpz (20) forp <2,
Is(to) = (to — 8,tg + S) C R, Qp,s(zo) = Bp(xo) X Is(t()) C RnJrl,
OéQp75(ZQ) = Bap(xo) X Ia2s(t0) C Rn+1, QP(ZO) = BP(,T()) X Ipz (to) C Rn+1, (2 8)
Q,’}"”(zo) = Q;‘(zo) N{(z,t) : 2, > 0}, Q;r(zo) = Qu(20) N{(z,t) : z,, > 0},
K;‘(zo) = Q;‘(z)ﬁQT, K,(20) == Qp(2) N Q.

(v) We shall use [ to denote the integral with respect to either space variable or time variable and use // to

denote the integral with respect to both space and time variables simultaneously.

Analogously, we will use ][ and ]5[ to denote the average integrals as defined below: for any set A x B C
R"™ x R, we define

(f), = ]{4 f(z) de = @ /A f(a) dr,
1
(Naxs :J%MBf(Iat) dr dt = m //AXBf(:z:,t) dz dt.

(vi) Given any positive function p, we shall denote (f )u = / f mdm where the domain of integration is

the domain of definition of x and dm denotes the associated measure.

2.9. Weak solutions
For this subsection, let us consider the following general problem:

¢ —divA(z, Vo) = —div|flP2f  inQr,
¢ = f on 9Q x (T, T), (2.9)
o(=T) = fo on €.
Now let us define the Steklov average as follows: let h € (0,27T) be any positive number, then we define
t+h
- T) dT te (=T,T—h),

on(ot) =4 I 00T ( ) (2.10)

0 else.

Definition 2.16 (Weak solution). We then say ¢ € L*>(=T,T; L*(0)) N LP(=T,T; Wy *(Q)) is a weak solution
of (1.1) if the following holds for any ¢ € Wol’p(Q) N L>():
d L
/ Md}—i—([«‘l(ﬂc,t, Vo) , Vi) d:vz/ (fP~2fF Vo) dz for a.e. —T<t<T—h (211)
axfry dt Qx{t}
Moreover, the initial datum is taken in the sense of LQ(Q), i.e.,

/ 6 (2, —T) — fol@)|? dow 2% 0.
Q



We have the following well known existence result (for example, see [33, Chapter I11, Section 6] for the details):

Proposition 2.17. Let  be any bounded domain satisfying a uniform measure density condition, i.e., there
exists a constant me > 0 such that |B,(y) N Q| > me|B,(y)| holds for every r > 0 and y € 02 and suppose that
> d

feLP(Qr), Vf e LP(Qr) with d—é € (Wl’p(QT))/ and fo € L*(Q) are given. Then there exists a unique weak

solution ¢ € C° (=T, T; L*(Q)) N LP (=T, T; W"P(Q)) solving (2.9).
Moreover if f =0, then we have the following energy estimate

sup ¢, )17 20 + // Vol dz < Cnpng.an) (// P dz + |f0||2L2(Q)> :
_T<t<T Qr Qr

2.10. Gradient higher integrability estimates

In this subsection, let us collect a few important higher integrability results that will be used throughout
the paper. In order to state the general theorems, let ¢ € L*(—T,T; L*()) N L? (—T, T; Wol’p(Q)) be a weak
solution of

—

¢r —div A(z,t,Ve) = —div(|fP2f) inQx (=T,7),
o = 0 on 00 x (=T,T),
where the nonlinearity is assumed to satisfy (2.2) and (2.3). Here the domain is assumed to satisfy a uniform
measure density condition with constant m. as in Lemma 2.3
The first one is the higher integrability above the natural exponent. In the interior case, this was proved in

[25] whereas in the boundary case, using the measure density condition satisfied by €, the result was proved in
[29, 31].

(2.12)

Lemma 2.18 ([29, 31]). Let & > 0 be given, then there exists a By = Bl(n,p, Ao, A1, me) € (0,6] such that if
fe P09 (Qr) and ¢ € LP (—T,T; Wol’p(Q)) is a weak solution to (2.12), then |V¢| € LPATD(Qqp) for all
B € (0, 31] Moreover, for any 3 € Q x (=T, T), there holds

1+ﬁ1§1
_\P - p(1+8)
ﬁ[ |V¢|P+,8 dz < (n,p.Ao,Arm.) (ﬁ[ (|V¢| + |f|> dz) +ﬁ[ (|f| + 1) dz.
K, (3) K2,(3) K2,(3)

Here the constant

: g if p=2,

Uy = 2p 2n
—_ ) <p<2
p(n+2)—2n if nt2 P

We will also need an improved higher integrability result below the natural exponent. The following theorem
was proved for a weaker class of solutions called very weak solutions, but also holds true for weak solutions as
considered in this paper. The interior higher integrability result was proved in the seminal paper [26] whereas
the boundary analogue was proved in [3].

Lemma 2.19 ([26, 3]). Let f € LP(Qr) and ¢ € LP (—T,T;Wol’p(Q)> be the unique weak solution to (2.12).

There exists Bo = Bg(n,Ao,Al,p, me) € (0,1/4) such that for any 3 € Q x (=T, T), there holds
14875

_\p—B - p
]6[ IVOP dz <(nnonn pime) ]6[ (|V¢| + |f|) dz —|—]§[ (|f| + 1) dz.
Ky (3) K2p(3) K2p(3)

Here the constant

P

UORES (2—-p)n 2n
_p_ M ] 9.
p—p 5 if o <P<

3. Main Results

In this section, let us describe the main theorem that will be proved. The first is unweighted a priori estimates
below the natural exponent.



1)
)

Theorem 3.1. Let Q be a bounded domain satisfying (2.4), then there exists an By = Bo(p,n, Ao, A1) € (0,
such for any B € (0, Bo), the following holds: For any f € LP(Qr), letu € C°(=T,T; L*(Q))NLP (=T, T; Wy
be the unique weak solution of (1.1), then there holds

]5[ IVulP™? dz <(n.ps.a0.Am) ]5[ I£[P=7 dz.
QT QT

Remark 3.2. As a corollary, we can extend the results of [21, Theorem 1.6] to obtain Lorentz space estimates
below the natural exponent. The techniques that we develop to prove Theorem 3.1 can be used to obtain the
parabolic analogue of [4, Theorem 1.2] for weak solutions. In a forthcoming paper, we obtain these results for
more general solutions called very weak solutions

The second theorem we will prove is the end point weighted estimate. As mentioned in the introduction, the
main contribution is the case ¢ = p.

Theorem 3.3. Let q € [p,00) and w € A% be a Muckenhoupt weight, then there exists a positive constants 9g =
Po(Ao, A1,m,p, Q) and v = v(n, Ao, A1, p, q) such that the following holds: Suppose (A, Q) is (v, So) vanishing for
some fized So > 0, then the problem (1.1) has a unique weak solution u satisfying the estimate

Yo
// |vu|qw(z) dZ S(n7A0)A1;p;Q)[w]ﬂ)Q) <// |f|qw(z) dZ + 1) .
Qr P Qr

4. Construction of test function via Lipschitz truncation

In this section, we will consider the following two problems: Let f € LP(Qr) be given and suppose that
¢ € L*(—=T,T; L*(Q)) N LP(=T,T; Wy P()) is a weak solution of
{ o= div A, 1, V) = div| fP2f in @ x (-T,7). (4.1)
We will extend ¢ = 0 on Q°x (=T, T), then for any fixed cylinder @, s(3) C R" x (=T, T), we see from Proposition
2.17 that for any § € LP(Q,,s(3)), there exists a unique weak solution ¢ € L?(Is(t); WP (B,(x))) solving

¢r — div Az, t,V¢) = div[gP %7 in Q,s(3),
b= on 9pQp,s(3)-
From (4.1), we see that the condition ¢ = ¢ on 9,Q,, s(3) makes sense.
In Section 5, we obtain difference estimates below the natural exponent between equations of the form (4.1)
and (4.2). In order to do this, we need to construct a suitable test function which will be done in this section.

(4.2)

4.1. A few well known lemmas

We shall recall the following well known lemmas that will be used throughout this section. The first one is a
standard lemma regarding integral averages (for a proof in this setting, see for example [8, Chapter 8.2] for the
details).

t+Ah?
Lemma 4.1. Let A > 0 be any fixzed number and suppose [Y]p(x,t) = ][ Y(z,7) dr for some € Li,..
t—Ah?
Then we have the following properties:
(i) Wl — ¥ a.e (x,t) € R" as b\, 0.

(i) [Y]n(z,-) is continuous and bounded in time for a.e. x € R".

(tii) For any cylinder Q, 2 C R with r > 0, there holds

ﬁi) ) [Y]n(x,t) do dt <, ]51 Y(x,t) dx dt.

oy Qra(rh)2
(iv) The function [, (z,t) is differentiable with respect to t € R, moreover []x(x,-) € C*(R) for a.e. x € R™.

Let us now prove a time localized version of the Parabolic Poincaré inequality.



Lemma 4.2. Let ¢ € L°(=T,T; W"?(Q)) with ¥ € [1,00) and suppose that B, € Q be compactly contained ball

of radius r > 0. Let I C (=T, T) be a time interval and p(z,t) € L* (B, x I) be any positive function such that
B, x1

ol xny S T

||pHL1(BT><I)

1 1
and p(z) € C°(By) be such that/ w(x) de =1 with |u| £ — and |Vu| < ——, then there holds:
/’177/

: rn+l ’
9 9
b, - (vx,) (vx,) ()= (vx,) (0)
f 2z S ff IV det s Z T
B, xI r B xI ‘ t1,t2€l r
where (w)p = /BTXIQ/J(Z)”MZ(%XJ dz , (wx'])u (t;) = /BTw(I’ti)M(x)XJ dx and J € (—o0,00) be some

fixed time-interval.

Proof. Let us first consider the case of p(z,t) = p(z)x,(t). In this case, we get

b(2)x; — (1/%) ' Y(2)x; - (wa)# ol '

f ol o g Je o e,
B, xI r B, x1I r

r

[

(%) ]é[ |V1/1|19XJ dz + sup (UJXJ)# (f2) - (d}XJ)# (t1)
B, x1I

t1,t2€1 r

(¥), (t2) = (), (t1)

3 7
r

9

= ]é[ |V1/)|19XJCZZ+ sup
B, xI

t1,to€INJ

To obtain (a) above, we made us of the standard Poincaré’s inequality in the spatial direction which only needs
to be applied over a.e. t € I N J. Note that the derivative is only in the spatial direction and hence the term x ;
does not cause any problem when applying Poincaré’s inequality.

For the general case, we observe that

v v

9

wx, - (x,) (0x,),= (),

wXJ - (wX]) XX
ﬂ — P dz< ]5[ z dz —l—ﬂ dz. (4.3)
By xI r By xI r By xI T

The first term of (4.3) can be controlled as in (4.1) and to control the second term, we observe that

ol s,
(¢XJ)p B (1/}XJ)#><XI = H/;”LLl((Jfr:II)) //TXI djx‘] a (¢X‘])uxxl az Sﬁ{%xl djx‘] - (U)X")uxxj

This completes the proof of the Lemma. O

dz.

Remark 4.3. In Lemma 4.2, we can take any bounded region Q instead of B, such that Q admits the 9-Poincaré
inequality. For example, if ) satisfies the measure density condition as defined in Definition 2.3 for some me > 0,
then Lemma 4.2 is applicable.

We will use the following result which can be found in [23, Theorem 3.1] (see also [18]) for proving the
Lipschitz regularity for the constructed test function. This very useful simplification of the original technique
from [26] first appeared in [9, Chapter 3].

Lemma 4.4. Lety > 0 and D C R""! be given. For any z € D and r > 0, let Qrr2(2) be the parabolic cylinder
centered at z with radius r. Suppose there exists a constant C' > 0 independent of z and r such that the following

bound holds:
f(‘rv t) - (f)Q

r

yp2 (2)ND dz dt < C VzeDandr >0,

1 //
|Qr,'yr2 ()N D| Q. 2(z)ND
then f is Lipschitz with respect to the metric d(z1, z2) := max{|z1 — x2|, /7 t1 — t2|}.

10



4.2. Construction of test function

Let us denote the following functions:
v(z) == p(z) —¢(z)  and  wn(2) = [p = Pln(2).

where [-];, denotes the usual Steklov average. From Lemma 4.1, we see that vy, N0y Tt s easy to see from
(4.2) that v(z) = 0 for z € 9,Q,,s(3).
Let us fix the following exponents for this Section:

l<g<p—-2B8<p—p<p, (4.4)
for some 8 € (0,1). Note that eventually we will obtain a 8y = Bo(n,p, Ag, A1, m.) such that all the estimates
hold for any 3 € (0, Bo).

Let us now define the following function:

9(2) i= M |IVol? + 19l + Vol + 1719 4151 x, )" (),
where M is as defined in (2.7).
For a fixed A > 0, let us define the good set by

B, :={(x,t) e R" . g(z,t) < A}

We now have the following parabolic Whitney type decomposition of EY (see [20, Lemma 3.1] or [9, Chapter
3] for details):

Lemma 4.5. Let k := \*7P, then there exists an k-parabolic Whitney covering {Q;(z;)} of E in the following
sense:

(W1) Q;(z;) = Bj(x;) x I;(t;) where Bj(x;) = By, (x;) and I;(t;) = (t; — w13, t; + wr5).
(W2) we have dx(z;, Ey) = 16r;.

1 C
w3) 5@i(z) = Ex.
J
(W4) for all j € N, we have 8Q; C Ey and 16Q; N Ey # 0.

(W5) if Q;NQi # 0, then %rk <rj < 2ry.
(We) in N iQk =0 for all j # k.

(WT7) ZX4Qj (2) <c(n) for all z € EY.
J
Subject to this Whitney covering, we have an associated partition of unity denoted by {¥;} € C° (R™1) such
that the following holds:
(W38) Xiq, <¥; < Xaq,-
(W) [[¥; o0 + 75V llc + 151V [l + XrF 0¥ [l < C-
For a fixed k € N, let us define

. 3 3
Aki—{]eNiszﬁngﬁém}a

then we have

3
(W10) Leti € N be given, then Z Ui(z) =1 for all z € ZQl
JEA;

(W11) Leti € N be given and let j € A;, then max{|Q;|,|Q:|} < C(n)|Q; N Ql.

(W12) Leti € N be given and let j € A;, then max{|Q;|,|Q:|} < ‘ZQJ N %Ql .

11



(W13) For any i € N, we have #A4; < c(n).
(W14) Leti € N be given, then for any j € A;, we have %QJ C 4Q;.
Now we define the following Lipschitz extension function as follows:
v (2) 1= on(2) = Y W(2) (on(2) — vp), (4.5)
where
! // vp(2)W;(2)x dz if 3Q C B,(r) x [t—s,00)
, T h i Y4l —8,0),
1);I = ||\I/’i||L1(%Qi) 2Qi [tms.tre] 4 :

0 else.

(4.6)

Since ¢ — ¢ = 0 on OB,(r) x [t — s,t+ s], we can switch between x without affecting the

-s,ers) X, )
calculations.

Remark 4.6. Note that even though v, (z,t—s) # 0 in general, nevertheless the following initial boundary values
are satisfied:

o The initial condition (o — @)(x,t — s) =0 is to be understood in the sense
[p = Bln(t =) =% 0 in (B, (v)).

e For (z,t—s) € By, we have v, , (z,t — s) = vp(z,t — 3).

e For (z,t—s) ¢ E\, we have v, , (z,t — s) = 0 by using (4.6).

Remark 4.7. From Lemma 4.1, we see that v, ,(2) LAUN v, (2) almost everywhere.
We now have the following useful lemma that can be proved just by using the definition of the weak formulation
(see for example [3, Lemma 3.5] for details):

—

Lemma 4.8. Let ¢, ¢, f,§ be as in (4.1) and (4.2) and h € (0,2s). Let a(z) € C°(B,(r)) and (t) € C(t —
s, t+s) with B(t—s) =0 be a non-negative function and [-], be the Steklov average as defined in (4.1). Then the
following estimate holds for any time interval (t1,t2) C (t—s,t+s):

| (vnB),, (t2) — (vnB), (t1)] < C(A1, )Vl Lo (B, @) 1Bl Lo (t,t2) // ([VoP~' + |Ve|P~ '], dz
Bp(?)x(t17t2)
HIVallLoe s, @) 181,62 // AP~ + g7 n dz
By (r)x (t1,t2)

+lll oo (B, () 19" | Lo (t1,12) o — ¢lnl d=.
By (x)x (t1,t2)

4.8. Properties of the test function
Lemma 4.9. For any z € EY, we have

|U>\,h(z)| S(n,p,q,Ao,Al,bg) p)" (47)
Proof. By construction of the extension in (4.5), for z € Ef, we see that v, ,(z) = Z U (z)v] with v = 0
3 j
whenever ZQj Z B,(r) x [t—s,00).
In order to prove the Lemma, making use of (W8), we see that (4.7) follows if the following holds:

|U?z| S(H,P,q,/\o,/\lybo) PA. (48)

3
We shall now proceed with proving (4.8). Since we only have to consider the case ZQj C B,(r) x [t — s,00),

which automatically implies 7; < p. We now proceed as follows:

12



Case r; > p: In this case, we observe that B,(r) C 2B; which gives the following sequence of estimates:

N B e
1
(2 pL ][ W ! dx ’ dt
- 1161 161,N[t—s,t+s] \J16B; T

1
q

(b) 1
< p— ][ |Vop (z, )| x dx dt
1161, 161;N[t—s, t+s5] < 16B,; [t=s,t4]

(©
S pA

To obtain (a), we used the fact that r; < p along with Holder’s inequality, to obtain (b), we made use of
Poincaré’s inequality and finally to obtain (c), we made use of (W4).

Case er < p: In this case, we gradually enlarge ZQl until it goes outside B,(r) X [—s,00). As a consequence,
we have to further consider two subcases, the first where 9k Q; crosses the lateral boundary first, and the second
when 2F2 Q; crosses the initial boundary first.

Let us define the following constant kg := min{lzzl, 152} where k; and ko satisfy
2’51_173 <p< 2’5173,
2];2_1Qj C By(r) x [t—s,00) but 2];2Qj ¢ B,(x) x [t — s,00).

Note that ko denotes the first scaling exponent under which either we end up in the situation r; > 2k or
2k Q; goes outside B,(x) x [t — s, 00).

(4.9)

3
Since we only consider the case ZQi C B,(r) X [t — s,00), using triangle inequality, we get

ko—2

|UZL| S Z (([SD B ¢]hXQp,S(5))2mQ,. B ([SD - (b]hXQp,s(é))QerlQ,) + ([(P - (b]hXQP,S(é))QkO*lQ,
gzig J / ! (410)
= Z S{n + Ss.
m=0

We shall estimate ST" and Sy separately as follows:

Estimate for S}": In this case, we see that 2"*1Q; C B,(r) x [t — s,00). Thus applying Lemma 4.2 for any
C(n) C(n)

p € CF (Bamiy, () satisfying |u(z)] < W and |Vpu(z)| < W, we get

spos @) (ﬂ V-l dz>
2m+1Q; e

(o= &), (t2) = ([ — dln), (k1) |7\ *
m+1,. H H 411
+(2™F ) <t1,t262m+sll}f)m[t_s,f+s] FTErs ) (4.11)
— t2) — ([ — 1)1\ 7
WD it ) o (ip = ), 2 — o = dh), ()
t1,t2€2m 1L A[t—s, t+3] 2mtlr;

To estimate the second term on the right of (4.11), using Bym+1, (z;) C B,(r) x [t — 5,00), we can apply
Lemma 4.8 with the test function «(z) = p(x) and B(t) = 1, which gives for any t1,%2 € %Ij N[t—s,t+ s, the
estimate
(@)
(o = ¢ln), (t2) = ([p = @lu), (t1)] < 27 Fhry (kAPTY) = 27F A, (4.12)

To obtain (a), we first applied Lemma 4.8 along with (W1), (W4) and the definition x = \*>77,
Substituting (4.12) into (4.11), we get

S < 2m e (4.13)
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Estimate for Sy: For this term, we know that 2¥°71Q; ¢ B,(xr) x [t — s,00), which implies 2*°71Q; crosses
either the lateral boundary 0B, (x) X [t — s,00) or crosses the initial boundary B,(r) x {t — s} first. We will
consider both the cases separately and estimate S; as follows:

In the case 2k°_1Qj crosses the lateral boundary 0B, (x) x [t — s,00) first, we can directly apply Theorem 2.13
to obtain

1/q
(a)
_ < (9ko,.. _ q < . .
]%kole o =0lxg, . 25 (2775) (]%kij Vle =g, .0 dz) S P (4.14)

To obtain (a), we made use of (W4) along with 20~2r; < p given by (4.9).
In the case 2% Q; crosses the initial boundary B,(r) x {t — s} first, by enlarging the cylinder to 2k1+1QJ—, we
can find a cut-off function #(x,t) such that spt 6(x,t) C 2+1Q; NR™ x (—o0, t — s), which combined with the

fact vp(2) =0on R"” x (—oo,t — s), we get (Uhx[tfs,urs])e = 0. Thus applying Lemma 4.2, we get

X[tfs,tJrs]

d =
ﬂghﬁrl@j |'Uh(z)|x[tfs,t+s] z ﬁkoJrle

2+ 7)) (ﬂ L AE dz>
(o — éln), (t2) — (lp — 6lu), (1)

ko+1y.
2kotly;

dz

Uh (Z)X[t751t+5] - (’Uhx[tfs,tJrs])@

q

N

q) i
(4.15)
To obtain (a), we made use of (W1),(W4) along with an application of Lemma 4.8 and to obtain (b), we used

(4.9).
Combining (4.14) and (4.15), we get

+(2k0+1'f'j) ( sup

t1,t2€2F0 T ;N[t—s,t+s5]

(a) (b)
< 2R < A

Sz < pA. (4.16)
Thus combining (4.13) and (4.16) into (4.10), we get

e ko—2 (4.9)
lvj,| < Z STP+S2 <A (Z 2m+1rj+p> < pA

m=0 m=0

This completes the proof of the Lemma. O
Now we prove a sharper estimate.
Lemma 4.10. For any j € A;, there holds
0% = V| S(nprasrosAssme) MIn{p, 73 k.
Proof. We only have to consider the case r; < p because if p < r;, we can directly use Lemma 4.9 to get the

required conclusion.

. 4 3
If either v;, =0 or v; =0, then ZQi must necessarily intersect the lateral or initial boundary.

Initial Boundary Case ZQZ- C B,(r) x R: Without loss of generality, we can assume 2Q); C B,(r) x R. We now
pick 6(x,t) € C°(R™™) such that spt(f) C 2B; x (—oo,t — s). Since ¢ — ¢ = 0 on 2B; x (—o0, t — 5), we see

that (vhx [ — ¢]hx[t—s,t+5])9 = 0. Thus we get

[t=s,t+s] /g =

wlo< ff . \w S IS (e ¢>1hx[t_s,t+s])9\ dz

1
a\ q
(a) (vhx[t—s,t-l-s]) (t2)_(vhx[t—s,t+s]> (t1)
< ﬁ[ |Vvh|qxt . dz + sup £ L
20; [t=s,t4s] t1,ta€2L;N[t—s,t+s] T4
(b)
S ’I”l')\.
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To obtain (a), we made use of Lemma 4.2 and to obtain (b), we proceed similarly to how (4.12) was estimated.

Lateral Boundary Case ZQi N (B,y(r) x R)¢ # (: In this case, using Theorem 2.13 and (W4), we get

q 7
il < <]§[ dz> < (ﬁ[ Ve = dlnl" X, 4 g dz) < T (4.17)
2Qi 2Q; ’

From (4.17) and (4.8), we see that the lemma is proved provided v, = 0.

[‘P - ¢] hX[t—s,H—s]

i

Now let us consider the case v}, # 0 and ”Z # 0, which implies g@i C B,(r) x [—s,00) and ZQJ- CBx|t—
s,00). From the definition of v} in (4.6), triangle inequality and (W12), we get

lvh —vil = 'Ql ]5[ Xit—o.ire) ~ Vh L] ﬁ[ Nioirg ~ Vb 42
4QJ| s,t+s] |Qz 4QJ| QJ s,t+s]

s]ﬁQ I e -
(4.18)

3Qi
Let us now estimate each of the terms in (4.18) as follows: we apply Holder’s inequality followed by Lemma 4.2

1
with o € C° <ZB1> with |a(z)| < ﬁ and |Va(z)| < T?Jrl

1
q
]§[3Q.|“h(z)x[t—s,f+sf”2| o= (]é[s@W”h'qX[t—s,usJ dz)

( (Ip = dln), (t2) = (Ip = éln), (1) )
+r; sup )
t17t26%hﬂ[t—s,t+s] T

The first term on the right of (4.19) can be controlled using (W4) and the second term can be controlled
similarly as (4.12). Thus we get

Uh (Z)X[tfs,tJrs] — v,

to get

(4.19)

I g b 2 10
py i

This completes the proof of the Lemma. O

Once we have the bounds in Lemma 4.9 and Lemma 4.10, we can obtain the following important estimates:

3
Lemma 4.11. Given any z € EY, we have z € ZQi for some i € N. Then there holds
|VU>\,h(Z)| < Clnpg,ho,01,me) A (4.20)

Proof. We observe that Z U,(z) = Z W;(z) = 1for any z € EY, which implies Z V¥;(z) = 0forall z € Ey.
Ju€A; J

J
Thus using (4.5) along with (W9), (W13) and Lemma 4.10, we get
|VU)\1h(Z)| < Z |V\I]j(2)

J:ijE€A;
This completes the proof of the Lemma. O

J i
vy — v S A

4-4. Estimates on the derivative of v, ,
We will now mention some improved estimates which can be proved using Holder’s inequality along with the
techniques from Lemma 4.11.

3
Lemma 4.12. Let z € Ey and ¢ € (0,1] be any number, then z € ZQl for some i € N from (W1). There exists
a constant C' = C(, p q.00,A1,m.) Such that the following holds:

Crix  Ce
< 3 ;< =1L 2)|? 5
NS Off Gy < TR T Ry

€

1 Cx  Ce
<C— 3 < 2 7|2 z.
Wil <Cnff ey < Pl mer @



3
Lemma 4.13. Let z € Ey and ¢ € (0,1] be any number, then z € ZQl for some i € N from (W1). There exists
a constant C' = C(, . q.00,A1,m.) Such that the following holds:

. i TiA e i
|v)\)h(z)| <C (mln{p, oA+ |vh|) < C< E + r-)\|vh|2) , (4.21)

A
Vo, ()l = O, (4.22)

1 ~
0541 < O o, 1 95

1 .
0wy, ()] < CW min{r;, p} A. (4.23)

4.5. Some more properties of WS

Lemma 4.14. For any ¥ > 1, we have the following bound:

// |v)\7h(z)|ﬂ dz S(n,p,q,Ao,Al,me) // |vh(z)|ﬂX[t_s t+s] dz.
(3)\Ex Qp,s(3)\Ey ’

Proof. Since Ey is covered by Whitney cylinders (see Lemma 4.5), let us pick some ¢ € N and consider the
corresponding parabolic Whitney cylinder. Using the construction from (4.5) along with (W5), (W9) and

(W13), we get
// o, ()" dz < > // 2)’[vh)? dz<// on ()" Xy 1 G2 (4.24)

Jii€A
Summing (4.24) over all ¢ € N and making use of (W4) and (W), we get

9 9 9
v, ()Y dz < // vp(2)]"x dz < // v (2)]"x dz.
//Qp,sca)\@| () Z o N p,s<a>\EA| O N

p,s

This proves the Lemma. [l
Lemma 4.15. For any 0 < 9 < q with q defined as in 4.4, there holds
J 1915, 0 ()t (2) = (NI 42 S oty XFR B
p.s (3)\Ey

Proof. From (W3), we see that Q, s(3) \ E\ C U 4Q);, thus, for a given i € N, let us define the following:
i€z

Ji = // Brty (), (2) = o (D), 42

Making use of (4.23) and Holder’s 1nequahty (recall v = A?7P), we get

< s
TS (A2p2”> // [ n ()X, )~ rE)Xg, ] 42

(a) .
: ()\2 2" ) > // lon(2)xg, 5 = onl” dz (4.25)
JEA;

(v)

< A |ZQ1|
To obtain (a), we made use of (4.5), (W9) and (W10) and to obtain (b), we applied Theorem 2.13 along with
(W4).
Summing (4.25) over all ¢ € N and making use of (W7) completes the proof of the lemma. O

4.0. Proof of the Lipschitz continuity of v, ,
We shall now prove the Lipschitz continuity of v, , on H := R" x [t — s, t + s].

Lemma 4.16. The function v, , from (4.5) is COY(H) with respect to the parabolic metric given in Definition
(2.14).
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Proof. Let us consider a parabolic cylinder Q,(2) := @, .,2(2) := Q for some z € H and r > 0 (recall K = A\*7P).
To prove the Lemma, we make use of Lemma 4.4 and prove the following bound:

) ]§[Qm-[ vy (%) — (Ux,h)QmH 0z < of1),

r

where o(1) denotes a constant independent of z € H and r > 0 only. We will split the proof into several subcases
and proceed as follows:

3
Case 2Q) C E: In this case, from (W3), we see that z € ZQl for some ¢ € N. From the construction in (4.5),

we see that v, , € C*>(Ey) which combined with the mean value theorem gives

]5[ ]é[ o (21) = vy (B2)| d21 d22 £ sup (|90, ,(B)] + A2 Pridy , (2)])
QNH Qrw ' ZEQNH ' '
Let us pick some Zy € 2Q C EY, then Zy € Q; for some j € N. Thus we can make use of (4.20) and (4.23)
to get
. _ - _ 1
[V, G0l + X2 7Prldhe , (Bo)| S A+ A Prapm . (4.26)
J

n (4.26), we need to understand the relation between r; and r. To this end, from 2Q C EY, we see that
r < dx(Z0, Ey) < dx(Z0, z5) + da(z, E\) <r1j+16r; = 17r;. (4.27)
Combining (4.26) and (4.27), we get
Vo, 5, (20)| + A2 7|0y, (20)] < A

Case 2Q ¢ E{: In this case, we shall split the proof into three subcases:

Subcase 2Q) C R" x (—oo,t+ s] or 2Q) C R" X [t — s,00): In this situation, it is easy to see that the fol-
lowing holds:
QnH 2 Q! (4.28)
We apply triangle inequality and estimate I,.(z) by

v, , (2) —vp(Z vr(2) — (vg)
I(2) Sﬁ[ wnl®) =) Q| | iz
QNH r r r (4.29)
< 2J1 + Jo,
where we have set
vy ,(2) —on(Z vn(2) — (vn)
Jp = ]6[ 2an(®) ~on () dZ  and  Jy:= ]5[ L eM) gz (4.30)
QNH r QNH r
We now estimate each of the terms of (4.30) as follows:
Estimate for J;: From (4.5), we get
(2)x — v
Z // [t=s,ths] dz. (4.31)
QN H| Qm"rm Qs r

Let us fix an ¢ € N and take two points z; € QN ZQi and Zy € E\, N2Q. Let z; denote the center of %Qi,
making use of (W2) along with the trivial bound dy (21, 22) < 4r and dx(z;, Z1) < 2r;, we get

167; = da(zi, Ey) < da(zi, 21) + da(Z1, Z2) < 21y +4r = 2r; <7 (4.32)
Note that (4.28) holds and thus summing over all ¢ € N such that QNH N %Ql # () in (4.31) and making
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use of (4.32), we get

Uh (E)X[t—s,t-l-s] ~

I < Z 12Qi ]6[ £
ieN [QNH]| 3Q r
QNHN2Q; ;ﬁ@ _
() o trs] — Uh
< Z]é[ t t+] dz
€N

NS

To obtain (a), we made use of (4 28) and (4.32), to obtain (b), we follow the calculation from bounding
(4.19).
Estimate for Jy: Note that Q NH is another cylinder. If Q C B,(r) x R, then choose a cut-off function
p € C°(B,(r)) and apply Lemma 4.2 to get
NK
(UhXQp,s(a))M (h) - (”h’(@p,su))u ()

Jo < ]§[ |Vvh|qXQ o) + sup
QNH ps )y b e[t—s,t+s]NQ r

Recall that we are in the case 2Q N E) # ) and 2Q N EY # (). Further applying Lemma 4.8 and proceeding
as in (4.11), we get

Jy <A (4.33)
On the other hand, if Q@ ¢ B,(r) xR, then we can apply Poincaré’s inequality from Theorem 2.13 directly
and make use of the fact that 2Q N E, # () to get

q
Jo < <]§[ ‘Vvh Z)X,
QNH [t=s,ts]

Subcase 2Q NR™ x (—o0,t — s] # 0 and 2Q NR™ x [t + s,00) # ) AND xr? < s: In this case, we see that
|Q NH| = |B1|r™ x 2s.
We apply triangle inequality and estimate I,.(z) as we did in (4.29) to get
IT(Z) < 2J1 + Jo,

d2>q <A\

where we have set

v (2) — on(2) on(2) — (1)gre

Jl Z:ﬁ[ d% and J2 Z:ﬂ di
QNH r QNH r
We estimate J; as follows
| Qz Uh (2>X[t—s t+s] - ’U}il ~
J1 < Z ’ dz
= |Q NH| ) r |
(422) P2y Zﬁ[ vh(z)x[t_&urs] — v}, "
~ ris 30, T
(4.32) sl — Vh
< X[t—s,t+9] &
€N l
(a) r,«
< _r
s
()
< A

To obtain (a), we proceed similarly to (4.19) and to obtain (b), we made use of xr? < s.
The estimate for J is already obtained in (4.33) which shows

Ja <A
Subcase 2Q NR™ x (—o0,t — 5] # () and 2Q NR™ x [t + 5,00) # ) AND xr? > s: Using triangle inequal-
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ity and the bound |Q NH| = |By|r™ x 2s, we get

”A,h(g) U
I ) i < gmr [ wa@ld
QNH r QNH| Jorn ™

|Q ﬁm //QmHmEA B 4E 4 o lQNnH| ﬂ?—[| //Qﬂ’H\EA oy n (2] dZ.

By construction of v Uy n (4.5), we have v, , = vp on Ey. On Q,s(3) \ E), we can apply Lemma 4.9 to
obtain the following bound:

ﬁ[ U)\ﬁh('z) - (Q N IH)Ux N | |
= dz < // vp(2)] dZ + ——— // pA dZ
QNH T Q,, .(3) QN H| QNH\E,

(g) _thHLl(st( ) + PA
< o(1).

/\

N

This completes the proof of the Lipschitz regularity. O
4.7. Two crucial estimates
We shall now prove the first crucial estimate which holds on each time slice.

Lemma 4.17. For any i € N and any 0 < € < 1, there exists a positive constant C(n,p,q, Ao, A1, me) such that
for almost every t € [t — s,t+ s], there holds

/ (v(z,t) — v')o, (2, 1) ¥;(2, t) do
Bp(?)

AP ,
<C <?|4Qi| + £|4Bi||Ul|2) : (4.34)
Proof. Let us fix any ¢t € [t —s,t+ 5|, i € N and take W;(y, 7)v, ,(y,7) as a test function in (4.1) and (4.2).

3 \2
Further integrating the resulting expression over <ti — K (Zm) ,t) or (t — s,t) depending on the location of

3
ZQi’ along with making use of the fact that W;(y,t; — x(3r;/4)*) = 0 or v, #(y,t=15) =0, we get for any a € R,
the equality

/Bp(;) ((Uh — CL)\IJi'U)\,h) (y,t) dy = /mtax{t (i) S}/ — a)‘lliv)\)h) (y,7) dy dr
B maX{t —r(3r:)% - s}/ <P Ol Tivy aqjivx,h) (y,7) dy dr

([Aly, 7, Vo)l — [Aly, 7, VO)ln , V(¥iv, ) dy dr

moxx{t7L K 47‘1 ,t s} B, (x) ,
t

n 2 (71727 + G020 .V (Wi, ) dy dr
max{ti—n Sn St s} B, (x)
t

_ (1 tS}/ a@t(\lfv)\h) dy dr.

max{t —K
(4.35)
We can estimate |V(W;v, )| using the chain rule and (W9), to get
1
V(@i )l S )+ (95, (4.36)
Similarly, we can estimate |8t (\IfivA)| using the chain rule and (W9), to get
2 (V)| < 5 Lo+ [y - (4.37)

Let us take a = v}, in the (4.35) followed by letting h \, 0 and making use of (4.36) and (2.2), we get

[ (=) @) dy| < 0T, (4.38)
B, (r)
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where we have set

1
i ;:—.// (1l + 1961~ + 1777 1577 ) o .0, ) @Y
P2 "//Q " (IVel = + 1991~ + 1777 15177 ) V0 0,0, ) Y 4
p,s(3

J3 = //Qp " lv—wv ||at(qjiv>\)|X%Qme,s(5) dy dr. (4.39)

Let us now estimate each of the terms as follows:

Bound for Ji: If p < r;, we can directly use Holder’s inequality, Lemma 4.9 and (W4), to find that for any
€ (0, 1], there holds

p—1
. T
Ji < AQi (ﬁ[ (IVel® + V617 + 171 +1917) X, () dT) < THQil. (4.40)
16Q; pisl €
In the case r; < p, we make use of (4.21), (W4) along with the fact |Q;| = |B;| x 2A\*"Pr?, to get
p—1
1 /X e = o KR
hos (SR P @l (ff (19l I 14117 g, o
T & )\TZ 4Q; Qp,s(é) (4'41)
1 ’I”l')\ 9 in2 1 AP 012
S— + 3107 AQiNTT S —[4Qu] + el4Bi[[v*|".
T € AT €

Thus combining (4.41) and (4.40), we get

\P .
Jl S ?|4Ql| +XT1'SPE|4B7;||U1|27 (442)

where we have set Xcp = 1if r; < pand X<p = 0 else.

Bound for Jy: In this case, we can directly use Lemma 4.11 and (W4) to get for any ¢ € (0, 1], the bound

p—1
A4Q; - . NP
g PR (1vet s wae 1 i) g, dwar) T <@l
g 4Q; p.s(3 g
Bound for Js: Substituting (4.22), (4.23) and (W9) into (4.37), for any e € (0, 1], there holds
1 'f‘i)\ 9 712 1 . 1 Ti)\ € 7|2
|at(\11i’l}>\)(z)| < /Q_T? ( - + TZ—/\|’U | ) + —len{Ti,p})\ ~ Ii_’l”? <? + Tl—)\|U | ) . (4.44)

Making use of (4.44) in the expression for Js in (4. 39 , we get

1 T
< _
J3 "mf(a )// v v|)((b2 () W dr.

We can now proceed similarly to (4.19) to get

1 iA ; AP :
Ty S — <T + im?) rQil < S 14Qi] + el4Bi[[v 2. (4.45)
KTy \ € i\ €
Substituting the estimates (4.42), (4.43) and (4.45) into (4.38) gives the proof of (4.34). O

We now come to essentially the most important estimate which will be needed to prove the difference estimate:

Lemma 4.18. There exists a positive constant C(n,p,q, Ao, A1, me) such that the following estimate holds for
every t € [—s, s]:

/ (ol = o = v P) (. t) da > —CNP R\ B (4.46)
B, ()\

B

Proof. Let us fix any ¢ € [t — s, t + 5] and any point @ € B,(x) \ E;. Now define

T:={i e N:spt(¥;) N B,(x) x {t} #0 and |ov| + | | £ 0 on spt(W;) N (B,(x) x {t})}.
Hence we only need to consider i € T. Note that Z V;(,t) =1on RN E)\t, we can rewrite the left-hand
ieT
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side of (4.46) as

(Jof? = [v = v, *)(,t) da / — v —v,|?) dz
/Bpu)\E' -2 ’

€Y Bp(¥)

- Z/ W;(2) (]2 + 20, (v — v")) dz — Z/ Ui(2)|v, — o'* da
iex ? Box) ie1 ’ Bo(¥)

=Jy + Jo.

Estimate of J;: Using (4.34), we get

)\ZD
7 >Z/ @ dz = B - 3 X laq) (4.47)

i€ i€ €Y
From (4.6), we have v" = 0 whenever spt(\Ifi) N B,(r)¢ # 0. Hence we only have to sum over all those i € T for
which spt(¥;) C B,(r) X [t — s,00). In this case, we make use of a suitable choice for € € (0,1], and use (W7)
along with (W8), to estimate (4 47) from below to get
J1 = =NPRTI B . (4.48)

Estimate of Jo: For any = € B,(r) \ E}, we have from (W10) that Z U;(x,t) = 1, which gives
J
)l (2) v S () D IE)P 0 o)
" JeAi (4.49)
< min{p,7; 2\,
To obtain (a) above, we made use of Lemma 4.10 along with (W13). Substituting (4.49) into the expression
for Jo and using |Q;| = |B;| x 2kr?, we get

J <> B 1= i )\2 S APRU\ By (4.50)
€Y
Substituting (4.48) and (4.50) into (4.7), we get
Jo = =NP[R"TI\ E, .
This completes the proof of the lemma. O

5. Comparison estimates

Before we state the main difference estimates, let us define the the approximations that we will make and
recall some useful results in existing literature. Let us fix the point

3= () € Qx (-T,7T).

5.1. Approximations
Let u be a weak solution of (1.1) and consider the unique weak solution w € C° (I1,(t); L*(Qu,(z)) N

? (I4p(t); Wl’p(Q4p (;)) solving
{ wy —div A(z,t,Vw) = 0 in Ku,(3),

5.1
w o= u on 0, Ku,(3). (5:1)

d
This is possible, since (1.1) shows u € LP (I1,(t); WP (Qu,(z)) and d_ltL € (Wl’p(K4p(5)))/ in the sense of distri-

bution.
Recalling the notation from (2.5), we will need to make another approximation to (5.1):

v —divAp,, (Vo,t) = 0 in Ks,(3), (5.2)
vo= w on 9,K3,(3), '

which admits a unique weak solution v € C° (I3, (t); L*(Q3,(x)) N LP (I3,(t); WP (3,(x)) since Proposition 2.17
is applicable.
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5.2. Interior Lipschitz regularity

In the case K3,(3) = Q3,(3), i.e., we are in the interior case, then we have the following interior Lipschitz
regularity for (5.2) (see [19, Theorem 5.1 and Theorem 5.2]):

Lemma 5.1. There exists a weak solution v € C° (I3,(t); L*(Bs,(x)) N LP (Izp(f);Wl’p(Q;p(})) solving (5.2).
Furthermore, there holds

1

P
sup [Vo| < Clypag,ay) (ﬁ[ [Voul? dz) . (5.3)
Qp(é) Q2p(3)

5.8. Boundary Lipschitz reqularity

In the boundary case, we may not have Lipschitz regularity for solutions of (5.2) up to the boundary in
general. In order to overcome this difficulty, we need to make one further approximation in which we consider a
weak solution V € C? (I,(t); LQ(QJP(;)) N LP (I5,(4); Wl’p(Q;p(;)) solving

V- diVZB3p(;)(VV, ) = 0 in Q;p(ﬁ)a

V =0 on Ts,(3).
From [27, Theorem 1.6], the following important lemma holds:

Lemma 5.2. There exists a weak solution V € C° (Izp(t);L2(Q;rp(§)) nLr? (Igp(t);Wl’p(Q;rp(;)) solving (5.3).
Furthermore, there holds

sup |[VV| < C(n,p, Ao, A1) (ﬁ[ |VV|P dz) )
Q% G4) Q3,()

5.4. First comparison estimate

In this subsection, we will prove a improved difference estimate between solutions of (1.1) and (5.1).

Theorem 5.3. Let 6 > 0 be given and Let u be a weak solution of (1.1) and w be the unique weak solution of
(5.1), then there exists an 81 = PB1(Ao, A1, p,n, me, ) € (0,1) such that for any S € (0, 51), the following estimate
holds:

]5[ |Vu — Vw|P~? dz < § |VulP=? dz + C(n,p, B, Ao, A1, 5)]5[ |£]P—7.
Kap(3) Kap(3) Kap(3)

Proof. Consider the following cut-off function (. € C*(t — (4p)?, 00) such that 0 < (.(t) < 1 and

1) = 1 forte (t—(4p)* +e,t+ (4p)? — &),
) 0 fort e (—oo,t— (4p)2) U (t 4 (4p)?, 00).
It is easy to see that
CLt)y=0 fc’or t € (—oo,t— (4p)*) U (t — (4p)? + &, t + (4p)* — &) U (t + (4p)?, 00),
COISE for te (= (4% 1= (492 +2) U+ (4p) — &, t— (49)?)

Without loss of generality, we shall always take 2h < ¢, since we will take limits in the following order lirr(l) %ir% .
e—0 h—

Let us apply the results of Section 4 with ¢ = u, ¢ = w, f: f and g = 0 over Q,5(3) = Ku,(3) to get a

Lipschitz test function v, , satisfying Lemma 4.18. From Lemma 4.16, we have v, , € C*'(K4,(3)) and thus we

shall use v, ; (2)¢:(t) as a test function to get

dlu —w
Lyt Ly = // %%,h@ d dt + // ([A(e, 1, Vu) — Ale, t, Vo)l , Vo, )¢ da di
Kap(3) Kap(3)

<[|f|p_2f]h 7V,U)\1h><€ de dt = L3.
Kap(3)
Let us recall from Section 4 the following: for a fixed 1 < ¢ < p — 23, we have

Q=

9(2) = M ([IVu = Vool + [Vul? + [Vul? + £, )"

where M is as defined in (2.7) and Ey = {z € R"" : g(2) < A}. Note that at this point, we have not really made
any choice of 3.
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From the strong Maximal function estimates (see [28, Lemma 7.9] for the proof), we have

IVull Lo-s (x4, 5)) + IVWIlLo-8(k4,)) T 1EllLr-8(ka,)) T IVU = VO o5k, )
IVull Lo-s(x, () + €l L5 (54, (5) + VU = Vol o5 (16, (5)) -

t+(4p
/ / Bon,5) (4, 5)¢(s) dy ds
t—=(4p)2 JQup (1) S

t(4p)? — (v, — )| C(s)
/+4) /94,, Aydhs : } ) dy ds (5.5)

(4p)?

t+(4p)?
/ / dCE — (o — vh)z) dy ds
524

= Jo + Ji(t+ (4p)?) — Ty (t—(4p) ) — Js,

”gHLP*B(Rn“)

s 5.4
p (5.4)

Estimate for Lq:

where we have set

W =g [ (0 = (o, - o)) ) dy
949()

Note that Jy(t — (4p)?) = Ji(t+ (4p)?) = 0 since (. (t — (4p)?) = ¢ (t+ (4p)*) = 0.
Form Lemma 4.15 applied with ¢ = 1, we have the bound

| 2| < //
Kap(3)\Ey

Estimate for Ly: We split L, and make use of the fact that v, , (2) = va(z) for all z € Ey N Ky,(3).

L, = // ([Az,t, Vu) = Az, t, Vo)l , Voy )G dz
K4p(5)mE)\ 7

+ ([A(@,t, Vu) = Az, £, Vw)ln , Vv, )¢ dz
Kap(5)\ By ’

= // ([A(z, t, Vu) — Az, t, Vw)]p , V[u — w]p) dz (5.7)
Ki,(3)NE)y

+ ([A(z,t, Vu) — Az, t, V)l , Vo, ;)¢ dz
Kip(3)\Ey '
= L3+ L3.

N =

dUA,h
ds (vkvh )

dy ds < \P|R™ T\ E,|. (5.6)

Estimate for L%: Using ellipticity, we get

Ll = // ([ Az, t, Vu) — Az, t, Vo)ln , V[u— w]p)¢ dz
Kap(3)NEy

> [V — w]? (|Vuf? + [Vw?)] 7 ¢ dz.
K4p(5)ﬂE’>\

Estimate for L3: Using the bound from Lemma 4.11, we get
L3 < // [A(z,t, Vu) — Az, t, Vw)ln| Vo, | dz
K ;

1 (3)\ By (5.9)
e
Kap(3)\Ey

Estimate for L3: Analogous to estimate for Lo, we split L3 into integrals over Ey and EY followed by making
use of (4.5) and Lemma 4.11 to get

Ls < // [(EP~ R IVu — w]n| dz + /\// I[f]n]P~t dz. (5.10)
Kip(3)NE, Kip(3)\ By,

Combining (5.6) into (5.5) followed by (5.8) and (5.9) into (5.7) and making use of (5.5), (5.6) and (5.10),

4p
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we get

t+(4p)? p=2
[ S (o - w)?) dyds+ ] 91— w2 ((Vulnl? + [V wlal?) 7 ¢ dz
t—(4p)2 JQu, (1) Kap(3)NEy
/ P~ IV [u = w]n| dz + A [V [uln P~ + [V [w]n [P~ 4 |[]n P~ dz
K4p(;,)ﬂE'>\ Kap( )\E)\

PR E |

(5.11)
+(4p)?
In order to estimate — dCE — (v, , — vh)z) dy ds, we take limits first in h \, 0 followed
—(4p)2 JQu,(x Ak
by € \( 0 to get
t4( 4p) d Elim lim
/ " / <€ (i, —n)?) dyds =2 / o= B0 ) do 512
P 4p 4p. 512
- (=0 (4)) e
4p (L

For the second term on the right of (5.12), we observe that on E,, we have v, = v and on Ef and we also
have v, (,t — (4p)?®) = v(-,t — (4p)*) = 0. Thus, the second term vanishes because on E), we can use the initial
boundary condition and on EY, it is zero by construction. Thus we get

by’ dCa 2 b 2 2 2

/t » /Q o ds — (vy,, — n) ) dy ds ———— /Q ( )(v — (v, —v)*)(z, t+ (4p)%) dz. (5.13)
P 4p (L 4p

Thus using (5.13) into (5.11) gives

[ @ @ do [V el (Vi + ) G ds
Qap(x) Kap(3)NEy

< U e [Vidal?™ + (Dl + [l dz 1)
K4p(5)ﬂE>\ Ka,(3) E,

PR By .
In fact, if we consider a cut-off function ¢*°(-) for some to € (t — (4p)?, t + (4p)?), where
to 1 forte (—t0+5,t0—6),

() = { 0 fort e (—oo,—to) U (to, 0).

we get the following analogue of (5.14)

/ (v? — (v, —v)?)(z, o) d$+/ / IV(u —w)|? (|Vu|2 + | Vaw|? ) = dz
Qap (1) Q4p(})ﬁEt

< P2V (1 — w)| dz + A IVulP~t 4 [VewP~ + [£P~! dz (5.15)
Kap(3)NEy Kap(3)\Ex
+FIP|R™TIN B, .
Using Lemma 4.18, we get for any ¢ € (t — (4p)%, t + (4p)?), the estimate
/ ()2 = (v, = )|y, ) dy 2 / [v(z, )] do = APIR™1\ By . (5.16)
949( ) E;

Since / |v(z,t)|? dz occurs on the left hand side and is positive, we can ignore this term. Thus combining
Et

A

(5.16) with (5.15), we get

I e (vaR+ve?) T dear < ff e w) ds
K4p(5)ﬁEA K4p(5)ﬁEA

+A Vulr™ + Vo~ + gt de (5-17)
Kap(3)\Ex
FIP|R™HN B, |.

Let us now multiply (5.17) with A=~ and integrating over (0, c0) with respect to A, we get
K1+ K> < K3+ Ky, (5.18)
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where we have set

0o p—2
K= [ ff IV —w)? (Vul? + [Vul2) T dz dx,
0 K4, (3)NE)y

Ky = / A*H’// I£1P~1 |V (u — w)| dz d),
Ooo K4,(3)NE,

Ks = / AP |VulP~t + [Vw|P~! + |fP~F dz d),
0 Kap(3)\Ey

K, ;:/ ATIEBNPIRT I EL | d.
0

Estimate for K;: Applying Fubini, we get
p—2
K1 > // 2) PV (u—w)]? ([Vul* + [Vul*) = d.
ﬂ K4p(5)
Using Young’s inequality along with (2.2) and (5.4), we get for any e; > 0, the estimate

// Vu—Vul~P dz < Cla)fEi+a // |Vu — Vwl|P=? + |VulP~? dz
s Haols (5.19)
+Cs(61)// |f|p_6 dz.
Kap(3)

Estimate for K5: Again by Fubini, we get

// BUEP2F , Vu — V) dz.
/3 K4p

From the definition of ¢g(z), we see that for z € K4p(5), we have g(z) > |Vu — Vw|(z), which implies
9(2)7? < |Vu — Vw|=?(2). Now we apply Young’s inequality, for any e; > 0, we get

1
K, < —// |Vu — Vw|' P[P~ dz
B Kap(3)

(5.20)

< Clez) // £~ dz + 2 // |Vu — VuwlP~? dz.

ﬁ Kap(3) B Kap(3)
Estimate for K3: Again applying Fubini we get
Ky = // VB (1TulP~! + [Vl + (5P de.
p—= ﬁ Kap(3
Applying Young’s inequality followed by makmg use of (5.4), we get
< // |Vu — Vw|P=? + |Vul|P=? + |f]P7 d=. (5.21)
Kap(3)

Estimate for K,: Applying the layer cake representation followed by using (5.4), we get

Ko =4 5//Rn+1 A ds (5.22)

|Vu — Vw[P~8 + |VuP~? + |fP7 dz.
Kap(3)

We now combine (5.19), (5.20), (5.21) and (5.22) into (5.18), we get
o

// |Vu —VwlP~? dz < [e1 + Cler)(ea + B)] // |Vu — Vw|P~? dz 4 Cley, €2, // [£]P=7 dz
Kap(3) Kap( Kap(3

+le1 4+ Cler)f] |Vu|P=# dz.
Kap(3)
Choosing €; small followed by es and 3, for any § > 0, we get a 81 = Bi1(n,p, Ao, A1,0) such that for any

B € (0, 1), there holds

]5[ |Vu — Vw|P~# dz < § |Vu|P=? dz + C(n, p, B, Ao, A1, 5)]5[ |fP=5.
Kap(3) Kap(3) Kap(3)
This completes the proof of the theorem. O
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5.5. Second comparison estimate

In this subsection, we will prove an improved comparison estimate between solutions of (5.1) and (5.2).

Theorem 5.4. Let w be a weak solution of (5.1) and v be the unique weak solution of (5.2), then there exists an
B2 = B2(No, A1, p,n,me,€) € (0,1) such that for any B € (0, B2) and e > 0, there exists a C = C(n, Ao, A1,p,€) >
0 and o1 = 01(Ao, A1,p) such that the following estimate holds:

(1+891)(A+BI2)p

s 1o,
(ﬁ[ [Vw — Vv|p7ﬁ dz) <eg <]§[ |Vw|p7ﬁ dz) +O[A]g)1RO <]§[ |vw|p*5 dz)
K3,(3) Kap(3) Kap(3)

Here Y1 and 152 are from Lemma 2.18 and Lemma 2.19.

Proof. Since we are in the setting of weak solutions, from [21, Lemma 2.8], we have the following estimate: for
any € > 0, there exists a C' = C(n, Ao, A1,p,€) > 0 and o1 = 01(Ag, A1, p) such that

P
]6[ |[Vw — Vol dz < 5]5[ |Vw[? dz + C[A]S'g, (ﬂ |Vaw[PH? dz) . (5.23)
K35(3) K3, (3) K3,(3)

Since w solves the homogeneous equation (5.1), we can control the right hand side of (5.23) by using Lemma
2.18 and Lemma 2.19. For 2 := min{f1, 82}, for any g8 € (0, 82), there holds

1+8% ) (1+892) (14591 )

ﬁ[ |Vw[PT? dz < ]é[ |[Vw|P dz < (ﬁ[ |Vw[P~# dz
Ks0(5) Kz, Kap(5)

where ¥, and ¥, are from Lemma 2.18 and Lemma 2.19 respectively.
We now combine (5.24) and (5.23) to get

, (5.24)

(A+B891)(1+B92)p

14801 ene
]5[ Vw— Vo dz < e < ]5[ Vulp=? dz) + CLA ( ﬁ[ Valp—? dz)
K3,(3) Kap(3) Kap(3)

A simple application of Holder’s inequality now gives

(+4891)(A+892)p

ﬁ 1+51§1 p+B
(ﬂ V= ol dz) <e (ﬂ [Vl dz> FOLA, (ﬂ Vul* dz)
K3,(3) Kap(3) Kap(3)

5.6. Interior approximation estimate

In this subsection, we will prove the interior approximation lemma:

Lemma 5.5. Let 8 € (0,50) for Bo = min{p1, B2} where By is from Theorem 5.3 and Ba is from Theorem 5.4.
For each € > 0, there exists a 6 > 0 (possibly depending on €) such that the following holds true: Assume u is a
weak solution of (1.1) satisfying

]é[ |VaulP=? dz < 1, (5.25)
Kap(3)
then under the condition
]5[ [fP=F dz < 6P=F, (5.26)
Kip(3)
there exists a weak solution v to (5.2) satisfying

IVl oo (1, (3)) S 1 and ]51 |Vu — VolP~# dz < eP=P. (5.27)
K2, (3)

Proof. Let us prove each of the assertions of (5.27) as follows:

First estimate in (5.27): From Lemma 5.1, we have existence of a weak solution v solving (5.2) satisfying the
estimate

||Vv||im(K2p(5)) < C(n,p,Ao,Al)ﬁ[ |[VolP dz.
Q35 (3)
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We now estimate the right hand side as follows:

(a)
]5[ Vol dz < ]6[ Vv — Vwl? dz —|—]§[ |[Vw|P dz
Q35(3) Q30(3) Q@3p(3)

®) 14801
< (1+4¢) <]§[ |Vw[P~? dz) + ClA]Ss, (ﬁ[ |Vw[P~? dz)
Kap(3) Kap(3)

1489
© '

< (1+¢) (ﬂ |Vw — Vul[P~? dz
Kap(3)

+C[A, ( ﬂ |Vw — VulP~F dz
Kap(3) - -
(1+891)(1+B92)p

1+51§1 p+B
+(14¢) <]§[ |Vu|P~# dz> + ClAIS's, (ﬂ |Vu|P~? dz)
K, (3) ) Kap(3)

In order to obtain (a), we made use of triangle inequality, to obtain (b), we made use of Theorem 5.4 along
with Lemma 2.19 and finally to obtain (c), we applied triangle inequality.

A+891)(1+892)p
p+B

(4891 (A+892)p
p+B

We can control ]5[ |Vw — Vu|P~? dz using Theorem 5.3 along with making use of (5.25) and (5.26) and
Kap(3)

observing that [A]2 s, < C(p, Ao, A1), we get
]é[ [Vo|P dz < C(Ag, A1,n,p,9).
Q35 (3)
This proves the first assertion of (5.27).
Second estimate in (5.27): Using triangle inequality, we get

]6[ Vu—VolP~# dz < ]5[ Vu — Vwl[P~F dz +]§[ |Vw — VolP~? dz.
K2,(3) K2, (3) K2, (3)

Each of the above terms can be controlled using Theorem 5.3 and Theorem 5.4 along with (5.25) followed by
choosing § sufficiently small (depending on ) and v sufficiently small such that (A, Q) is (v, Sp)-vanishing to
get the desired conclusion.

O

5.7. Boundary approximation estimate
In this subsection, we will prove the boundary approximation lemma:
Lemma 5.6. Let 8 € (0,5p) be fized and let w be a weak solution of (5.1) satisfying
]5[ |Vw|p_6 dz <1,
K35(3)

then for any € > 0, there exists a small v = v(Ao, A1,n,p,€) > 0 such that if (A, Q) is (v,S0) vanishing, then
there exists a weak solution V' of (5.3) whose zero extension to Q2,(3) satisfies

ﬁ[ |[VVIP dz <1, and ]5[ |[Vw — VVI|P dz < P. (5.28)
Q1,) Kp(3)

Proof. From Lemma 2.19, we see that the
]§[ VPP dz<1 = [Vw|? dz < 1.
Ks3,(3) K3,(3)

Hence we can apply [13, Lemma 3.8] to get an v = v(Ao, A1,1,p,€) > 0 such that if (A, Q) is (7, Sp) vanishing,
then there exists a weak solution V' of (5.3) whose zero extension to Q2,(3) satisfies

]51 |VVIP dz <1, and ]51 |[Vw — VVI|P dz < eP.
Q3,6) K,(3)

This completes the proof of the lemma. O
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Corollary 5.7. Let 8 € (0, 59) be fized and let w be a weak solution of (5.1) satisfying

]5[ |Vw[P~# dz < 1,
K3,(3)

then for any € > 0, there evists a small v = v(Ao, A1,n,p,€) > 0 such that if (A,Q) is (v,S0) vanishing, then
there exists a weak solution V' of (5.3) whose zero extension to Q2,(3) satisfies

HVV||LOO(QP(5)) < C(n,p, Ao, A1), and ]g [Vw — VV|”_B dz < el P,
K, (3)

Proof. All the hypothesis of Lemma 5.6 is satisfied. Thus the first conclusion follows directly by combining
(5.28) along with Lemma 5.1 and the second conclusion follows by a simple application of Holder’s inequality to
(5.28). O

6. Proof of Theorem 3.1.
Consider the following cut-off function ¢, € C*°(—T, c0) such that 0 < (. (¢) <1 and

1 forte(-T+eT—e),
() :{ 0 forte (—oo,—T) U (T,00).
It is easy to see that
C(t)=0 for te (—oo, “T)U(-T+¢e,T—¢e)U(T,00),
ICL(t)] < f for € (-T,-T+¢e)U(T —¢,-T).

Without loss of generality, we shall always take 2h < g, since we will take limits in the following order lim %Hr%)
e—0 h—

Since u =0 on 9N x (—T,T), we can apply the results of Section 4 with ¢ = u, ¢ =0, f =f and § = 0 over
Qp,s = U x (=T, T) to get a Lipschitz test function v, , satisfying Lemma 4.18. Thus we shall use v, , (2){(t) as
a test function in (1 1) to get

// vy, pGe dr dt + // A(z,t, Vu)lp , Vo, )¢ do dt = // ([I£]P~2£]5, , Vo, ;)G da dt,
Qr Qr ' Qr ’

which we erte as L1 + Lo = Ls.
Let us recall from Section 4 the following: for a fixed 1 < ¢ < p — 23, we have

1

9(z) = M ([IVul’ + €17 xg,, )"

where M is as defined in (2.7) and E, = {z € R""!: g(2) < A}. Note that at this point in the proof, we have not
really made any choice of 3.
From the strong Maximal function estimates (see [28, Lemma 7.9] for the proof), we have

lgllLr-s@n+ry < C(n) (|||VU|XQT|\LP—B(R”+1) + |||f|XQTHLP*5(R"+1)) : (6.1)

Estimate for Lq:

/ | o) (. 5)Ce(s) dy ds

—up)?| ()
:/ /Q\Es Zh(% un)Ce (s dyds+/ /Q Ad}; W] ) dyds (g
L)
=Jo+ 1(T J1(=T) — Js,

where we have set

1
Ts) = 5 [ (@ = (0 = 0) 051G (5)
Note that J1(—=T) = J1(T) = 0 since (.(=T) = {(T) = 0.
Form Lemma 4.15 applied with ¢ = 1, we have the bound

dv
| 2] < // (v
Qr\E,

—up)| dy ds <  NPR™TH\ By . (6.3)

ds Ak
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Estimate for L;: We split Ly and make use of the fact that v, , ( (2) = up(z) for all z € E, N Q.

L, = //QTmEf[A(:E,t,Vu)]h ; 1) Ge d,H—//QT\EA (2,8, Vu)ln , Vi, ;)¢ dz
- ([A(z, t, V)l , Vulp)C dz + ([A(z,t, Vu)ln , Vi, )¢ dz (6.4)

QTQE)\ QT\E/\
=Ly+ L3

Estimate for Lj: Using ellipticity from (2.2), we get

ozl vl e (6.5)
QTﬂE/\
Estimate for L3: Using the bound from Lemma 4.11, we get
Ly < /\// Pt dz. (6.6)
QT\EA

Estimate for L3: Analogous to estimate for Lo, we split L3 into integrals over Ey and EY followed by making
use of (4.5) and Lemma 4.11 to get

p=l U z Pl dz. :
Ls < //ngAHﬂ InlV[uln| d ﬂL/\//ﬂT\EA |[E]n""" d (6.7)

Combining (6.3) into (6.2) followed by (6.5) and (6.6) into (6.4) and making use of (6.2), (6.3) and (6.7), we

dE _
/ [ % (i = unl?) v+ ] e ds < [ Pl d:
QTQEA QrNEy

+ [£]5]7" dz (6:8)
Qr\E,
+APR™TI\ E, .
d
In order to estimate —/ / d<€ ’U)\ h o Uh) ) dy ds, we take limits first in A\, 0 followed by € \, 0
Q as
to get
dcg 2 LRI 2 2
Uy, — Un) ) dy ds ———— (u® — (v, —u)”)(x,T) dz
A Q (6.9)

- / (v — (v, —u)?)(z,-T) dz.

Q
For the second term on the right of (6.9), we observe that on F), we have v, = u and on E} and we also have
v, (-, =T') = u(-, =T) = 0 using the initial condition. Thus, the second term on the right of (6.9) vanishes from
which we get

d Ellm lim
/ / CE uj, — (v, — uh)Q) dy ds 2" (W = (v, —u)?)(x,T) du.
Q ’ Q
Thus using (5.13) into (6.8) gives

/(u2 (0, —w?)(@,T) da + // VulP dz < // 71|Vl d= + )\// £ d
Q QrnE, QrnE, Qr\E, (6.10)

+APR™H\ By |.

In fact, if we consider a cut-off function ¢°(-) for some to € (=T, T), where

to(f) = 1 forte (—tog+e,to—e),
=) 0 fort e (—oo,—tg) U (tg, o0).

we get the following analogue of (6.10)

/(vQ—( —v)%)(z, to) da:—!—/ / |[Vu)|P dz // 1PVl dz—|—/\// If[P~! dz
Q QNE} QrNE, Qr\E, (6.11)

PR E |
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Using Lemma 4.18, we get for any ¢t € (=T, T), the estimate
) (W) = (v, —w)?[(y, ) dy 2 /E u(z, t)]* dz — AP|R™TH\ By|. (6.12)
X

Since / |u(z,t)|* de occurs on the left hand side and is positive, we can ignore this term. Thus combining

(6.12) with 6 11), we get

// VulP d // €71Vl dz—i—)\// P dz + WP R B . (6.13)
QTQEA QTQEX QT E>\

Let us now multiply (6.13) with A™'? and integrating over (0, c0) with respect to A, we get
Ky S Ko+ K3+ Ky, (6.14)

K1::/ /\15// (u — )|2(|vu|2+|vu|)5 dz d\,
QTmEA

K, ;:/ A 5// I£P71 |V (u — w)| dz d),
0 QrNE,

Ky := / AP |VulP~t 4+ [Vw|P~! 4 [fP~F dz d),
0 Qr\E,

where we have set

Ky = / ATLANPIRML By | d).
0

Estimate for K;: Applying Fubini, we get

K > / )P VulP dz.
B Max

Using Young’s inequality along with (6.1), we get for any €; > 0, the estimate

// VulP~? dz < Cler)BK: + e // VP dz + cg(el)// €77 dz. (6.15)
Qr Qr Qr

Estimate for K5: Again by Fubini, we get

Ko = // ) HIEP [Vl de.

From the definition of g(z), we see that for z € Qr, we have g(z) > |Vu|(z) which implies g(z)™# <
|Vu|=?(2). Now we apply Young’s inequality, for any e; > 0, we get

< % //QT fP=7 dz + %2 //QT IVulP=? dz. (6.16)

Estimate for Kj5: Again applying Fubini, we get

Ks = = ﬁ// YAt dz < // |VulP=? + |f|P=7 d=. (6.17)

To obtain (a), we made use of Young’s inequality followed by (6 1).
Estimate for K4: Applying the layer cake representation followed by using (6.1), we get

Ki= s [ gt [ [wupt e e (6.18)
p— B Jrntr Qr

We now combine (6.15), (6.16), (6.17) and (6.18) into (6.14), we get

//Q VU 5 fa+Cla)e +9) //Q IV Cleren ) //Q s

+[e1 4+ Cler)f] // |Vu|P~? dz.
Qr
Choosing €1 small followed by €2 and 3, we get a 83 = 83(n, p, Ao, A1, €) such that for any 8 € (0, 33), there holds

ﬁ[ VPP dz Sgnppaons) ﬁ[ 77 dz,
QT QT

This completes the proof of the theorem.
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7. Covering arguments

Once we have the estimates in Section 5 and Section 6, the covering arguments can be proved in the standard
way. We will only provide a brief sketch of the estimates.

Remark 7.1. In this section and following section, let By be that such that for all 28 € (0, o], the results in
Section 5 and Section 6 are applicable. We will now fiz an B with 28 < fy.

Let us define

=58 s |f| p—p
ap? = ]5[ [VulP~F + | — dz dt. (7.1)
Qrp 0
where d is defined to be
b ifp>2,
d:= - (7.2)
2p —
(p—25) <p<2

2p — 26+ np —2n n+2
d
n B
Furthermore, define ¢, := [(1—6> |Q7T|2} , and let
) |BilSgT
A > ceoa. (7.3)
We will also need to consider the following superlevel set:
E, :={z € Qpr : |[Vu(z)| > A}.
The first lemma that we need is the following;:

Lemma 7.2. Let v € (0,1) be any constant, then for any X\ satisfying (7.3), there exists a family of disjoint
cylinders {K" (z;)}ien with z; € Ey and r; € (0, o) such that

p—p
]é[ |VuP~# + (ﬂ) 1 de dt = NP8,
K} (2:) v

s |f| p—p i
[VulP~7 + o dr dt < NP for every r > r;,

B, c |J K3, (20).
€N

The proof following using standard techniques from Measure theory and Lemma 2.3 (see [13, Pages 4311-4313]
for the details).
Using Lemma 2.7 the following lemma follows:

p—f

p—2p’
¢ = c*([w]i,n,p) > 0) such that there holds

w(K,) (2)) < )\p% // |VaulP~Pw(z) dz + // ’;‘P—ﬂ w(z) dz

K, (20 {IVul> 33 K, (z)0{[ful> 72

i dc¥

Lemma 7.3. Let w € A, for any s >

then it is automatically in Ay. Then there exists a constant

The proof of the above Lemma is standard and we refer to [16, Page 4114 - (3.8)] for the necessary details.
Now making use of the a priori estimates in Section 5 and Section 6 and combining with the techniques of
[13, Lemma 4.3], the following Lemma holds:

Lemma 7.4. There exists a constant N = N (Ao, A1,n,p) > 1 such that for any e € (0,1), there exists a small
v = (Ao, A1,e,n,p) such that if (A, Q) is (v, So) vanishing for such a small vy and some fived Sy > 0, then there
holds
|{z € K2, (%) : [Vu(2)| > 2NA}| <
[ (z0) = o

)Epiﬁ.

We can now combine Lemma 7.3 and Lemma 7.4 to prove the following weighted estimate on the level sets
(again the proof follows exactly as in [16, STEP 4 on Page 4115] and will be omitted).
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Lemma 7.5. Let B be as in Remark 7.1, then there holds

E(p72ﬁ)7-1 _B f p=B
Qrn{|Vul>25} Qrn{|ful> 75
Here 1 is defined as in Definition 2.10.
8. Proof of Theorem 3.3.
From Lemma 2.12; we get
CeX(
// [Vu|lw(z) dz = q/ (2NN w({z € Qr : |[Vu| > 2NA})d(2N )
Qr 0 -

vq [ @NANTw({z € Qp : [Vl > 2NADd(2NA) (8.1)

Ce @0

=: IIl +IIQ

Estimate for II;: With d as defined in (7.2), we get

qd

q (7.1) p—p |f| P rr
In < w(Qr)ad =" w(Qr) [VulP=" + | — dx dt
Qr v
Thcmzm 3.1 (Q ) (]é[ |f|P*ﬁ d dt) plﬁiﬁ
=~ w X
Y\ Ty (8.2)
Lcmrza 2.7 (Q ( 1 // |f|q ( ) e d )d
> w w(x,t) dx dit
7) w(Qr) Qr

< (//QT £ %w(z, £) da dt)d.

Estimate for I15: Since we have ¢ > p > p— > p — 2f3, we proceed as follows:

Lemma 7.5 o Aq,1
11, < (P=28)71 = // |vu|p*5w(2) dz d)\
1
Qrn{|Vul> 2 }
(p—28)71 0 yq—1
c p—p
o m /1 P // £[P~Pw(z) dz dX (8.3)
Qrn{lf|> 2
Lemma 2.12
5 517—26//9 |Vu|9w(z) dz+c(%€)//9 If|9w(z) dz.
T T

Combining (8.2) and (8.3) into (8.1) following by choosing ¢ sufficiently small, the proof follows.
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