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ABSTRACT. This paper is concerned with the analysis of surface polariton resonance
for nanoparticles in linear elasticity. With the presence of nanoparticles, we first de-
rive the perturbed displacement field associated to a given elastic source field. It is
shown that the leading-order term of the perturbed elastic wave field is determined
by the Neumann-Poincare operator associated to the Lamé system. By analyzing the
spectral properties of the aforesaid Neumann-Poincére operator, we study the polari-
ton resonance for the elastic system. The results may find applications in elastic wave
imaging.
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1. INTRODUCTION

Recently, the mathematical study of surface plasmon resonances of nanoparticles have
received considerable attention in the literature for their various applications including
biomedicine imaging [5L821], near-field microscopy [16}[17], molecular recognition [19],
and heat therapeutic applications [9[I4,[18]. Plasmonic materials are artificially en-
gineered metamaterials that exhibit negative or left-handed optical properties. V. G.
Veselago was the first to theoretically investigate the electrodynamics of substances with
simultaneously negative permittivity € and magnetic permeability p [35]. In [34], J.
B. Pendry extended the work by V. G. Veselago and gave the theoretical construction
of a perfect lens. Plasmonic materials have also been used to create invisibility cloak-
ing 11,341 111221241 25.[30,32.33]. Negative refractive indexed materials have been fab-
ricated in the lab [27]. Plasmonic materials are metals or metal-like materials, and at
the resonance frequencies, the incident light couples with the surface plasmons to create
a significant field enhancement around the nanoparticles which can be much shorter in
wavelength and known as surface plasmon polaritons.

In this paper, we consider elastic scattering from nanoparticles with possibly negative
material parameters. In metamaterials, exotic elastic materials with negative material pa-
rameters have been artificially engineered; see e.g. [23] and [26]. The so-called anomalous
localized resonance and its associated cloaking effects have been intensively investigated
for certain elastic polariton structures of the core-shell form within spherical and ellip-
tical geometries [10,[12L13[15L28,29,31], which are closely related to our current study.
In this paper, we are mainly concerned with the analysis of surface polariton resonance
for nanoparticles in linear elasticity. The surface plasmon resonance for nanoparticles
in electromagnetism and its application in electromagnetic imaging were recently stud-
ied in [5] by one of the authors of the present paper. Inspired by the study in [5], we
make use of the layer potential techniques to reduce the elastic scattering problem into
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a system of integral equations. Indeed, the kind of techniques has been extensively used
in the aforementioned works on plasmon resonances in optics and elastic cloaking. The
resonance frequencies are closely related to the spectra of the involved integral operators,
referred to as the Neumann-Poincaré-type operators. However, the spectral properties of
the Neumann-Poincaré operators in elasticity are much more complicated and delicate
to analyze than those for the optical problems; see e.g. [I3L[I5]. For the elastic scattering
from nanoparticles, by performing asymptotic analysis, we derive that the leading-order
term is determined by the Neumann-Poincaré operator associated to the elastic sys-
tem. Then we show the polariton resonance by analyzing the spectral properties of the
aforementioned Neumann-Poincaré operator. Similar to [5], the corresponding resonance
result may find applications in elastic wave imaging.

The remaining part of this section is devoted to the description of the mathematical
setup and the elastic scattering problem for our study. Let D denote the nanoparticles
that we are concerned with. It is assumed that D is of the form

D = 6B+ z, (1.1)

where § € Ry, z € R? and B is a bounded domain containing the origin with a C>° smooth
boundary dB and a connected complement R?*\ B. The elastic medium configuration in
R3 is characterized by the Lamé parameters A and fi, which are given as follows

(A 1) = A(x) (A, ), (1.2)
where
A(x) = ¢ x€D, 1.3)
() = 1, x€eR3\D, (1

with ¢ € C and Sc > 0, and A, u two constants satisfying the following strong convexity

condition,
w>0 and 33X+ 2u > 0. (1.4)

It is noted that B may have multiple connected components, corresponding to the case
that there are multiple nanoparticles. Associated with the elastic medium configuration
described above in R3, the elastic wave scattering is governed by the following Lamé
System,

L5 u+ wa=f in R (1.5)
where u € H. (R3)? and the the Lamé operator is defined by
Ls u:= fAu(x) + (A + 2)VV - u(x).

Here we suppose that the source term f € H~1(R?)3 is compactly supported in R? \ D.
To complete the description of the elastic system, we impose the following radiating
condition for u(x) in (LH) as |x| = +o0,

e

(V x V xu)x) x o ikrV x u(x) =0(|x|7?),

x I . . (1.6)
B [V(V - u)](x) — ik Vu(x) =O(|x| ),
where kp := w/ /i, kr := w/v/A+2p and i:= /=1 is the imaginary unit.

The rest of the paper is organized as follows. In Section 2, we first present the layer
potential techniques for the elastic scattering problem and obtain the integral represen-
tation of the solution to the Lamé system. Then we derive the asymptotic expansion of
the elastic wave field with respect to the size parameter of the nanoparticle. Section 3 is
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devoted to the resolvent analysis of the Neumann-Poicaré operator derived in Section 2
and the mathematical analysis of the surface polariton resonance in the elastic system.

2. INTEGRAL REFORMULATION AND ASYMPTOTIC ANALYSIS

2.1. Layer potential techniques. In this subsection, we present some preliminary
knowledge on layer potential techniques for the Lamé system for our subsequent use.
To begin with, we introduce the Kupradze matrix I'’, which is the fundamental solution
to the PDO (partial differential operator) £y ,, + w? as follows (cf. [2]),

iw|x| iw|x| iw|x|

e °r 1 e ‘T —e ‘L
T = I D2< ) 2.1
A7 x| T e x| ' (2.1)

where I is the 3 x 3 identity matrix, D? denotes the standard double differentiation, and

cr =1, e =\ A+ 2. (2.2)
If w =0, IT'? is the Kelvin matrix of the fundamental solution to the elastostatic system,
and it is given by
T
71 V2 XX

Mx)=-—-_—-I- =" 2.3
v (23)

where the superscript 7" stands for the transpose of a matrix and

1/1 1 1/1 1
_ (2 d vp==(=— . 2.4
" 2<u+2u+k> e 2(# 2M+)\> 24)

Based on the above notations, the single and double layer potentials can then be defined

by

S8(el(x) = /a T Y)e)dsy), xR, (2.5)
D%l (x) = /a ) a%wx —Y)ely)ds(y), x€RHN\aD, (2.6)

for any p € H=1/ 2(0D)3, where and also in what follows, the conormal derivative on 9D
for a function u is defined by

0

8_11/1 = XNV -u)v+ p(Va+ vul ), (2.7)
with v signifying the exterior unit normal vector to the boundary dD. There hold the
following jump relations for the double layer potential and the conormal derivative of the

single layer potential on the boundary (cf. [2]),

a w 1 (VR

5o Bl = (+37+ (KB ) [el(x).  ae.x < oD, (25)
1
D3]l (x) = (ﬁf n fc;s) (), ae xeaD, (2.9
where I is the identity operator and KY, is the operator defined by
0
K3lel00 = pov. [ T~ y)p(y)ds(y), (2:10)
oD ally

and (K%)*, also called the Neumann-Poincare (NP) operator, is given as follows

(K2)"[)(x) = p.v. /a ST Y ds(). (2.11)
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where p.v. means the Cauchy principal value. In what follows, when w = 0, we denote
8%, DY, kY, and (K%)* by Sp,Dp, Kp, and K}, for simplicity.

With the above preparations, one has the following integral representation of the solu-
tion to the elastic system (I2)-(L8) with (¢, ) € H-/2(0D)3 x H=/2(0D)? (cf. [2]),

S ep](x), x € D,
ux) =4 7 l(x) . (2.12)
Sp[Yl(x) + F(x), xeR\D,
where
Pla) = [ Tox— vy, (213)
Wy = % with Rw; >0, Swy <0, (2.14)
and
w9y = W.
It can be verified that
Ly, F+wF=f in R (2.15)

By using the transmission conditions across the boundary 0D, the solution u(x) in ([2.12])
should satisfy

{ SHlell- = (SZ)(x) + F)l4, x €D, (2.16)

Zsglell- = LS l(x) + F)|, x € oD.

With the help of the jump relation (28], the pair (¢, ) is the solution to the following
system of integral equations,

5% —Sy F
[ 5 y PLY* I DWz * e OF (2.17)
c(-3+(Kp)) —5—(KP) P av 1lap

2.2. Asymptotics for the integral operators. In this subsection we derive the as-
ymptotic properties for the operators S% and (K% )* involved in the integral reformulation
of the elastic system in Subsection 2.1. We suppose that § € R, is sufficiently small,
that is, the size of the nanoparticle D is small enough. First of all, we introduce some
notations. For a multi-index o € N3, let x® = x{"'x5?x5? and 9% = 97195205, with
0; = 0/0x;j. We also define by e;, j = 1,2,3 the unit coordinate vectors in R3. Since
D =6B +z, for any y € 9D, we let y = (y — z)/0 € OB. Denote by ¢(y) = ¢(y) and
¥ (y) = ¥(y), and let 9/ be the conormal derivative on the boundary dB.

Lemma 2.1. Suppose § € Ry and § < 1, then there holds the following asymptotic
expansion for x € R?

+o0 .
1 " 1 1
(x) = : (”* + ) 8" |x["

T Ar 2 2
Ar = (n + 2)n! it cpt

400 . .
+izl (n 1) ( 1 _ 1 >5n‘x‘n—3XXT.

2 2
4 s (n =+ 2)n' c?f" 02+

(2.18)

Proof. By using (Z1]) and Taylor series expansion with respect to ¢ and straightforward
computations, one can obtain (2.I8]).
The proof is complete. O
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Proposition 2.1. Let p € H-'/2(0D)?. For § € Ry and § < 1, there holds

SHlpl(x) = 0Sp[P)(X) + PwRp[P)(X) + 0*w Tp[@)(X) + O(5*), (2.19)
where
Rol@)(®) = 75 /a _B)ds(). (2.20)
with
—1 2
= 1o (g + C?i> ;
and
Iplel(x) = - AX —y)e(y)ds(y), (2.21)
with
1 3 1 1 1 1\ xx©
=g () () (222)

and cp and cy, defined in ([22)).

Proof. Let x € 9D and denote X = (x —z)/d. Then one has that

SBlRS +2) = | TR+ - y)e(y)ds(y),

By using y = dy + z and change of variables in the above integral, there holds
SBlel0%+2) = | T - 0)87)7 ).

Substituting (Z1]), the expression for I'“, into the previous equation yields that

S8[@)(0% +2) = /8 AT (R = )BF)is(F),

Therefore, the following identity is achieved,

S8lel(x) = 05 [B)(R). (2.23)

When ¢ is sufficient small, for any x € 9B, from the expansion ([ZI8]) for the fundamental
solution it follows that

SBlel(x) = 885[@](X) + *wRp[P](X) + 6°w?Ip[@](X) + O(5").
The proof is complete. O

Proposition 2.2. Let p € H-'/2(0D)?. For § € Ry and § < 1, there holds

(5[0 (%) = K3[@](X) + 8w P [3](E) + O(8°), (2.24)
where
Pol@](X) = /a ) S AR~ D)) (2.25)

with A defined in ([2.22]).
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Proof. Denoting X = (x — z)/0 for any x € 9D, one can find that
() Pl0% +2) = pvg [ L T0% 42— y)p(y)ds(y).
oD OVx

since for any x € 0D there holds vp(x) = vp(X). Then one has by setting y = dy + z in
the previous integral that

(KB Pl(0%+2) = pg [ D105~ 69)6()Pds(7)
By substituting (2.1]) into the last equation and direct calculation, one can obtain that

9 oo (% - 5)3(3)ds(3),

(K5) lel(0% +2) =pv. | o
OB

which gives the the following identity

(K$)*[](x) = (KE)*[#](X)- (2.26)
Thus when ¢ is sufficient small, from the expansion ([ZI8]) for the fundamental solution
it follows that
(KD)*lpl(x) = Ki[@)(%) + 6w Pp[@] (%) + O(5°),
and this completes the proof. O
We have derived the asymptotic expansions for the single layer potential operator

and the Neumann-Poincaré type operator (K%)*. In what follows, we also prove some
important Lemmas for our subsequent usage.

Lemma 2.2. Let Zp be defined in (Z2Z1) and if 6 € Ry with 6 < 1, then for ¢ €
H=12(dD)3, there holds

Ly, Ip[p)(X) = —Sp[p](X), %€ B. (2.27)
Proof. Recall that T is the fundamental solution to £ Ap T 62, which shows that
(La,+8)T°(k—§) =0, X€B, y€aIB. (2.28)
By substituting (2I8) into (Z28]) and comparing the coefficients of 62 one then has
Ly AX-§)=-T%x-y), X€B, yeoB, (2.29)
where A is given in (2.22]). By using the definition of Zp in (Z2I]), one finally obtains
[227)), which completes the proof. O

Lemma 2.3. Suppose that Sg|@] = C holds on OB, where C' is a constant vector and
@ € HY2(OD)3, then

(—é + /ng) Sg'lcl=o. (2.30)

Proof. When Sg[p] = C on 0B, one can easily obtain that Sp[p] = C' in the domain B.
Indeed, let us introduce the Dirichlet boundary value problem

Ly,u(x)=0, x€B,

u(x) =C, x € 0B,
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which has a unique solution (cf. [2]), and u(x) = C is the solution. Then by the jump
condition (Z.8]) one can obtain that

1
<—§ + IC*B) [p](x) =0, xe€IB.
Thus the proof is completed since the operator Sp is invertible (cf. [10]). O

We shall also need the following important lemma about the spectrum of the operator

K, which can be found in [10].

Lemma 2.4. Assume that a € R3, then a is an eigenfunction of the operator Kp and
the corresponding eigenvalue is %, i.e.

1
Kgla] = 52

2.3. Far-Field expansion. In this section, we derive the far-field expansion for the
elastic wave field u(x) to the equation (LH]).

First of all, by Taylor series expansion, F(y) given in (2I3]) has the following expansion
since D is a nanoparticle

+oo
F(y) = F(65+72) = 3 ~dP5°0°F(2). (2.31)
1Bl=0""

Let (¢g3, Jﬁ) be the solution to the following equation

ow Sw ~ ~
Sy -85 &5 [ yP9PF (z) (232
(-4 i) —i-wir | | da | | 45909

From the identities (Z23)) and (Z20)) for the single layer potential operator and the NP
operator, the linearity of the equation (2.I7) and together with the help of the following
relationship

0 0 X1 g~

—F(y) === > 55'5' 'yP0PF (2),

ov ov
|B]=0

one can conclude that (g, QZ) with the following expression

—+o00 —+o00
G=> g p=Y" 51y, (2.33)
|B]=0 |B|=0

is the solution to (ZI7). Therefore from ([ZI2]), we have the following expansion for u(x)
in R®\ D
+oo  +oo

|| .
uG) =B+ >0 Y alerts ey | 5 ha@as). @3

|a[=01B]=0
For o, 3 € N3, define
Map = /BB Y a(¥)ds(¥). (2.35)

Then the following lemma holds.
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Lemma 2.5. Let u be the solution to the system (L2)-(L8). Then for x € R3\D, one

has
+oo 4o

u(x) £ 30 3 e O e s a0)

la]=018]=0

In order to derive the far-field expansion for the displacement field u(x), we next
analyze the term My g more precisely. From the expression for M g in (2.35), 't:bvg needs
to be treated more carefully.

From (Z32)) one can readily find out that ¢g and 1;5 still depend on 6. Thus g and

1;5 could be further expanded by

+oo +oo
Zp= 0" Bpn Wp=_ 0 g (2:37)
n=0 n=0
Then by using (2:32]), Proposition 1] and Proposition [Z2] one can obtain that
Pp0+0@s1 + 02Ppo yPOPF(z
(A+0T +82N) ’ R 8y~ﬁ ﬁ( - 0%,  (2.39)
V.0 + 0p1 + 624 55y 0°F(z)

where A, T and N are defined by

SB —SB w1k —woR
A:[ I * I * ’ T:[ o ’ B]’ (239)
c(-3+Kp) —3-Kp 0 0
and
WwiTp —wilp

2.40
cw%PB —w%PB ( )
The operators Zp and Pp are defined in (2.21]) and (Z25)), respectively. Since the highest
order on g and g that we need is of 82 order, we neglect the details of the higher-order
terms in (Z38) and put them all in O(6%). We mention that the invertibility of the
operator A~! can be found in [2].

2.4. Asymptotics for the Potential. From Lemma 23] the elastic wave field has the
following asymptotic property when ¢ < 1,

u(x) =F(x) + 6 (T'“?(x — z)My,)

+ 47 Z I'?(x —z)Myg — Z 0°T“?(x — z)Maq 0

18l=1 la|=1
2.41
TN D St TN VAR o TR VA
I@l
18|=2 la|=1]B|=1

+ Z 8°T“2x—z)Ma70 +O(8Y).
|a|= 2 :

We next analyze (2.41]) term by term. For the sake of simplicity, we define the parameter
Ke by
c+1
= . 2.42
e T 9 —1) (242)




POLARITON RESONANCE IN ELASTIC SYSTEM 9

It is noted that key parts lying in ([2.41]) is My g with |a| < 2 and 3| < 2. From the

expression for My g in (Z33), we should first derive the asymptotic expression for g,
|3] < 2. We present the estimates in the following propositions.

Proposition 2.3. Let ¢g and Jﬂo be defined in (Z33). Then one has for 3 € N® that

1 0

Pp0 = o) Kb — kel ) [8—U§535F(z) —e <—§ + /ng) S5 [yﬁaﬁF(z)H , (2.43)

and

Bpo = po+ S5 |[FPOPF(2)| . (2.44)
Furthermore, there holds that '1;070 =0.
Proof. With the help of (Z38]), one can obtain that

$B,0 | 7POPF(z)

" =A 0 BB ’

V8,0 5, Y O F(z)
namely

SBlPs0 — ¥po] = yPOPF (), (2.45)
and

I\~ R 0 5.5
c\—3 + K% | [#pol — > + K% | [¥p0] = 2 O°F(z). (2.46)

Since the operator S is invertible from H~'/2(dB)? to H'/?(0B)?, by solving (Z45) and
([244), one thus has (Z43]) and ([ZZ4]). Let 8 = 0, then (Z43]) turns to

oo = g5 (K — nel)™ (=5 4 K5 ) 85! Fl@).

Since F(z) is a constant vector, by using ([2.30]) one thus has zZO,O =0.
The proof is complete. O

Remark 2.1. In Proposition 2.3] we have made use of the invertibility of the operator
K% — kcl. In principle, we need to impose a certain condition on k., or equivalently on
¢, in order to have the invertibility. So far, we have only assumed that ¢ € C and S¢ > 0.
Further condition on ¢ to guarantee the aforesaid invertibility is given in Theorem [3.2]in
what follows. In this article, we are mainly interested in the case with Re¢ < 0. In such
a case, one can conclude by Theorem that if ¢ is such chosen that

%KC(KE - k:g) 7é 0’

where ko is given in ([B:2), then the operator K}, — kI is invertible. The invertibility of
K% — kel can hold in more general scenarios and we shall discuss this in more details in
Section 3 (cf. Theorem 3.1 and Remark 3.1), and at this stage, we assume the invertibility
of K% —kel. It is also worth of pointing out that the invertibility of K — k.1 clearly also
guarantees the well-posedness of the elastic scattering system (LI)—(LG) for plasmonic
nanoparticles.

After obtaining the asymptotic expression for {p};, we are in a position to derive the
estimate for My g with |a] <2 and |8] < 2.
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Proposition 2.4. There holds the following estimate for My g with c € N® and 3 =0
Moo= | §2na(@)ds(7) + 0. (2.47)
where
—awi -1 I\ o1 —1
/l;bOQ ( ) (’CB ) Pp — _5 + ,CB SB Ip [SB [F(Z)H ) (248)

with Ip and Pp defined in (2.21)) and (2.28) respectively.
Proof. Firstly, from the proposition 2.3 one has that

Yo0=0 and @po =Sy [F(2)]. (2.49)

By comparing the coefficients of order § in (238]), one has that

$0,1 £0,0
Al T 0 ] 2o, (2.50)
0,1 0
where the operator A is given in (Z39). By solving the equation (Z50]) one derives that
cw _ 1 _ ~

Po,1 = () ) (Kj — we) ™ <<—§ + ’C*B> SBIRB[SDO,O]) : (2.51)

with Rp given in (Z20). Since Rp[@o,0] is a constant, by Lemma 2.3 and (250) one can
obtain that

1;0,1 =0 and @o; = —wi1S5 Ra[@o0l-
Furthermore, by comparing the coefficients of order 62 in (2:38)), one has that

0,2 Po.1 ©0,0
Al ~ +T

+ N =0, (2.52)

0,2
where 7 and N are defined in ([Z39) and (Z40), respectively. By solving the above

equation one can find that

cwl

Yoo = = (K — weD) ™! <PB - <—§ + ’C*B> SBIIB> (0,0 (2.53)

with Zp and Pp defined in (Z2I)) and (Z25]) respectively. Finally, by the definition of
Mg in ([2.30), one has that

Mg = 62 y Y402 (¥)ds(¥) + O(5%), (2.54)

and the proof is completed. O

Proposition 2.5. One has the following estimate
> Myg=0(5). (2.55)
I8l=1
Proof. From the proof of Proposition 23] one has that for y € 9B,
{ Spl@po] — Splbpo] = YPOPF(2),

e v ) os (2.56)
c5,SBlPs0l|- — 55SB[Wall+ = 5,7 0P F(2).
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For || = 1, one has that

/a O (5°0°F(2)) ds(¥) = 0.

Bal/

which follows from Green’s formula and
L, (yBaBF(z)) —0, yeB.
Using integration by parts, one can similarly show that

/ 2 Sui@aoll-ds(®) =0 and / 2 Sulibpoll-ds() =

Therefore from the second equatlon of ([2.356]), one can obtain that

| soSalialds) =0,
With the help of the jump relationship (Z8]) and Lemma 2.4] one has that

| ba0@asm) 0. for |8 =1, (257)
By using (Z38)) again, one can further obtain, similar to (Z5]), that
cw _ 1 N _ -

Y1 = () ) (Ky — kD)™ <<—§ + KB) SBIRB[S%,O]) ; (2.58)

and by using Lemma and noting that Rg[@g o] is a constant vector, one can in turn
derive that

'1;5,1 =0, for |B]=1.
Thus from the definition ([2.35]), one can obtain that
> Myg=0(5). (2.59)
I8l=1
This proof is complete. O

From the last two Propositions 2.4 and [Z5], one can show that the first three terms in

24T]) satisfy

§ (T (x —2)Mo) + 6 [ D T (x —z)Myg— Y _ 0°T*(x — z)May | = O(5*).
1B]=1 lal=1

Therefore from (2:47]), the far-field expansion for the displacement u(x) can be written
as

u(x) — 3(rez( s( lu’2x—z b o(Y)ds(y
() = F ) =5 (P2(x =) | sho(d)as(3) + > 5 )| ban@)is

=Y Y rrx-n) [ §ha0)sE) + 06,

jal=118l=1
(2.60)

with Jﬂo and {pvo,g given in (2.43]) and (2.48]), respectively. The following lemmas show
the detailed calculation of the three terms appeared in the right hand side of (2.60).
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Lemma 2.6. There holds the following identity
> | $an(@)as(3) = ~2IBI(Lx,F)(a) (261)

18|=2

Proof. Recalling the expression for 125,0 given in (Z.43]), one has that
~ - 1 ~
(e~ 1) (K~ kol) Whpn] = 53208 @) — e (~5 + K5 ) 85! [%0°F(@)] . (269

By using Lemma 2] one can obtain that for ¢ € H~/2(0B)3,

0B

3 3
€e; 1
=§ e <P"CBG¢=§ —/ <P'eid<9=—/ pds.
P /33 4 — 2 Jon 2 Jon

3
Chlelds =3 e, /a (Kbl - euds

Therefore
| (e~ 1)Ky~ D) Waolds = - | Baods (209
oB oB
and .
/ <—— + /Cj;) Sg! [yﬂaﬂaﬂF(z)] ds = 0. (2.64)
oB \ 2
With the help of Green’s formula, there holds the following

o _ _
$ /a PO /B L0 FP0PF(@)dv = 2BI(Lr, F)(z),  (2.65)

18]=2 181=2
where |B| is the volume of the domain B. Finally, from ([2:62]), (2.63)), (2.64) and (2.63)),
one can thus obtain (2.61]), which completes the proof. O

Lemma 2.7. There holds the following identity
- Po,2(¥)ds(y) = —w*| BF (z). (2.66)
Proof. From (248]) one has
(¢ —1) (K¥ — kel) [tho 2] = —cw? (PB - (—é + /C;;) S;IB> (S5 [F(z)]]. (2:67)
Similar to the proof in Lemma [2.6] one has
| 0e@as@) = ot | Po 155! Fl@)] §as(@) (2.65)
By using the definition of Pp in ([227]), integration by parts and (2.27]) one obtains

Pp [S5" [F(2)]] (¥)ds(y) = / %IB (S5 [F(2)] (3)ds()
0B 0B

_ /B (Lr,uZp) [S5' [F(2)] (§)dy (2.69)

=~ [ 5555 F2)] G145 = ~|BIP(@).
By substituting (2.69) into (2.68]) one thus has (2.60).
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The proof is complete. O
Lemma 2.8. Let QZ,@,O be defined in (Z33). Then for |B| =1, one has
$p0 = — (K — kD)™ [%?ﬂﬁﬂF(z)]. (2.70)
Proof. Recall the formula for QZ,@,O in [243]). For |B| =1, it can be easily verified that
Ly, (y°P0PF(z)) =0 in R’ (2.71)
Define

=Sz [?B(?BF(Z)] on O0B.

Then one has

Ssle] = yP0PF(z) on OB. (2.72)
Together with (271 one can show that
Sple] = ¥P0PF(z) in B. (2.73)

Thus one has from (Z8]) and ([273]) that

(‘é v /C*B> S5 [7P0°F(z)| = (—g - KE) ()

= 2 sulell-(0 = 2 5°0°F (a)

Together with (2.43]), one finally has ([2.70)).
The proof is complete. O

(2.74)

Based on the above results, we can finally show the far-field expansion for the dis-
placement u(x) as follows

Theorem 2.1. Let u(x) be the solution to the system (L.2)-[LG). Then for x € R3\D,
there holds

3
ux)=Fx)+56° Y Y > 0°Tx—2)0°F;(z)M, , + O(5*), (2.75)

J=1lal=1|8]=1
where the Elastic Moment Tensor (EMT) (Mi 5) is defined by

. o L0 -
M = [ 5 - ned) ! [ | @) (276)

and
OPF(z) = (0PF(z),0PFy(z), 0PF3(2)).

Proof. With the help of Lemmas and [27], one can obtain that

QJM®M%+Z% Bp0(F)ds(3)

B8]=2 ~ /9B
=|B|(— w’F(z) — (L.F)(2)) =0,

where the second identity follows from (23] and the assumption that f is compactly

supported in R? \ D. Therefore one can derive ([Z75) thanks to (Z60) and the linearity

of the operator (K3 — ncI)_l.

This proof is complete. O
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We remark that in [7] (see also [6]), the authors proved the asymptotic expansion
for static elastic problem in the presence of small inclusions. Our asymptotic expansion
result (Z70) is in accordance with their results but has more details in describing the
EMT in (2.76]). This helps us to analyze the EMT in a much more elaborate way and so
the phenomenon of polariton resonance.

3. MATHEMATICAL ANALYSIS OF SURFACE POLARITON RESONANCE

3.1. Resolvent analysis. From the analysis of the last section, we know that the po-
lariton resonance only occurs when the energy of the EMT, (Méu 5), blows-up (see (2.75)
and [5]). From (2.70]), it then remains to analyze the resolvent of the Neumann-Poincaré
operator K. We have the following auxiliary result

Theorem 3.1. For the operator Ky, we have the following resolvent estimate

C

| (ko = K3) ™ Ml r-172(0m)2,5-12(0)3) < (k). o(Cn)) (3.1)
where
h(ke) = ka(k2 —k3), and Gp = Ki((Ky)* — k21), (3.2)
with
ho = —H
221 + \)

and the constant C' depends on the Ky, ko and ko. In BI)), 0(Gp) is the spectrum of
the operator Gp and d(h(ky),o(Gp)) is the distance between h(ky) and o(Gp).

Proof. First we introduce the Hilbert space ‘H with the following inner product
(g ) = —(g.Sp[h]), gheH *0B), (3.3)
where (.,.) is the pair between H~'/2(9B)? and H'/?(0B)?, and the operator Sp is
defined on 0B. Then the operator K} is a self-adjoint operator in the space H. Fur-
thermore, since the norm || - || induced by the inner product (.,.)y is equivalent to
|+ | zr-1/2(9y3 We thus denote the norm || - [l by [ - || y-1/2(9p)s Without any ambiguity.
We refer to [10] for more details.
One can find that the operator Gp defined in (3:2)) is a compact operator on H (see [13]).

By using the Calderén identity
SpKp = KpSp
one can find that
(9Blgl,h)x = —(9slgl, Sp[h]) = —(g, GpSr[h])
= —(g,SYs[hl) = (g,9s[h)x,

where G} := Kp((Kp)? — k3I). Thus it is a self-adjoint compact operator on H and
therefore from [20] one can derive the resolvent for Gg by

(3.4)

- C
H (h(ka)f - gB) ' HL(H—I/Q(aB)?’,H—1/2(83)3) < d(h(k‘a),O'(gB)) :

Direct calculation gives that
(Kp — kal) (KB)? + koK + (k2 — k§)I) = h(ka)] — Gg,
and therefore
(I = kal)™ = (h(ka)] = G) ™ (K5)? + ks + U2 —KDD) . (35)
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Finally one can conclude that

C
kal_ * 71 B B <
¢ KB)" 12008y, 5-1208)3) < A o @n)

and the proof is completed. O

From Theorems Bl and 1], one can find that the spectra of the Neumann-Poincaré
operator K% are attributed to the polariton resonance of the elastic problem, which we
shall discuss in more details in the next subsection.

3.2. Polariton resonance for elastic nanoparticles.

Theorem 3.2. Let u(x) be the solution to the system (L2)-[LG). Suppose that ¢ =
co +i7, where T € Ry is sufficiently small and cy is chosen such that the quantity h,
hco = kco (kgo - k%)a
with +1
Co I
key = — d ky=——"—
@ 9o —1) M T ou Ay

is the eigenvalue of the operator Gp with respect to an eigenfunction ¢*. Suppose further
that

(@, ) # 0, (3.6)
where
Sr(F) = ((K5)? + ks + (k2 = K)I) [ (5-F ) )] 3,

and

Pa(x,¥) = Y 0T (x —2)7*.
|a|=1
Then one has

lu(x)| ~ 63771, ae xeR*\D. (3.7)
Proof. Firstly, one can rewrite the asymptotic expansion (2.75]) as follows
u(x) = F(x) + 0°P(x) + 0(5"), (3.8)
where P is defined by
P = [ dotx3) (s~ nel) | (5F) ()] s (39

Recall that Gp defined in [B2) is a self-adjoint compact operator on H, where H is a
Hilbert space with functions in H~'/2(9B)? and inner product defined by @3)). Thus
the eigenfunctions {¢,}7° ;, corresponding the eigenvalues {\,,}°° ; of the operator Gg,
form a norm basis on H and therefore the operator G admits the follwoing eigenvalue
decompositions in H, for ¢ € H/2(9B)3

gB[(:b] - Z"ind)m (3.10)

where
Rn = )\n(ﬁbna ¢)H
Since ¢ = ¢o + iT, one has
c+1

=1 = ke + O(1).

Re =
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By using the relations in (3.1, (3.6) and ([B.I0]), one then has

(= ) | (55F) )] = (hel = G + O 6]

= C (hel — Gp+O(r) " [¢*] + O(1)
= ¢"O(r ) + O(1).

(3.11)

Since there holds
(Lry +w?)P(x) =0, xeR*\D,
by using the unique continuation principle, one has that
P(x) #0, ae xecR3\D.
By substituting (311 into ([39) one thus has
P(x)| ~77, ae xcR*\D,

which together with (B.8]) readily implies (3.7)).
The proof is complete. O

Remark 3.1. We remark that if the polariton resonance occurs, the parameter ¢ defined
in (L3) should have negative real part, namely

e = ¢y < 0.
In fact, if f¢ > 0, one can show from the definition of k. in ([2.42]) that

1
§RK’C > 5

Then in such a case, one cannot have the polarition resonance since
-1
| (ke = KB) " |l zcr-120By3,1-1/208)3) < C,
which is due to the fact that the spectrum of the operator K% on H~'/2(9B)? lies in

(~1/2,1/2) (cf. [10]).
ACKNOWLEDGMENT

The work of Y. Deng was supported by NSF grant of China No. 11601528, NSF grant
of Hunan No. 2017JJ3432 and No. 2018JJ3622, Innovation-Driven Project of Central
South University, No. 2018CX041. The work of H. Liu was supported by the startup
fund and FRG grants from Hong Kong Baptist University, Hong Kong RGC General
Research Funds, 12302415 and 12302017.

REFERENCES

[1] A. Ald and N. Engheta, Achieving transparency with plasmonic and metamaterial coatings, Phys.
Rev. E, 72(1), 016623 (2005).

[2] H. Ammari, E. Bretin, J. Garnier, H. Kang, H. Lee and A. Wahab, Mathematical Methods in
Elasticity Imaging, Princeton; Oxford: Princeton University Press, 2015.

[3] H. Ammari, G. Ciraolo, H. Kang, H. Lee, and G.W. Milton, Spectral theory of a Neumann-
Poincaretype operator and analysis of cloaking due to anomalous localized resonance, Arch. Ration.
Mech. Anal., 208 (2013), 667-692.

[4] H. Ammari, G. Ciraolo, H. Kang, H. Lee, and G.W. Milton, Spectral theory of a Neumann-
Poincaretype operator and analysis of cloaking due to anomalous localized resonance II, Contem-
porary Math., 615 (2014), 1-14.

[5] H. Ammari, Y. Deng and P. Millien, Surface plasmon resonance of nanoparticles and applications
in imaging, Arch. Ration. Mech. Anal., 220 (2016), 109-153.



[6]

[7]

8]
[9]

(10]

(11]

(12]

(13]

POLARITON RESONANCE IN ELASTIC SYSTEM 17

H. Ammari and H. Kang, Polarization and Moment Tensors. With applications to inverse problems
and effective medium theory, Applied Mathematical Sciences, Vol. 162, Springer, New York, 2007.
H. Ammari, H. Kang, G. Nakamura, and K. Tanuma, Complete asymptotic expansions of solutions
of the system of elastostatics in the presence of an inclusion of small diameter and detection of an
inclusion, J. Elasticity, 67 (2002), 97-129.

H. Ammari, M. Putinar, M. Ruiz, S. Yu, and H. Zhang, Shape reconstruction of nanoparticles from
their associated plasmonic resonances, J. Math. Pure. Appl., in press.

H. Ammari, F. Romero and M. Ruiz, Heat generation with plasmonic nanoparticles. Multiscale
Modeling and Simulation: A SIAM Interdisciplinary Journal, 16 (2018), 356-384.

K. Ando, Y. Ji, H. Kang, K. Kim and S. Yu, Spectral properties of the Neumann-Poincaré operator
and cloaking by anomalous localized resonance for the elastostatic system, preprint, European J.
Appl. Math., in press, 2017.

K. Ando, H. Kang and H. Liu, Plasmon resonance with finite frequencies: a validation of the quasi-
static approzimation for diametrically small inclusions, SIAM J. Appl. Math., 76 (2016), no. 2,
731-749.

K. Ando and H. Kang, Analysis of plasmon resonance on smooth domains using spectral properties
of the Neumann-Poincare operator, J,. Math. Anal. Appl. 435 (2016), 162-178.

K. Ando, H. Kang and Y. Miyanishi, FElastic Neumann—Poincaré operators on three dimensional
smooth domains: Polynomial compactness and spectral structure, Int. Math. Res. Notices, in press,
2017.

G. Baffou, C. Girard, and R. Quidant, Mapping heat origin in plasmonic structures, Phys. Rev.
Lett., 104 (2010), 136805.

Y. Deng, H. Li and H. Liu, On spectral properties of Neumann-Poincare operator and plasmonic
cloaking in 3D elastostatics, Journal of Spectral Theory, in press.

S. Berciaud, D. Lasne, G. A. Blab, L. Cognet and B. Lounis, Photothermal Heterodyne Imaging of
Individual Metallic Nanoparticles: Theory versus Ezperiment, Phys. Rev. B, 73 (2006), 045424.

D. Boyer, P. Tamarat, A. Maali, B. Lounis, and M. Orrit, Photothermal Imaging of Nanometer-Sized
Metal Particles among Scatterers, Science, 297 (2002), 1160-1163.

X. Fang, Y. Deng and J. Li, Plasmon resonance and heat generation in nanostructures, Mathematical
Methods in the Applied Sciences, 38 (2015), 4663—4672.

E. Hutter and J.H. Fendler, Exploitation of localized surface plasmon resonance, Adv. Mater., 16
(2004), 1685-1706.

M.I. Gil, Norm Estimations for Operator Valued Functions and Applications, Vol.192, CRC Press,
Boca Raton, 1995.

P. K. Jain, K. S. Lee, I. H. El-Sayed and M. A. El-Sayed, Calculated absorption and scattering
properties of gold nanoparticles of different size, shape, and composition: Applications in biomedical
imaging and biomedicine, J. Phys. Chem. B, 110 (2006), 7238-7248.

H. Kettunen, M. Lassas, P. Ola, On absence and ezistence of the anomalous localized resonance
without the quasi-static approzimation. STAM J. Appl. Math., 78 (2018), no. 1, 609-628.

D. M. Kochmann and G. W. Milton, Rigorous bounds on the effective moduli of composites and
inhomogeneous bodies with negative-stiffness phases, J. Mech. Phys. Solids, 71 (2014), 46-63.

R.V. Kohn, J.Lu, B. Schweizer and M.I. Weinstein, A variational perspective on cloaking by anoma-
lous localized resonance, Comm. Math. Phys., 328 (2014), 1-27.

Y. Lai, H. Y. Chen, Z. Q. Zhang and C. T. Chan, Complementary media invisibility cloak that cloaks
objects at a distance outside the cloaking shell, Phys. Rev. Lett., 102 (9), 093901 (2009).

R.S. Lakes, T. Lee, A. Bersie, and Y. Wang, Eztreme damping in composite materials with negative-
stiffness inclusions, Nature, 410 (2001), 565-567.

H.J. Lezec, J.A. Dionne, and H.A. Atwater, Negative refraction at visible frequencies, Science, 316
(5823), 430 (2007).

H. Li and H. Liu, On anomalous localized resonance for the elastostatic system, SIAM J. Math.
Anal., 48 (2016), 3322-3344.

H. Li and H. Liu, On three-dimensional plasmon resonance in elastostatics, Annali di Matematica
Pura ed Applicata, 196 (2017), 1113-1135.

H. Li, J. Li and H. Liu, On quasi-static cloaking due to anomalous localized resonance in R®, STAM
J. Appl. Math., 75 (2015), no. 3, 1245-1260.



18 YOUJUN DENG, HONGJIE LI, AND HONGYU LIU

[31] H. Li, J. Li and H. Liu, On novel elastic structures inducing polariton resonances with finite frequen-
cies and cloaking due to anomalous localized resonance, J. Math. Pures Appl., in press, 2017.

[32] N.-A.P. Nicorovici, G.W. Milton, R.C. McPhedran and L.C. Botten, Quasistatic cloaking of two
dimensional polarizable discrete systems by anomalous resonance, Optics Express, 15 (2007), 6314—
6323.

[33] G.W. Milton and N.-A.P. Nicorovici, On the cloaking effects associated with anomalous localized
resonance, Proc. R. Soc. A, 462 (2006), 3027-30509.

[34] J. B. Pendry, Negative refraction makes a perfect lens, Physical Review Letters, 85 (2000), 3966—
3969.

[35] V. G. Veselago, The electrodynamics of substances with simultaneously negative values of € and p,
Sov. Phys. Usp., 10 (1968), 509-514.

SCHOOL OF MATHEMATICS AND STATISTICS, CENTRAL SOUTH UNIVERSITY, CHANGSHA, HUNAN, P.
R. CHINA.
E-mail address: youjundeng@csu.edu.cn; dengyijun_0010@163.com

DEPARTMENT OF MATHEMATICS, HONG KONG BapTisT UNIVERSITY, KOWLOON TONG, HONG KONG
SAR, P. R. CHINA.
E-mail address: hongjie_li@yeah.net

DEPARTMENT OF MATHEMATICS, HONG KONG BAapPTIsST UNIVERSITY, KOWLOON TONG, HONG KONG
SAR, P. R. CHINA.
E-mail address: hongyu.liuip@gmail.com; hongyuliu@hkbu.edu.hk



	1. Introduction
	2. Integral reformulation and asymptotic analysis
	2.1. Layer potential techniques
	2.2. Asymptotics for the integral operators
	2.3. Far-Field expansion
	2.4. Asymptotics for the Potential

	3. Mathematical analysis of surface polariton resonance
	3.1. Resolvent analysis
	3.2. Polariton resonance for elastic nanoparticles

	Acknowledgment
	References

