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REMARKS ON SCATTERING MATRICES FOR
SCHRODINGER OPERATORS WITH CRITICALLY
LONG-RANGE PERTURBATIONS

SHU NAKAMURA

ABSTRACT. We consider scattering matrix for Schrodinger-type operators on
R¢ with perturbation V(z) = O({(z) ') as |x| — oo. We show that the scatter-
ing matrix (with time-independent modifiers) is a pseudodifferential operator,
and analyze its spectrum. We present examples of which the spectrum of
the scattering matrices have dense point spectrum, and absolutely continuous
spectrum, respectively.

1. INTRODUCTION
In this note, we consider the scattering matrices for Schrédinger-type operators
H=Hy+V on¥H=L*R?,

where Hy = po(D,) is a Fourier multiplier, and V = VW (2, D,) is a long-range
perturbation of Hy. We will explain the general setup in the next section, and
here we present our main results for the standard Schrodinger operators with
potential perturbations, i.e., Hy = —%A, and V = V(z). We say the potential
V(zx) is a long-range perturbation, if V'(z) is a real-valued smooth function, and
there is pu € (0, 1] such that for any multi-index « € Zﬂlr,

0%V (2)| < Cylz —u-lel g e RE
|02V (2)] (z) : ,

with some C, > 0, where (z) = (1 + |z|?)!/2. We consider the case p € (0,1) in
another paper [10], and we concentrate on the case y = 1 in this paper. Namely,
we suppose

Assumption A. V(z) € C®°(R%R), and for any o € Z4, there is C,, > 0 such
that

o°V(x §C’a:17_1_|°“ r € R%.
07V ()] () ,

At first, we show the scattering matrix is a pseudodifferential operator, and
compute the principal symbol.
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Theorem 1.1. Under Assumption A, for any A > 0, the scattering matriz S(\) €
B(L*(S4™Y)) is a pseudodifferential operator on S, and the principal symbol
s given by

so(\, z, &) = exp (—z’ / (V(x+ tV2XE) — V(t\/ﬁg))dt>,
foré e Sl e Tng_l ~ &L, More precisely, if we write the symbol of S(\) by
s(A\, x,§), then s(A,-,-) € SiO(T*Sd_l), and s(\, -, <) —so(\,-,+) € SiOH‘S(T*Sd_l)
with any 6 > 0.

Remark 1.1. This is essentially a refined version of a result by Yafaev [13] for
the case u = 1, and our proof for generalized model follows the argument of
Nakamura [8] for short range perturbations. This argument works for p > 1/2,
as in the paper [13] , though we have more precise results if we employ Fourier
integral operator formulation as in [10], unless © = 1. Thus one of the purpose
of this note is to fill a gap left in [10].

Remark 1.2. By a simple change of integration variable, we have

s, €) = exp<—z'(2)\)_1/2 / h

—0o0

(Vi +16) - v<t£>>dt>,

though the expression in Theorem 1.1 might be more natural since v2A¢ is the
velocity corresponding to &€ € S%~1 at the energy \. If we write

(&) = /_OO (V(z+t&) = V(t))dt, ¢e€ S8 xeTis™ ! ~¢t,

then it is easy to see that 1 satisfies

Ca6<10g<$>>7 if a =0,

o af
‘890851!)(113,5)‘ < {Caﬁ<x>—a|, if a # 0,

for any «a, 8 € Zjl__l in a local coordinate. Thus we learn
so(\, @, &) = exp(—i(2)) "2 (x,€)) € S o(T*547)
with any § > 0.

Next, we consider the spectral properties of S(\) using the above representa-
tion.

Theorem 1.2. Suppose Assumption A, and suppose V is rotation symmetric
and

lz -0,V ()| > clz|™t  for |z| > R,

with some ¢, R > 0. Then for any A > 0 the scattering matrix has dense pure
point spectrum on the whole unit circle.

For the moment, we need the rotation symmetry to show the pure pint spec-
trum, but we can show the absence of absolutely continuous spectrum under
weaker assumptions. We discuss these in Section 3.
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Theorem 1.3. Suppose d =2, and let

V(x) = a%, r = (x1,13) € R?,

with a # 0. Then, oess(S(N\)) = {€?[|60] < |a|m(2))~1/2}, and S()\) has abso-
lutely continuous spectrum on S*\ {eii‘”(”‘)ﬂm}, except for possibly discrete
etgenvalues. The eigenvalues may accumulate only at etima(2N) 72

The absolutely continuous spectrum is relatively stable under small perturba-
tions, and we have the same properties if we add lower order perturbations.

There is extensive literature concerning the two-body long-range scattering.
We refer textbooks, Reed-Simon Volume 3 [11] §X1-9, Yafaev [14] Part 2, [15]
Chapter 10, Derezinski-Gérard [1], and references therein. About the scattering
matrix for long-range scattering, there are detailed analysis by Yafaev, especially
[13]. Our approach is closely related to his result, though our formulation is more
general and the proof is substantially different. Actually it is a direct extension
of a previous paper by the author [8]. In particular, this argument is easily gener-
alized to discrete Schrodinger operators with long-range perturbations ([7], [12]).
Our example of scattering matrix with pure point spectrum is discussed in §9.7
in Yafaev [14], though in a different manner, and we also discuss generalizations.
Thus the author feel it would be useful to include an independent proof.

Theorems 1.2 and 1.3 are proved in Section 3, and Section 4, respectively. In
Sections 4 we use functional calculus of unitary pseudodifferential operators, and
for the completeness we give a proof the functional calculus in Appendix A. A
construction of approximate logarithm of unitary pseudodifferential operators is
discussed in Appendix B, and a simple result of trace-class scattering theory for
unitary operators is discussed in Appendix C.

In the following, we use the Weyl quantization of a symbol a € C>(R2?):

Op(a)e(z) = (2m)* [ / Ve (T ) p(y)dyde, o € S(RY).

We denote the Kohn-Nirenberg symbol class in &-space by by 1€, 0 € S;’}(; if
a € C®(R?%) and for any a, € Zi there is Cyg such that

0900 a(x, )| < Copla)m1lTIBl o e e R

We also use the Hérmander S(m,g) symbol class notation [4], but we will use
it for specific metrics g and g, and we explain later. For a symbol class X, we
denote the corresponding operator set by OpX = {Op(a) | a € E}. We refer
Hormander [4], Dimassi-Sjostrand [2] and Zworski [16] for the pseudodifferential
operator calculus.

2. REPRESENTATION FORMULA OF THE SCATTERING MATRIX

Here we define long-range wave operators and scattering operators using time-
independent modifiers originally dues to Isozaki and Kitada [5, 6]. We follow the
formulation of Nakamura [8], and sketch the proof of Theorem 1.1 in a generalized
setting.
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Assumption B. Let py(¢) € C°(R? R) and elliptic in the following sense: There
is v > 0 such that pg € SY, i.e., 8?190(5) = O0((&)V~lol) for any a € Zjl_, and
pO(&) > CO<£>V — C1, g € Rda

with some cg,c; > 0. Let I € R be a compact interval. We suppose there is
co > 0 such that

|0epo(€)| = o for € € pyt(I).

We set
Hy = po(Dy) = Fpo(-)T,

where F is the Fourier transform, and we also write the free velocity by
() = 0epo(€), € €R™

We suppose the perturbation V is a symmetric pseudodifferential operator with
the real-valued Weyl symbol V (z,€), i

Vol) = (2m) ¢ [[ ey “y,s)f(y)dyds, o € SRY.
We denote the metric g = do?/(x)? +d¢&?, and the symbol class S(m, g) is defined
as follows: a € S(m, g) if and only if a € C*°(R??) and
0500, )| < Capm(z,)(z), @, € R?
for any «a, 8 € Zi, with some Cyg > 0.
Assumption C. V(z,¢) is real valued and V € S({z) 1), g).

We write
H = Hy+V =po(Dz) + V" (z, Dy)
be our Hamiltonian, and we suppose:
Assumption D. H is essentially self-adjoint on H"(R%).
We write the symbol of H by
Remark 2.1. It might be natural to assume the ellipticity:
|p($7£)| ZCO<£>V_617 for $7£€Rd'

It implies the self-adjointness on H”(R?), but it is not essential in the following
argument.

For € > 0, we denote
5 = {(z,6) e R™ | £cos(z,v(€)) > —1+e¢,|z] > 1,po(§) € I}
As well as in [8] Section 3, we can construct symbols a®* € S(1, g) such that
HOp(a™) — Op(a™)Hy ~ 0
in the formal symbol sense as |z| — oo in Q5. ay have the form:
at(z,€) ~ eiwi(x’f)(l +af(x,6) +aF (z,6) + - 9)
where

+o00
b (2,6) = /O (V@ + t0(€), €) — V(tu(€), €))dt.
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We note 94 (z,€) ¢ S(1,g) (on Q5) in general, but for any a, 8 € Z4,

0¥, )] < Callog(a)),
and if a # 0,
0207 v+ (,€)| < Cap ()7
on Q5. We note 14 satisfies

v(€) - Opthy (2,8) + V(2,€) =0

as well as in the short-range case (see [8] Section 3).
We introduce a new metric g by

G = (z)"2dz? + (log(x))2de? on R*.

Then the corresponding symbol class S(m, g) is defined as follows: a € S(m, g)
if and only if, for any «a, 5 € Zjl_,

020 a(x,6)| < Capm(x, §)(x) ™1 (log(x)) !

with some C,5 > 0. We note, hence, for any § > 0, S(m, §) C S(m(z)?, g).

By the same construction of a;-t as in [8], Section 3, and direct computations,
we can easily show a;-t € S((x)~7{log(z))?,§) on Q5. Hence, a*, which is an
asymptotic sum of {a;-t}, is an element of S(1,§) C S((z)%,g), with any 6 > 0 on
Q5. We also note at — 1 € S({z) " (log(z)),d) € S({x)~'*, g) on Q.

We choose smooth cut-off functions X, ¢ and n such that: X € C§°(I) with
X(A) =1on I' € I; ((z) = 0 in a neighborhood of 0 and supp[l — (] C {|z| < 2};
and n(o) =1if 0 > =14 2¢ and n(o) = 0 if 0 < —1 + ¢ with sufficiently small
e > 0. With these cut-off functions, we set

a* (z,€) = X(po(€))¢ (Ja (= cos(, v(€)))a™ (z, £).
Then we have symbols a* € S(1, 7). We set
J+ = Op(a®).

We note the principal symbols of JiJy. are |X(po(€))<(|#])n(=£ cos(z, v(€)) ? and
the remainder terms are in S({z)~'*9, g). Hence J+ are bounded in L?, and we
can utilize standard pseudodifferential operator calculus as if they are in S(1, g).
We call Jy the time-independent modifiers, or the Isozaki-Kitada modifiers [5, 6].
By the construction,

EssSuppla®] C {po(&) € I\ I'Y U {£cos(x,v(€)) € [-1+e,—1+ 2]} U{|z| <2},

where EssSupp[] denotes the essential support of the symbol. Using this fact
and the standard non-stationary phase argument, we can show the existence of
modified wave operators:

Wj:EI/(Ho) = tS—_}:Il:Iglo eitHJie_itHo EI/(H(])

where E7(A) denotes the spectral projection. We recall W4 has the intertwining
property:
HW_Ep(Hy) =WyLEp(Hy)Hy.

We set the (modified) scattering operator S by
SEp(Ho) = (W4 Ep)"W_Ep(Ho),
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and then SFEp/(Hy) is a unitary operator on Ep(H)H. By the above intertwining
property, S commutes with Hy.

We now define the scattering matrix S(A) for A € I'. We denote the energy
surface with the energy A € I by

Sx={€eRY| po(&) = A} = py ' ({AD).

We note Xy is a smooth hypersurface by the above assumption. Let
my = |po(§)|'dS(€)

be a measure on Xy, where dS(§) is the surface measure on Xy, so that

J ([ i)

for p € C°(py*(I)). Hence we have the integral decomposition

2/ —1 - R
L*(py M(I), d¢) _/ L2(%5, my)dA.
I

Since S commutes with Hy, the operator FSE (Hp)F* commutes with po(§)-,
and hence it is decomposed to operators on L?(Xy,my):

o ®
FSEp(Ho)F* ~ [ S(\)d\ on / L%(Zy, my)dA.
I/ !
The family of operators {S(A)}aer is called the scattering matrix.
Given the above construction, we can prove the following theorem in exactly
the same argument as in [8] (see also [10]). We note the microlocal resolvent
estimate, which is crucial in the proof, is proved in [9] under our setting.

Theorem 2.1. Let A € I' \ op(H). Then S(X) is a pseudodifferential operator
on Y. If we denote the symbol by s(\, x,§), then it satisfies for any «, 5 € Zi‘l,

0507 s\ 2, €)| < Casla) ™1 (log ()
for£ €y, x € TEEA- Moreover, the principal symbol is given by

so(\ 2, €) = exp (—z‘ | w0 - V<tv<£>,s>>dt>,

—00

i.e., s(\ ) —so(\, -, ) € S({x) ™10, g) with any § > 0.

3. SCATTERING MATRIX WITH PURE POINT SPECTRUM

We first note that, if Hy = —%A, and if the perturbation is rotation symmetric,
then the scattering matrix is also rotation symmetric. Then we can easily show
that such operator has pure point spectrum. This model is also discussed in [14]
89.7.

Lemma 3.1. Suppose U is a rotation symmetric bounded pseudodifferential op-
erator on S, then the spectrum is pure point.

Proof. In the geodesic local coordinate with the center at &y, the symbol of the
operator U has the form u(&y, |2|?) by virtue of the symmetry (with respect the
rotation around &p). Then, again by the symmetry, the symbol is independent
of &, i.e., the symbol has the form u(¢,|x[?) = g(]x|?) in the geodesic local
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coordinate. This implies U = g(—A), where A is the Laplace-Beltrami operator
on S9!, Since the spectrum of —A is pure point, the spectrum of U = g(—A)
is also pure point. O

We now observe the spectrum of the scattering matrix tends to cover the whole
unit circle.

Lemma 3.2. Suppose V' =V (z) is a rotationally symmetric potential and satis-
fies Assumption A. Suppose, moreover, V satisfies

|- 8,V (2)| = ¢l || > R,
with some ¢ > 0 and R > 0. Then for any A >0, o(S(\)) =S' ={z € C | |z| =
1}.

Proof. We suppose x -9,V (x) > co|x|™! for large z. Let 6y € [0, 27] be fixed, and
we show e~ € ¢(S(X)). We write V(z) = g(|z|).
We write, for £ € S9!,z 1 ¢ and |z| > R,

wie.o) = [ T (Ve 1) - V(t))dr,

—00

(3.1) = /_: (/le-axV(sa:—Ft{)ds)dt.

We note, since V' (z) is rotationally symmetric, we have

z -0,V (x) = lalg (|2]) > eolz7",

and hence
sw+t§
-0,V Y=g — > ¢ t
T (sx+t) == ‘Sx+t§‘g(|8$+ 3))
slz” cos|z|?
oo ag? Usr+ i) 2 s

Thus we have

9] 1 C()S|l‘|2
Vw0 2 /_oo </0 (sz+ t£>3d8> i
B 1 o] 603‘55’2
a /0 </_oo (8?22 + 12 +1)3/2 dt) @

1 2 ||
s|z| sds
=2 ————ds =2 ——— = 2¢1 .

CO/O s?lz)2 +1 ° CO/O 2+1 og{z)

Here we have used the formula: fooo(a2 +t2)73/2dt = a2, a > 0. In particular
P(z,§) — oo as |x| — oo, and hence, for any N > 0 we can find (xy,{y) such
that |zny| > N and ¥ (xn,En) = Ny mod (27Z). We set

on (&) = enexplizy - (€ —En) — 1€ — En[*/|zn])

in a neighborhood inside a local coordinate of &y, where ¢y is chosen so that
len |l = 1. Then @y is supported essentially in

{(2,) | |z — an| = O(an) '), 1€ — én| = O((zn) "2}
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We also recall i) ™20(@8) jg the principal symbol of S(\), and 0,9 (z,§) =
O(|z|7Y), 9etp(z,€) = O(log(z)) as |¢| — oo. These imply

(pn: SN ew) — e lon* = O((zn) " log(an)) = 0 as N — oo,

and we may assume {py} are asymptotically orthogonal (since they have es-
sentially disjoint supports in the phase space). Then by the Weyl’s criterion
([11] Theorem VII.12), we conclude € € 0ess(S(N)). The proof for the case
x- 0,V (x) < —colz|™! (|#| > R) is essentially the same. O

Theorem 1.2 follows immediately from the above two lemmas.
We now consider slightly more general potentials. We write
0.f(@) = & 0uf (@), &=
and
Oy f(@) = 0uf(2) = 0, ()3 = (B — & ® )0 f (x),

for f € C1(RY).
Theorem 3.3. Suppose V satisfies Assumption A, and there are constants c1,cy, R >
0 such that c1 > ¢y and

C C .
(3.2) |0,V ()| > @ 01V (2)] < ﬁ if |z| > R.

Then o(S(\)) = S, and S(\) has no absolutely continuous spectrum for X > 0.

Remark 3.1. Suppose V(z) = —f(0)/r, v = (rcosf,rsinf) € R? for |z| > R,
f(6) > 0. Then the condition (3.2) is equivalent to

il(}ff(e) =c >c= Sl;p |f'(0)].

Lemma 3.4. Suppose V satisfies (3.2), then there is cg > 0 such that
(x, &) > 2(c1 —co)log x| —c3, €€ St g €.

Proof. Here we suppose 0,V (x) > c¢1/|z|?. The other case is considered similarly.
We may suppose |z| > R without loss of generality. We recall (3.1). We write
y = sz + t&, and compute

z-9,V(y) =0, V(y)(z-9) +z- 8V (y)
At first, we note
x - (sz+t) s|z|?

Ty = = .
V= szt~ (P2

We also note

2

s2|z|? +t2
(s?|x|? +t2) — s%|z|? s|z|*t ¢
pu— x —
s2|z|? 4 t2 s2|z|? +t2

2z — st|z|*¢
2|z2 +¢2
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and thus
L t4x2+32t2x41/2 tllx
(B jogal =TT
s2|z|2 4+t (s2|z|2 +2)1/2
Hence we learn
0 e’} 2
. a s|z|
o,V z-9)dt > . dt
/_Oo -V (y) (- 9) _/_Oo sz + |2 (32’33‘2+t2)1/2
- /°° c1s|x|dt B 2¢1 s|z|? 20
) (S22 4 2)3/2 S22 s

provided s|z| > R. Similarly, we learn

/Ooh’ OV ( )\dt</oo “ flal

NN | TR (S2af 212
_/°° colz|ltldt  2colx|  2co
=) PP PR sl s

if s|z| > R. Here we have used the formula: [;°t(a® + t2)=3/2dt = a~'. Thus we

have
1 oo 1 _
/ (/ x~8xV(sx+t§)dt>ds z/ A=) o
R/|z] \J =00 R/|z| S
= 2(c1 — c9)log(|x|/R) = 2(c1 — c2)log|z| — 2(¢1 — ¢2) log R.

On the other hand, if s|z| < R, we use
|2+ 0.V (sw + t€)| < Cla|(te) > = Cla|(t) 2,

with some C' > 0, which follows directly from Assumption A. Hence, we learn

/ (/ - 0,V (sz + t&)\dt) ds < Cla| - H/ (#)"2dt = Cr R,
0 (o] — 00

Combining these, we obtain

1 0
/ </ x -0,V (sx + t§)dt> ds > 2(c1 — c2) log|z| — cs,
0

—0o0

where cg = 2(c¢; — ¢c2)log R+ CR. O

Proof of Theorem 38.3. The claim o(S(\)) = S! is proved exactly as in the proof
of Lemma 3.2 using Lemma 3.4.

By Theorem B.1 in Appendix B, we learn there is a real-valued symbol ¥ &€
S((log(x)), g) such that S(\) = exp(—i(2))~/20p(¥)) modulo S({(x)~>°, g), where
g = dx?/{z)? + d&¢2. Moreover, the principal symbol of ¥ is 1 computed above,
ie., U —1 € S{x)~119, g) with any § > 0. Then, by Lemma 3.4, Op(¥) has dis-
crete spectrum, and hence exp(—i(2A)~*/20p(¥)) has pure point spectrum. Now
we note K = S(\) — exp(—i(2X\)~20p(¥)) € OpS((z)~>,g) is a trace class
operator, and we can apply the scattering theory for trace class perturbation (see
Appendix C) to conclude g,.(S(N)) = gac(exp(—i(2X)~1/20p(¥))) = 0. O
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4. SCATTERING MATRIX WITH ABSOLUTELY CONTINUOUS SPECTRUM

Here we suppose d = 2, and consider the potential

V(z) = o oz = (z1,22) € R?.

At first we compute the principal part of ¥(x,&) = [%_(V(z + t&) — V(t))dt
for |¢] = 1, = L £&. We use the standard coordinate for S': We denote a point
€€ S' by 0 € T=R/277Z such that

¢ = (cosf,sinf), 0ec[0,2m) ~T.
The cotangent space at 6 is identified with the orthogonal space at 0, i.e.,
x = (—wsinf,wcosh), weR.

We use (f,w) € T x R as the coordinate system of T*S'. As in the last section,
we write

vl = [ T (Ve + 1) V(te))dt

—00

so that exp(—i(2X)~Y2¢(x, €)) is the principal symbol of S()).
Lemma 4.1. Let V and the coordinate of T*S' as above. Then

P(x, &) = —awsinQ&, (0,w) € T*S.

Proof. We again recall (3.1) and we compute

ouver=(giwo) o) = (o) - T

Then we have

ary sr1 + t&
(st +16)2 a(saz + t&)4
azq(s|z* + t2 + 1) — 2asz|z|? 2as|z|?¢1t
- (s2|z|2 + 2 + 1)2 (S22 24 1)2

t?2 —s?z)? +1 2as|z|?&1t
2P+ 112 (e +e+1)2

% 2s|z|2&1t
/ s|z[*61 di — 0
oo (82]T]2 + 12 4+ 1)2

since the integrand is odd. We also note, since

d t b — 12
— = , b>0,
dt \ b* + 2 (b? 4 12)2

x -0,V (sx +t€) =

x - (sx +t)

Now we note

we have

(e} b2 _ t2 ] t T
I
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Using this, we learn

2 _2z)2 +1 /2 22— 1 2
dt = + dt
R T N\ e e
o
2
_ &t = m(s2laf? + 1),
/_Oo (2|2 + 2+ 1)2 m(s 2l + 1)

Here we have used the well-known formula: [%_(b% + t?)~2dt = 7/(2b%). Com-
bining these, we learn

B Loy o 2l gy R 20 R 1
P(6,w) —aﬂ/o st-aﬂm/o (OB —awm-w —aW@.

We then substitute 1 = —wsin # and |z| = |w| to conclude the assertion. O

Then the essential spectrum of S(\) is easy to locate using the Weyl theorem:
Lemma 4.2. For the above Hamiltonian, we have
Tess(S(N) = {™ | |7] < la|r(20) 72}, A > 0.
In particular, if |a| > V2 then the essential spectrum is the whole circle.

Now we construct a simple scattering theory to show that the essential spec-
trum is absolutely continuous. We set
q(0,w) = sgn(a) cos O{w), (0,w) € T*S,
and we define an operator @ on L?(S') by
Q = Op(q) = sgn(a) cos6(—Dy) ~ mod Op(S7 ).

We note, since we are working in #-space, it is convenient to quantize function
a(z,§) as a(—Dy,0). We may assume @ is formally self-adjoint, since we may
quantize it, for example, by

Q) = 5= [ [ 0 u0 - r)a( 5 ) (i

where n € C°°(T) such that n(r) = 1 if |7| < 1/8; = 0 if |7] > 1/4, and
f € C*°(T), and this @ is formally self-adjoint.

Lemma 4.3. Q is essentially self-adjoint on H'(T).

Proof. We set N = (Dy) on L?(T). Then it is easy to see N is self-adjoint with
D(N) = HY(T) and N > 1. Moreover, by symbol calculus, it is easy to see Q
and [N, Q] are bounded from H'/2(T) to H~Y/2(T), since the symbols of Q and
[N, Q] are in 51170. Hence, by the commutator theorem ([11] Theorem X.36), @ is
essentially self-adjoint on H!(T). O

Now we note, [@Q, S(\)], [@, [@Q, S(N)]], etc., are bounded in L?(T) since symbols

of these operators are in 5?70. Namely, S(\) is @-smooth in the sense of the
Mourre theory.

Lemma 4.4. Suppose I C S be a compact interval such that Iﬁ{eii‘”(”‘)fl/z} =

(). Then there is ¢ > 0 and a compact operator K(X\) such that
Er(SA))SNQ, SNIEI(S(A) = eEr(S(A) + K(X),  A>0,

where Er(S) denotes the spectral projection for a unitary operator S.
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Proof. For simplicity, we suppose a > 0. The other case is similar.

Let f € C§°(S'). Then using the functional calculus of unitary pseudodifferen-
tial operators, Theorem A.4, we learn the principal symbol of f(S(\))S(A)*[Q, S(AN)]f(S(N))
is given by

i(f 2 50(X-)%s0(X )" {g, 50X )} = —(f 0 s0(A: ) {g, am(20) 72 sin 0w/ (w))},

where {-,-} denotes the Poisson bracket. By direct computations, we have
—{cos O{w), sin B(w/(w))} = sin B(w) - sin H(w) > + cos fuw(w) - cos Huw(w)
w2 2
s1n o + cos 9— > cos 9w—

- w)? (w)? (w?)’

and hence

2
—{q, am(2\) "2 sinf(w/(w))} > amw(2X) 2 cos? 9%.
w
Now we choose I’ € S' so that I € I’ and I’ N {eX0m(N™*} — ¢ and then
choose f € C*°(T;R) such that f = 1 on I and supp[f] C I’. Then, by this
condition, am(2))~1/2sinf # famw(2X)~'/2 on the support of f o sp, and hence
|sinf] < (1 — €2)Y/2 with some € > 0, i.e., cos?f > 2. Thus we learn
2
9 W

i(f o s0(A:))?s0(A; ) {g, s0(As )} = €2(f 0 s0(As)) w2

and this implies

FSONSN'Q, SIF(S(N) = 2 F(S(N)? + K1(N)
with some compact operator K1(\) on L?(S'). Then, multiplying F;(S()\)) from
the both sides, we arrive at the assertion. O

Then, by the Mourre theory for unitary operators (see, e.g., Ferndandez-Richard-
Tiedra [3]), we have the following result:

Theorem 4.5. Let H and S(\) be as above, and let X > 0. Let I" be the set

of eigenvalues of S(\). Then T' can accumulate only at {e*om(?N) 1/2} For

€€ SY\{T U {eT ™Y, the limits
(@)™ (S() = (1 £)6)7HQ) ™" = (Q) 7SN = 1 £ 0))7HQ)™

exist. Hence, in particular, os.(S(\)) = 0 and the spectrum of S(\) is absolutely
continuous on ST\ T.

Theorem 1.3 follows immediately from the above theorem. O

APPENDIX A. FUNCTIONAL CALCULUS OF UNITARY PSEUDODIFFERENTIAL
OPERATORS

In Appendices A and B, we consider pseudodifferential operators on R?, but
it can be generalized easily to pseudodifferential operators on manifolds. We
restrict ourselves to the R? case mostly to simplify notations related to Beal’s
characterization of pseudodifferential operators.

Let § € [0,1), and we consider a unitary operator U on L? with the sym-
bol u € 550 Sio. We consider operators on R¢, or in a local coordinate in a
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d-dimensional manifold. We show that f(U), the function of U, is a pseudodif-

ferential operator, and compute the principal symbol. At first we note

Lemma A.1. Suppose a € Sll’o, and the symbol is bounded. Then Op(a) is
bounded in L?.

Proof. The proof is essentially the same as the Garding inequality. Without loss
of generality, we may suppose a is real valued, and we write A = Op(a). Let
M > suplal. We set b(z,£) = (M? — a(x,£)?)Y/? € Sig, and B = Op(b). Then
by the symbol calculus, we learn

R=A*"A+ B*B—M? € 0p(S)).

Hence
[ Au|® < [|Au|l® + | Bul]* < M?|Jul* + || Rul|lu] < C|lul®
since R is bounded in L2. O

Lemma A.2. Suppose U = Op(u) is unitary with u € Sio, 0 €10,1). Then for
any s € R,

Ul ey < Culi) V0D, ke 2
Proof. Welet v =1—46 € (0,1], s = Nv, and show
10 |z s e < CERYY, k€ Z.
We first suppose & > 0. We consider the commutator:

ZUJ Uk lj

Since the symbol of the operator [(Dm>”, U] is in 51,0’ it is bounded in L?, and

hence ||[(Dg)?, U*]|| < C(k). This implies |U* || gv—p» < C(k).

More generally, we compute

k—1
[(Da)™", U*] = ) UI[(Da)™, U1
j=1
k—1N-1
=3 S DD, UYD) O E,

j=1 £=0

Now we use the induction in N. Suppose the claim holds for N < Ny. Then we
have
(D)o, UF(D,) ~Nov
k— No—l '
=2 YLD, U(Dy) Mo 1= gk ) ~Nov
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By the induction hypothesis and the fact [(D,)”, U] is bounded in H®, each term
in the sum is bounded in L?, and the norm is O((k)No=D¥) By summing up
these norms, we arrive at the claim with N = Ny. For k£ < 0, we use the same
argument for U~! = U*. Then the assertion for general s € R follows by the
interpolation and the duality argument. O

Now we consider functional calculus of a unitary operator U. For f € C°°(S1),
we write the Fourier series expansion by f[k], i.e.,

1

2m
Are] —ik6 i0
ﬂM—QWA e " f(e”)do, ke€Z,

and hence

£y =" flkle™, 0€o,2m).

kEZ
We recall f [n] is rapidly decreasing in n. Then we write
FU) = Y fHU* € B(L2).
keZ

It is well-known that f(U) is the same function of U defined in terms of the
spectral decomposition. We show f(U) is a pseudodifferential operator using the
Beals characterization of pseudodifferential operators.

For an operator A, we write

KjA:i[ij,A], LjA:—i[ﬂj‘j,A], jzl,...,d,
and multiple commutators by L*A, KA A, etc., for o, € Zi. We recall A =
Op(a) with a € Sfo if and only if K*LA A is bounded from L? to H~%H8l for any
a, B € Z4 (cf. Dimassi-Sjostrand [2], Zworski [16]). We compute
Kerfoty = S UMK LI U)UR (K LPU) -
a1+~~~+aN:a,
Bl +BN=p,
od +5740,
ki+-+kny1=k
cox URN (KN LAY U Uk
Since K’ LU is bounded from H® to H“SHB”, we have, using Lemma A.2,
1K Loy - < OCR)™,
where Ny = |a + |, N1 = (Nod + |B])/(1 — §) + No. Thus we learn
KL (f(U)) € B(L?, HTI* P,

and we have the following lemma: We write

+0 _ 5
Sio = ﬂ S7.0-

>0

Lemma A.3. Suppose U = Op(u) is unitary with v € SIS. Then f(U) is a
pseudodifferential operator with the symbol in Sff 8.
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We then compute the principal symbol of f(U). If U = Op(u) is unitary with
u € Sio, then the symbol of 1 = U*U is 1 = |u(z,¢)|> modulo Sfﬁl. Thus we

may assume ug, the principal symbol of U modulo S%l, has modulus 1. This

implies, in particular, u} € 5?7 s for any j > 0. We show f(U) has the principal
symbol f oug. We note

Ed
—_

UF — Op(uf) = S (U7 Op(up 1) — U7 0p(uk ™))

> .
[
- O

U (U — Op(ug))Op(ug 7~

[l
o,
~IM
T

U7 (Op(uf™ — uo#(ug771)),

(]

j=0
where a#b denotes the operator composition: Op(a#b) = Op(a)Op(b). By the
symbol calculus, we learn ulg_j — uo#(ulg_j _1) € Si_él, and each seminorm of it is
bounded by C </<;>M with some M > 0. Thus, after direct computations, we learn
that U¥ — Op(uf) € Sf;;l and its seminorm is bounded by C(k)™ with some M.

Hence we have the following claim: We note (5 Sial =Ns>0 St

Theorem A.4. Suppose U = Op(u) is unitary with u € Sffg, and let uy be
a principal symbol such that |ug(z,€)| = 1. Let f € C(SY). Then f(U) is
a pseudodifferential operator with its symbol in SI 8 and the principal symbol is
given by f o ug modulo Sial with any 6 > 0.

Remark A.1. We can actually compute the asymptotic expansion of f(U) in terms
of derivatives of f o w and derivatives of u. Thus, in particular, the support of
these terms are contained in the support of fowu, and hence the essential support
of the symbol of f(U) is contained in the support of f o u.

Remark A.2. In our application, we consider the cace u € S(1,g), i.e., for any
a, ,8 c Z+d,

|05 0F u(w, €)] < Cap(§) ™! log (€)1,
Then we can apply Theorem A.4 to learn f(U) is a pseudodifferential operator
with the symbol in Sf:g. Moreover, since the principal symbol is f ou € S(1,g),

and the remainder is in Sy é+5 for any & > 0, we actually learn the symbol is in

S(1,9)-
APPENDIX B. LOGARITHM OF UNITARY PSEUDODIFFERENTIAL OPERATORS

For notational convenience, we write £(¢) = (log(¢)) for & € R%. We use the

following metrics on T*R%:
e de?
=d®+ =, §=1L(&%dz®+ —.
7 g 9T g

We recall, a € S(m, g) if and only if, for any «, 8 € Z%, 3C,p > 0 such that
‘8;“8?&(:@5)‘ < Cagm(:n,g)(g)_w" z,€ € Rd,



16 SHU NAKAMURA
and a € S(m,§) if and only if, for any a 8 € Z, 3C,p5 > 0 such that
0207 a(, €)] < Cagm(x, )e©)*(€) 7, @& e RY

Assumption E. Let ¢y € S(£(£), g), real-valued, and d¢tbg € S((€)~1, g). Let U
be a unitary pseudodifferential operator on L?(R%) such that the principal symbol
is given by €0, i.e., U € OpS(1,§) and U — Op(e™0) € OpS(£(€)/(€), ).

We note e € S(1,§), and natural remainder terms are in the symbol class

S(€(6)/(€) 9)-

Theorem B.1. Suppose g and U as in Assumption E. Then there is 1)
S(£(€), ) such that U—exp(iOp(v)) € OpS((§)~>, ), andp—1ho € S(E(§)/(£). 9)-

Lemma B.2. Let p € S({(€),g), real-valued, and O¢p € S((§)™, g). Then Op(p
is essentially self-adjoint and exp(itOp(p)) € OpS(1,g), t € R. Moreover,

'O — Op(e'?) € OpS(£(€)/(£),4),
and is uniformly bounded for t € [0, 1].

m

~—  ~—

Proof. The essential self-adjointness of Op(y) follows by the commutator theorem
with an auxiliary operator N = (D).

In order to show e“OP(®) ¢ OpS(1,g), we use Beal’s characterization. Let
Kjand Lj (j =1,...,d) as in Appendix A. We note, by a simple commutator
argument as in Appendix A, we can show, for any k,¢ € Z, T > 0,

m“%“<Dx>’“e(Dx)fe“Op“”)€(Dx)‘f<Dx>"“Hmm < oo.
f<

We compute, for example,
t
L]0P — / £#50P(#) 1 [0p(p)]e (=2)OP(#) g,
0

Since L;j[Op(p)] = Op(9; ¢) € OpS({€)71, g), we learn (D,.) L;[e"OP(¥)] is bounded
in H® with any s € R. Similarly, since K;[Op(¢)] = Op(0s;¢) € OpS(£(£),9),
we learn £(D,) "' K;[e"OP(¥)] is bounded in H?, Vs € R. Tterating this procedure,
we learn, for any «, 8 € Z4,

E(Dm)_w(Dx>|5‘(KaLﬁ[eitOp(“D)]) : H° — H®, bounded,

with any s € R. By Beal’s characterization, this implies e”?OP(¥) ¢ OpS(1,q),
and bounded locally uniformly in . ' ‘
Then we show the principal symbol of ¢OP(®) ig ¢i® . We have

t
£1Op(p) _ Op(eiw) — / %(eisOp(so)Op(ei(t—S)so))ds
0

t
— i [ €0 (0p()0p(e %) — Op(et=%)) ds
0

€ OpS(€(£)/(€), 9)
by the asymptotic expansion. ([
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In particular, we have
Ue~"OPt¥0) —1 € OpS(U(€)/(€), ).
and hence there is a real-valued symbol ¢ € S(¢(€)/(£), g) such that
UeiOP¥o) — Op(e) € OpS(L(£)*/ (€)%, §)-

(
)

This implies,
(B.1) UeiOPW0)e=OP(V1) — 1 € OpS(£(£)*/(€)*,9).
We use the next lemma to rewrite e~ {OP(*0)=iOp(¥1)

Lemma B.3. Let ¢ € S({(£),g), real-valued, and O¢p € S({€)71,g). Letn €
S(L(E* /(€ §), real-valued, with k > 1. Then

ctOp(1) ¢i0p(p) _ ,iOP(p+n) OpS(B(f)k“/( >k+17§)
Proof. We have, for any self-adjoint operators A and B, at least formally,

oI A+B) ,—iA,—~iB _ | _ /1 %(eit(A+B)e—itAe—itB>dt
0

1
_ Z/ (eit(A+B)(A B A)e—itAe—itB _ e—t(A—l—B)e—itABe—itB)dt
0

1
_ / FMAB) [ ~itA] ~itB gy
0

1 t
_ _/ </ eit(A+B)ei(t—s)A[A’B]e—isAe—ithS> dt.
o \Jo

This computation is easily justified when A = Op(yp) and B = Op(n), and since
[Op(), Op(n)] € OPS(L(E)* ! /(€)FF1, §), eOP®) € OpS(1, g), ete., we have

eiOP(p+1) ,=i0P(p) ,—iOp(n) _ 1 ¢ Opg(g(g)k+1/< >k+1’§)
and this implies the assertion. O
Proof of Theorem B.1. Combining (B.1) with lemma B.3, we have
e /0Pt — 1 € OpS(L(§)* /()% 9)-

We note 1 +11 € S(U(E),9)+S(E(€)2/(£),§) C S(1,g). Tterating this procedure,
we construct 1 € S(£(£)¥/(€)¥, G), real-valued, such that

Ue—iOp(ot+vr) _ 1 ¢ OpS(ﬁ(f)k+l/< >k+17§)

for k = 2,3,.... Then we choose an asymptotic sum: ¢ ~ Y 72 iy, e, ¢ €
S(€(€),g) and

N
b= 3 € SOV N g)
k=0
for any N > 0. Then we have

Ue™"OPW) —1 € OpS((€)~.9) = OpS({£) ™, 9),
and we complete the proof of Theorem B.1. O
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APPENDIX C. TRACE CLASS SCATTERING FOR UNITARY OPERATORS

The next theorem, the unitary version of the Kuroda-Birman theorem, seems
well-known, but the author could not find an appropriate reference. Here we give
a proof for the completeness.

Theorem C.1. Let Uy and Uy be unitary operators on a separable Hilbert space,
and suppose Uy — Us is a trace class operator. Then o,.(Ur) = 0ac(Us).

Proof. Since the eigenvalues of U; and Us are at most countable, we can find
6 € R such that e is not an eigenvalue of both U; and U,. Then, by replacing
U, and Us by €U, and €?Us,, respectively, we may suppose 1 is not an eigenvalue
of both U; and Us. Then we can define the Cayley transform of U; and Us by

H;=iU;+1)(U; - 1), j=12
By the definition, we have
Uj = (H;+i)(Hj —i) ' = 14 2i(H; — i)™, j=1,2,
and hence
(Hi+i) = (Hy+4i) = 2iz,(U1 —Uy),

is in the trace class. Thus we can apply the Kuroda-Birman theorem ([11],
Theorem XI1.9) to learn oac(H1) = 0ac(Hz). This implies the assertion since

oac(Uj) = {(s =) (s +1) 7' | s € 0uc(H;)}, j=1,2,

by the spectral decomposition theorem. O
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