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1 Introduction

This paper deals with the global Cauchy problem for systems of nonlinear Schrodinger equa-
tions in two space dimensions. We consider systems of the type

Lonu; = Fj(u,0,u), t>0,z€R? j=1,... N, (11)
u;(0,2) = p;(x), reR? j=1,...,N, :

where L,,, = i0; + ﬁjA, i =+-1,0, =39/0t, mj € R\ {0} and A = 92 + 02, with
Op, = 0/0z, for x = (24)4=1.2 € R%. u = (u;(t, z))1<j<n is a CV-valued unknown function,
and the nonlinear term F' = (F})i<j<ny is always assumed to be a quadratic homogeneous
polynomial in (u, d,u, U, J,u) where d,u = (O uj(t,))az1,21<j<n- © = (pj(x))1<j<n s a
given CM-valued function which is assumed to be small in a suitable function space.

Before going into the detail, let us recall some of the known results briefly. From the pertur-
bative point of view, quadratic nonlinear Schrodinger equations in two space dimensions are
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of special interest because the best possible decay in L? of general quadratic nonlinear terms
is O(t™'), so the quadratic nonlinearity must be regarded as a long-range perturbation. In
general, solutions develop singularities in finite time even if the initial data are sufficiently
small and smooth (see e.g., Ikeda—Wakasugi [16] for an example on small data blow-up).
Therefore we need some structural restrictions on the nonlinearity to obtain global solutions
even for small data. Note that the critical exponent is expected to be p = 1+ 2/d when we
consider the Schrodinger equations with the nonlinearity of degree p in d-dimensional space.
Roughly speaking, this exponent comes from the condition for convergence of the integral

/°° dt

For the single equation case (i.e., N = 1), small data global existence results for 2D quadratic
NLS have been obtained by several papers ([1I, [4], [6], [7], [I1], etc.), while less is known for
the case of N > 2. An interesting feature in the system case is that large-time behavior of
solutions is affected by not only the structure of the nonlinearity but also the combination

of masses (m;)1<j<n, as discussed in recent works ([3], [8], [9], [10], [12], [14], [15], [18], [23],

[25], [26], [27], [29], [30], [31] etc.). A typical example of NLS system appearing in various
physical settings is

{ Lmlul - )\1U/_1UQ, (1 2)

£m2u2 )\2u1 .

In [§], Hayashi-Li-Naumkin studied the Cauchy problem for this two-component system in
detail. Roughly speaking, they proved small data global existence and time decay of the
solution for (L2) under the conditions

Mo = 2m1 (]_3)
and
Re()q)\z) > O, Im(>\1>\2) =0. (]_4)

(A closely related result on quadratic nonlinear Klein-Gordon systems in R? can be found
in [22]; see also [5], [21].) Soon later this result was generalized by Li [25] to more general
systems, but it should be noted that the approach of [25] are available only for the case
where the nonlinear term does not contain the derivatives of u (i.e., F; = Fj(u)) because the
presence of derivatives in the nonlinearity causes a derivative loss in general. In [I4], Tkeda—
Katayama—Sunagawa studied a derivative nonlinear case and found a kind of null structure
in it (cf. [24], [2], [13]). To be more precise, they considered the three-component system
with the nonlinearity given by

Fl(u 8 U Z Claﬁ 8au2)<aﬁu3)
lal,|B|<1
Fy(u, 0,u) Z Co.0,8 (0"us) (Pun), (1.5)
lal,|B|<1
Fy(u,0pu) = Cia5 (0u1)(0us)
\ ol 1B<1



with complex constants C, 3, and obtained small data global existence and scattering result
under the conditions

mi + Mo = My (16)
and
A(€) = As(€) = Ag(€) =0, € ER?, (1.7)
where
(M€ = D Crap(ma)® (imsf)”,
laf,|8]<1
A2(£) = Z C?,a,ﬁ (im3§)a (m)ﬁv
laf,|81<1
A3(€) = Y Csap (imi€)” (imsé)”.
. laf,|81<1

We refer the readers to Section 4 of [14] for a characterization of the nonlinearity satisfying
() in terms of special quadratic forms called the null gauge forms and the strong null
forms. We note that the two-component system ([L2]) can be viewed as a degenerate case of
the three-component system with

Fy = Mugus, Fo = Augty, Fy = Azujug,

and the condition (3] for (IL2) can be interpreted as (LLG) for this extended system. How-
ever, this system fails to satisfy (7)) unless Ay = Ay = A3 = 0, so the result of [14] does not
cover that of [25].

The aim of the present paper is to extend and unify the results of [25] and [14]. More
precisely, we will introduce a new structural condition on (F})i<;<y and (m;)i<j<y under
which the small data solution exists globally in time and decays at the rate O(t7!) as t — oo
in L. Another novelty of our result is that it is applicable to the system introduced by
Colin—Colin [3] (see (Z3) below), which has not been covered in the previous works.

2 Main Results

In the subsequent sections, we will use the following notations: We set Iy = {1,..., N} and
L ={1,...,N,N+1,...,2N}. For z = (2;);er, € CV, we write

2 = (le)kelﬁ‘v = (21,...,28, 21, ..., 28) € C*V,

Then general quadratic nonlinear term F' = (Fj}),cr, can be written as

Fiu,0pu) = > > CFP(08u) (00uf) (2.1)

lal,|BI<1 ke,



with suitable C’;‘}fl € C. With this expression of F', we define p = (p;(&;Y))jery : RZxCN —
C» by

pi&Y) = Y Y O (i) (i) Y

lal,BI<1 k1erf,
for £ = (&,&) e R? and Y = (Y))jery € CV, where

my (k‘zl,,N),

mrp =
—M(k—N) (]{Z:N—l-l,...,QN).

In what follows, we denote by (-, -)e~ the standard scalar product in CV, i.e.,

N
(z,w)en = Z 2;W;
j=1

for z = (2j)jery and w = (w;)jery € CN. For s,0 € Zy = {0,1,2,...}, we denote by H*
the L2-based Sobolev space of order s, and the weighted Sobolev space H*? is defined by

{¢p € L?|(x)°¢ € H*} equipped with the norm ||@||gs.c = [|{-)7®|| s+, where (z) = /1 + |z|2.
The main result is as follows:

Theorem 2.1. Assume the following two conditions (a) and (b) are satisfied:
(a) For each j € Iy and k,1 € I¥,

mj # my + 1y implies C]‘?f;fl =0 fora,f € Zi with |al, || < 1.

(b) There exists an N x N positive Hermitian matriz H such that
Im(p(&;Y), HY Y)en =0
for (£,Y) € R* x CV.

Let ¢ € (y_y H'FF(R?) and suppose that e == 3 5_, |l mrii-rr w2y is sufficiently small.
Then (LI)) admits a unique global solution u € C([0, 00); ﬂZ:o H1=RRR2)). Moreover we
have

Ce
Jult, Mz < 755

fort >0, where C' is a positive constant not depending on €.

u(t, )|l r2mey < Ce (2.2)

Remark 2.1. Analogous result for 1D cubic case has been obtained in the previous work
by Li-Sunagawa [26]. Remember that 1D cubic case is another critical situation, that is,
3= (1+2/d)|4=1. However, we need several modifications to prove Theorem 2.1 because the
approach of [26] relies heavily on one-dimensional nature. Another remark concerning this
point is that the condition (b) above can be replaced by the following apparently weaker
one:



(b’) There exists an N x N positive Hermitian matrix H such that
I (p(&; V), HY )en <0
for (£,Y) € R? x CV.

Indeed, since Y +— Im(p(&;Y), HY )cn is an odd function, we can see that (b’) yields (b) by
substituting —Y in place of Y in (b’). It is worth noting that this equivalence fails if the
original nonlinearity is cubic. For closely related works on the wave equation case, see [19],

[20] and Chapter 10 of [17].

Remark 2.2. If 0,u is not included in the nonlinear term, then the conditions (a) and (b) are
essentially the same as ones given in [25]. In particular, when we focus on the two-component

system (L2), we can see that (L3)) plays the role of (a) and that (L)) leads to (b) with

([ MA O
= (5" )
Remark 2.3. If p(&;Y) vanishes identically on R? x CV, then the condition (b) is trivially
satisfied. Therefore our result can be viewed as an extension of [I4]. Under this stronger
condition, we can show also that the solution u(t) to (1)) is asymptotically free by the same

method as in [I4]. Note that (b) does not imply the asymptotically free behavior in general,
because non-existence of asymptotically free solutions for (I.2)) has been shown in [§].

Remark 2.4. In [3], Colin—Colin introduced the following system as a model of laser-plasma
interaction:

i0,Ac + aAAc = —(V - E)Ag,
10, AR + BAAR = —(V - E)Ag, (2.3)
i0,E +yAE =V(Ac - Ag),

where A, Ag, E are C?-valued functions and «, 3, 7 are non-zero real constants. When we

define u = (u;)1<j<¢ by
(wm _ [us _ [ Us
AC B <UQ) ’ AR B (U4) ’ E N (UG)

and set my = my = 1/(2a), my = my = 1/(28), ms = mg = 1/(27), we have the six-
component NLS system with

([ = —(0vus + Daug)us,
Fy = —(01us + Oyug)ua,
F3 = —(01us + 02s)

Fy = — (015 + Oxtig)us,
Fy = 01 (u1u3 + ugtig),

| s = O (uitz + uoliy).

Uy,




For this system, we can easily see that (a) is satisfied if

1 1 1
T 2.4
"33 (2.4)
The condition (b) is also satisfied with H = diag (2,2,1,1,1,1) if we assume (2.4]). Indeed,

since

pi(&§;Y) = —i(ms&1Ys + mes2Ys)Ys,

pa(&Y) = —i(ms&1Ys + mebaYs)Ya,

p3(&;Y) = i(ms&rYs + meaYs) Y,

pa(&;Y) = i(ms&Ys + meaYe)Ya,

ps(&;Y) = i&{(my — ms)Y1Ys + (my — my)YaYs},
(P6(&§;Y) = i&a{(m1 — m3)Y1Ys + (ma — ma)YaYs},

we have

(2-1- 1) [T+ v (en¥s + 60

which vanishes identically on R? x C°® under the relation (2.4]).

Now, for the convenience of the readers, let us give a heuristic explanation for the roles
played by our conditions (a) and (b). As in [14] and [26], our starting point is to recall the
fact that, if u) solves Ly, u) = 0 with u}(0,z) = ¢;(z), it holds that

0 CxNEmy L may el
aiuj(t,l‘)rw('”’nj?) ?@]( " )62 26 4.

as t — +oo. Viewing it as a rough approximation of the solution w; for (ILI)), we may expect
that 0ju;(t,z) could be better approximated by

s ] mjz|?
() 1 e 5)

with a suitable function Y = (Y;(7,¢))jery, where 7 =logt, £ = x/t and ¢ > 1. Note that
Y;(0,&) = —im; ¢;(m;€) and that the extra variable 7 = logt is responsible for possible long-
range nonlinear effect. Substituting the above expression into (L) and keeping only the
leading terms, we can see (at least formally) that Y, should satisfy the ordinary differential
equation

i0:Y;(7,€) = p; (&Y (7,€)) (2.5)

(where ¢ is regarded as a parameter) under the condition (a). We remark that (a) implies
the symmetry ‘
(uj)jery = (€™ uy)jery, 0 E€R,
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in ([LT)). This property, which we call the gauge invariance, is used in this step. Another
structure comes into play when the gauge invariance is violated (see [27] for a detailed study
on this issue in 1D cubic case). Next let H be a positive Hermitian matrix. Then (2.5) yields

O (Y(7,8), HY (7,€))cv = 2Im(p(&; Y (7, €)), HY (7, £))cw,

and the condition (b), or equivalently (b’), is just what makes this quantity non-positive.
Since |Y|? and (Y, HY )cn are equivalent, the inequality 0.(Y, HY )ov < 0 implies that
Y (7,€) remains bounded when 7 becomes large. Going back to the original variables, we
see that the solution u(t,z) for (L)) decays like O(t™!) in L as t — +oo under (b). This
is a heuristic reason why the solution has a desired decay property under (a) and (b). We
remark that (23] is reduced to the trivial equation if we assume the stronger condition that
p(&;Y) vanishes identically. This gives a heuristic reason why the solution should be free
from the long-range effect under this stronger condition, as mentioned in Remark

Our strategy of the proof of Theorems 2.]is to justify the above heuristic argument. Let
us give a more detailed summary of our approach. The key is to introduce

Aj(t7 5) = ‘ij [qu (t)_luj(t7 )](g)a

where F,,, and U,,(t) are given in SectionBlbelow. Roughly speaking, this A;(¢, ) is expected
to play the role of Y;(logt,&). We will see in Section [l that A = (A4;(t,§)) er, satisfies

0.4, (1,€) = 1,( A1, €)) + O ¥2+%) (26)

and
lult, e <A, )| + O@E2+)

with 0 < § < 1/4. To control the remainder terms, we need several L*-estimates involving
the operator 7,,. In the 1D cubic case, only one action of 7,, is enough for getting desired a
priori L2-bounds. This is the point where the one-dimensional nature (such as the imbedding
HY(R') — L*°(RY)) is used in [26]. However, since we are considering the problem in R? now,
we have to use 7, several times. Then, through the relation F,,,U,,' Tpn.a = (i/m)0e, Fruldy !,
we must differentiate (Z.0) with respect to £ several times, and it destroys the good structure
coming from the condition (b). We will overcome this difficulty by getting suitable pointwise
bounds for <§>8*‘7‘8gAj(t, €) (]7| < 3) up to moderate growth in ¢. This is the new ingredient
of our proof.

3 Preliminaries

This section is devoted to preliminaries on useful identities and estimates related to the
operator 7, and the free evolution group U,,, and on energy inequalities associated with the
(sesqui-)linearized system. In what follows we will denote several positive constants by the
same letter C, which may vary from one line to another.



3.1 The operator 7,, and the free evolution group i,

1 |
We set L = i0i-+ 54, Tn(t) = (T a(D)acr 2 T alt) = 20+ fn—taxa for m € R\ {0}. For

simplicity of notation, we often write 7, , instead of J,, (t). It is easy to check that
[£m7 8:1:@] = [£m7 jm,a] - 07 [jm,au amb] = _5ab7 [jm,m jm,b] =0 (a, b= 17 2)7 (31)

where [, -] denotes the commutator of two linear operators and 6, = 1 (if a = b), = 0 (if
a #b). We write J = Jn'y T’ for a multi-index o = (o, o) € Z%. The following identity

is useful: | ‘2
e —im® x

m,a — e 890 o s 0= .

Tmaf = +c"0,, (e f) o

Indeed, we can deduce the following lemmas from (B.2)) and (B.1)):

(3.2)

Lemma 3.1. Let m, py, po be non-zero real constants satisfying m = py + ps. We have

jm,a(¢1¢2) = % (jul,a¢1) ¢2 + %gbl (ju2,a¢2) ’
jm,a(gzsl%) - % (jul,a¢1) % + %gbl (j—ug,a¢2) )
Tnal162) = 22 (Topan) 62 + 261 (T pnas)

fora =1, 2 and smooth C-valued functions ¢1, ¢s.

Lemma 3.2. Let m be a non-zero real constant. We have
|TR0eel < C Y 10 T ¢l
B'<B
o' <a
for a, B €72 and a smooth function ¢.
Next we set U, (1) := e'2a?, that is,

m |z—y|?

e 2 g(y)dy

(Un()9) (z)
for m € R\ {0}, and ¢t > 0. Then we have

Um[%cb] = jm,aum¢a umaxb¢ - a$bum¢~ (33)

= 2mit S

We also introduce the scaled Fourier transform F,, by

(Fnd) (©) 1= —imd(me) = 3 [ <oty dy

as well as auxiliary operators



where g?) denotes the standard Fourier transform of ¢, i.e.

A 1 )
06) = (Fo)©) = 5= [ oty
Then we can see that
Fltad)(§) = 0, (Fnd) (€, Fini, = im&sF . (3.4)

and that U,,, can be decomposed into
Note that the operators U,,, F,, M,,, D and W, above are isometries on L?. By (B3]
and (B.4]), we can easily check that

N
(im&)* Fruldr o = Fld 1 0%, (%85) Foldild = Fpd 1 TE 0. (3.5)

for all o, 8 € Z2.

Lemma 3.3. Let m be a non-zero real constant. We set A(t,€) = F, [U,(8)B(E, )] () for
a smooth function ¢(t,x).

(1) For s,o € Z., we have

A e < C Y 1Tl ()1

18]<s
(2) For a, B € Z%, we have
108 Tt 0(, Yz < CI-) 200 ALt ) e
Proof. By Lemma and (3.3, we have

[ Algse < C Y NOE M2 < C Y 1 Fulhyy' T2 dlliz < C Y 1Tt )

|a|<o |o| <o |BI<s
1BI<s 1BI<s
and
102 Tz < CIE 0 Fulhy,' 01l 12 < CIE Il 1(€) 207 All e,
as desired. 0

Lemma 3.4. We have

W ()¢ = bllzoe + [Win(t) ™6 = ¢l < CtV2| @] 2
fort > 0.



1/2 1/2

Proof. From the inequalities | — 1| < |0] and ||¢||z~ < C||¢||

I OWVE = 1) gllp < CJl (ME = 1) Floll )l 1A (WE = 1) ¢l
< Ot Y2 PF )L | (WEL 1) Ay
< Ot Y2 F L0011 I AGIY
< Ot ¢ .

Lemma 3.5. Let m € R\ {0}. We have

16 — M DF U Bl < CE2 N7 (172012

|B1<2
and
Il < M Fonlhy Bllzoe + CL2 Y | T2
|B]<2
fort > 0.

Proof. By Lemmas [B.3] 3.4l and the relation U,, = M,,DW,,F,,, we have
I — M DFlhy ¢l e = M D (Wi — 1) Fnldyy | £
<t Wi = 1) Fonlldy, 0|1
< Ot Folhy, 0l 2
<Y T e

|8]<2

The second inequality follows immediately from the first one.

3.2 Energy inequalities

In this subsection we focus on the Cauchy problem for

2
Lovi =YY Gialu,vf+ Gy, (t,2) €(0,T) xR, j €Iy,

ker?, a=1

/2 |A¢|| 5, we see that

(3.6)

(3.7)

where m; € R\ {0}, 7" > 0 are constants, and ¢ = (g;x,.), G = (G;) are given functions
of (¢,z) having suitable regularity and decay at spatial infinity. Our goal here is to derive
an L?-bound for the solution v = (v;);er, to this system, keeping in mind applications to
(L) in the subsequent sections. If gjj .(t, ) = 0, there is no difficulty because the standard

energy integral method immediately yields
t
[o(t, )2 < lvlto, )| 2 +/ |G (7, )|z dr
to

10



for ¢y, t € [0,T) with to < ¢. On the other hand, when g;x (¢, z) # 0, it is also well-known
that the energy inequality of this kind fails to hold and we are faced with a difficulty of
derivative loss in general. Therefore we need some restrictions on gji, in order to control
the L2-norm of v(¢, z) in terms of G(¢,z) and the initial data (see e.g., Chapter 7 of [28] for
more information on this subject). Now, let p, € R\ {0} be given and we set

Qy 1, = sup Z Z Z Z lB‘HHjuk ) Gikalt, )l w1100

tet1 te) 1B|<2j€ln kEIﬁ a=1

for 0 < t; <ty <T. We will show that a kind of energy inequality holds if 2 is suitably
small. More precisely, we have the following:

Proposition 3.1. Let ty € [0,T) be given and put Q = Q. Suppose that v solves [B.1).
There exists positive constants wy and Cy, not depending on ty and T, such that we have

t
W@WBS%W%JW+%/

to

Q
Q;mmwp+wmﬂm)m

fort € [to, T), provided that Q < wy.

We are going to give an outline of the proof. Since the idea is essentially not new, we shall
be brief. For the technical details, see Section 5 of [I4] and the references cited therein. Our
strategy is to choose an L%-automorphism S (depending on ¢ € R and a parameter x € (0,1])
and weight functions w,(t, ) appropriately so that

(Lo, S] =

Z w>S|0,,| + ‘harmless terms’, (3.8)

‘m]|

where [0,,| = F & |F, and to cancel the worst contribution from g;x. .0, in (B1) by the
first term of the right-hand side of ([B.8]) with a suitable choice of k. This plan is carried out
as follows: let H, be the Hilbert transform with respect to z, (a = 1, 2), that is,

1 dA\
('Hagb)(x) = _p.V. /Rgb(x —A1,) 3
where 1, = (04p)p=1.2 € R% As in [14], we put ©,(t, z) = arctan(x,/(t)) and

S:I:,a(t; "i)(b = (COSh "i@a<t7 ))‘b + Z<Slnh H@a(tv ))Ha¢

fort € R, k € (0,1], a = 1,2. We define Sy (t; k) := Sy 1(t; k)S+ 2(t; k). Then we can check
that both Si and its inverse S;' are bounded operators on L?(IR?) with the estimates

sup  ||Se(t; k)| p2mre <00,  sup ISt K)oz < 0o
teR, ke(0,1] teR, x€(0,1]

11



As a consequence we have

CM 0l < 1St )l e < Cull ]l 12 (3.9)

with some C, > 1 not depending on ¢ and x. We also set

walt ) = (1 +r ftz)_m _ <%>_1.

Note that 0,,0, = 5a7b<t)71w§. With these notations, we have the following key lemmas
whose proof can be found in Appendix of [14].

Lemma 3.6. Let m € R\ {0} and v € (0,1]. Put S(t) = Si(t;k) when m > 0 and
S(t) = S_(t; k) when m < 0. We have

2
wa(t,)S(1)|0a, |2 61, R

d
IS0t s + s Z)

%HS() (t, )13 +2\<S<t>¢<tv>’5<t>ﬁm¢<t">>L2

fort >0, where the constant C4 is independent of k € (0, 1].

Lemma 3.7. Let x € (0,1] and let S(t), S'(t) be either Sy (t; k) or S_(t; k). We have

(S0, S(0)(9(t,)02,8)) 2| + |(S(B)6. ST (9020 0)) .
< Ca(lwalt, )29t e + la(t, ) ' 0r,g >||Loo)
% (Illee + [[wat, )S(0) ) (112 + [[watt, )8 ©)10r |20 2)

2
fort € R, where the constant Cy is independent of k € (0, 1].

Now we are ready to prove Proposition Bl Let x € (0, 1] be a parameter to be fixed. For
each k € Iy we put Si(t) = S;(t; k) if mg > 0, and Si(t) = S_(t; k) if my < 0. By the
relation

W W
we have
wa\" LA C 5yl .
() g]k,a@,)Lm+H<<t>>amag]k,a<t,>st@ 0 0 s
- @9
= Jon 1)

12



Therefore, by Lemma B.7, we get

> (Si 003t ), S (0L, (E ) o

C*ZZ| (||] Wz + lwalt, 1S5 (8)[n, 02, ) 2
U SICBICRI P SIOIACRI P

with a positive constant C* independent of k. We put wy = 1/(2C*) and k = 2C*Q2. Then
it follows from Lemma [3.6] and (3.9) that

& SIS 0wt e < - ZZ| e

2

(t,)S;(1)] D | 7052, )

L2
JEIN JEIN
Ck
3 {10 M+ 2f( S5 Wt ). S0 L, i1, ) 1
JGIN
20%Q2 1 2
Sy e o ) (1,155 (010k, ot
jeln a=1
+C) < 1S5 (t)v; (8, )z2 + 1185 (E)vs (¢, -)HL2HSJ(t)Gj(t,')HLz)
JjEIN
0 1/2
<0 (Gt o + 166 ) (XIS Oue k)
{t) =
Integrating with respect to ¢ and using (3.9) again, we arrive at the desired result. O

4 A priori estimate and bootstrap argument

In this section we introduce an a priori estimate for the solution u to (1)) which leads to
Theorem 2.1 by means of the so-called bootstrap argument.

Let T € (0,400) and let u = (U/]>]€[N € C([0,T); Mh—y H'"F) be a solution to (L)) for
t [0,T). We set Aj(t,€) i= Fon, U (st ))(€): A E) = (4;(8,€))jecry amd define

E(T):= sup [(1+1)” T (L 11-15 + su SA t,
(7)o, [0 32 32 0 0150 i+ s 1A )

with 0 € (0,1/4). Then we have the following:

13



Proposition 4.1. Let u, A and E be as above. Assume the conditions (a) and (b) are
satisfied. There exist positive constants C3, Cy, C5, Cg and 1, not depending on T, such
that the estimate E(T) < £/ implies

1/3

Cye (14 £)Cilal:

£ A, €)| = BEE (4.1)
for (t,€) € [0,T) x R?, |a| < 3 and
S 0oy (0P8, Yoo < Cie(1 4+ 1) (4.2)

JjEIN
fort €10,T), |8 <5, provided that e = >, _, |||l g-rs < &1

Remark 4.1. The indices ‘11’ and ‘5" appear by technical reasons. One may improve this
point, but we do not address it here.

Corollary 4.1. Under the same assumptions as above, there exist positive constants K and
g2, not depending on T, such that the estimate E(T) < £¥* implies the better estimate
E(T) < Ke ife < es.

This proposition will be proved in Section 5. In the rest part of this section, we will derive
Theorem 2.1 from Corollary A1l First let us recall the local existence theorem. For fixed
to > 0, let us consider the Cauchy problem

{ Eijj:F’]‘(u,a$u), t>t0,l‘€R2,j€]N,

uj(to, z) = V;(x), reR? jely. (4.3)

Lemma 4.1. Let ¢ = (¥;)jery € ni:o HY=kk  There exists a positive constant ey, which
is independent of to, such that the following holds: for any e € (0, &0] and M € (0, ), one
can choose a positive constant T = 17*(g, M), which is independent of to, such that (L3
admits a unique solution u = (u;)jery € C([to, to + 715 Mg H''FF), provided that

lollis <& and 3737 1, (t0) sl i < M.

IBI<Bj€lN

We skip the proof of this lemma because it is standard (see e.g., Appendix of [I4] for the
proof of similar lemma).

Now we are going to prove Theorem 2.1l The argument below is almost parallel to that of
§6.1 in [26]. Let T* be the supremum of all 7' € (0, co) such that the problem (I1]) admits
a unique solution u = (u;)jer, € C([0, T); Mg H'"*). By Lemma BT with ¢, = 0, we
have 7% > 0 if ||¢||gs < e < go. We also set

T, = sup{r € [0, T*)|E(1) < £/3}.
By Sobolev imbedding and Corollary 4.1l we have

1
E(0) <&+ Cligllms: < Ce < 5

14



if £ is small enough. Note that T > 0 because of the continuity of [0,7*) > 7 — E(7). We
claim that 7% = T, if ¢ is sufficiently small. Indeed, if T, < T, Corollary [A1l with T = T,
yields E(T,) < Ke < 1%/ for ¢ < g5 = min{e,, 1/(2K)*} where K and e, are mentioned
in Corollary @1l By the continuity of [0, T%) > 7 + E(7), we can take T° € (T, T*) such
that E(T”) < €2/3, which contradicts the definition of T,. Therefore we must have T, = T*.
By using Corollary 1] with T = T* again, we see that

oD Ty @ st Y gnom < Ke(L+6)°, Y sup [(9)%A(t, €)| < Ke

. 2
jeIn |BI<5 jely SR

for t € [0, T*). In particular, by Lemma [3.3], we have

sup |u(t, )||gs < C Z sup [(€)PT2A(t, €)] < CPe

te[0,T%) 1<]<N (t,€)€l0, T*)xR?

with some C” > 0. Next we assume 7% < oco. Then, by setting e, = min{es, £0/2C"},
M = Key(1+T*)°, we have

sup Z Z ||\7mj ty ) gracie < M

te[0,T*) ]EIN 18]1<5

as well as

sup |lu(t, )| < C’ < e0/2 < &g
tel0,T%)

for ¢ < g4. By Lemma [T} there exists 7% > 0 such that (1) admits the solution u =
(uj)jery € C([0, T* 4+ 7]; Moy HY'FF) if ¢ < gy. This contradicts the definition of 7™,
which means T™* = oo for ¢ < min{eg, e4}. Moreover, we have

(lutt Moz S ) e <C 37 sup 1) 4s(r, €)] < Oz

jeln (1,€)€[0, 00) x R?

and

C Ce
Jult, M < TNAC o + g 3 S 1 (Pt )iz < ©5 121,

JeIn |BI<2

by Lemmas and 3.5 respectively. This completes the proof of Theorem P11

5 Proof of Proposition 4.1]

This section is devoted to the proof of Proposition .1l Throughout this section, we always
assume that the conditions (a), (b) are satisfied, and that u € C([0,T];,_, H""*(R?))
is a solution to (LI]) which satisfies

E(T) < &3 (5.1)

15



for given T" > 0. The proof will be divided into three parts: we first consider the case of
t € [0,1] in §[6.1] and then we will show (A1) and (£2]) in § 5.2 and § B3 respectively. In
what follows, we will use the following convention on implicit constants: the expression f =
Z')\GA g» means that there exists a family {Cy}rea of constants such that f =3, , Cxga.

5.1 Estimates in the small time

In this part, we focus on the case of ¢ € [0, 1]. This case is easier because we do not have to
pay attentions to possible growth in ¢.

Let v € Z2 satisfy |y| < 5. By the Sobolev imbedding H*(R*) — L*(R?) and the
assumption GB:[I), we have

||J% Uill s < N T, F (w0 || 1o

< ¢ Z Z Z ‘77:/%89? (jfzbl 85 HHS*M

lal,[BI<1 kel ¥/ +7"=Y

<O Y Y T wlao-ml| T wllas

kleln [ |+]y"1<5
S 054/3(]_ +t)25,

whence

1
s1p 37 S T, (15t i < O+ 084/3/ (1+7)%dr<Ce.  (5.2)
tel01) SeTa 1< 0

Therefore Lemma gives us

Z< g A ¢) < C Z 14 (t HH‘“‘“S ol

lor| <3 || <3

<CY D NI uit s

JjEIN "y‘<5
< (Ce

for (¢,€) € [0,1] x R?. Next we put vj(»a’ﬁ)(t,x) = 02T, (t)Pu;(t,z) for o, 8 € Z2 with
la] + 5] < 11, 5] < 5. We also set

Gl =00 T Fy(u, 0yu)
. Bl o ,
-3 Y o (B AT ADICE
|/ |=1 k11,

18'1<1

=YY e (M @ oe g (53)
J

lo'[<1 g 1e 1%
lgl=1 "

16



where C l comes from (2.1)). Then we have
Emjvj (e0.6) 8ajﬁ F;(u, 0yu)

=3 | Yeruhor oy + S ol @) |+ 6l

klerly, \ lo/|=1 lo/|<1
18'1<1 [8'[=1

ozB o,3) o,B
—Zzgﬁm L (O 4 G (5.4)

kelf, o=1

where g](gf ) is a linear combination of d7 u! (|| <1,1€1%). In view of Lemma BT and the

commutation relation (BI), we see that G§a’6 ) can be written in the form

G = S (0772, ) (97 T8 ). (5.5)
klel?, lo]+o’|<|al+2
lol+1p'I<18]

max{ |o|+lol, ¢/ |+lo"| } <lal+18]
max{[o], 0’| } <|al+min{1, 8]}

In order to estimate this term, we set

)= > S [T, (0758

JEIN |vI<q
for p, ¢ € Z,. We also set &, ,(t) := 0 for ¢ < —1. Let |a| = p, |5| = ¢. Then, if p+ ¢ <11
and ¢ <5, Gg.a’ﬁ ) can be estimated as follows:

DG ae < C Y7 Y N (1 lws-toioeEpamintr, pira-i(®) - (5.6)
J€lN [v1<3j€ln
(see §[A.2] for the derivation of this inequality). Therefore we have
1G5t )|z <C¥2(1+1)°
under the condition (a) and the assumption (G.1). We also note that
Do Ol C Y Y 1 Tmuslles < Ce
16"1<2 e 1% IvI<1 JEIN [B|<2

for t € [0,1]. Therefore we can apply Proposition le to (4] and conclude that

Do ITm st s <C Y (@)1l 2

1BI1<5 Ia\+|5\§11
1B1<5
< Ce+ C/ ((C;i B+ 7) +CP(1 + 7)5) dr
0
< Ce

for t € [0, 1], as desired.
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5.2 Pointwise estimates in the large time

The goal of this part is to obtain

Ce tChle'/?
A €)| < e (57)
for (¢,£) € [1,T) x R?, |y| < 3 under the assumption (5.I)). To this end, we set
1
R;j(,€) = Fony Uy F (ult, ), Oult, ))](€) = 225 (&, AL, €)) (5.8)
so that
104A;(t,§) = Fn, Uy, (t) Lo,
—f@%ﬂ)jWﬁ@
= _pj (gv A(tv g)) + Rj (tv g) (59>

for each j € Iy. In view of the folloing lemma, we see that R(t,&) = (R;(t,€))jery can be
regarded as a remainder if we have a good control of Hjﬁ,ujHHle for |B] < 5.

Lemma 5.1. Suppose that the condition (a) is satisfied. For k € Z, and v € Z7, we have

LR < e kZ ST 1y (st Wers, (6) € [1,T) x R

JEIN |BI<|[+2

We will give the proof of this lemma in § [A.Jl (The proof looks a bit complicated, but
the idea is quite simple: split 87R into a linear combination of terms including the factor
“1(W* — 1), and apply Lemma BEI to each of them.) Anyway, what we need here is

Cel/3

|0 R(t,€)] < 137228 ()5l (t.&) €

1,T) x R?, (5.10)

for |y| < 3, which is a consequence of Lemma [B.J] and the assumption (5.I). Note that

=) +1=11—=(h+2)
Now we are going to prove (B.7). First we consider the case of 7 = 0. We put

v(t,€) = V(A(t, €), HA(t,€))cv,

where H is the positive Hermitian matrix appearing in the condition (b). Remark that

VA ] < vt €) < Vil At ) (5.11)
where 7, and n* are the smallest and largest eigenvalues of H, respectively. It follows from

(E9) and (b) that
8t1/(t7 5)2 =2 Im<latA(tv g)v HA(t7 €)>(CN

= 31m< (& A(t,€)), HA(L, €))en + 2Im(R(t,€), HA(t, €))en
§0+QR@®|b©-
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By (BI0), we have

b Ce Q&3 [~ ¢ C
v(t,€) gu(1,§)+0/1 |R(r,€)|dr < <£;+ <§>8 / 7 < (,5;- (5.12)
Therefore we obtain o
A;(t,€)] < Ow(t,€) < @

as desired.
Next we turn our attentions to the case of 1 < |y| < 3 in (5.7)). Before doing so, we set
Ajakﬁl(f) = ijfl(z'mkg)a(z'mlg)ﬁ so that p;(&;Y) can be expressed by

>, D AlOviy
ol |B1<1 ke,
Applying 9/ to (53), we have
i} A; = - Z SoST (@A) @ AL @)" A + YR,
\al 1BI<1 g 1erh, v+ +7"'=y

By virtue of (5.I0), we see that

Y C 21y 97" v Cet/?
DALl T D> (O M AGOIE AL+ Frms e
o A A =y
Iv'[<2
Now we take |y| = 1. It follows that
8. , , 054/3
00A( O < 5 (©AP + (€1A110A1) + G577
Cr am-15 -6 Cetl?
< 7(5 ()7 () |3§A|> + BBy
Ce Cet/3
< —10, .
< oA ol + S

Hence we deduce from the Gronwall-type argument that

to 4/3 Ce
A < 1AL O + / : (t) ir

(&)7
- Cet®s 054/3 (t)
- <§>7 T
- CetCe?
(L
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as required. Next we take |y| = 2. Then we have as before that

084/3
13/2-26 (£)6

C
B0 A, ) < —{(O)IANIGEA] + (€)2(10:AP + | 4107 A } +

054/3
£3/2-26(£)6

IN
=] Q

(2671267 + =(6) 007 Al) +

Ce/3
t1-Ce <§>6 :

So, the Gronwall-type argument again implies

5
<

W‘Q

|0 A(t, )] +

084/3 t 1 t CEl/S Cgtcal/S
2 < 5% Ce — < .
> IA®EI < Y 1FAL O + g / o () ars =
[71=2 [r1=2

Note that ¢ < €!/3 for small . Similary, when |y| = 3 we have

Ce Cet/?
TA(L &) < — 07 At —
A O < TIRAL O + gy
whence
CetCe”
D |0FAW ) < 7z
[v1=3
This completes the proof of (57 for all |y| < 3. O

5.3 L’-estimates in the large time
The remaining task is to show ([@2]) for ¢ € [1,7) under the assumption (5I). Remember
that
Ena) = D D T, (0 (1, )],
JEIN |BI<q

for p, ¢ € Z,, and we set &, ,(t) := 0 for ¢ < —1.

Lemma 5.2. Let p, q € Z, satisfy ¢ <5 and p+q < 11. Under the assumption (B.1)), there
exist positive constants Cy and Cg, not depending on T and €, such that

1/3

Epgt) < Cret®s ™t [1,7). (5.13)

Once this lemma is verified, it is straightforward that we have (L2) for ¢t € [1,T). The
rest of this subsection is devoted to getting Lemma
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Proof. Let |a| = p, |3] = ¢ and vj(.a’ﬁ) = 09T, u;. Remember that vj(-a’ﬁ) satisfies (5.4). From
the argument in § [5.2] and Lemma 3.5 we already know that
082/3
> 1T @it ) llws-piee < AhicaT (5.14)

JEIN

for t € [1,T), |y] < 3. By virtue of (5.6) and (5I4), we have

t —1(2
SoIGE e < ¢ (Sl D)

t $1—-Cel/3
SN

and

SN S T Oy < O3 40O < 02,

1812 ¢ 8, <1 16/|<2

Therefore we can adapt Proposition B.] to obtain

t
E,4(t) < Ce + O/ / (5””(7) + 5”*17‘*‘1(7)) dr. (5.15)
1

T 7—1—081/3

Now we shall argue by induction on ¢. First we consider the case of ¢ = 0. By (&.18) with
q = 0, we have

t
Epo(t) < Ce+ 052/3/ Epo(T) ir

1 T

Hence the Gronwall lemma yields (5.I3) with ¢ = 0. Next we assume that (5.13) is valid for
some 0 < g < 4. Then it follows from the estimate (5.15) with ¢ replaced by ¢ + 1 that

¢
Epgri(t) < Ce+ 3y 082/3/ Epgr1(T) dr.

1 T

Therefore the Gronwall lemma again yields (B.13]) with ¢ replaced by ¢ + 1. O

A Appendix

This section is devoted to the proof of Lemma [B.1] and the inequality (&.0]).

A.1 Proof of the Lemma [5.1]

To make the argument clear, we focus on the case where Fy = (0., u2)(0,, u3) with m;+mgy =
mg. General case can be shown in the same way. In what follows, we write Ag.a)(t,f) =
(im;€)*A;(t, &) for a € Z7. Note that we have
a, —1 (@) _ (@) Dag, . — (@)
Oguy = Un, Fr f A7 = My DWWy, A, 0du; = M, DW_,, AS7.
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We also put ¢ = (1,0) € Z2 so that p(§; A) = AP AW
Let us begin with the simplest case k = |y| = 0. By the factrization of U,, and the relation
my = —msy + Mg, we have

Fol L By = Fop U [(0u0) (0L us)|
= Wl DM (M, DV AD) (Mo DAY

= I [ V0D (1,48
Hence R; can be rewritten as
1 O] L OO0
By = (Wl [ WomaAS) (Wi AY) | = AP A0

1 _ YD) P
= (Wl = 1) [(WomaAY) Wi A |
1 L L 1 L L
+ ;{(V\Lm? — 1) AV YW, AV + ?Ay{(wmg —1) AP
Therefore Lemmas B.4] and B3] give us

1 — L L
|Bullz < 5 - CE2 AL | AL e

2

C
< B2 Z | A 2
Jje{2,3}
2
¢ B
< ) Z Z Hjmjuj”Hl
Jje{2,3} 812
Next we consider the case of £ > 1 and |y| = 0. Because of the relation m; = —msy + ma,

the binomial formula leads to

(ima€)°ps (& A) =(—ima€ + ims€)* AL AP

—Z( ) —ima€) (ims€) " AY A

o' <a

oz NCZED) (oz o' +1)

= 3 .
o' <a

On the other hand, the Leibniz formula yields
(imlg)afmlu,;nlﬂ .F Z/{ 100‘

mi - x

-3 ( ) | @) (02 )|

1 Q _ INCZED) a—a'+u
1 3 ()t [ AT v A

O[,
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Piecing them together, we have

(imlf)a
= = Z ( ) { [(W_mQF) (WmSA:()’oz—o/-i-L))} _ WA?—&’-H)} ' (A.1)

Therefore we can see as before that

‘R1t£|— kZ’Zmlg Rl

\ <k

Oé+L a—a' 4t
§t3/2 kZZnA M2 | AL~

|a| <k o <a

C
g | 2 2 il

Je{2,3} |B<2

2

| /\

C
= PR > D Tl

7€{2,3} |B]<2
Finally we consider the case of £ > 1 and |y| > 1. From (A.I) it follows that
aﬁ((imlg)aRl)
=5 0 W [P AT (A | - AT A

/<a

= — Z { |: W*”@W) (ngaglAz()’afa/JrL))} i (W> (8?/A§aa/+L))}’

,<Oé
B'<p
whence
C
LR (4 ) < e D2 D 19F (i) Ry)|
ﬁ<w || <k
< g 2 0 O I A e A
By |a|<k o/ <o
B'<B
2
C
= t3/2<§>k Z Z || A5 || v+,
Jje{2,3} Bl<2
2
¢ B
= 32(€)k Z Z [T || 1
J€{2,3} |BI< || +2
as desired. -
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A.2 Derivation of (5.0)

Let |a| = p, |B] = q. Remember that we assume 0 < p+ ¢ < 11 and ¢ < 5. We may also
assume |p| < [p/| in (EH) without loss of generality. We will divide the argument into three
cases.

(i) ¢ < 3: Noting the relations

2 13 —
min{|o|, |o’|} < []i] < { 5 q} <8—g¢,

2 - 2

we deduce from (B3] that

76 /
IGS P e <O N S ullws 1Tl + Y | 10 wlwsrie > [Tl o

kleln 1<]v[<q [v'1<g—|]
<C ||\7mkuk||W8_\'Y\7°ng+mln{1y"Y‘}vq—"ﬂ'
ly|<3 kEly

(ii) ¢ = 4: First we consider the terms of (p,p") = (0,4) in (BH). We use the relations
lo| <p+1<12—¢=38and |0'| <p as follows:

/ , 8
> (7w (37 Tinyw)' || 2 < Cllugllwses | T il v < Cllugllws.Ep,a.
|o|+|o”|<p+2
max{0+|0|,4+|0’|}§p+4

max{ o, |o'| } <p+1

As for the other terms, it follows from the relations

min{jo], |o'l} < {1‘%2} < {132“1] = 4 <8 max{|p|, ||} (A.2)

and |p| < |p'| < 3 that

> o> > @2 70, w07 T,

kel o]+l <4 jol+lo”|<p+2
/
P18 max{ o1+ o1, o/ 10|} <p+4

max{ |o], |o'| } <p+1

<C Y > I ulws-me Y 1Tl

V<3 klely 17| <d—1|vl
v
<C Y Y T ullws e Epiraia-
[y|<3 keln

Summing up, we obtain the desired inequality for ¢ = 4.

24



(iii) ¢ = 5: Since p+ 1 < 12 — ¢ = 7, we see as before that

/ , 4
S @O TE e < Clluslwr~Ens
|o|+lo’|<p+2
111ao<{0-i-|0|7 5+’ }§p+5

max{ lo|, '] } <p+1

and

> > > @2 78, u V(0 T2

keIt |P/|S1 lo|+]o’ |<p+-2
1P1=4 maxc{ | pl+lol, 4+10"| } <p+5

max{ |o,|o'| } <pt1

<C Z Z ”j%kUkHWS*MOO p+1,5—y|-

|v|<1keln

As for the other terms, we deduce from (A.2)) that

>3 P @2 78, u (07 T2

kleln? |p|<2 |o|+lo’|<p+2
P13 max{ |pl+lo], 10| +1o’| } <
pl+lol lp'|+lo’| § <p+5

max{ |o], |o'| } <p+1

=¢ Z Z ”j,;;kuk”WS*M,oo p+1,5—|7|-

ly|<3 kEly

Piecing them all together, we arrive at the desired inequality for ¢ = 5.
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