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Dual Spaces of Anisotropic Mixed-Norm Hardy Spaces

Long Huang, Jun Liu, Dachun Yang* and Wen Yuan

Abstract Letd := (a1,...,a,) € [1,00)", p := (p1,...,pu) € (0,00)" and H;(R”) be the
anisotropic mixed-norm Hardy space associated with @ defined via the non-tangential grand
maximal function. In this article, the authors give the dual space of Hg (R™), which was
asked by Cleanthous et al. in [J. Geom. Anal. 27 (2017), 2758-2787]. More precisely, via
first introducing the anisotropic mixed-norm Campanato space L;; q’S(R”) with g € [1, o]
and s € Z, := {0, 1,.. .}, and applying the known atomic and finite atomic characterizations
of Hg(R”), the authors prove that the dual space of Hg(R”) is the space Lﬁ,r,,S(R") with
pe, 11, re(l,o0),1/r+1/r =lands € [La%(i —1)],00)NZ,, Wwhere v :=a; +---+ay,,

a_ :=minfay,...,a,}, p- :=min{py,..., p,} and, for any 7 € R, | 7| denotes the largest integer
not greater than ¢. This duality result is new even for the isotropic mixed-norm Hardy spaces
on R".

1 Introduction

The main purpose of this article is to give the dual space of the anisotropic mixed-norm Hardy
space on R”. Recall that, as a generalization of the classical Hardy space H”(R"), the anisotropic
mixed-norm Hardy space Hg (R™), in which the constant exponent p € (0, o) is replaced by an
exponent vector j € (0, c0)" and the Euclidean norm | - | on R” by the anisotropic homogeneous
quasi-norm | - |; with @ € [1, )" (see Definition 2.1 below), was first considered by Cleanthous
et al. in [8]. Cleanthous et al. [8] introduced the anisotropic mixed-norm Hardy space Hg R™)
with @ € [1,00)" and p € (0, o0)" via the non-tangential grand maximal function and investigated
its radial or its non-tangential maximal function characterizations. In particular, they mentioned
several natural questions to be studied (see [8, p.2760]), which include the atomic characteriza-
tions and the duality theory of Hg (R™) as well as the boundedness of anisotropic singular inte-
gral operators on these Hardy-type spaces. To answer these questions and also to complete the
real-variable theory of the anisotropic mixed-norm Hardy space H g (R™), Huang et al. [15] estab-

lished several equivalent characterizations of Hg (R™), respectively, in terms of the atom, the finite
atom, the Lusin area function, the Littlewood-Paley g-function or g’-function and also obtained
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the boundedness of anisotropic Calderén-Zygmund operators on Hg (R™). However, the afore-

mentioned question on duality theory of H g (R™) is still missing so far. In addition, the theory of
anisotropic or mixed-norm function spaces was developed well in recent years; see, for example,
[6,7,9, 14, 18].

It is well known that the duality theory of classical Hardy spaces on the Euclidean space
R" plays an important role in many branches of analysis such as harmonic analysis and partial
differential equations, and has been systematically considered and developed; see, for example,
[13, 24, 28]. In 1969, Duren et al. [11] first showed that the dual space of the Hardy space H” (D)
of holomorphic functions is the Lipshitz space, where p € (0, 1) and the symbol ID denotes the unit
disc of R". Later on, Walsh [31] further extended this duality result to the Hardy space on the up-
per half-plane R"*! with p € (0, 1). Moreover, the prominent duality theory, namely, the bounded
mean oscillation function space BMO(R") is the dual space of the Hardy space H'(R") is due to
Fefferman and Stein [13]. It is worth to point out that the complete duality theory of the classical
Hardy space HP(R"), with p € (0, 1], is given by Taibleson and Weiss [30], in which the dual space
of HP(R™) was proved to be the Campanato space introduced by Campanato [5]. We should also
point out that, nowadays, the theory related to Campanato spaces has been developed well and
proved useful in many areas of analysis; see, for example, [16, 19, 20, 22, 25, 32, 33]. In addition,
based on the duality results of the classical Hardy spaces mentioned as above (see [11, 13, 31])
as well as the celebrated work of Calderén and Torchinsky [3] on the parabolic Hardy space,
Calderén and Torchinsky [4] further studied the duality theory of the parabolic Hardy space. For
more developments of the duality theory of function spaces and their applications in harmonic
analysis and partial differential equations, we refer the reader to [2, 10, 21, 23, 25, 32, 33, 34].

Notice that, when @ € [1,00)" and j := (p1,..., pn) € (1,0)", by [8, Theorem 6.1], we know
that Hg RY = LP (R™) with equivalent quasi-norms, which, together with the known fact that the
dual of LF(R™) is L (R") (see [1, p.304, Theorem 1.a)]), where p’ := (p},..., p,) and, for any
iefl,....,n}, 1/p; + l/p; = 1, implies that, for any 7 € (1, c0)", Lﬁ(R”) is the dual space of
Hg (R™). In this article, we further complete the duality theory of Hg (R™), which partly answers
the aforementioned question of Cleanthous et al. in [8, p.2760] on the duality theory. Precisely,
letd := (ay,...,a,) € [1,00)", §:= (p1,...,pp) € (0,00)", g € [1,00] and s € Z, := {0, 1,...},

we first introduce the anisotropic mixed-norm Campanato space .LI“; . J(R™). Then, applying the

known atomic and finite atomic characterizations of H g (R™) obtained in [15] (see Lemmas 3.6 and
3.7 below), we prove that the dual space of Hg (R™) is the space L;‘;’ r,’S(R") with g € (0,1]", r €
(1,00], 1/r+1/F = 1land s € [Lal_(p%—l)J, 00)NZy, where v := aj+---+a,, a- := min{ay, ..., a,},
p- = min{py,..., p,} and, for any ¢ € R, the symbol |t] denotes the largest integer not greater
than ¢. This duality result is new even for the isotropic mixed-norm Hardy spaces on R". We
should point out that, when p := (pi,..., py) € (0, 0)" with p;, € (0,1] and Pj, € (1, 00) for some
io, jo € {1, ..., n}, the dual space of Hg(R”) is still unknown so far.

Concretely, this article is organized as follows.

In Section 2, we first recall some notions and notation appearing in this article, including
the anisotropic homogeneous quasi-norm, the anisotropic bracket and the mixed-norm Lebesgue
space. Then we present the definition of the anisotropic mixed-norm Hardy spaces H' g (R™) via the
non-tangential grand maximal functions from [8] (see Definition 2.7 below).
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Section 3 is devoted to establishing the duality theory of Hﬁ (R™) with @ € [1,00)" and § €

(0, 11". To this end, we first introduce the anisotropic mixed-norm Campanato space .L" Fas [(R")
(see Definition 3.1 below), which includes the space BMO(R") of John and Nirenberg [17] as well
as the classical Campanato spaces of Campanato [5] as special cases [see Remark 3.2(ii) below].
Then, via borrowing some ideas from [22, Theorem 3.5] and [2, p. 51, Theorem 8.3], we prove
that the dual space of H (R™) is the space .L" (R”) with r € (1,00], 1/r+ 1/¥ = 1 and s be-
ing as in (3.1) below (see Theorern 3.10 below) To be precise, by the known atomic and finite
atomic characterizations of Hz7 (R™) (see Lemmas 3.6 and 3.7 below) as well as an argument simi-
lar to that used in the proof of [22, Theorem 3.5] (see also [32, Theorem 5.2.1]), we show that the
anisotropic mixed-norm Campanato space Lg,’ r,’s(R”) is continuously embedded into [H g RH]*

with r and s as in Theorem 3.10 below, where the symbol [Hg (R™M]* denotes the dual space of

Hg (R™). Conversely, to prove [Hg RH]* c L;’;’ v, S(R”) and the inclusion is continuous, motivated
by [34, Lemma 5.9] and [2, p. 51, Lemma 8.2], we first establish two useful estimates (see, respec-
tively, Lemmas 3.8 and 3.9 below), which play a key role in the proof of Theorem 3.10 and are
also of independent interest. Via these two lemmas, the atomic characterizations of H g (R™) again
and the Hahn-Banach theorem (see, for example, [26, Theorem 3.6]) as well as a proof similar
to that of [2, p.51, Theorem 8.3], we then show that [Hg (R™)]* is continuously embedded into
L; " ‘Y(R”), which then completes the proof of Theorem 3.10.

Finally, we make some conventions on notation. We always let N := {1,2,.. .}, Z+ ={0JUN
and 6,, be the origin of R". For any multi-index « := (aq,...,q@,) € (Z)" = , let |af :
aj+-+a, and 0% = ( %)‘” ce (G T )*. We denote by C a positive constant Wthh is 1ndependent
of the main parameters, but may vary from line to line. If f < Cg, then we write f < g for
simplicity, and the symbol f ~ g means f < g < f. For any r € [1, co], the notation ’ denotes its
conjugate index, namely, 1/r + 1/r = 1. Moreover, if 7 := (r1,...,r,) € [1,]", we denote by

= (r},...,r,) its conjugate index, namely, for any i € {1,...,n}, I/r; + 1/r] = 1. In addition,
for any set F' ¢ R", we denote by F C the set R” \ F, by xr its characteristic function and by |F]|
its n-dimensional Lebesgue measure. For any t € R, the symbol |t]| denotes the largest integer
not greater than t. In what follows, we denote by C*(R") the set of all infinitely differentiable
functions on R”".

2 Preliminaries

In this section, we recall the definition of the anisotropic mixed-norm Hardy spaces from [8].
For this purpose, we first present the notions of both anisotropic homogeneous quasi-norms and
mixed-norm Lebesgue spaces.

For any a := (ay,...,a,), x := (x1,...,X,) € R"and 1 € [0, ), let t*x := (t*' xq,..., 1" xy).
The following notion of anisotropic homogeneous quasi-norms is from [12] (see also [29]).

Definition 2.1. Let @ := (ay,...,a,) € [1,)". The anisotropic homogeneous quasi-norm | - |z,
associated with 4, is a non-negative measurable function on R” defined by setting |0,|; := 0 and,
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for any x € R"\{ ,,} |x|z := ty, where £y is the unique positive number such that Ity xl = 1, namely,

2 2
xl Xn
-+ 4+ =1.
t2a1 t2a,,
0 0

Remark 2.2. Let d € [1, o0)". From [15, Lemma 2.5(i) and (ii)], it follows that, for any ¢ € [0, c0)
and x, y € R",

@1 eyl < Iélg + bl and [ = s,
n times
. . . . . DA — . .
which implies that | - |; is a norm if and only if @ := (1, ..., 1) and, in this case, the homogeneous

quasi-norm | - |; becomes the Euclidean norm | - |.

Now we recall the notions of the anisotropic bracket and the homogeneous dimension from
[29], which play a key role in the study on anisotropic function spaces.

Definition 2.3. Let @ := (ay,...,a,) € [1,0)". The anisotropic bracket, associated with d, is
defined by setting, for any x € R",

0z = I(1, M-

Furthermore, the homogeneous dimension v is defined as
vi=|d :=a +-+a,.
Forany d := (ay,...,a,) € [1, )", let
2.2) a_ :=min{ay,...,a,} and a; :=max{ay,...,d,}.

Forany d € [1, )", r € (0, 00) and x € R", the anisotropic ball Bz(x, r), with center x and radius
r,is defined as Bz(x,r) :={y e R": |y— xla < r}. Then (2.1) implies that Bz(x,r) = x+ rﬁB»(ﬁn, 1)
and |Bz(x, r)| = v,7¥, where v, := |Bc-;(0,,, 1)| (see [8, (2 12)]). Moreover, by [15, Lemma 2.4(ii)],
we know that By := B»(On, 1) = B(On, 1), where B(On, 1) denotes the unit ball of R", namely,
B(O,,, 1):={yeR": |y| < 1}. For any ¢ € (0, c0), let

(2.3) BY := #2By = By(0y, ).
Throughout this article, the symbol B always denotes the set of all anisotropic balls, namely,
(2.4) B:={x+B": xeR", 1€(0,00)].

Recall that, for any r € (0, co] and measurable set £ C R", the Lebesgue space L'(E) is defined
to be the set of all measurable functions f such that

1/r
WAz ey == [fE Lf ()l dx] < o

with the usual modification made when r = co. Then we present the following notion of mixed-
norm Lebesgue spaces from [1].
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Definition 2.4. Let 7 := (p1,...,pn) € (0,00]". The mixed-norm Lebesgue space Lﬁ(R”) is
defined to be the set of all measurable functions f such that

WAlLsny = fR"'lfR{jlglf(xl,...,xn)l’”dxl}pl dx;

with the usual modifications made when p; = co for some i € {1,...,n}.

”
2

Remark 2.5. For any j € (0, 0", (LP(R"), ]| - || Lizm) 1S @ quasi-Banach space and, for any j €
[1, co]", (Lﬁ R, -] L,;(Rn)) becomes a Banach space (see [1, p. 304, Theorem 1]). Obviously, when

n times

7= (p,....p) with p € (0, 00]", LP(R") coincides with the classical Lebesgue space LP(R™).
For any ﬁ = (pla v ,pn) € (05 oo)", let
(2.5) p-:=min{pi,....,pa}, p+:=max{ps,...,p,} and p:=min{p_,1}.

A C*(R") function ¢ is called a Schwartz function if, for any N € Z, and multi-index a € Z/},

llpllva = sup {1 + )™} < co.

xeR”

Denote by S(R") the set of all Schwartz functions, equipped with the topology determined by
{IllIv.a}Nez, aezz » and S’"(R™) its dual space, equipped with the weak-* topology. Forany N € Z,
let

Sn(R?) := {90 € SR : llgllsygn = sup [<x>ﬁ,¥ sup |5"90(X)I] < 1}-

xeR” la|l<N
In what follows, for any ¢ € S(R") and ¢ € (0, ), let ¢;(+) := t_"go(t‘ﬁ-).
Definition 2.6. Let ¢ € S(R") and f € S'(R"). The non-tangential maximal function M4(f), with
respect to ¢, is defined by setting, for any x € R”,

My(f)(x) := sup [ x(Y)l.

YEBg(x,1),1€(0,00)

Moreover, for any given N € N, the non-tangential grand maximal function My(f) of f € S'(R")
is defined by setting, for any x € R”,

My(f)(x) == sup  My(f)(x).
peSnR")

The following anisotropic mixed-norm Hardy space was first introduced in [8, Definition 3.3].

Definition 2.7. Let @ € [1,00)", § € (0,00)", Ny := [v4(L + 1) + v + 2a,] + 1 and
(2.6) NeNn [N», oo),

where a_, a, are as in (2.2) and p is as in (2.5). The anisotropic mixed-norm Hardy space Hg (R™)
is defined by setting
HI®") = {f € S®") : My(f) € LP(R")]

and, for any f € HJE"). 1et 1l = IMN Doy
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n times n times

. - — —
Remark 2.8. (i) Whend :=(1,...,1)and g := (p,..., p), where p € (0, ), then, by Remark
2.5, we know that H;(R") coincides with the classical isotropic Hardy space H”(R") of
Fefferman and Stein [13].

(i) The quasi-norm of Hg(R") in Definition 2.7 depends on N, however, the space Hg(R") is
independent of the choice of N as long as N is as in (2.6) (see [15, Remark 2.12]).

3 Dual space of Hg: (R™)

Letd € [1,00)" and p € (0,1]". In this section, we prove that the dual space of Hg(R”) is
the anisotropic mixed-norm Campanato space Lﬁ (R") with r € (1, c0] and s as in (3.1) below.
To this end, we first introduce the anisotropic rnlxed -norm Campanato space .L" (R"). In what

follows, for any given s € Z,, the symbol P;(R") denotes the linear space of all polynomlals on
R" with degree not greater than s.

Definition 3.1. Let d € [1, )", 7 € (0,0]", g € [1,0] and s € Z,. The anisotropic mixed-norm
Campanato space .LI“; s (R™) is defined to be the set of all measurable functions g such that, when
g€ [l,0), -

gl = sup inf 1 [ f 8(x) = P(x)| dx Y
L (Rn) Be® PEP & | sllLsgny [1BI
and
||g”gi (R™) .= sup inf & “g - P||L°°(B) < 00,
B,oo, s BeB PeP(RY) ”)(B”Lﬁ(R”)
where B is as in (2.4).

Remark 3.2. (i) It is easy to see that || - || £“ (@) is a seminorm and P (R"*) C La i Y(R”).

Indeed, |gll ;2 @) = = 0 if and only if g e SD s(R™). Thus, if we identify g; with g, when
p.q,s

g1 — & € Py(R™M), then L?; g S(R") becomes a Banach space. Throughout this article, we
identify g € Lp B with (g + P2 P e PyRM).

n times 1 times

—
(i) Whend :=(1,...,1)and g := (p, ..., p) with some p € (0, 1], for any B € B, Bl Lsgny =
|B|'/P. In this case, the space Lﬁ (R") is just the classical Campanato space L1 R™

introduced by Campanato in [5] Wthh includes the classical space BMO(R") of John and
Nirenberg [17] as a special case.

—lqs

The following definitions of anisotropic mixed-norm (7, r, s)-atoms, anisotropic mixed-norm
atomic Hardy spaces and anisotropic mixed-norm finite atomic Hardy spaces are just [15, Defini-
tions 3.1, 3.2 and 5.1], respectively.
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Definition 3.3. Let d € [1,0)", j € (0,00)", r € (1, 00] and

el o

where a_ and p_ are, respectively, as in (2.2) and (2.5). An anisotropic mixed-norm (p, r, s)-atom
a is a measurable function on R” satisfying

(i) supp a C B, where B € B with B as in (2.4);

|Bl/r

. |
< —0
(1) llallzr@m < ol

(iii) ﬂv a(x)x* dx = 0 for any « € Z} with |a] < s.

Definition 3.4. Let d, 7, r and s be as in Definition 3.3. The anisotropic mixed-norm atomic Hardy
space Hg’ "(R™) is defined to be the set of all f € S'(R") satisfying that there exist {1;};cny C C
and a sequence of (7, r, s)-atoms, {a;};cn, supported, respectively, on {B;};eny C B such that

(3.2) f=> hai in S®".
ieN

Moreover, for any f € Hg’ BIRM), let

”f”Hg,r,x(Rn) = lnf

’

LP(R")

ey

ien ”XB,- | |L17(R")

where p is as in (2.5) and the infimum is taken over all decompositions of f as in (3.2).

Definition 3.5. Let @, j, r and s be as in Definition 3.3. The anisotropic mixed-norm finite atomic
Hardy space Hg’ IE’HS(R”) is defined to be the set of all f € S’(R") satisfying that there exist / € N,
{Ai}iep1.novy € C and a finite sequence of (f, r, s)-atoms, {a;}ic[1.1nn, supported, respectively, on
{Bi}ie[l,l]ﬁN C B such that

1
(3.3) f=> hai in S®".

i=1

Moreover, for any f € H 5’ 1g’ns(R"), let

WS, 5.0 := inf
g e

’

LP(R?)

Sl

=1 ”)(B,-HLﬁ(Rn)

where )4 is as in (2.5) and the infimum is taken over all decompositions of f as in (3.3).

To establish the duality theory of Hg (R™), we need the following atomic and finite atomic

characterizations of Hg (R™), which are just [15, Theorems 3.15 and 5.9], respectively.
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Lemma 3.6. Ler d, p and s be as in Definition 3.3, r € (max{p,, 1}, oo] with p, as in (2.5) and N
be as in (2.6). Then Hg RY = Hg’ "Y(R™) with equivalent quasi-norms.

Lemma 3.7. Let d, p, r and s be as in Lemma 3.6 and C(R") denote the set of all continuous
functions on R".

(1) If r € (max{p4, 1}, ), then || - ”Hg’g'lf(R") and || - ||H§(R”) are equivalent quasi-norms on
ﬁs r,s ny.
Hy g (R,
.. . . P, oo, s
@) -1 HL:Y &) and || - || H?(R") are equivalent quasi-norms on Hﬁ’ fin RH N CRMY).

Via borrowing some ideas from the proofs of [34, Lemma 5.9] and [2, p.51, Lemma 8.2],
respectively, we obtain the following two lemmas.

Lemma 3.8. Ler p € (0, 11". Then, for any {A;}ien C C and {B;}jcny C B,

1/p
ilis, ]E )
< _ils
Z| | < {gN:LIXB,-HLﬁ(R") }

Proof. Let A := ) ;qy|Ail. Notice that, for any {A4;};epy € C and 6 € (0, 1],

4
NI

ieN ieN

’

LP(R™)

where J4 is as in (2.5).

By the fact that 7 € (0, 11" and (2.5), we find that

p\V/p
{Z [ilx B, ]—} S Z [ilx B, |/1 | H _ 1
ieN /1|LYB,~||L17(RH) LR e /l”XB,-”Lﬁ(Rn) Lﬁ(R" zeN ”)(B ||Lp(Rn LARM)
which implies the desired conclusion and hence completes the proof of Lemma 3.8. O

Lemma 3.9. Let p pe (0, 11" and @, r and s be as in Definition 3.3. Then, for any continuous linear
functional L on Hs R™ = Hp BIRM),

(3'4) ||L||[HP TS(Rn)] Sup {'L(f)l ”f”Hﬁrs(Rn < 1} = Sup {|L(d)| La iS Cmy (ﬁ5 r5 S)_atom} )

here and hereaffter, [Hg’ " (R™M)* denotes the dual space of Hg’ BIRM).

Proof. For any (7, r, s)-atom a, we easily know that ||a|| < 1. Thus,

Hp rs(Rn) >

(3.5) sup {|L(a)| : ais any (7, r, s)-atom} < sup {lL(f)l : ||f||H,_7,r,s(Rn) < 1}.
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Conversely, let f € Hg(R”) and ||f]| HP™S ) < 1. Then, for any & € (0, o), by an argument

similar to that used in the proof of [15, Theorem 3.15], we conclude that there exist {4;};epy C C
and a sequence of (7, r, s)-atoms, {a;};cn, supported, respectively, on {B;};eny C B such that

1/p

Z [ilx B; ]B -
ieN ||/\,/Bi||Lp‘(Rn)

From this, the continuity of L and Lemma 3.8, we further deduce that

ILHI< D Iula] < | ) 14
ieN ieN
< (1 +é&)sup{|L(a)| : aisany (p,r, s)-atom},

<l+e.

f= Zﬂiai in H(R") and ‘

ieN

LP(R")

sup {|L(@)| : ais any (p, r, s)-atom}

which, combined with the arbitrariness of € € (0, o) and (3.5), implies that (3.4) holds true. This
finishes the proof of Lemma 3.9. O

The main result of this section is stated as follows.

Theorem 3.10. Let d, p, r and s be as in Lemma 3.9. Then the dual space of H g (R™), denoted by
[Hg R, is L;‘; p ‘Y(R”) in the following sense:

(1) Suppose that g € L p ‘Y(R”). Then the linear functional

Lg: fr—= Ly(f) = jl;q f()g(x)dx,

initially defined for any f € H P S(R") has a bounded extension to Hp R™).

(ii) Conversely, any continuous linear functional on Hg(R”) arises as in (i) with a unique g €
n
ﬁ r, S(R )-
Moreover, ||gll ®" "~ ||Lg||[Hﬁ(Rn)]*, where the implicit equivalent positive constants are inde-
p.rl.s a

pendent of g.

Remark 3.11. (i) When d and j are as in Remark 3.2(ii), Hp (R™) and L (R") become,
respectively, the classical Hardy space H”(R") and Campanato space L1 1 S(R") (see [5]).
In this case, Theorem 3.10 was proved by Taibleson and Weiss [30] which includes the

famous duality result of Fefferman and Stein [13], namely, [H!(R")]* = BMO(R"), as a
special case.

(ii) We should point out that, when @ is as in Remark 3.2(ii), the space Hp (R™) is just the
isotropic mixed-norm Hardy space. Even in this case, Theorem 3.10 is also new.
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(iii) When g € (1, 00)", it was proved in [8, Theorem 6.1] that Hg R" = L7 (R™) with equivalent
quasi-norms. This, together with [1, p. 304, Theorem 1.a)], implies that, for any 7 € (1, o0)",
Lﬁ(R") is the dual space of Hg(R”). However, when g := (p1,...,pn) € (0,00)" with
Diy € (0,1] and pj, € (1, 00) for some i, jo € {1,...,n}, the dual space of Hg(R") is still
unknown so far.

As an immediate corollary of Theorem 3.10, we have the following equivalence of the spaces
.[:[“; g S(R”), the details being omitted.
Corollary 3.12. Let d, p and s be as in Theorem 3.10 and q € [1,0). Then Lfﬂ (RY =

Lla; o.s(R") with equivalent quasi-norms.

Now we prove Theorem 3.10.

Proof of Theorem 3.10. By Lemma 3.6, to prove L p ‘Y(R”) C [Hg (R™)]*, it suffices to show

£, (& c [HY @)

7y
p,r.s

To this end, let g € L;‘; p ‘Y(R”) and a be a (7, r, s)-atom supported on B C B. Then, from Definition
3.3, the Holder inequality and Definition 3.1, it follows that

— inf iy
[ atgeoar = int | [ atolew - peo] ax
1/r
< llallpr@m inf - P
< llallL (R)PelPrz(R")[fRn lg(x) — P(x)| dx]
|B|1/r

1/r
< i——— inf 18(x) = P(x)]” dx] <ligllpa — gn
HXB”Lﬁ(R") PEPS(RH) [ R” 'Eﬁ,r’,x(R )

By this and Lemma 3.8, we find that, for any m € N, {4;} |

atoms supported, respectively, on {B;}"", ¢ Band f =}, d;a; € Hg’g’ns(R”),

i=1
SE A a;(x)g(x dx

Ailillzs , @ < Wl o l8llzs oy

c C, a sequence {a;}" | of (7, r, s)-

ILe(N)] = ’ fR fxg(x)dx

m
<
i=1

which, together with the fact that Hg’g’ns(R”) is dense in Hg’ "*(R") and Lemma 3.7, implies that
() holds true. ’
Conversely, for any B € B, let

g : LY(B) — P,R")

be the natural projection satisfying, for any f € L!(B) and g € P,(R"),

(3.6) fB T5(F)(0q(0) dx = fB Fq(0) dx.
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Then there exists a positive constant C(y), depending on s, such that, for any B € B and f € L'(B),

(3.7 sup [TIp(f)(x)] < C(s)| B f LFO)ldy.

xeB

Indeed, if B := By, then one may find an orthonormal basis {g, }jo<s of Ps(R") with respect to the
L*(By) norm. By (3.6), we know that, for any f € LY(By),
[ f )2 dy]

g =Y [ | a0 dy] do =

la|<s la|<s

Thus, there exists some o € Z/} with |ag| < s, such that

1

(3.8) sup [T, (/)(x)| < sup {[ f | fO)lGaq (y)ldy] Iqao(X)l} If Wl dy,
x€By X€By |B |

which implies that (3.7) holds true for B := By. In addition, for any ¢ € (0, ) and f € L'(R"), let

Da(f)() = €"f(€5-). Then, from (3.6), we deduce that, for any ¢ € (0, o), f € L'(B®) with B

asin (2.3) and g € P;(R"),

(Do T 0 D) (DWW dx = € [ Ty (D) (gt dx

= f Du(H(q(€%y) dy = f f(xX)q(x)dx,
By BO

which implies that Iz (f) = (Dg-a o Ilp, o Dsa)(f). Therefore, by (3.8), we find that, for any
¢ € (0,00) and f € L'(BY),

sup [0 = € sup [, (D) ()

xeBO
_vm j;o |D€ﬁ(f)(y)| dy ~ m j;([) If(y)ldy

Thus, for any ¢ € (0, o0), (3.7) holds true for B := B, Similarly, since, for any £ € (0, 00), z € R”
and f € L' (z + BY), T, g (f) = (17 0 Mg o 7-)(f), where 7,(f)(-) := f(- — 2), it follows that
(3.7) holds true for any z + B® with z € R" and ¢ € (0, o). This proves (3.7).

For any r € (1,00] and B € B, let Ly(B) := {f € L"(B) : Ilg(f) = 0}. Then L{(B) is a closed
subspace of L"(B), where one should identify L"(B) with all the L"(R") functions vanishing outside
B. With this identification, for any f € L(r)(B),

|B|l/r

———— Il f
sl - P

is a (p,r, s)-atom. By this and Lemma 3.9, we easily know that, for any L € [Hg(R”)]*
[Hp "S(R™M]* and f € Ly(B),

”XBHLﬁ(Rn)

(3.9) L < =

||L”[H§srv5(Rn)]* ||f||Lr(B)‘
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Therefore, L is a bounded linear functional on L{;(B) which, by the Hahn-Banach theorem (see,
for example, [26, Theorem 3.6]), can be extended to the space L"(B) without increasing its norm.
When r € (1, o), by the duality [L"(B)]* = L”(B), where 1/r+ 1/ = 1, we know that there exists
anhel” (B) such that, for any f € L(B),

(3.10) L(f) = Lf(x)h(x) dx.

When r = oo, from the fact that Lj’(B) C LT(B) with 7 € [1, o) and the Hahn-Banach theorem
again, we deduce that the bounded linear functional L on Lg’(B) can be extended to L"(B) without
increasing its norm. By this and (3.10), we further conclude that there exists some h € L’ (B) C
L'(B) such that, for any f € Ly (B), (3.10) also holds true. Thus, for any r € (1, 0], there exists
an h € L” (B) such that, for any f € Li(B), (3.10) holds true.

Let r € (1, 0]. Next we show that, if there exists another function hel "(B) such that, for
any f € Li(B), L(f) = [, f(x)h(x)dx, then h — h € P(B), where P,(B) denotes all the Py(R")
elements vanishing outside B. To this end, it suffices to show that, if £, he L'(B) such that, for
any f € Ly(B), fB f()h(x)dx = fB f(x)%(x) dx,then h — h € Ps(B). Indeed, for any f € L7 (B),
we have

(3.11) 0= fB () = T(H] [A(x) = h(x)] dx
= [ oo =] dx~ | mapeotts (h 7)o dx
= fB £ [h(x) = h(x)| dx - fB FoTIg (h = h) (x) dx
= fB £ [ = h(x) = g (h = ) ()] dx.

In addition, we claim that, for any B € %,

(3.12) Ly (B) = L*(B)/Ps(B).

Actually, applying [27, Theorem 1.1] with X := L'(B) and V := P(B) and the fact that P(B) C
LY(B) c [L™(B)]*, we easily obtain (3.12). By this, we find that, for any g € L*(B), {g+ P : P €
Ps(B)} € Ly (B). Thus, by (3.11) and (3.6), we conclude that, for any g € L™(B),

fB g(0) | h(x) = h(x) ~ g (h — 1) (x)] dx = 0,

which implies that, for almost every x € B, h(x) — Z(x) = Ilg(h —E)(x) and hence h — h € P(B).
Therefore, for any r € (1,c0] and f € Li(B), there exists a unique h € L" "(B)/P,(B) such that
(3.10) holds true.

Assume r € (1,00]. Forany k € Nand f € L(’)(B(k)), let g, € L (B®) /P, (B®) be the unique
element such that

L) = f FOge( dx,
BH
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where, for any k € N, B® is as in (2.3). Then it easy to see that, for any i, k € N with i < &,
grlpn = gi. From this and the fact that, for any f € H;’ 1;’HS(R"), there exists some kg € N such that

fe L(r)(B(kO)), it follows that, for any f € H’j’ "SR,

a, fin
(3.13) L(f) = fR ) F(x)g(x)dx,

where g(x) := g(x) for any x € B® with k € N.
Thus, to completes the proof of Theorem 3.10(ii), it remains to prove that g € La . ‘Y(R”).
Indeed, by (3.13) and (3.9), it is easy to see that, for any » € (1, co] and B € B,

H/\,/B”Lp‘(Rn)
ropyp < — ——2 Burs .
(3.14) llgllzy my < BIUr ||L||[H§,r, R

In addition, by an argument similar to that used in the proof of [2, p. 52, (8.12)], we conclude that,
for any r € (1,00] and B € B,

regy = Inf = Pll; 7 py,
”gH[LO(B)] PEPS(R”)”g ”L (B)

which, combined with Definition 3.1 and (3.14), further implies that, for any r € (1, oo],

|B] 1/r |B 1/r
llgll o =sup ——— inf ||g = P,z = sup ————lgllizran: < WL ors oo
Lﬁ'r,’s(R ) BeB |I)(B||Lﬁ(R”) PEPS(R”) L (B) BeB ”)(BHL]?(Rn) [ 0( )] [Hg (R )]
This finishes the proof of Theorem 3.10(ii) and hence of Theorem 3.10. O
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