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Abstract
In this paper, we obtain an asymptotic formula for the persistence probability
in the positive real line of a random polynomial arising from evolutionary game
theory. It corresponds to the probability that a multi-player two-strategy random
evolutionary game has no internal equilibria. The key ingredient is to approximate
the sequence of random polynomials indexed by their degrees by an appropriate
centered stationary Gaussian process.
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1 Introduction

1.1 Motivation

In this paper, we study the persistence probability, that is the probability of not changing
sign, in the positive real line of the following random polynomial

) =3 (1) W
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where the coefficients a;’s are real and independent identically distributed (i.i.d.) standard
normal random variables.

Our first motivation is from random polynomial theory in which the study of zeros of a
random polynomial has been studied extensively since the seminal paper of Block and Pdlya
BP32|. We review here relevant work on the persistence probability and refer the reader

to standard monographs [BRS86, [Far98] and recent articles [TVI5, NNV16, [DVIT, BZ1T]

and references therein for information on other aspects of random polynomials such as
the expected number of roots, central limit theorem and large deviations. A random
polynomial can be generally expressed by

Pua) =Y etiat, 2)
i=0
where ¢; are deterministic coefficients which may depend on both n and ¢ and &; are random
variables. The most popular random polynomials studied in the literature are:
(i) Kac polynomials (denoted by PX): ¢; :=1,

(i) Weyl (or flat) polynomials (PV): ¢; := &

i

(iii) Elliptic (or binomial) polynomials (PZ): ¢; := (TZ)

For Kac polynomials, it is shown in [LO39, that, when {&;}7, are i.i.d. and are
either all uniform on [1, 1] or all Gaussian or all uniform on {1, 1}, P(NX = 0) = O(1/logn)
where NX is the number of real zeros of the Kac polynomial PX. This result is extended
in [DPSZ02] to the case where ; are i.i.d. random variables with the common distribution
having finite moments of all orders as

P(PX(z) > 0,Vz € R) = n~totot),
where the constant by, above is given by

by = — lim ¢~ log P(X, > 0, Vs € [0,1]),
—00

where X is a centered stationary Gaussian process with correlation E(X,X;) = 1/ cosh(t/2).
In [SMO§], the authors develop a mean-field approximation to re-derive the persistence
probability of (generalized) Kac polynomials relating it to zero crossing properties of the
diffusion equation with random initial conditions. Moreover, using this method, they pre-
dict and numerically verify the following asymptotic formulas for elliptic and Weyl models:

(i) For elliptic polynomials:

. logP(PE(x) >0, Vz € R)
lim
e Jn

2

= —27bh, (3)



where b is a positive constant defined as

b — _ lim lOg P(iﬂfogth Y(t))’
T—o00 T

(4)

where Y (t) is a centered stationary Gaussian process with correlation E(YyY:) =
—t2/2
e /e,

(ii) For Weyl polynomials

. logP(PV(x) >0, Vx € R)
lim
n—00 \/ﬁ

with the same constant b as in ({)).

= —2b, (5)

The statement (B]) for elliptic polynomials is proven in [DM15]. In addition, this work also
shows (&) for I, = [0,/ — a,] with n'/2q,, — 0 obtaining the persistence exponent —b.
More recently, by extending the method of [DMI5], the authors of prove (B]) for
Weyl polynomials. Inspired by this development, in this paper we study the asymptotic
behaviour of the persistence probability in the positive real line of the random polynomial
fn in (). This is a new class of random polynomials and as will be discussed in the
next paragraph, the persistence probability of f,,_; corresponds to the probability that an
n-player two-strategy random evolutionary game has no internal equilibria.

Our second motivation comes from evolutionary game theory [HS98]. As will
be shown in Appendix [ under certain assumptions, the polynomial f,, originates from the
study of equilibrium points in random evolutionary game theory: finding an internal equi-
librium point in a symmetric n-player two-strategy random game is equivalent to finding
a positive zero of f, ;. In particular, the persistence probability of f,_; in the positive
real line corresponds to the probability that the random game has no internal equilibria.
Random evolutionary games have been used widely and successfully in the mathematical
modelling of social and biological systems where limited information is available or where
the environment changes so rapidly and frequently that one cannot predict the payoffs of
their inhabitants. Such scenarios arise in fields as biology, ecology, population genetics,
economics and social sciences [May01], [FH92, [HTG12,[GRLD09]. In these situations, due to
randomness, characterizing the statistical properties of equilibrium points becomes essen-
tial and has attracted considerable interest in recent years. In [GT10, HTGI2, [GTT14], the
authors provide analytical and simulation results for random games with a small number of
players (n < 4) focusing on the probability of attaining the maximal number of equilibrium
points. In [DHIS, [DHI6, DTHITH], the authors derive a closed formula for the expected
number of internal equilibria, characterize its asymptotic behaviour and study the effect of
correlations. Related work on the expected number of equilibrium points of random large
complex systems arising from physics and ecology are presented in [Fyo04] [FNT2| [FK16],
see also references therein. More recently, [DTHITa| offers, among other things, an an-
alytical formula for the probability that a multi-player two-strategy game has a certain



number of internal equilibria. Although the analytical formula is theoretically interest-
ing, it involves complicated multiple integrals and is computationally intractable when the
number of player becomes large. The present paper provides an asymptotic formula, as
the number of players tends to infinity, for the probability that the game has no internal
equilibria. Biologically this probability corresponds to the two extreme cases when the
whole population consists of only one specie/strategy while the other extincts.

1.2 The main result of the paper
The main result of the present paper is the following theorem.

Theorem 1.1. Let f, be defined in () where the coefficients a; are i.i.d. standard normal
random variables. Then we have

. logP(fn(x) >0, Vx € (0,00))
nh—>I20 m/n

where b is the persistence exponent defined by

b— _ lim log P(info<i<7 Z(t) > 0)
T—o0 T

= —b, (6)

: (7)

where Z(t) is a centered stationary Gaussian process with correlation B(ZyZ,) = e=**/4.

The idea of the proof is as follows. We first show that the contributions to the per-
sistence exponent of intervals (0,n7/%) and (n'/%, c0) are negligible. We then apply the
method of to prove that the main contribution from the interval (n=/6 n!/%) can
be calculated approximately from that of a centered stationary Gaussian process with
autocorrelation function R(t) = /4,

1.3 Organization of the paper

The rest of paper is organized as follows. Section 2] contains technical lemmas. The proof of
the main theorem is presented in Section 8. We provide further discussion on future work
in Section @l In Appendix Bl we show the derivation of the random polynomial f,, from the
replicator dynamics for a symmetric multi-player two-strategy random evolutionary game.

2 Preliminaries

In this section, we prove some technical results that will be used in the proof of the main
theorem presented in Section

Since {a;} are ii.d. random variables of standard normal distribution, the random
polynomial f,(z) is a Gaussian process with autocorrelation function

Mn(\/xy)
An X, - )
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where

We prove here a key lemma on the behavior of M, (z) as n — oo.

Lemma 2.1. For x € (0, 1], we define

(i) For % <z <1, we have

2 2
(n) r¥ < M, (z) < 32'2/4(”) %=
1y ly

(ii) For n="% < x <1, we have

. (x+1)
T+ 1)2n+1

(14 0@ )l Neo

Proof. The proof of this lemma is fairly lengthy and technical. The main idea is to use

M, (z) = (1+O(n—1/24))<?”‘)2x2u T

Stirling formula to approximate the summand in M, (x) by another function .J, <%), see

Eq. (I0) below. The tasks are then to understand the behaviour of .J, (%) which is subtly
dependent on the relationship between z and n. It turns out that the behaviour of M, ()
depends on whether # € [ 1] or z € [n7/%,1] as in Part (i)/(ii). This will be carried
out using an intermediate parameter i, defined at the beginning of the lemma.

Let us start with Stirling formula that

il = Vami(l+ 0% ™) (2)
Therefore,
(1) = oy 0 om0 (3 (5)
- L)( + O(max(i™, (n — 1)) exp (n[ (%)) |

2mi(n — i

where 1(0) = I(1) = 0 and for ¢ € (0, 1),

I(t) = (t — 1) log(1 —t) — tlogt.

bt



Hence
(C‘) g ﬁ (1 + O(max(i™", (n —i)™"))) exp <2nJm (%)) , (10)

where
Jo(t) = 1(t) + tlog .

We notice that

J, (:5%1) —log(z +1), J. (:UL) —0, J't)= ﬁ Vie (0,1). (11

Therefore, using Taylor expansion, we get

"\ n T\ +1 "\rx+1 n x+1 2 n x+1

J' () (i r \?
=1 1 z -
og(x+ )+ 2 n r+1 ’

iz x

with some 7, € (g, x—+1) Using the assumption that = € (0, 1], we have

O NNV O e —
n x+1 n Ne(1 — 1) .

on (Jm (%) — log(z + 1)) < Zz

Therefore, using the fact that max(i; !, (n —i,)™') =i, !, we get

(Z)Qx% = m (1+0(i; ")) exp <2an <%‘)) (12)

_ (17 (1+03 ") (z+1)*

2mnx
_ _|_1)2n+2
- (1 yy e D7
( + 00, )) 2TNT

Hence

We now estimate M, (x). Observe that

M, (z) = zn: (’;)2:52 - <Z”>2x2 no (g))jij (13)

=0

We notice that for any i =0,...,n



Thus for any i =0,...,n

2
<n) 22 < 2nalifn), (14)
i

Observation (O1). By (II), the function J,(¢) is concave in (0,1) and attains the
maximum at ¢ = —%5. Thus for any closed interval A C (0, 1),

e ) = peg 20

with
Ay ={t: |t — xLH| :géi£|s_ x%l\}

Case 1. i < i, — i), or i, +it* < i < 60i,. Then by (I2), () and observation (O1),

we have
n\2 2 , »
% < 4migexp (2n [Jx (i) —J, (E)D
(n) z2e n n

< 4dmi,exp <2n [Jz <L> —J, <Z—)]> .
n n
By Taylor expansion,
iy £ i e i3/

3/4

for some v, € (==t

. .3/4 .
, =t ) Notice that

n

%<5)F:%(z)‘%ﬁmﬂ)\Szﬂ;%pV@”z—z+J
4
s (15)
by using (1] and % — 5l < % On the other hand,
O B —n ~1

R G L —
Vx(l - V:c) Rz ’Lw —|—Z§;/4 T 2z
Combining above estimates, we get

(1)« N | 2 v
—=—— < 4migexp — <Amizexp | ——— | <A4mize 16 .
(2") 20z nw 2nx dnx

7



Therefore, when nz is large enough,

(r: 22 riz)?xzi
Min(r) = ), X5 —+ ZICITR
i<ig—id " (Zw) t iptis P <i<60i, (Zw) *
V2nax 2nx 1
< 6liy x 4mige” 16 < 2447 (nx)®e” 16 <—
n

Case 2. i > 60i,. Using the same arguments as in Case 1, we can show that

(1)2"’522

N
e (%{4 59, 1 (59zm)2D
(

nr n 1207, 2n?
2
479 — 59 nx)

< Ami,exp 510

592 log n

< 4mi, 472 —
< 4 exp(? 1440

) < 47T’éx6_1210gn/5 _ 47”;1‘7,1’—12/5‘

(16)

Notice that for the last line, we assume that n is large enough and na > logn/6. Therefore,

2 92
N
M, (x) = Z % <n x 4mriyn 25 < p/s,

i>60i, (,x) z2e
Case 3. |i—i,| < i,
of magnitude, we have

((:))% =(1+ O(igl))iijéz — ;) exp <2n [Jx (%) —J, (%)D .

Since J,(t) is a concave function,

ROROES

On the other hand, by (IH)

o Ali — iy 4id? 4
[T, (%) (i —ia)| < < = (i) /%

nxT nxT

We are now in the position to prove (i). Indeed, from ([I8]), (I9) and (20), we have

7(()) ; (1 +i;1/2)7i222:j§) exp (8, '/*) < (1414,'%).

(17)

By (), noting that in this case ¢ and i, are of the same order

(18)

(19)

(20)



Hence,

(T'L)%zi 3/4 —1/8
1 < Ms,(z) = Z ~iL T <9834 (1 i V8.

Wt (n)2x2iz

Combining this estimate with (I6) and (1), we obtain (i).
We now prove (ii). Assume that 2 € (n~/% 1). Then using (I8) and Taylor expansion,

((:))% —(1+ 0(1';1))7’@2 - ;) exp (2n {Jx (%) iy (%)D
= (1+0@;Y)) exp (Qn [J; (%) (Z_ni“) + J (Z—x) ( ;T:;)z + IV (Vig) %D ,

n
for some v;, € (%, 1). We notice that
J"(y)=0(y™?) forall yeR.

Therefore, by Taylor expansion,

(Y (Y vo (2 (-2 (") 40
n r+1 2 n x+1 r+1

and .
rn-o(L)
T

Combining these estimates with (20), we get

LI — 0 ) e (067 + 72 () + 0 () + 0 (&) (52)] 52),

()7 CH

()

= (1+0(n ™)) exp ([Jg’c’( )+ 0 (n V)] M) ’

z+1 n

: ~1/6 s 3/4 3/4 : e\ _ —(zt1)?
since z € (n™16 1) and |i —i,| < i/" = O((nz)**). Therefore, by using S () = —7—
and integral approximations, we can prove that

n\2 2
Mynla) = Y HE
‘7] 2x|<7/3/4 (Zz) x

_ (1+O(n_5/24)) Z exp([ (z+1)2 +O(n —1/24” %)

| </ *
2

(I'H n—1/24)

= (1+0(n=*)) Z exp | —

i<(25)"

= (1+0(n~") - ) (/_oo Pdt + O(e= ™) ”4>)

\/@4_0(”71/24 o
™I
r+1°

= (1+0(n'?Y)



In conclusion, we have

S (1) = (1) o) + Moo + a0

1y
2
= e op () s

Iy xr+1

2¢/mnx
Part (ii) follows. O

= (1+0(n™'?Y)

Remark 2.2 (Asymptotic behaviour of M, via the Legendre polynomial). The asymptotic
formula of M, can also be calculated using Legendre polynomials as follows. Legendre
polynomials, denoted by L, (x), are solutions to Legendre’s differential equation

4
dx

d
{(1 — x2)d—Ln(x)} +n(n+1)L,(z) =0,

x
with initial data Lo(z) = 1, Ly(x) = x. They have been used widely in physics and
engineering and have many interesting properties, see [BO9Y] for more information. For
instance, L, has the following explicit representation

Lo(z) = Qin i (7;)2 (z— 1) (z+1)".

1=0

According to [DH16, Lemma 3], the polynomial M, defined in (@) and the Legendre poly-
nomaial L, satisfy the following relation

1+x2). 1)

1 — a2

M,(z) = (1 — x2)”Ln<

According to [BO9Y, Example 2, page 229] (see also [WW12]), the Legendre polynomial L,
satisfies the following asymptotic behaviour as n — oo for any x > 1,

n+i
1 <:B+\/:B2—1) ’

L, ~
(@) 271N (2 — 1)%

: for x> 1. (22)

From [20) and 22), we obtain the following asymptotic behaviour for M,(x) as n — oo
forany 0 <x <1
(SL’ + 1)2n+1

2\/TNT

This is the result obtained in Part (ii) of Lemma [2d. However, that part provided a
stronger statement offering a quantitative estimate.

M, (z) ~

10



By transforming x = tan?(t/2/n) and y = tan®(s/2y/n), we will show that for x,y €
[n=1/6 n1/6], the autocorrelation A, (z, 1) is close to e~ ¢=#)*/4 It means that the sequence of
random polynomials (f,,(x)) converges weakly to the centered stationary Gaussian process
Z(t) with covariance function R(t) = e~**/4. Then by heuristic arguments, the persistence
probability of f,, should tend to the corresponding one of Z(t). To ensure the continuity of
persistence exponents, we need some restrictive conditions on the autocorrelation function.
The following result which is a combination of Theorem 1.6 in [DMI15] and Lemma 3.1 in
[DMT7] gives us such conditions.

Lemma 2.3. Let S, be the class of all non-negative autocorrelation functions. Then the
following statements hold.

(a) For a centered stationary Gaussian process {Z;}1>o of autocorrelation function A(s,t) =
A(0,t — s) € 84, the nonnegative limit

b(A) = — lim log P(info<s<r Z(t) > 0)’
T—o0 T

exists.

(b) Let {Zt(k)}tzo, 1 < k < oo be a sequence of centered Gaussian processes of unit
variance and nonnegative autocorrelation functions Ax(s,t), such that A (s,t) € S,.
Assume that the following conditions hold

(b1) We have Ag(s, s+ 7) = Ax(0,7) uniformly in s > 0, when k — oo.
(b2) For some a > 1,

lim sup sup {7 log Ax(s,s + 1)} < —1.

kr—oo >0

(b3) There exists n > 1 such that

lim sup| log u|" sup pi(u) < oo,
ul0 1<k<oo

where p;(u) =2 — 2inf>q rep,u Ak(s, s + 7).

(b4) The function Ax(0,T) is non-increasing and satisfies that for any finite h > 0

and 6 € (0,1)
A (0,68) — A (0,1)
{ 1= A(0.0) } -

Then we have

1
lim logP (Zt(k) >0, Vte [O,T]) — _b(A).

k, T—o00

11



While Lemma shows the convergence of persistence exponent of general Gaussian
processes under strict conditions of autocorrelation functions, Lemma [2.4] below provides
a lower bound on the persistence probability of a differentiable Gaussian process Z(t),
assuming a simple condition that the variances of Z(t) and Z’(t) are comparable.

Lemma 2.4. [DMI15, Lemma 4.1] There is a universal constant p € (0,1), such that the
following statements hold.

(1) If (Zt)iclap) is a differentiable centered Gaussian process satisfying

26— a)? sup E(ZP) < sup E(Z?),

t€la,b] te(a,b]
then
P(inf Zt>0) > .

tela,b]

(it) If (Zi)iepo,r is a differentiable centered Gaussian process with nonnegative autocorre-
lation function satisfying for allt < T

2 08* E(Z7) < E(Z)),

for some positive constant A, then

>[N

P(inf Zt>o)z,ﬂ 1.

t€[0,T

Proof. Part (i) is exactly Lemma 4.1 in [DMI15]. Part (i) is a direct consequence of (i).
Indeed, we divide the interval [0, 7] into [L] small intervals of length A. Then the condition
of (i) is verified in each small interval. Thus using Slepian’s lemma and (i), we get (ii). O

3 Proof of Theorem [1.1]

In this section, we prove the main theorem, Theorem [[.I], using preliminary lemmas in Sec-
tion 2 The proof consists of three steps. In Subsection B.I] we show that the contribution
to the persistence probability of two intervals (0, n~/6) and (n'/®, 00) is negligible. Then in
Subsection 32, we compute the persistence exponent from the main interval (n=/6 n!/6).
Finally, by bringing two previous steps together, we conclude the proof in Subsection

3.1 Negligible intervals

In this part, we show that the contribution of intervals (0,n~/%) and (n'/% 00) to the
persistence exponent is negligible.

Proposition 3.1. We have

12



(i) r}i_)rgoﬁlogp (fu(z) >0 Vz e (0,n71%)) =0,
(ii) Jlrgoﬁlogﬂ” (fa(z) >0 Vz € (n'/5,00)) =0.
Proof. Part (ii) is a consequence of (i). Indeed, we have
P(fu(z) >0 Vze (n1/6,oo)) =P (fu(z) >0 Vze (O,n_1/6)) :

since for x > 0,

fn(%)-;Z(Z)aﬂ? =

1=0

Now it remains to prove (i). Since the upper bound that
logP (fu(z) >0 Va e (0,n %) <logl=0

is trivial, we only need to show the lower bound

hggg}lf T logP (fn(z) >0 Vz € (O,n_l/ﬁ)) > 0. (23)

By Slepian’s lemma, (23) follows from the following lower bounds,

llr{gg}f\/—,logp (fu(z) >0 Va e (0,82)) >0, (24)
hmmf—logIP (fu(z) >0 Vo e (82 n~16)) > 0. (25)

n—00 \/7
We first prove (24]). We observe that

P(fu(z) >0 Vae(0,5n) > P a0>‘z ali

Va € (0, 105;))

> P (ao > max |aZ| X Z (IZI)J’,’Z Vo € (0, I%gnn)>

1=1

> P (ao> max |a2| x (14 lamy” )

1<i<n

= (1 =®(&)) x (®(logn))", (26)

where ®(z) is the normal distribution function, and

> P (ao > logn x (1 + 1%%”)”) x P <max la;] < logn)

&, = logn x (1+%)n.

13



We notice that log(1 — ®(x)) = (5 + o(1))2? as  — co. Therefore, for n large enough,

(P(logn))" > <1 - e_1°g2n/4>n >1/2,

and

1 1-& —£2 —1 2 logn/3
lim inf o8( (&) > lim inf —2 > liminf g nxe

Combining (26)), (27) and (28)), we get ([24]). We now prove (25)). Let us define

gn(r) = (x +1)7" fu().

Then
G = ) (1) - )
= ) (o (- 20

Using Lemma 2.1, we have

E(g(2)?) = (2 + 1) 2" My(2) > (z + 1>—2"(7’) 22,

, nT
1y = .
r+1

Using the same arguments as in Lemma 2.1l we can also prove that

B = ey (1) e - )

=0
n 2 . . 2
< <x+1>—2"3z§;/4(. ) gin (i = 22,

Combining ([29) and (B0), we obtain

with

T r+1

i n \° n3/4
Bl () <3 (% = 20 ) Blan@)) < 2Bl (o)

Thus for z € (‘&2 ﬁ),

2 0%, E(g,(2)?) < E(ga(z)?),

14

=0.

(27)

(29)

(30)

(31)



with

Applying Lemma [Z4] we have

IP’(fn(x) >0 Vae (e f)) IP’(gn( )>0 Voe (l%in,%)) > R

Therefore,

1 logn 1 : : IOg I
\v/ > —
h};ﬂlnf —\/_ log]P) (771( ) >0 X € ( )) lim inf =0.

Using B for z € (n=2 n=1/5), we get
2 85, E(g,(2)?) < E(ga(2)?),
with
1

Dan= 3n11/16°

Applying Lemma [Z4] we have

1

P(folz) >0 Vo€ (n Y2 n V%)) =P (g(z) >0 Vae(n V2 n ) >y,

Therefore,

hmmfL loglP (fu(z) >0 Vze (n_1/2,n_1/6)) > lim inf _logn 0.

n—00 n—oo 'n,2/3 A2

Using (B2)), (33) and Slepian’s lemma, we get (23]).

3.2 The main interval

We make a transformation

r = tan’ (ﬁ) :

Then x € (n="/%,n'/6) is equivalent to t € (au,, /1 — ay,), with
= 2y/ntan "t (V1) = (2 + o(1))n®/12,
Let us define for ¢ € (o, m/n — av,),
ha(t) = foltan®(t/2v/n)).
Then

P(fu(z) >0 Yz e n 5 n%)) =P (h,(t) >0 Vt€ (an,mv/n—am)).

15



Moreover, the autocorrelation function of h,(t) is

M, (tan(z5=) tan(33=)
B, (t,s) = A, <tan (7) tan®( ) ( 2 2 ) (35)
\/M (tan?(51=)) \/M (tan?(52=))
We recall the approximation on M, (u). For u € (n=/¢ 1),
1 2n+1
M) = (14 0@ T (30

\V Tnu

For u € (1, 00), we remark that
M, (u) = u*"M,(L).

Therefore, the estimate (B8] holds for all u € (n=/%, n'/%). Hence,

Bits) — M, (tan(%ﬁ)tan( > ))

\/ tan \/ tan
2n+1

(1+tan( 57 tan(55=))? ?
(1 + tan?( ) <1 + tan?( ))

= (14 0(n~'2%) [Cos (;\/_)rnﬂ.

We shift the interval (o, m/n — ;) to the interval (0, 7y/n — 2a,,) by changing variable

= (1+0(n'?Y)

uU=1t— ap,

and define

Then the autocorrelation of h,(u) is

Bo(u,0) = Bylu+ a0+ a,) = (14+0(n2) [eos (152)] (37)

Observe that for fixed u, v,

By (u,v) — e =04,

This fact suggests us to verify Conditions (b1l)-(b4) of Lemma for the sequence of
Gaussian processes {Zt(n)} with autocorrelation functions B, (u, v) and the limit stationary

Gaussian process Zt(oo) with autocorrelation function e~ ®=v*/4,
Verification of the condition (b1). 1t is easily deduced from (B1).
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Verification of the condition (b2). Here we consider two cases. In the first case where
T/y/n — 0, as 7,n — 00,

R 2n+1
7By (u,u+ 1) < (const)T® [cos (ﬁ)} < (const)re 1t = 0,

In the second case, assume that there exists a positive constant ¢q such that 7/v/n > ¢,
then as 7,n — o0,

7By (u, u + 7) < (const)n®? [cos (co/2)]"" T — 0.
Thus Condition (b2) is verified.
Verification of Condition (b3). Using (37), we have for n large enough

Bu(t,t+7) > (1— n—1/30) [cos (ﬁ)rnﬂ > (1-— n—/30)(1 _ ),

Therefore,

Pw)=2-2  inf  By(tt+7) <200+ 207
0§t,t+7'_§7r_\/ﬁ—2an

Hence, for any 6 > 0, as w — 0

|logw|? sup p2(w) — 0.

n>w=9
Thus, to verify (b3), it suffices to show that for some § > 0

lim [logw|® sup p2(w) < oo. (38)
w—0F n<w—9

To show (B8] holds, it is sufficient to prove that

lim |logul® sup p2(u) < oo, (39)

u—0t n<u—9
where

2 o .
po(u) =2—2 OS;IEESU Ap(z,y).
nfl/GSxSySnl/G

Recall that

M, (y/7y)

A, (x,y) = ,
S N T NGIVATAT)

where



We have
euliy) = My(y7T) — My (2) = ) (”) By — o) > 0,

since y > x, and

2
7.1) (y' —a")?* > 0.

1

Eula,) == Ma(y) — My(a) — 220 (2,1) = (

Let a > 0 and b, ¢ > 0 be real numbers satisfying ac — b*> > 0. Then
a-+b B ac — b? <ac—b2

1— —
ala+2b+c) <a+b+ \/a(a—l—Qb—l—c)) Jala+2+eo) @

By the Cauchy-Schwarz inequality, M, (x)é,(z,y) — 2(z,y) > 0. Hence, using the above
inequality for a = M, (x), b =e,(z,y) and ¢ = &,(z,y), we get

0<1—Ay(e,y) = 1— M, (x) + en(,y)

VM (2) (M () 4 22, (2, y) + En(z,y))
M, (x)én (2, y) — ei(z,y)
: 2050
(- oy ellnen) et o)
with
n n 2i yl—x
CUEDS ()“"(y_x)
and

Using the fact that

M) = (o) = 3 () () (22



We notice that
0<y—zxz<7<u, ngu_‘s zzn_l/qu‘s/ﬁ.

Hence,

. . . 2 . 11\ .
y2z S (LU +u)22 _ LU2Z <1 4 g) S 1’22 (1 _'_ng—g) S 2LU2Z,
T

for all § < 1/2 and n large enough. Moreover, since y — z < u < z,

jie1
= Z (y — :B)kznj_i_k <(j =i < pad T
y—r k=0

Combining (1), (43]) and (@) yields that
. 9 2n? n\*/n\? Y
My (z)érn(2, y) _517n(1'>y) < — . ]
i<j

y.]_l J— x.y_l

x? 7 J
2
n
It follows from ({@Q), (2)) and (45) that
2,2
0<1—Ay(r,y) < 0 <uP T <N,

T

for 6 < 1/2. As consequence, ([39) holds.

Verification of the condition (b4). Tt is easy to check (or see Remark 3.1 in [LS09]).

By the validity of Conditions (b1)-(b4), we deduce from Lemma 2.3 the following propo-

sition.

Proposition 3.2. We have

lim

n—00 71'\/_

with b is as in the statement of Theorem [11.

logP (fu(z) >0 Va e (n % n%) = —b,

3.3 Conclusion

Thanks to Slepian’s inequality, using Propositions Bl and we get

lim inf

n—00 7'(‘\/7

On the other hand, it follows directly from Proposition that

logP (f(z) >0 Ve (—oo,00))> —b.

1
lim sup — logP (fn(z) >0 Vze (—oo,00)) < —b.

n—oo T

Combining these two inequalities we get Theorem L1l
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4 Summary and future work

In this paper, we have obtained an asymptotic formula for the persistence probability of
the random polynomial f,, in (Il) that arises from evolutionary game theory. The persis-
tence probability corresponds to the probability that a symmetric n-player two-strategy
random game has no internal equilibria. We note that f,, forms a different class of random
polynomials that have been studied extensively in the literature particularly in random
polynomial theory, see [EK95] and a recent paper and references therein for infor-
mation. There are several open problems that are of interest for both evolutionary game
theory and random polynomial theory that we do not address in this paper such as prov-
ing a central limit theorem and a large deviation principle for the empirical measures of
the real zeros of f,, as well as studying universality phenomena for this class of random
polynomials. We leave these problems for future research.

5 Appendix: derivation of f, from evolutionary game
theory

In this appendix, we review the derivation of the random polynomial f,, in (Il) from the
replicator dynamics for multi-player two-strategy games in evolutionary game theory. The
replicator equation for multi-player two-strategy games has already been derived in previ-
ous works [HS98| [Sig10, [GT10]. For the sake of completeness, we rederive it here.

We consider an infinitely large population consists of individuals using two strategies, A
and B. Let y, 0 <y < 1, be the frequency of strategy A in the population. The frequency
of strategy B is thus (1 — y). The interaction of the individuals in the population is in
randomly selected groups of n participants, that is, they interact and obtain their fitness
from n-player games. In this paper, we consider symmetric games where the payoffs do
not depend on the ordering of the players. Let a; (respectively, b) be the payoff of that
an A-strategist (respectively, B) achieves when interacting with a group containing k A
strategists (and n — k B strategists). In symmetric games, the probability that an A
strategist interacts with k& other A strategists in a group of size n is

() -

We note that this probability depends only on the number k& of A strategist but not on the
particular order of the group. The average payoffs of A and B are, respectively

n—1 .
-1 .
Ty = Zak (n . ) yk(l — y)n—l—k7 g = Zbk (TL . ) yk(l . y)n—l—k'

k=0 k=0
The replicator equation of a d-player two-strategy game is given by [HS98| [Sig10], [GT10]
y=y(ma—7) =yl —y)(ma — 7p),
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where T := yma+ (1 —y)7p is the average payoff of the population. The replicator equation
reflects the natural selection. In fact, if 74 > 7 then y increases, that is A spreads in the
population; vice versa, if m4 < T then y decreases and A declines. Equilibrium points
of the dynamics satisfy that y(1 — y)(ma — m5) = 0. Since y = 0 and y = 1 are two
trivial equilibrium points, we focus only on internal ones, i.e. 0 < y < 1. They satisfy the
condition that the fitnesses of both strategies are the same w4 = mg, which gives rise to

n—1
> ()t —o

k=0
where By = ap — by. Using the transformation x = ?yy, with 0 < < 400, dividing the left
hand side of the above equation by (1 —y)"~! we obtain the following polynomial equation

for B
> b (n k 1) =0, (46)
k=0

Note that this equation can also be derived from the definition of an evolutionary stable
strategy, see e.g., [BCVIT]. In complex large systems, information about the interaction
between participants is rarely available at the level of detail sufficient for the exact com-
putation of the payoff matrix; therefore, it is necessary to suppose that the payoff matrix
entries ay and b, (thus ) for 0 < k < n—1, are random variables. We then obtain random
games and the expression on the right-hand side of (4@ becomes a random polynomial. It
is exactly the random polynomial f,,_; in () that we start with.

We note that in this paper we need to make an assumption that the payoff differences
ay—by, are independent standard normal random variables. This choice could be interpreted
as modeling noise added to payoffs of a game where both strategies are neutral, i.e., have
always identical payoffs. Although this assumption is rather restricted, it provides an exact
match between random polynomial theory and random polynomial theory which opens up
a new avenue for future research, for instance, among other things, to relax the identical
and independent assumption.
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