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Abstract

We show that strong solutions of 2D diffusive Oldroyd-B systems in R? decay at an
algebraic rate, for a large class of initial data. The main ingredient for the proof is the
following fact; an Oldroyd-B system is a macroscopic closure of a Fokker-Planck-Navier-
Stokes system, and the free energy of this Fokker-Planck-Navier-Stokes system decays over
time. In particular, |jul| Leor2 and |V zul| r2r2 are uniformly bounded for all time.

1 Introduction

We are interested in the long-time dynamics of the following system, which is called a diffusive
Oldroyd-B system. It reads the following:
Opu(z,t) +u(x,t) - Vyul(x,t) = viAgu(z, t) — Vap(x,t) + uVy - 7(x, t),
V-u=0,
T +u-Vor = (Vau)r + T(qu)T — 2kt +p (qu + (qu)T) + oA, T, (1)
op+u-Vp=1wlAp,
u(z,0) = uo(x), p(x,0) = po, 7(x,0) = 7o,

where v, k, u > 0, and v > 0 are constants representing viscosity, inter-particle diffusivity,
strengh of the stress due to polymer, and center-of-mass diffusion effects, respectively. This
system is widely used to model viscoelastic flows. We will consider the case of the spatial
domain R?, although we will also briefly discuss the case of the spatial domain T2. In the
case of T2, it is customary to put p(z,t) = 1.

The system (] is extensively studied in the literature. Barrett and Boyaval proved global
existence of weak solution in [I]. In [5], Constantin and Kliegl proved global well-posedness
of strong solution. Plan, Gupta, Vincenzi, and Gibbon calculated Lyapunov dimension of the
system ([IJ) under the assumption of the existence of global attractor in [22]. This system is a
formal macroscopic closure of Fokker-Planck-Navier-Stokes system, and a rigorous justifica-
tion is provided recently by Barrett and Siili in [2]. The author, in [16], extended the result
in [2] to a larger class of data and provided a rigorous proof of the fact that the free energy
of the system decreases over time.

The models with v5 = 0 are called non-diffusive models, and they are also widely studied.
Guillopé and Saut proved local existence, uniqueness of strong solution, and global existence
of strong solution for small initial data, in the case of bounded domain, in [I1] and in [12].
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Fernandez-Cara, Guillén, and Ortega extended the results of Guillopé and Saut to LP setting
in [8], [9], and [10]. In addition, Hieber, Naito, and Shibata studied the system in the case of
exterior domain in [13]. Chemin and Masmoudi studied the system in critical Besov spaces,
and proved local well-posedness of the system and provided a Beale-Kato-Majda type ([3])
criterion in [4]. Other Beale-Kato-Majda type sufficient conditions were given by Kupfer-
man, Mangoubi, and Titi in [15], and by Lei, Masmoudi, and Zhou in [I8]. In addition, Lions
and Masmoudi showed global existence of weak solution for corotational models in [2I]. Hu
and Lin proved in [14] global existence of weak solution for non-corotational models, given
that the initial deformation gradient is close to the identity and the initial velocity is small.
In [20], Lin, Liu, and Zhang developed an approach based on deformation tensor and La-
grangian particle dynamics. Lei and Zhou studied the system via incompressible limit in [19]
and proved global existence for small data. Also, Lei, Liu, and Zhou studied global existence
for small data and incompressible limit in [I7]. Moreover, in [7], Fang and Zi proved global
well-posedness for initial data whose vertical velocity field can be large. Constantin and Sun
proved global existence for small data with large gradients for Oldroyd-B, and considered
regularization of Oldroyd-B model in [6].

The study of long-time behavior of the system will rely on the Fourier splitting technique.
This technique is widely used to study long-time behavior of parabolic systems ([24], [25],
271, [26], [23], 23).

2 Oldroyd-B system, Fokker-Planck-Navier-Stokes
system, and Free energy estimate

The system (I) can be obtained from the Fokker-Planck-Navier-Stokes system as a macro-
scopic closure of it: from the system

((Oyu(z,t) +u(x,t) - Vyu(x,t) = =Vap(z,t) + iAyu(x,t) + pVy - o(z,t),
V-u=0,
O f(x,m,t) +u-Vaf + (Vou)ym -V f = kApf 4+ kVy - (mf) + 100 f,

p(x,t) / f(z,m,t)d (2)
o(z,t) = /RQm@)mf(x,m,t)dm,
\ u(x70) :uo(x)7f(x7m70) :fO(‘Tvm)7

by letting 7 = o — pl, we obtain (Il). In [16], we proved the following:

Theorem 1 ([16]). Suppose that

up € PW22,
szol/ folz, m)dmdz = 1,
R2 xRR2
M p(fol € Wh? a+b=2p < 6, M,,[fo] € L* a+b=2q < 16, My[fo] € L", (3)
/ h@hmw<m/ 2)* Mol foldz < 00, A(z) = log(max(|z], 1)),
R2, xR2

m

/Mmmmmmwwm<w



where

M, plfol(x /mlmzfo(m z)dm, Mpy[fo](x /|m|p|f0 m, z)|dm. (4)

Then there is a unique global solution for the system (2), smooth enough for u and o, and it
satisfies the following free energy estimate:

f(@t) 2 ! 2
M/f(t) log mdmdz+ [[u(®) |72 +’/1/0 [Vzu(s)||72 ds

2 fo )
< | + / log —————dmdz,
luollz2 + 4 | fo gM070[f0]fE
where fg = “—— s the equilibrium distribution.
Note that given pg, og satisfying
1 1,2 _ 1 1,2 " .
po € L NWH= /podx =1, o9 € L N W"* positive definite,
/po <|A(m)|2 + log po + log |oo| + oo > dx < 0o 6
po )
1 p—1 p
<_> ZHUZ',S(Z')GWL27 ngégu €L27 ngﬁ&
Po seSp i=1
the distribution fy given by
po(x)? < 1 7 -1 >
r,m)=——=———exp|—=m x)m 7
fo(z,m) QW\/WP 5 po(z)oo™ () (7)
satisfies
[, lamyim = o)
(8)

m @ mfo(x, m)dm = oo(x)
R2

and (ug, fo) satisfies the condition (B]). By the uniqueness of the solution of diffusive Oldroyd-
B system, we conclude that the for the solution (u, f) of (2)) with initial data (ug, fo), (u,o[f]—
p[f]]L p[f]) is the solution of (ED with initial data (u07 O'[f(]] - p[fO]Hv p[fO]) = (’LL(], 70, PO)

3 Decay of stress and Boundedness of velocity

In this section, we prove the following theorem.

Theorem 2. Suppose that ug € PW?2 and pg, o satisfies (@) and pg € L. Then the system
(@) has global unique solution whose initial data is u(0) = ug, p(0) = po,7(0) = oo — pol.
Moreover,

[[ull oo (0,00w22)n L2 0,00w32) + 1Tl £2(0 00;w2.2) T 101l oo (0,001 2) L2 (0,00;w2:2) < Cs

9
IOl + IOl < 75 IO + 05 < 5 Y

t+1)

where C depends only on the initial data and coefficients.



Remark 1. In the periodic case (x,t) € T2 x [0,00), the same argument in this section we
obtain the corresponding result

[[wll oo (0,00w22)n12 (0,00w32) + 1Tl oo 0,000 12122 (0,00w2.2) < Ce (10)

One difference between the system in [5] and system () is the presence of diffusion in the
evolution of p, and this allows us to use uniform decay result given in [27]. In this section,
C denotes constants that do not depend on the size of initial data or parameters vy, vs, u,
and k. The constants depending on them are denoted by C1,Cs and so on. First we briefly
review the technique in [24] and [27] to show the decay of p. From the fourth equation of ()
we get

d
T ()12 + 202 [|Vap()|[72 = 0. (11)

Then by Plancherel’s theorem we have

d 12 2 12 2 / 12
— d e der < —— d 12
G (Jura) e o fiorar< 2 [ aa (12)

Alt) = {5: €l < (ﬁ)} (13)

BE D < llplz = llpollZ: (14)

and multiplying (¢ + 1)? to each side and integrating in time gives

where

Noting that

C 1
1001 < s (Il + ool ) (15

For higher LP norm, let p = 2%, ¢ = 257!, with s > 2. Multiplying pp?~! to the same equation
and integrating, and applying integration by parts we get

d _
E/WW:—MM—U/WMW”M (16)

and since ]
Vapl? 0’2 = 7 Vapl® = ?Ivm(p")l2 (17)

and%zlfor822wehave

d
£/|pq|2da:+y2/|vm (") [2dz < 0. (18)

Applying the decay estimate for L? repeatedly, and noting that by maximum principle
ol oo < llpoll e We have

c
< — .
Pl < 57 max_ (1 llolls) (19)

We establish estimates on u and 7. First we start with a simple Imma.

Lemma 1. Suppose that h : [0,00) — [0,00) is a non-increasing function such that h(0) < oo
and limy_, };LT(Z)) =0. Then

/ 25 (s)ds < Ch(1). (20)



Proof. We only need to establish the bound for ¢ — oo, which is obvious by L’Hopital. [
Proof of Theorem[2 . First, from the free energy estimate (Bl we get

t
lu(t)[12 + 20, /O IV u(s) 2 ds < Cy (21)

where C7 depends only on initial data. Next, by multiplying 7 and integrating the third
equation, we have

d 2 2 2 2
7 1mlze + 2 IVarlpe + 4k [I7ll72 < [IVoull p2 17lzs + IVoull g2 17l 2 loll e - (22)

Then using ([I9) and Ladyzhenskaya’s inequality
2
ITlIze < CliTllge 1VarllLe (23)

valid in two dimension, we obtain

d 2 2 c 2 2 Co
STl 02 19+ (k= 92l 7l < o 21)
where Cy = Cvo maxi<,<oo(1 + ||pol|;-)?. Putting
¢ 2
A(t) =4k — P | Vaou(t)]|72 (25)

then we get

I ()2 < exp <_ /OtA(r)dr> I7ol122 + /Ot exp (- /:A(r)dr> ﬂfiz)zds (26)

but from (2]I) and Lemma [Tl we have

cCy 1 cCy
()72 < CCrexp <V—2> T e <—V2 - 4I<:t> 7022 <

TEERS

Also, estimates (24]) and (27)) give us

t t tCC3||V UH22 b Cyds
v V.7(s 2 d8+4k‘/ 7(s)||? ds < Cy = |7 2 —I—/ —des+/
[ Il (@) ds < o=l + [ S RER sy [

1+4s)2
(28)
By taking curl to the first equation of the system (IJ), we obtain
Orw +u-Vaw =11Azw+ uVi Vg T (29)
where w = Jyug — douq is the vorticity. Then we have
d 2 2 Mz 2
g Iwllze + 1 [Vawlze < o IVaTllz2 (30)
and by (28]) we have
t 20
L A A e e (31)
0 V2



To estimate va7—||i2, we multiply —A,7 to the third equation of (Il) and integrate: we have

3 35 Vol + 20 IVt 0 1873 = = [ (Vow) - (Var) - (Var)ds

(32)
—I—/ (Vau)T + T(VmU)T) (—A,7)dx + /p (Vau) + (un)T) (—A,7)dx.

The first term in the right hand side is bounded by, using Ladyzhenskaya’s inequality and
Young’s inequality,

'/(VmU) (Ver) - (Ver)de| < \IVxU\le IVarll?e + 2 HAHDTHL2' (33)

We apply the integration by parts, and then Ladyzhenskaya’s inequality to the second term
to obtain

]/ (Vou)T + T(qu)T) (—A,7)dx|

(34)
< — ||vmuHL2 vaTHm + HAmTHm +C ||VwWHL2 ||THL2 vaTHm HAwTHLz
and by applying Young’s inequality we can bound the second term by
— HVmullL2 Vel + = HASDTHLZ +C | Vawl 72 [IVerll7e + IITIILz (35)
The last term is bounded by
CoC5 2 2
— HPHLoo IVaull?s + -2 HA:cTHL2 <20+ ? + 5 [Aarlize - (36)
To sum up, we have
d 2 9 2 2 2 2
2 IVaTlpe + { 4k — P IVaulze = ClIVawlz2 | [VeTllze +v2 [[AeT]12
(37)

C C 2 C2 CS

2 2 2
< — — o ||V < —FF — .
S 7l 72 + vy ol 2o Vaullz2 < 2O+ 02 v (7172

Applying Gronwall with Lemma [Tl we have

[eleimeler C2Cs O3 1 - Co
IVroffs < 55 (o (St + 2 ) g+ IVl ) < 55 @9

and

t t
m / IVar(s)2 ds + v / 1Aur(s)]22 ds
0 0

C(C1 + Cx)C cc cCy,C
< |IVarolls + (Ch+Cs) 6, OC OG5\ _
1Z1 120 V22

We can also get an estimate for Hvwa%z; by multiplying —A,w to the vorticity equation
[29)) and integrating, we have

3 C
Ve + 21 [ 8ats(e < [ Aar 3 + IVatol Vsl (40)
th 4 %41



where % + % = 1. Our choice of p and ¢ are p = ¢ = 3. By the Gagliardo-Nirenberg
interpolation inequality

2 1 2 1
[Vewllps < CllAzwllfz [wllfz s 1Vaullps < CllAzullf2 llullf2 (41)
and Young’s inequality, we have

9 4 2 2 1
IVawl|7s [[Vaullps < Cl[Acwl| 72 [[Vawll 22 lwl 7 [[ull 7

1%} C (42)
<4 18072 + =5 w72 lull p2 | Vo] 72
"
to obtain
d C C
pr IVawll72 + w1 [[Asw] 72 < - 18772 + =5 llwlZ2 l[ull 2 [ Vew] (43)
1 vy
Since ||u(t)]| ;2 < \/C'l,fOT [w(®)||32 dt < lel, we have
3
T 3
CC? cC
sup || Vaw(t)|72 + Vl/ 18w (t)[|72 di < exp | —F <||V:M(0)||i2 + —7> = Cs.
t€[0,7) 0 vy (S
(44)
Moreover, we have L' decay of 7. From
d
E/TI‘T = 2/Tr((qu)7') —2/<;/Tr7' (45)
we obtain
d [ o / 2kt okt OVC5C3 _ Gy
— < < = .
i () < AT ol < 2 LED =D )
Therefore,
/ Ter(t)dt < e 2k / Trro + (ffi) < f—fgt (47)

Finally, by multiplying —A,p to the fourth equation of (Il) and integrating, and using La-
dyzhenskaya’s inequality we have

d C
7 IVap(®)l|Z2 +v2 [Azp()72 < v IVoullze [ Vapllze (48)

and by Gronwall
2 T 2 cCy 2
sup [|Vap(t)[|72 + V2/ [Azp()||72 dt < exp { —— ) [Vap(0)[[72 = Cro.  (49)
te[0,T] 0 AP
O

Remark 2. We will make an improvement for (24), (37) and ({{6]). For (24) we used the
bound

C
/p((VxU) + (Vaw)")7de < Cra |lpl 7o + — I VoullZ2 lI7l|7: - (50)

vy

We may instead use

C
/p((VxU) + (Vo) )rde < — ol IV zullZz + K [I7]1Z2 (51)

7



Then we have

d C Cs
s+ v 19 + (35— 2 1Vl ) 71 < 2 190l (52)

(1+4t)2

c

Y in time, so (53) gives faster decay of

In the later section, we show that Hvxu(t)HLz < &=
2 2
17172, IVerllz2 by (37), and |I7][1: by (@6)-

4 Decay of the strong solution

In this section, we prove the following theorem.

Theorem 3. Suppose that ug € PW>2 and pg, oo satisfies (@) and pg € L°°. Furthermore,
suppose that ug € L. Then there is a constant C.,. depending on initial data and parameter
such that

C** C**

u(t)||y2e < 5 [ITOllwr2np <

(t+1)2 (t+1)

Proof. We first follow the methods presented in [23]. Let

S(t) = {5 el < (ﬁ)} (54)

We apply the estimate for the decay of Hw(t)||%2 From the vorticity equation we have

(53)

3"
2

d C,u

7 |0 ®ll72 < =1 [Vaw(®)llz + == [Var(®)]72 (55)
and by Plancherel’s theorem
CC, 912 CCy
< R — — - 7*
Gttt < = [ leP1ateas + e < [ PBOPE S
2 9 CC, 2 NN CC,
e — — B
=t 1 Sy [ae)"de + Vl(t—i-l) - t+1 leo®lize + 775 t+1 )‘ G(e)f"de + vi(t+1)2
(56)
To summarize, we have
d 9 2 2 NN CCus
il < .
i Ol <~ @l + 7y [ e e+ (57)

We need a pointwise estimate of w(&,t). For that purpose we investigate 4(€,t). The phase
space version of the velocity equation of (Il reads

@&
13§

and from |7 (u® u)(t) o < [u(®)|22 < Cu and [|F(r)(0)] o < [I7(0)] 1 < oSy, we have

o+ v |€)Pu = —¢ - <H— >.7-"(u®u—,u7'), (58)

) = e ale,0) - Lm0 (H = if) Flu @ u— pr)(s)ds,

1)

(59)

e, >\<c<,g



Therefore,

given that ug € L1 Therefore, since |[W(,t)| < |£||u(£, t) < Ci(J¢l+1).
fs(t lw(t)]2de < t+1) -o» and by multiplying (¢ + 1) o (B7) we obtain
d 2
= (t+ 1 Jw@)2) < CCu, (60)
and therefore
) s < o (61)
L= (+1)
In addition, as we mentioned in Remark 2] this gives a better decay rate for 7
IT@)lle € —— Va7 ()2 £ ——, 1Tl 1 < T (62)
(t+1)2 (t+1)2 (t+1)2
Finally, from (43]), using HwaH%g < C4 and previous estimates we have
CC\x
5 (63)

c
5 lw®IZz [u(®)] 2 I Vo (t)]72 < 5
1 (t+1)2
and adding multiples of (B7) to (43 to cancel Vgl |Agz7||72 in the right side of (43]), we obtain
C
9701 ) + o (15— S IVt - C IVl ) I9:r 0
C CiC
— | AT 2+ Agzw(t < s =
o 18Ol 10 < s +
(64)

& (19atole +

Then applying the same Fourier splitting technique, together with the pointwise bound
(65)

[F(Var)(&,0)] < €Tl 2 < A+t [F(Vaw)(& )] < Cul€](1 +[€])

we obtain
d 2 O 2 1 1
t 1 x — x S *k t 1
& (€417 (Il + - I9ar0l:) ) < O (g + 6+ D). (00)
and from this we conclude that
C**
IVawo(B)llzz < T (67)
(t+1)2
We put (@7) into (G3]), and then we repeat the last estimate to obtain
C (68)

IVaw(t)||72 < tr1)

Now we are ready to prove decay of ||u(t)|/;2. We follow the argument in [28]
Definition 1. For given ug € L*(R?) and f € L'(0,+o0; L*(R?)), we say that (ug, f) belong

to the set D( ) with o > 0 if there is a constant C such that
(69)

lo@)lIZ2 + X+ 1f (D72 < CL+1)

where v(t) is the solution of the heat equation
(70)

o —v1Agzv = f, v(0) = ug.



Theorem 4 ([28]). Let u be a strong solution of Navier-Stokes system
Ou+u-Vyu=—Vyep+viAzu+ f,
Vau =0, u(0) = up, (71)
u € Cu([0, +00), L*(R?)) N Lie(0, 003 WH*(R?)).
Let ug € L*(R?), f € L'(0,+00; L?(R?)). Then we have the following.
1. |lu(t)|| 2 = O fort — oo.
2. If (uo, f) € D, then [Ju(t)][7> < C(1+)~L,

3. Furthermore, the solution u is asymptotically equivalent to the heat system (70) in the
sense that
lu(t) = v(®)][72 < C (log(t +€))* (t+ 1) 2. (72)

The proof of Theorem Hlis based on the Fourier splitting technique. The proof of Theorem
[Blis completed by the following Lemma. O

Lemma 2. Suppose that ug, 10, po satisfy the initial conditions in Theorem[3. Then (ug, Vy-T)
belong to the set D§2), where (u, T, p) is the solution of ({dl) with initial data (ug, 70, po)-

proof of the Lemma. Since ||V 7(t)||;2 < —S=5 Vo7 € L0, +o00; L*(R?)?). Furthermore,

(t+1)2
by the same Fourier splitting technique,
PO < G ol + o [ ot 5T )
However, in the Fourier space
po(t) = —wfgf*o(t) — i€ - 7,
o(0) = e, i | L oI5 (s, (")
0
and since |7(s,&)| < [|7(s) 1 < (Si*l*)%,
[0, )] < luollzr + Cuxl€], (75)
then we have [[v(t)[|32 < (gf{), as desired. O

5 Conclusion

We proved that strong solutions of 2D diffusive Oldroyd-B systems in R? decay over time
at an algebraic rate, given that the initial data satisfy mild restrictions originating from the
kinetic considerations.
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