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Abstract

We consider quantum systems described by the fractional powers of the

negative Laplacian and the interaction potentials. When a slowly decaying

potential function is given, we prove the nonexistence of the wave operators,

under the assumption that the Dollard-type modified wave operators exist

and that they are asymptotically complete. This nonexistence indicates the

borderline between short-range and long-range behavior.
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1 Introduction

We study scattering phenomena for the fractional powers of the negative Lapla-
cian. For 1/2 < ρ 6 1, the fractional power of the negative Laplacian ωρ(D) as
a self-adjoint operator acting on L2(Rn) is defined by the Fourier multiplier with
the symbol

ωρ(ξ) = |ξ|2ρ/(2ρ), (1.1)
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where D denotes the momentum operator D = −i∇ = −i(∂x1 , . . . , ∂xn). More
specifically, ωρ(D) can be represented by the Fourier integral operator

ωρ(D)φ(x) = (F ∗ωρ(ξ)Fφ)(x)

=

∫

Rn

eix·ξωρ(ξ)(Fφ)(ξ)dξ/(2π)n/2

=

∫

R2n

ei(x−y)·ξωρ(ξ)φ(y)dydξ/(2π)
n (1.2)

for φ ∈ D(ωρ(D)) = H2ρ(Rn), which is the Sobolev space of order 2ρ. In par-
ticular, when ρ = 1, ω1(D) is the standard free Schrödinger operator ω1(D) =
−∆/2 = −∑n

j=1 ∂
2
xj
/2. Although we exclude the case where ρ = 1/2 in this

paper, ω1/2(D) is the massless relativistic Schrödinger operator ω1/2(D) =
√
−∆.

We assume that the potential function V = V (x) is a real-valued multipli-
cation operator, and that its value vanishes with some decaying order when |x|
is sufficiently large. An apparent shape is going to be given later (Assumption
1.1). We here note that we treat the case where V ∈ L∞(R) only. The total
Hamiltonian under consideration is represented by the sum of ωρ(D) and V ,

ωρ(D) + V. (1.3)

The operator (1.3) is also self-adjoint on L2(Rn) because V is bounded. In scat-
tering theory, we treat the potential functions with some kind of singularity, for
instance, of local Coulomb type. However, in this paper, we try to find a concrete
example of a potential function such that the usual wave operators do not exist.
Therefore, we do not have to consider the singularities.

In the case where the free side is the standard free Schrödinger operator

|D|2/2 = −∆/2, (1.4)

if we write the decay condition on V as

|V (x)| . 〈x〉−γ (1.5)

with γ > 0 and 〈x〉 =
√

1 + |x|2, then it is well known that, if γ > 1, then the
wave operators exist, and if γ 6 1, then the wave operators do not exist (Dollard
[3] and Reed-Simon [11]). That is to say, the borderline between short-range
and long-range behavior is γ = 1. The classical trajectory of the particle in the
dynamics of the free Schrödinger equation has order x(t) = O(t) as t → ∞. The
Cook-Kuroda method says that if

∫ ∞

1

‖V e−it|D|2/2φ‖dt <∞ (1.6)
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for φ ∈ L2(Rn), then the wave operators

s-lim
t→±∞

eit(|D|2/2+V )e−it|D|2/2 (1.7)

exist. This is because

‖(eit1(|D|2/2+V )e−it1|D|2/2 − eit2(|D|2/2+V )e−it2|D|2/2)φ‖

6

∫ t1

t2

‖∂t(eit(|D|2/2+V )e−it|D|2/2)φ‖dt =
∫ t1

t2

‖V e−it|D|2/2φ‖dt −→ 0 (1.8)

as t1, t2 → ∞. Therefore, we can formally verify the borderline by substituting
the classical order x(t) = O(t) for V (x),

∫ ∞

1

‖V e−it|D|2/2φ‖dt =
∫ ∞

1

‖V (x(t))e−it|D|2/2φ‖dt .
∫ ∞

1

t−γdt, (1.9)

because of the decay assumption (1.5). This estimate is very rough and formal.
However, the right-hand side of (1.9) is bounded if and only if γ > 1.

In the case where the free side is replaced by

HS
0 = |D|2/2−E · x (1.10)

with E ∈ R
n \ {0}, HS

0 is called the Stark Hamiltonian. The classical trajectory
has order x(t) = O(t2) as t → ∞ by solving the Newton equation ẍ(t) = E. By
the rough estimate

∫ ∞

1

‖V e−itHS
0 φ‖dt .

∫ ∞

1

t−2γdt, (1.11)

we expect that the borderline will be γ = 1/2. In fact, an affirmative answer to
this was obtained by Ozawa [10]. By giving a counter-example for the potential
function V such that the wave operators

s-lim
t→±∞

eit(H
S
0
+V )e−itH

S
0 (1.12)

do not exist, Ozawa [10] determined that the borderline is γ = 1/2.
Recently, Ishida [5] found the borderline in the case where the free side is the

so-called repulsive Hamiltonian

HR
0 = |D|2/2− |x|2/2 (1.13)

by applying the approach developed by Ozawa [10]. If −|x|2 is replaced by +|x|2 in
(1.13), then this operator is the well-known harmonic oscillator and the particle
does not scatter in this case. However, in the repulsive case, the particle can
scatter with surprising velocity. Indeed, the classical trajectory is given by solving
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the Newton equation ẍ(t) = x(t), and thus we have x(t) = O(et) as t→ ∞. From
our previous discussion, when we impose the decay condition on V by

|V (x)| . (log〈x〉)−γ (1.14)

with γ > 0, it is reasonable to expect the borderline to be γ = 1 because
∫ ∞

1

‖V e−itHR
0 φ‖dt .

∫ ∞

1

t−γdt. (1.15)

This expectation is also true. Ishida [5] gave a counter-example for the potential
V such that the wave operators

s-lim
t→±∞

eit(H
R
0
+V )e−itH

R
0 (1.16)

do not exist.
We now discuss the system governed by the fractional pair ωρ(D) and ωρ(D)+

V . The derivative of the symbol ωρ at ξ is

(∇ξωρ)(ξ) = |ξ|2ρ−2ξ. (1.17)

Thus, by the canonical equation of motion, the classical trajectory of the particle
follows

x(t) = |ξ|2ρ−2ξt (1.18)

and so has the order x(t) = O(t) as t → ∞. This suggests that the borderline is
γ = 1 when we write the decay condition on V as in (1.5). Before presenting our
main theorem, we state some assumptions.

Assumption 1.1. Let the potential function V = V (x) be a real-valued multipli-

cation operator and have the following shape

V (x) = λ|x|−γF (|x| > 1) (1.19)

with 0 < γ 6 1 and 0 6= λ ∈ R, where F (· · · ) is the characteristic function of the

set {· · · }.

For the potential function (1.19), we define the Dollard-type modification fac-
tor Mρ,D(t) by

Mρ,D(t) = exp

[

−i
∫ t

0

V ((∇ξωρ)(D)τ)dτ

]

(1.20)

which uses the Fourier multiplier. Moreover, we write the total Hamiltonian as

Hρ = ωρ(D) + V (1.21)

for simplicity.
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Assumption 1.2. The Dollard-type modified wave operators

W±
ρ,D(Hρ, ωρ(D)) = s-lim

t→±∞
eitHρe−itωρ(D)Mρ,D(t) (1.22)

exist and are asymptotically complete. That is, the strong limits

W±
ρ,D(ωρ(D), Hρ) = s-lim

t→±∞
Mρ,D(t)

∗eitωρ(D)e−itHρPac(Hρ) (1.23)

exist, where Pac(Hρ) denotes the orthogonal projection to the absolutely continuous

subspace of Hρ.

The Dollard-type modified wave operators were first introduced into scattering
theory by Dollard [2, 3] to discuss |D|2/2 and the Coulomb interactions. Many
details of the general long-range potentials are stated in Dereziński-Gérard [4].
It also known that this modification works well for the Stark effect (see Jensen-
Yajima [12], White [13] and Adachi-Tamura [1]). The Dollard-type modification
factor is constructed from a solution of the Hamilton-Jacobi equation. In our case,
we construct this modifier by solving the equation

(∂tS)(t, ξ) = ωρ(ξ) (1.24)

and substituting (∇ξS)(t, ξ) into

exp

[

−i
∫ t

0

V ((∇ξS)(τ, ξ))dτ

]

. (1.25)

This is equal to the symbol for Mρ,D(t) in (1.20).
We now state the main theorem of this paper, which gives an affirmative

answer to the question above.

Theorem 1.1. Under these assumptions, the usual wave operators

W±
ρ (Hρ, ωρ(D)) = s-lim

t→±∞
eitHρe−itωρ(D) (1.26)

do not exist.

In scattering theory, it is very important to clarify the borderline between
short-range and long-range behavior. In the long-range case, the usual wave
operators do not exist. Therefore, we instead have to consider some kind of
modified wave operator. The modification is not always unique. For the fractional
powers of the negative Laplacian, Kitada [8, 9] proposed the Isozaki-Kitada-type
modified wave operators and discussed their existence and completeness for 1/2 6

ρ 6 1. Inverse scattering problems were also studied by Jung [7] for ρ = 1/2 and
by Ishida [6] for 1/2 < ρ 6 1, in the case of the short-range interactions.
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2 Nonexistence of Wave Operators

We prove Theorem 1.1 in the second section. Our proof is motivated by the
original idea in Dollard [3] (see also Reed-Simon [11]), which differs from the
approaches in Ozawa [10] and Ishida [5].

The following proposition yields the proof of Theorem 1.1

Proposition 2.1. Under Assumptions 1.1 and 1.2,

w-lim
t→±∞

eitHρe−itωρ(D) = 0 (2.1)

holds.

Before proving Proposition 2.1, we first give a proof of Theorem 1.1.

Proof of Theorem 1.1. According to Proposition 2.1, if we assume that the strong
limits W±

ρ (Hρ, ωρ(D)) in (1.26) exist, then the limits have to be equal to zero.
However,

‖eitHρe−itωρ(D)φ‖ = ‖φ‖ (2.2)

holds for any φ ∈ L2(Rn) because e−itωρ(D) and eitHρ are unitary. Therefore,
eitHρe−itωρ(D) cannot converge to zero in the strong sense. This is a contradiction.

We now give the proof of Proposition 2.1

Proof of Proposition 2.1. We only consider the case of t → ∞ because the other
case can be treated analogously. Let φ be taken from S (Rn), which is the
Schwartz functional space, such that the Fourier transform Fφ belongs to C∞

0 (Rn\
{0}) and its support satisfies

suppFφ ⊂ {ξ ∈ R
n
∣

∣ |ξ| > ǫ} (2.3)

with ǫ > 0. By the shape of the potential (1.19), Mρ,D(t) in (1.20) is

Mρ,D(t) = exp

[

−iλ|D|−γ(2ρ−1)

∫ t

0

τ−γF (|D|2ρ−1τ > 1)dτ

]

. (2.4)

When |ξ| > ǫ and τ > ǫ1−2ρ,

F (|ξ|2ρ−1τ > 1) = 1 (2.5)

holds. We thus have, under |ξ| > ǫ,

∫ t

0

τ−γF (|ξ|2ρ−1τ > 1)dτ =

(

∫ ǫ1−2ρ

0

+

∫ t

ǫ1−2ρ

)

τ−γF (|ξ|2ρ−1τ > 1)dτ

=

∫ ǫ1−2ρ

0

τ−γF (|ξ|2ρ−1τ > 1)dτ + Tρ,γ(t), (2.6)
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where Tρ,γ(t) in (2.6) is defined by

Tρ,γ(t) =

{

(

t1−γ − ǫ(1−2ρ)(1−γ)
)

/(1− γ) if 0 < γ < 1,

log(t/ǫ1−2ρ) if γ = 1.
(2.7)

Clearly,
Tρ,γ(t) −→ ∞ (2.8)

holds as t→ ∞. By (2.6), Mρ,D(t)φ can be represented by

Mρ,D(t)φ = exp
[

−iλTρ,γ(t)|D|−γ(2ρ−1)
]

R(D)φ, (2.9)

where R(D) is also a Fourier multiplier with its symbol

R(ξ) = exp

[

−iλ|ξ|−γ(2ρ−1)

∫ ǫ1−2ρ

0

τ−γF (|ξ|2ρ−1τ > 1)dτ

]

. (2.10)

Therefore, from this representation of Mρ,D(t)φ, it follows that

(Mρ,D(t)φ, ψ) −→ 0 (2.11)

as t → ∞ for any ψ ∈ L2(Rn). Here, (·, ·) denotes the usual scalar product in
L2(Rn). For a more detailed explanation of limit (2.11), note that the operator
|D|−γ(1−2ρ) is self-adjoint and absolutely continuous, so we can write its spectral
measure as µρ. By the spectral decomposition theorem and the Radon-Nikodym
theorem, there exists fρ = fρ,φ,ψ ∈ L1(R) such that

(Mρ,D(t)φ, ψ) =

∫ ∞

−∞

e−iλTρ,γ(t)σd(µρ(σ)R(D)φ, ψ)

=

∫ ∞

−∞

e−iλTρ,γ(t)σfρ(σ)dσ =
√
2π(Ffρ)(λTρ,γ(t)). (2.12)

From (2.8), the Reimann-Lebesgue lemma concludes that

(Ffρ)(λTρ,γ(t)) −→ 0 (2.13)

as t→ ∞. The convergence in (2.11) and the density argument imply that

w-lim
t→∞

Mρ,D(t) = 0. (2.14)

In the same way, we have
w-lim
t→∞

e−itωρ(D) = 0, (2.15)

because ωρ(D) is self-adjoint and absolutely continuous.
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Now, let us take any φ and ψ from L2(Rn). We note that the singular con-
tinuous spectrum of Hρ is empty under our assumption as proved by Kitada [8].
Therefore, there exist eigenvalues Eρ = Eρ,ψ ∈ R such that

Hρ(1− Pac(Hρ))ψ = Eρ(1− Pac(Hρ))ψ. (2.16)

By (2.15) and (2.16), we can compute

((1− Pac(Hρ))e
itHρe−itωρ(D)φ, ψ) = (e−itωρ(D)φ, e−itHρ(1− Pac(Hρ))ψ)

= eitEρ(e−itωρ(D)φ, (1− Pac(Hρ))ψ) −→ 0 (2.17)

as t→ ∞. On the other hand,

(Pac(Hρ)e
itHρe−itωρ(D)φ, ψ) = (Mρ,D(t)φ,Mρ,D(t)

∗Pac(Hρ)e
itωρ(D)e−itHρψ)

= (Mρ,D(t)φ,W
±
ρ,D(ωρ(D), Hρ)ψ)

+(Mρ,D(t)φ, (Mρ,D(t)
∗Pac(Hρ)e

itωρ(D)e−itHρ −W±
ρ,D(ωρ(D), Hρ))ψ). (2.18)

The first term of the right-hand side of (2.18) goes to zero by (2.14) as t → ∞.
By the Schwarz inequality and the unitariness of Mρ,D(t), the absolute value of
the second term is

|(Mρ,D(t)φ, (Mρ,D(t)
∗Pac(Hρ)e

itωρ(D)e−itHρ −W±
ρ,D(ωρ(D), Hρ))ψ)|

6 ‖φ‖‖(Mρ,D(t)
∗Pac(Hρ)e

itωρ(D)e−itHρ −W±
ρ,D(ωρ(D), Hρ))ψ‖, (2.19)

where ‖ · ‖ denotes the usual L2-norm, which also goes to zero as t → ∞ by
Assumption 1.2. We thus obtain, as t→ ∞,

(Pac(Hρ)e
itHρe−itωρ(D)φ, ψ) −→ 0. (2.20)

Combining (2.17) and (2.20) shows that (2.1) holds. This completes the proof.

We have to exclude the case where ρ = 1/2 because (2.14) does not always
hold in this case. When ρ = 1/2, M1/2,D (t) has the following shape

M1/2,D (t) = exp
[

−iλT1/2,γ(t)
]

. (2.21)

This is a scalar and oscillates as t→ ∞. As stated in the first section, the operator
ω1/2(D) =

√
−∆ describes a relativistic system and so there are large differences

between the cases ρ = 1/2 and 1/2 < ρ 6 1.
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[4] J. Dereziński, C. Gérard, Scattering Theory of Classical and Quantum N-

Particle Systems, Springer-Verlag, 1997.

[5] A. Ishida, The borderline of the short-range condition for the repulsive Hamil-
tonian, J. Math. Anal. Appl. 438 (2016) 267–273.

[6] A. Ishida, Propagation property and its application to inverse scattering for
fractional powers of the negative Laplacian, axXiv 1612.01683.

[7] W. Jung, Geometrical approach to inverse scattering for the Dirac equation,
J. Math. Phys. 38 (1997) 39–48.

[8] H. Kitada, Scattering theory for the fractional power of negative Laplacian,
Jour. Abstr. Differ. Equ. Appl. 1 (2010) 1–26.

[9] H. Kitada, A remark on simple scattering theory, Commun. Math. Anal. 11

(2011) 123–138.

[10] T. Ozawa, Non-existence of wave operators for Stark effect Hamiltonians,
Math. Z. 207(1991) 335–319.

[11] M. Reed, B. Simon, Methods of Modern Mathematical Physics III, Scattering

Theory, Academic Press, New York, 1979.

[12] A. Jensen, K. Yajima, On the long-range scattering for Stark Hamiltonians,
J. Reine Angrew. Math. 420 (1991) 179–193.

[13] D. White, Modified wave operators and Stark Hamiltonians, Duke Math. J.

68 (1992) 83–100.

9


	1 Introduction
	2 Nonexistence of Wave Operators

