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EQUATIONS AND SYZYGIES OF
K3 CARPETS AND UNIONS OF SCROLLS

DAVID EISENBUD AND FRANK-OLAF SCHREYER

ABSTRACT. We describe the equations and Grobner bases of some de-
generate K3 surfaces associated to rational normal scrolls. These K3
surfaces are members of a class of interesting singular projective vari-
eties we call correspondence scrolls. The ideals of these surfaces are
nested in a simple way that allows us to analyze them inductively. We
describe explicit Grobner bases and syzygies for these objects over the
integers and this lets us treat them in all characteristics simultaneously.

INTRODUCTION

Let S(a, b) be the rational normal surface scroll of degree a + b in Pa+b+!
over an arbitrary field F, that is, the embedding of the projectivised vector
bundle P(Opi(a) @ Op:i(b)) by the line bundle O(1) (see [EH87] for an
exposition). A striking theorem of Gallego and Purnaprajna ([GP97, The-
orem 1.3]) asserts that there is a unique K3 Carpet that is a double struc-
ture on S(a, b); that is, a unique scheme X (a,b) C P*"**! whose reduced
scheme X (a,b).eqa is S(a,b) such that X (a,b) has degree 2(a + b) with
H' (Ox(ap) = 0and wx(qp) = Ox (ap) (or, equivalently, with homogeneous
coordinate ring Gorenstein of a-invariant 0.) Gallego and Purnaprajna prove
that X (a, b) can be written as a limit of smooth K3 surfaces whose general
hyperplane sections are canonical curves of genus a + b — 1 and gonality
min(a, b) + 2.

A quick description of the homogeneous ideal of X (a,b) is that, for
a,b > 2, it is is generated by the rank 3 quadrics in the ideal of S(a,b)
(Theorem 3.5). The goal of this paper is to elucidate the generators of this
ideal, and those of certain related varieties, in a much more explicit way,
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similar to the well-known description of the ideal of S(a, b) as an ideal of
2 x 2 minors. This enables us to compute explicit Grobner bases and even
resolutions over the integers.

One of our motivations has to do with Green’s conjecture relating the
Clifford index of a smooth projective curve to the length of the linear strand
of its free resolution. Deopurkar [D15] has recently proven that all canon-
ical ribbons satisfy Green’s conjecture. Since every canonical ribbon of
genus ¢ and Clifford index c is the hyperplane section of the K3 carpet
X(c,g — 1 — ¢) (IBE9S, Section 8]), this implies that all K3 carpets sat-
isfy the analogue of Green’s conjecture. One can also hope that K3 carpets
could shed some light on the questions of the stability of syzygies raised
in [DFS16] .

Deopurkar’s argument relies on Voisin’s theorem [VO05] that canonical
curves lying on sufficiently general K3 surfaces satisfy Green’s conjec-
ture. In very recent work, Aprodu, Farkas, Papadima, Raicu and Weyman
[AFPRW] have given a far simpler proof of Voisin’s theorem based on the
degeneration of K3 surfaces to tangent developable surfaces of rational nor-
mal curves.

It seems natural to hope that there might also be a proof based on K3
carpets, and this would have the advantage that it would automatically treat
curves of every Clifford index: indeed, the analogue of Green’s Conjecture
for X (a, a) (which corresponds to Green’s conjecture for general curves)
directly implies Green’s conjecture for all X (a,b) with b < a, and thus for
some curves of each Clifford index. This is because a Grobner basis for the
ideal of each X (a,b) with b < a is a subset of that of X (a, a).

Green’s Conjecture is known to fail in some finite characteristics ([B17],
[BS18]). Because the Grobner bases we construct are valid over the in-
tegers, we are able to tabulate the characteristics of the fields over which
the conjecture fails for K3 carpets of sectional genus up to 15 and thus for
canonical ribbons of these genera. The data lead us to conjecture:

Conjecture 0.1. Green’s conjecture is true for general curves of genus g
over fields of characteristic p > 0 whenever p > (g — 1)/2.

The evidence for this conjecture is presented in more detail in the last
section.

Three examples of K3 Carpets. 1) S(1,1) C X(1,1): Any quartic equa-
tion in 4 variables defines a scheme that has the characteristics of a K3
surface. The scroll S(1,1) is a smooth quadric surface in P?. The unique
double structure X (1, 1) is defined by the square of the form defining the
quadric.
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2) S(2,1) C X(2,1): In suitable coordinates S(2, 1) is defined by the 2 x 2

minors of the matrix
To T1 Yo
T T2 U1

The carpet X (2, 1) supported on this scroll is the complete intersection de-
fined by the 2 X 2 minor in the upper left corner, together with the determi-
nant, of the symmetric matrix

To T1 Yo
Ty T2 Y1
Yo y1 O

3) S(2,2) C X(2,2): For a more typical example, we take S(2, 2) to be the
scroll defined by the 2 x 2 minors of

To T1 Yo U1
1 T2 Y1 Y2

then X (2, 2) is defined by the complete intersection of the three quadrics

det (o ™1 det Yo Y1 det To+ Y L1\
T1 T2 Y1 Y2 Tty T2t Y2
We shall see other useful representations as well.

What’s in this paper. In Section 1 below we describe a family of projec-
tive schemes we call correspondence scrolls that includes the rational nor-
mal scrolls, and the degenerate K3 surfaces treated in the rest of this paper.
In Section 2, we give an informal description of the family of degenerate K3
surfaces that depend on a pair of automorphisms of P!, and describe their
degeneration to a K3 carpet.

Our main results are in Sections 3 and 4. In Section 3, we give vari-
ous descriptions of the minimal generators of the ideals of the K3 carpets
and certain reducible K3 surfaces, and prove that these generators form a
Grobner basis for a suitable term order.

In Section 4, we study a non-minimal free resolutions of these surfaces
that have simple descriptions valid over the ring of integers. Explicit com-
putation then yields information about the characteristics in which Green’s
conjecture might fail.

Finally, in Section 5, we formulate two Conjectures about the minimal
free resolutions of these surface, and present the data which give the evi-
dence. In particular, we proof Conjecture 0.1 for curves of genus g < 15.
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1. CORRESPONDENCE SCROLLS

Consider disjoint projective spaces P% = P(V;), fori = 1,...,m, em-
bedded in

PN = P(®,Vi),

and a correspondence, that is a subscheme I' C [, P* (or more generally
a multi-homogeneous subscheme of [, A'*%). The correspondence scroll
Sr defined by I may be described set-theoretically as the union of the planes
in PV spanned by the sets of points {p1, ..., p,} with (py,...,p,) € I. To
Sr scheme-theoretically, we first consider the set of of planes of dimension
m — 1in P that are spanned by all sets of points {py,...,p,} with p; €
P¢ C PN, We consider this set as a subvariety of the Grassmannian. As
such, it is the image of the product [, P*. We pull back the tautological
bundle of m — 1-planes on the Grassmannian to I' C Hl P, and we define
St to be the image in PV of this bundle over I'.
For example, the ordinary surface scroll S(a, b) is the result of taking

m=2,a, =a,a0=">=

and taking I' to be the diagonal in P! x P! embedded in P* x P’ as the
product of the rational normal curves of degrees a and b. The K3 carpet
X (a, b) described below is obtained by taking I' to be the image of twice
the diagonal of P! x P!, and the other degenerate K3 surfaces we consider
correspond to other divisors of type (2,2) on P! x P!

It is not hard to describe correspondence scrolls that have the properties
of Calabi-Yau varieties of other dimensions, and to give other interesting
singular models. This is the subject a paper in preparation by the first author
and Allessio Sammartano [EiSa]

In the next section we concentrate on the family of degenerate K3 sur-
faces.

2. DEGENERATE K3 SURFACES FROM RATIONAL NORMAL SCROLLS:
GEOMETRY

In this section we sketch the geometry of the reducible surfaces whose
equations we will study.

Fix positive integers a, b, and consider 2-dimensional rational normal
scrolls of type (a, b) in P**o+1, Recall that such a scroll may be described
geometrically by fixing disjoint subspaces P¢, P* C P****! rational normal
curves C, C P? and C, C IP® of degrees a and b respectively, and a one-to-
one correspondence ¢ C C, x (. We write S = S, for the correspondence

scroll, which is the union of the lines (z,y) for (z,y) € ¢. When a,b > 1
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the surface S' is a smooth rational surface of degree a + b, isomorphic to
PI'OjP1 (Opl (a — b) © Opl).

In addition to the double structure on S that is the K3 carpet X (a,b), we
will also study the equations of a family of reducible K3 surfaces, the union
of two scrolls S; U S5 that degenerates to X (a,b). We take S; = S = 5,
and define S, = Sy, as the scroll corresponding to the correspondence
¢ o (r x 1) C C, x Cy, where 7 is an automorphism of C, = P*. Finally,
we set

Xgr=51US5.

Now suppose that 7 has two distinct fixed points, which we take to be 0
and oo. In this case we may identify 7 as multiplication by a scalar ¢ # 1.
Had we reversed the roles of 0 and oo (or of C, and C}, we would replace
t by t~1. but up to these changes t is well-defined by the (abstract) surface
X - as the ratio of the points of C,, \ {0, 0o} corresponding to a given point
of Cy \ {¢(0), ¢(c0) }.

The intersection S, U S, is a curve of degree a + b + 2 and arithmetic
genus 1 consisting of C,, U C, U Lo U L, where Ly, L., are the rulings of
either scroll through the points 0 and co on C,,.

We may let ¢ go to 1, and when this happens the union of the two scrolls
approaches X (a, b) (Theorem 3.2).

3. EQUATIONS AND GROBNER BASES

3.1. Notation: Let « > b > 1 be integers, consider a projective space
P&+t over an arbitary field I, and let

P:F[l'(),[lfl,...,l'a, y07y17"'7yb]

be its homogeneous coordinate ring. Define matrices

MX = o X1 ... Tg-1 ’ M}/; — Yo Y1 s Y
1 T1 ... T tyl tyg . tyb
and let
M, — o 1 ... Tg-1 Yo Y1 .- Y1
. =
rr I1 ... Tq tyl tyg NN tyb

be their concatenation.

We omit the subscript and write MY or M for M'Y; or M. We will use
the symbol | to denote concatenation: for example, M = M X |MY .

Let [o(MX), I5(MY), and I5(M) be the ideals in P generated by the
2 x 2 minors of these matrices. In the case b = 1 we will also use the 2 x 2

matrix )
My?2.=( %o S0
YY1 Y1
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Write R := R(a,b) = P/I,(M) for the homogeneous coordinate ring of
the scroll S; = S(a, b) defined by I5(M,). The line bundle corresponding to
the ruling of the scroll S; is the cokernel of the matrix M;, and the elements
Zo, r1 may be identified with the sections of this bundle.

3.2. The K3 Carpets. Now let M = M; = M X|MY . The minimal free
resolution of /(M) is an Eagon-Northcott complex. From the form of this
complex [BE95] we see that the canonical module wy of R is isomorphic
to the ideal

(1,0’ ZL’l)a+b_2R,

shifted so that the generators are in degree 2, that is,
WR = (l’o,,fl)qR(q — 2)

By [GP97, Theorem 1.3] there exists a unique surjection I — wgr. We
begin by making this explicit:

Theorem 3.1. Set ¢ = a + b — 2. The unique surjection « : 1(S) — wg
from the ideal 1(S) of S to the module wg, annihilates Iy(MX) + I,(MY

and sends
det ( i Yi )
Ti+1 Yj+1

to the monomial x8~" 7 2%
Proof. The given formula for « defines a surjection from the vector space
generated by the quadrics in /(.5) to the vector space generated by the forms
P = :)sg_za:{ € R. To see that this defines a homomorphism of P-modules,
we must show that the relations on the quadrics go to 0.
In the case a = b = 1 the ideal I(S) is principal, the canonical module is
isomorphic to R, and the result is trivial. Thus we may assume that a > 2.
The exactness of the Eagon-Northcott complex shows that the relations
on the quadrics are generated by the relations on the minors of the 2 x 3
submatrices M’ of M. Such a submatrix must involve either two columns
from M X or two columns from MY . Since the two cases are similar, we
may as well suppose that the submatrix is

0 1 2

M/: x’i :L'] ys
Tit1 Tjp1  Yst+1

with) <7< j<a—1land 0 < s <b— 1. The relations on the minors of
M’ are generated by

iAo — ;N2 + YsDo1 =0
Tit1D12 — 241002 + Ys+1D0,1 = 0.



EQUATIONS AND SYZYGIES OF K3 CARPETS AND UNIONS OF SCROLLS 7

where A, , denotes the determinant of the 2 x 2 submatrix of A/’ involving
the u-th and v-th columns.
The map a sends A to 0, so these relations go to

— TjPits T TiPjts
— Tj+1Pi+s T Tit1Dj+s-

In the fraction field of R we have
1 /ro = xo/T1 = =y1/yo=--- mod I(9).

In particular, for j = 0,...a we have

T = (ﬂ)jxo mod I(5).

Zo

Thus the two binomials above are both congruent mod /(5) to

L1y q—i—S _i+s L1yi q—j—s, . j+s
—(—) Toxry w0+ (—) roxy © xy =10
Lo Lo
as required. U

Some reducible K3 surfaces. We now turn to the ideal of the K3 surfaces
X4 .7 in the case where 7 is multiplication by a scalar ¢. It turns out that it
is convenient to write down generators in some cases where ¢ is not defined
over the ground field F, but is the ratio t = t; /{5 of two the roots ¢,y # 0
of a quadratic equation p(z) = 2% — e;z + ey € F[z]. We include the
possibility F = Z as well—this will be important in Section 4. We write ¢
for the pair (e, e2). As we shall see, if (e1, e2) € F then the scheme X, -
has a model X, defined over F.

We think of the ¢; as being in a fixed algebraic closure F of F, and set
P :=TFlxg,...,%a, Yo, .-,y Ift; = t5, so that t = 1 then, for simplicity,
we will suppose that t; = t, = 1.

Other than the minors of M X and MY, the forms that will enter into our
description are defined as follows:

(1) In the case a,b > 2 we let J. C S generated by the bilinear forms

Qi = Tit2y; — €1Ti1Yj41 + €2TiY 12 (1a).

for0 <i<a—2and0 < j <b— 2. The ideal J. can be perhaps
more conveniently specified as the ideal generated by the entries of
the (@ — 1) x (b — 1) matrix

ZTo T T2

o my as| (0 0 e\ [ v . Yoo
0 —e O Yi Y2 - Yp—1 (1b).
1 O 0 Yo Y3 .- Up

Tag—2 Tg—1 Tq
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(2) In the case a > 2,0 = 1 we let J. be the ideal generated by the
cubic forms

Qio = 93i+2yg — €1Ti+1YoY1 + 62931'?/%
for 0 < i < a — 2, i.e. the entries of the (¢ — 1) x 1 matrix

Zo € T2

2
T Ty T3 0 0 e A

0 —e; O Yol
1 0 0 y?

Tag—2 Tg—1 Tg

(3) Finally, in case a=b=1 we let J, be the ideal generated by the quartic
form

2.2 2.2
Qo0 = T1Y; — €1ToT1YoY1 + e2ToYy

= (z1y0 — tizoy1) (T1Y0 — t2Z0Y)

Set I, := I,(MX) + I,(MY') + J.. We will show that I, is the ideal of
forms vanishing on X, ; and that P/I, is a Gorenstein ring with wp/;, =
P/1I, as graded modules, so that, in particular, X, is a degenerate K3 sur-

face.

Theorem 3.2. Let F be any field. I, := I,(MX) + I,(MY') + J. is the

saturated ideal of X..

(1) Ifty =ty = 1, hence e = (2, 1), then I, is the kernel of the map «
of Theorem 3.1, and thus 1. is the saturated ideal of X. = X (a,b).
(2) Suppose that t; # to. Define 2 x (a + b) matrices over P by

L (%o X1 ... Ta—1 Yo vy Y1
My = Mte_(l’l To ... Tq tgyl tng tgyb)

for ¢ =1,2. We have

1. = Ig(ml) N ]Q(mg) c P.
and thus 1, is the_ saturated ideal of a F-scheme X, that becomes
isomorphic over F to X 4., which is the union of the two scrolls de-

fined by I5(my) and I5(my). These two scrolls meet along a reduced
curve
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Ca
T

S
Ch

where the Ly, L, are the lines in IP)%H)H defined by the vanishing of
the first and second rows of the matrix my, while the curves C, and
Cy, are rational normal curves of degrees a, b defined by the minors
of M X and MY in the subspaces defined by the vanishing of the y;
and the x; respectively.

(3) The Q; ;, together with the 2 x 2 minors of M X and the 2 x 2 minors
of MY, form a Grobner basis for 1. with respect to the reverse
lexicographic order with

T > > Ty > Yo S>> Ype
(4) The ring P/ 1, is Gorenstein, with wp;, = P/ I, as graded modules.
We will make use of some identities whose proofs are immediate:

Lemma 3.3. Suppose that t,,ts are nonzero scalars, and let
e1 =1t +1ty ey =11ty

be the elementary symmetric functions.

(1) Ifa,b > 2 then:
Qij = TitoY; — €1Ti+1Yj11 + €2T;Yj12
— t, det Ti Yi+1 ) _ et (Tt Yi
Tit1 tYjt2 Tiv2 tYjq1
— 1, det i Yi+r ) et (it Y
Tit1 toYjt2 Tiva taYj1

— l’i—i-tgy- xi+1+y.+1
= det . g d (L(MX) + L(MY)),
) <t2xi+1+t1yj+1 toTio + Yjaa) O (L(MX) + I,(MY'))
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(2) If, on the other hand, a > 2 but b = 1 then:

Qip = $i+2y3 — e1%11YoY1 + 62%.@%
. , 2
— 1y det T yoy% _ det [ Fitt Yo
Tit1 tiyg Tiv2 t1YoY1

T, Yol Ti+1 YoU1
= t; det — det
! <$i+1 t2y%) <$i+2 tzyg)
O

We will use also use the following result, which is a transposition of a
well-known result on multiplicity into the context of Grobner bases:

Lemma 34. Let P = Flzy ..., x,] be a standard graded polynomial ring,
with a monomial order >, and let I C P be a homogeneous ideal of di-
mension d. If g1, ..., gm areformsin I and (1, ..., Ly are linear forms such
that
length(P/(incgy,...,incgm, l1,...,4q)) < deg P/I

then g1, ..., gm is a Grobner basis for I, the rings P/I and P/in_I are
Cohen-Macaulay, and (1, . . . , L4 is a regular sequence modulo in_I. More-
over, if oy, for t € AY\ {0}, is the one-parameter family of transformations
of P" corresponding to the Grobner degeneration associated to the mono-
mial order < then, for general values of t, the elements (1, ..., L, form a
regular sequence modulo I;.

Proof. Fort # 0 we have deg P/o,I = deg P/I because the transformation
o is an automorphism of P”. Moreover, by the semi-continuity of fiber
dimension, /1, ..., ¢, is a system of parameters modulo o,/ for general .
The degree is also semi-continuous, and in.o;g; = in.g;, so for general ¢,
we have:

deg P/I = deg P/o,1

<length P/o, + ({1,...,4q)

<length P/(0191, - -, 0tGm, l1, - - -, La)

<length P/(incgy,...,incgm, l1, ..., lq).
Our hypothesis implies that all the inequalities are equalities, so by [ABS5S,
Theorem 5.10] the rings P/ and P/in_ I are Cohen-Macaulay, and /1, . . ., {4
is a regular sequence modulo in_/. Since any proper factor ring of a
Cohen-Macaulay ring must have smaller degree, and since in any case

degin I = deg I, we see thatin_ I = (in.gy,...,iN<Gmn), SO g1, .-, Gm 18
a Grobner basis for /. O

Proof of Theorem 3.2. It follows at once from the identities that /. is con-
tained in the ideal of X..



EQUATIONS AND SYZYGIES OF K3 CARPETS AND UNIONS OF SCROLLS 11

We next show that the generators of I, form a Grobner basis. Let I’ be
the ideal generated by the initial forms of the generators; that is, by:

(1) the initial forms of the 2 x 2 minors of M X, namely x;x; for 1 <

1<j<a-—1
(2) the initial forms of the 2 x 2 minors of MY, namely y;y; for 1 <
1 <j<b-1

(3) the initial forms of the @); ;, namely z;40y; with 0 < ¢ < a —
2and 0 < j <b—2ifb > 2,0rxi+2y§ with0<i<a—2ifb=1.
Since I’ C in 1, we see that dim S/I" > 3. Set

P = F[[L’l, N P 7 T ayb—l] = P/(:L'O’ Ta — Yo, yb)
The image of I’ in P’ contains every monomial of degree 2 except
{1y |1 <7 <b—1 U{ziyp | 1 <i < al,

every monomial of degree 3 except x1x,yp_1, (Or :):1273 in case b = 1),
and every monomial of degree > 4. Thus xy, z, — Yo,y iS a system of
parameters modulo /" and P’/I’' P’ has Hilbert function {1, a +b—1, a +
b—1, 1}. In particular,

dimg(P'/I") = 2a + 2b.

By Lemma 3.4, this implies that z(, x, — o, ys i a regular sequence
modulo I" and modulo [; that I’ = in_I; and that P/ and P/I’ are Cohen-
Macaulay rings of degree 2(a + b). In particular, /. is the saturated homo-
geneous ideal of X.. This completes the proof of parts (1)-(3).

To complete the proof of part (4) we must show that wp/; = P/I, and
for this we may harmlessly assume that F = F. In the case t; = t, this is
implied by the result of Gallego and Purnaprajna [GP97, Theorem 1.3], so
we need only treat the case t; # t9, where X, = S; U S; is the union of two
scrolls.

From the fact that P/I is Cohen-Macaulay, together with Hilbert function
of P/I', we know that the Hilbert function of wp/;, is equal to the Hilbert
function of P/I., and it suffices to show that the annihilator of the element
of degree 0 is precisely /. = I5(mq) N Iy(m2). Since wpy;, is a Cohen-
Macaulay module, no element can have annihilator of dimension < dim /.
thus the annihilator of the element of degree O is either I, or Iy(my) for
{=1orl=2.

Now the annihilator of I5(my) in wp,;, is equal to wp/1,(m,). Since S(a, b)
is rational its canonical divisor is ineffective, so the nonzero global section
of wx, cannot come from either of the scrolls, and we are done. O

Theorem 3.5. The ideal I(a,b) of the K3 carpet X (a,b) contains all the
rank 3 quadrics vanishing on the scroll S(a,b), and if a,b > 2 then I(a,b)
is generated by them.
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The projective variety of rank 3 quadrics in I(a,b) is the Veronese em-
bedding of
2% P(Sym(a_z) (F?) @ Sym,_y) (F?))
in the subspace of

P(A2Sym,_,(F?) & A% Sym,_, (F?))

spanned by the (“+g_1) rank 3 quadrics described in part (3) of Theo-
rem 3.2.
Proof. If we identify x, . .., z, with the dual basis to the monomial basis

of Sym,, (F?) then we may regard M X as a map from Sym,,_, (F?) to (F?)*.
With this identification, writing s, ¢ for the basis of 2, some of the rank 3
quadrics in I5(M X)) correspond to the 2 x 2 submatrices of MX involving
the pair of generalized columns sf,tf for arbitrary f € Sym, ,(F?). We
first prove by induction on a that these rank 3 quadrics in /(M X') generate
all of I;(M X). This is obvious when a = 1. By induction we may assume
that the rank 3 quadrics generate all the minors in the first a — 1 columns of
MX. Butfori+1 < a— 2 we have:

xZ; Xa—
det ) a—1
Tit1 Tq

— det ( Ti+ Ta—2  Tig1 +%-1) ~ det ( T !L"z'+1)

Tip1 + X1 Tipo2 + T4 Tit1 Tigo

_ det (%—2 %—1) + det ($i+1 xa—2) .
Ta—1 Za Tiv2 Ta-1
All the terms on the right except the last have rank 3 and are of the given
form, and the last is a minor from the first « — 1 columns, proving the claim.

The map from this a+1-dimensional space of matrices to the (g) -dimensional
space of quadrics in I (M X)) is quadratic, and since the image spans I (M X),
the map must be the quadratic Veronese embedding.

The same consideration holds for the rank 3 quadrics of MY. As in part
(3) of Theorem 3.2, we may obtain a further rank three quadric by adding
the submatrix corresponding to f € Sym, ,(F?) to one corresponding to
g € Sym,_,(IF?), thus giving us a vector space Sym,_,(F?) @ Sym,_,(FF?)
of 2 X 2 matrices whose determinants are rank 3 quadrics. The determinant
map from this vector space to the space of quadrics is also quadratic. Since
the dimension of the space of quadrics in I(X(a,b)) is (“HZ’_I), and this
space is spanned by the image of the determinant map, we see that the
determinant map must be the quadratic Veronese map.

To see that /(X (a,b)) contains all rank 3 quadrics in /(S(a,b)) we do
inductionon a + b. If a = b = 1, then I(X (a, b)) contains no quadrics, and
ifa=2,b=1ora=1,b= 2 there is a unique quadric, and it does have
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rank 3 (Example 2 in the introduction), so the result is trivial in these cases.
We now suppose that a, b > 2.

Let ) be a rank 3 quadric hypersurface containing S(a, b). The vertex of
(2, which is a codimension 3 linear space, is set-theoretically the intersec-
tion of () with a general linear space of codimension 2 containing it, as one
can see by diagonalizing the equation of (). Such a codimension 2 space
must intersect the 2-dimensional surface S(a,b), necessarily in a point p
lying in the vertex. Let 7 : Patb*l — Petb be the projection from this
point.

We may choose variables within the spaces (o, ..., x,) and (yo, - .., Yp)
so that (possibly after reversing the roles of x, y) the point p has homoge-
neous coordinates (1,0, ...,0), and thus lies on the rational normal curve
C, C S(a,b). It follows that 7(S(a, b)) = S(a — 1,b).

The variety 7(X (a, b)) is defined by the ideal

I/ = I(X(a,b))mF[.ﬁC‘l,...,fﬂaayOM"?yb]?

and (after renumbering the variables) this ideal contains all the quadrics
in the ideal (X (a — 1,b)) described in Theorem 3.2. Thus 7(X (a,b)) C
X (a—1,0b). Since the general codimension 2 plane through p meets X (a, b)
in a double point at p, we have deg (X (a,b)) = deg(X(a,b)) — 2 =
deg X (a — 1,b). Since (X (a,b)) also has the same dimension as X (a —
1,b), and the latter is Cohen-Macaulay, we have 7(X (a,b) = X (a — 1, ).

By induction, X (a — 1,b) lies on all the rank 3 quadric hypersurfaces
containing S(a — 1, b); in particular, it lies on 7(Q). Thus X (a, b) lies on

Q. O

Proposition 3.6. Suppose that t| # ty. The scheme X, = S, U Sy, has
a transverse Ay singularity along the intersection of the two scrolls away
from the 4 double points of the curve E = Lo U Lo, U C, U .

Proof. We may harmlessly assume F = F and @ > b > 1. Consider the
affine chart U =2 A%+l of Patb+! defined by {zy = 1}. This open set
misses the curves L., and C}, that are defined by the vanishing of the first
row of the matrix M X |MY and the vanishing of all the variables of M X,
respectively.

The variables 1, yo restrict to global coordinates both on Sy N U = A?

and Sy, NU = A?. Because 0 # e, € K, we can eliminate 2o, . . ., 7, from
the coordinate ring of X, N A?***+! using the minors of M X and, if b > 2,
we can eliminate ¥, . . . , y, using the equations

Qo |v= 22y; — e121Yj11 + eayiqpo for j =0,...,0 — 2.

It follows that z, yo and y; generate the coodinate ring of the affine scheme
X.NU.
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One remaining equation of X, N A%"**! in these generators is obtained
from 3?2 — yoyo, which, after substitution, corresponds to the equation

eay; — (e1m1y1 — 27Yo)yo = (t1y1 — 21Yo0) (tayr — T1Y0).

All other generators reduce to zero modulo this one, since otherwise X,
would have a component of dimension < 2.
Thus the intersection of the two components of X, N U in A® defined by

1 t
Y1 — —T1Yo and (_2 - 1)x1y0.
i1 i1

This set has components x; = y; = 0 corresponding to L, and yg = y; =0
corresponding to C,,, and the intersection is transverse away from the point
Top =T1 = Y1 = 0.

The arguments for the three charts {z, = 1}, {yo = 1} and {y, = 1} are
similar. U

4. SYZYGYIES OVER Z AND Z/p

In this section we investigate the question: for which prime numbers p
does the carpet X (a, b) satisfy Green’s conjecture over a field of character-
istic p? We begin by unpacking this question.

Let R denote a field or Z. If F'is a graded free complex over a graded
R-algebra with R = Py = P/P, a domain, then we set

BZJ(F) = (rankR E ®P R)]

Following the convention used in Macaulay2, we display the (3; ; in a Betti
table with whose i-th column and j-th row contains the value 3; ;4 ;(F). If
Ris afield or Z we write X ®(a, b) or X2 (a, b) to denote the the subscheme
of P4+ that is defined by the ideal described in Theorem 3.2, and we
write P%(a, b) for it’s homogeneous coordinate ring.

If F is the minimal free resolution of P¥(a,b) as a module over

F[x07"'7xa7y07"'7yb]

where [ is a field of characteristic p, we say that Green’s conjecture holds
for X¥(a,b) if B ;+1(F) = 0 for i > max(a, b), and similarly for XF(a, ).
Note that the presence of the ideal of the rational normal curves of degree
a and b inside the ideal of X (a, b) implies that §; ;41 (F) # 0 for 0 < ¢ <
max(a, b), so that when Green’s conjecture holds, it is sharp.

We have already shown that P¥(a,b) is Cohen-Macaulay. The hyper-
plane section, which is a ribbon canonical curve, thus has minimal free
resolution with the same Betti numbers ([BH93, Proposition 1.1.5]). Since
the hyperplane is a ribbon of genus g = a + b + 1 and Clifford index b by
[BE9S, p. 730] this is what Green’s conjecture predicts for ribbons [BE9S,
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Corollary 7.3]. Since ribbons do satisfy Green’s conjecture in characteristic
0 ([D15]), it follows that this is true for K3 carpets as well.

Returning to the general setting of a graded free complex /' over a graded
R-algebra P with R = Py = P/P,, we define the k-th constant strand of
F, denoted F®), to be the submodule of elements of internal degree k of
the complex F ®p R. Thus F*) has the form:

F® .o RBr2k(F)  pBr1k(F) o RBRE(F) L

We write H;(F*)) for the homology of this subcomplex at the term R%:+(F),
If Ris a field, F' is any graded P-free resolution of a module M, and F” is
the minimal free resolution of M, then since the minimal free resolution is
a summand of any free resolution we have 3; ,(F") = H;(F®).

To survey what happens for all primes p at once, we work over Z. We
have shown that the homogenous ideal of X (a,b) C P%™* is minimally
generated by a Grobner basis consisting of forms with integer coefficients,
and the coefficients of the lead terms are +1. Thus the homogeneous coor-
dinate ring P%(a, b) of X%(a,b) is a free Z-algebra, and any free resolution
over P”(a, b) reduces, modulo a prime p, to a free resolution of PZ/?(a, b)
over in characteristic p.

This means that we can deduce properties in all characteristics from prop-
erties of a free resolution over Z. We will use the (not necessarily minimal)
free resolution introduced (in a slightly different form) in [S91], called the
Schreyer resolution in Singular. See [BS15] for a mathematical exposi-
tion, and [EMSS16] for an efficient algorithm. We have implemented a
Macaulay?2 package K3Carpets.m2 [ES18] for exploration of these ques-
tions.

The definition of the Schreyer resolution of an ideal 7, described in [BS15],
starts with a normalized Grobner basis

fiooos fn

of I, sorted first by degree and then by the reverse lexicographic order of
the initial terms. Each minimal monomial generator of the monomial ideal

Mi = (iﬂ(fl), ey il’l(fi_1>> . 11’1(f2> for i = 2, o,

determines a syzygy. One shows that these syzygies form a Grobner basis
for the first syzygy module of fi, ..., f, with respect to the induced mono-
mial order. Their lead terms are m;e; for generators e; of [} mapping to
fi and m; € M, a minimal monomial generator. Continuing with the algo-
rithm, we get the finite free resolution /' whose terms F; are free modules
with chosen bases.
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It will be useful in the proof of Theorem 4.4 to give each of the chosen
basis elements of [, a name, which is a sequence my, . .., m, of monomi-
als:

Definition 4.1. The basis element ¢; of F| gets as a name the monomial
in(f;). If the minimal generator e; € F), is mapped to a syzygy with lead
term mey, € [F,_1, then the name of a generator ¢; of F,, is

name(e;) = name(ey), m.

We define the name product of a generator F,, to be the product of the mono-
mials in its name. The total (internal, as opposed to homological) degree of
a generator is thus the degree of its name product.

For simplicity, when we write X (a, b), we will henceforward assume that
a > b. To check whether Green’s conjecture holds, we need only check a
single homology group of a constant strand in an arbitrary free resolution:

Proposition 4.2. The K3 carpet X¥(a,b) over a field F satisfies Green’s
conjecture if and only if, for any graded free resolution I of the homo-
geneous coordinate ring of P%(a,b), the constant strand F“*V) satisfies
H,(Ft) @, F) = 0.

Proof. We must show that in the minimal free resolution F’ of P¥(a, b), the
term FJ, for k > a, has no generators of degree < k + 1. The construction
of the Schreyer resolution I’ of P%(a,b) shows that " has no generators of
degree < k, and since F’ is a summand of F' ®y I, the same is true for F.
The hypothesis that that H,(F®*Y @, F) = 0 (for any resolution F' over
the integers) implies that F does not have any generators of degree a + 1,
either, proving the assertion for £ = a. We complete the proof by induction
onk > a.

Assuming that F} has no generators of internal degree < k + 1, the dif-
ferential of " would map any generators of F}.,; having internal degree
k + 2 to scalar linear combinations of generators of F}, having internal de-
gree k + 2. Because F’ is minimal, this cannot happen. UJ

Example 4.3. Here is the Betti table of the Schreyer resolution £ of PZ(6, 6)
computed with Macaulay?2:

j\i 0 1 2 3 4 ) 6 7 8 9 10 11
1

55 320 930 1688 2060 1728 987 368 81 8 .
39 280 906 1736 2170 1832 1042 384 83 8
1 8 28 o6 70 56 28 8 1

0
1
2
3
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In this case, Proposition 4.2 shows that Green’s conjecture over [F if de-
pends only on a property of the 7-th constant strand F@+t1) = F()_In our
example, this has the form

0+ 78 «+ 71736 71728 .

It has a surjective first map, so the vanishing of H,(F") ®;F) is equivalent
to the divisibility by p of the determinant of a certain 1728 x 1728 matrix
M over Z. Computationally we find that

det M = 21312 372 5120.

Thus in characteristic 0 or characteristic p # 2,3, 5 this carpet satisfies
Green’s conjecture with Betti table

01 2 3 4 5 6 7 8 9 10 11
1 . . . . .
95 320 891 1408 1155 . . . . .
1155 1408 891 320 55

Wy eQ

1

For the exceptional primes p we can determine the Betti tables by com-
puting the Smith normal form of M and the other matrices in the constant
strands of the non-minimal resolution. They are

p=2:
0. 1 . . . . . . . . .
1: 55 320 900 1488 1470 720 315 &0 9 .
2: 9 80 315 720 1470 1488 900 320 55 .
3: 1
p=3:
0. 1 . . . . . . .
1: 55 320 891 1408 1162 48 7 . . .
2: 7 48 1162 1408 891 320 55 .
3: 1
p=>5
0. 1 . . . . . .
1 55 320 891 1408 1155 120 . . .
2. .. . . . 120 1155 1408 891 320 55
3: . . . . . . o1

Experimentally we have strong evidence that p = 2 and p = 5 are also
exceptional primes for the general curve of genus 13, while a general curve
of this genus in characteristic 3 satisfies Green’s Conjecture, see [B17] and
Remark 5.2 below. For characteristic p = 2 the experiments support the
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conjecture that a general smooth curve of genus 13 has the following Betti
table with much smaller numbers

0. 1 . . . . . .

1: . 55 320 891 1408 1155 64 . . .

2. .. . . . 64 1155 1408 891 320 55 .’
3 .. . . . . . . . . o1

then the carpet, while, for p = 5, the experimental findings suggest that
the Betti table of the carpet coincides with the conjectural Betti table of a
general smooth curve of genus 13.

The Schreyer resolution is rarely minimal, even for monomial ideals.
Thus the following surprised us:

Theorem 4.4. Let a,b > 2, and write I = I3, for the saturated ideal
defining X%(a,b), as exhibited in Theorem 3.2. The Schreyer resolution of
in(7) is minimal.

Proof. In our case, the minimal generators of I form a Grobner basis (Theo-
rem 3.2), which is thus automatically normalized. Let F' denote the Schreyer
resolution of J = in(/). Defining the M; as above, we see from the con-
struction that the Schreyer resolution G of in(f;),...,in(f,_1) is a sub-
complex of F', and the quotient complex is the Schreyer resolution of M,,,
appropriately twisted and shifted.

There are n = (‘”g_l) generators of J, which we sort by degree refined

by the reverse lexicographic order as follows
2 2 2 2
X1, L1X2, Loy .-, Ty_1,X2Y0, L3Y0, - - -y LaYo, L2Y1, T3Y1, - - -, Tal1, Y1, L2Y2,
2
L3Y2s -+ -y Tal2, Y1Y2, Yo, o - » L2Yb—2, L3Yb—2; - - - La¥b—2; Y1Yb—2, Y2Yb—2;

2 2
s Yp—os Y1Yb—15 - - -5 Yp—2Yb—1, Yp_1-

Thus for 1 < k£ < n — 1 we have

in(fx) range M,

Xyl j ].SZS]SG—]_ (le'l,...,llj'j_l)

ry; |2<i<a—-1,0<7<b—2|(21,...,%a"1,%0,---,Yj-1)
Talj 0<j<b-2 (T25 -y Tas1, Y0y - - -, Yj—1, T7)
Yiyj 1<i<j<b-2 (T25 -y Tast, Y1, - - - Yjm1, T7)
Yillp—1 1<i<b-1 (T9y oo a1, Y1y - - s Yoo, T3)

The monomial ideal M,, is more complicated. The initial term of f,, is
in(f,) = y?_,, and we get
2 2
MTL = (yh s Yb—2, T, X125 o3 X1, L2Y0, - - - 7$ay0)

Lemma 4.5. The Schreyer resolution G of the ideal (in(f,),...,in(f,-1))
is the minimal free resolution of this ideal.
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Proof. For k < n, each M}, is generated by a regular sequence of monomi-
als.The name of each generator of G,, is thus an initial monomial of an fj,
followed by an decreasing sequence of distinct elements of M) of length
p— 1.

We must show that there are no constant terms in the differential G, —
G, for each p > 0. The generators of G, have degrees p + 1 and p + 2.
The Z*+**2_grading of the monomial ideal induces a Z****2-grading on G.
Again in this grading a generator of (G, has same total degree as its name
product.

Each name product of a generator of GG, of degree p + 2 is divisible by
7 and some y;. However, the only name products of generators of G, of
degree p + 2 that are divisible by x? are monomials in F[z1, ..., z,_1], and
the conclusion follows. U

To treat the case of M,, we first study a smaller resolution:
Lemma 4.6. The Schreyer resolution H of the monomial ideal
Ju = (23,21, .., 221, T2Yo, - -, Talo)
is the minimal free resolution of this ideal.

Proof. We order the monomial generators my, of Jy as indicated above, and
obtain this time

my, | range | (ma,...,me_1) :my,
Xyl ]_SZS]SG—]_ (le'l,...,l’j_l)

vy | 2<i<a—1 |(21,...,24-1)

Zalo (1’2, ceey Lg—1, Zlf%)

As in the proof of Proposition 4.5, the generators of H, for p > 1 are in
degree p+ 1 and p + 2, and only the name products of those in degree p + 2
are divisible by z%y,, so no constant terms can occur in the differential by
the Zo*+2_grading. O

The resolution of M, is the tensor product of the resolution H from
Lemma 4.6 with the Koszul complex K = K(y;, ..., %,_2) . Thus the terms
of the complex F' resolving in(/) are built from the terms of G and terms
of the tensor product complex K @ H shifted and twisted:

min(b—2,p—1

)
F,=Gp,® @ Kq ® Hp—l—q(_Q)-
q=0

Since G is a subcomplex of F, the only possibly non-minimal parts of the
differentials in F" have source in the subquotient complex K(y1, ..., yp—2)®
S[—1](—2) and target in G.
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The Schreyer resolution F'Y of (y1,...,y,_1)? is a subcomplex of F' of
which K(y1, ..., y-2) ® S[—1](—2) is a subquotient. Since F'Y" has only
generators of degree p + 1 in homological degree p > 1, all maps of F'Y
and hence F' are minimal. This completes the proof of Theorem 4.4. 0

Corollary 4.7. The minimal free resolution of in(I) and the Schreyer reso-
lution of I have length a + b — 1 and their non-zero Betti numbers are

Boo(F) =1,

Bppr1(F) :p(pil) +jzj)((a_2)(a:iI 1) n (a:i:?))

b—2 . _ _
R R

+(;:f) forl<p<a+b-2

and
eI s ati—2 e=2+b-1
BP’HQ(F):;O( p—2 >+j;j< p—2 >+(b_2)< p—2 )
-0 (, ) r@eprarn( )4, 0)
=0 = 9 pod P—q r p-g=2 poa—d
for2<p<a+b-—1
and
srraF)= (1 007)  srs<p<aret

Proof. The complex [ has length a and its the non-zero Betti numbers are

Boo(H) =1,
Bpp+1(H) :p<pil) +(a—p)<pi1) + (Z:;) forl<p<a
and

-2
@ 2) for2 <p<a.

Bppiallf) = (
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The complex G has length a + b — 1 and its non-zero Betti numbers are

Boo(G) =1,

@ =5, %)+ a2 () (112

o\ P2 i= p—2
2+0
+(b—2)<a * )for2§p<a+b—1
p—2
The formula now follows from
min(b—2,p—1)

Remark 4.8. The formula for /3, ,+1(F') can be a simplified:
a—2 b—2 a+b—1 a+b—3
F) = —2 .
B (F) (p—1)+<p—1)+p( p+1 ) ( p—1 )

Using this and 3, 5,1(F) = (“/*]") we can also obtain a simplified for-

mula for the (3, ,12(F)’s by using the identities
Bp+1(F) = Bp—1,p41(F) + Bp—2p1(F)

a+b—3 a+b—3
- —(a+b—2—
p( p+1 ) o p>(a+b—1—p)

a+b—2—pla+b—2
= - & b—2p—2).
p+1 ( p—1 )(a+ P=2)

Remark 4.9. Eliminating 1, from the equations of X.(a, b) C P+ gives
the equations of an X,(a,b — 1) C P4*®, and it follows that the Schreyer
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resolution of X,.(a,b — 1) is a subcomplex of the Schreyer resolution of
Xe(a,b). Indeed the generators derived from

in(fx) range M;,

iy 1§Z§j§a—1 (l’l,...,l’j_l)

'riyj 2§Z§a—1,1§j§b—2 ($1,...,l’a_1,y1,...,yj_l)
Ty, 1<j7<b—-2 (T2, oy T 1, Y1y - s Y1, T3)
YilY; 2<i<y<b-2 (T25 -y Tas1, Y2, - -, Yjm1, T7)
YiYp—1 2 S l S b—2 (x27---axa—lay27"'ayb—27x%)

belong to this subcomplex. For the last equation with lead term in(f,/) =
Vi1 We get

!/ 2 2
Mn’ - (y27 ey Yp—2, T, T1X2y « o oy X1, L2YL,y - - 7xay1)
which is not a subset of the corresponding M,,. Hence some generators

of the Schreyer resolution for X, (a,b — 1) are not mapped to generators
Schreyer resolution of X, (a, b) but rather to linear combinations.

Remark 4.10. The equations of X.(a, b) allow a Z*-grading. The equations
and the whole resolution is homogenous for deg x; = (1,0, ¢) and degy; =
(0,1, 7). The non-minimal maps in the non-minimal resolution decompose
into blocks with respect to this fine grading.

We can also compute the Betti table for the minimal resolutions of the K3
carpets X¥(a, b) over a field F of characteristic 2. Note that, because ey, e,
are elements of [, the degenerate K3 surface X éFo,l) (a, b) coincides with the

carpet X*(a, ) = X{, ,(a, D).

Theorem 4.11. Let a,b > 2 and let F be an arbitrary field . The minimal
free resolution of the homogeneous coordinate ring of X = X.(a,b) C
Pttt for e = (0, 1) has Betti numbers

b—2 b—2
Biiv1 =1 “ + + (max(a — 7,0) + max(b — 7,0)) ¢ +
’ t+1 1—1
fori > 1and B;iv2 = Batv—1—iaro—i for 1 < i < a+ b — 2. (These Betti
numbers coincide with the Betti numbers of a 4-gonal canonical curve of

genus g = a+ b+ 1 with relative canonical resolution invariants a — 2 and
b — 2, see [S86, Example (6.2)].

Proof. The 2 x 2 minors of the matrix
m — o T1 ... Tg—2 Yo U1 oo Yp_2
T2 T3 ... Xg Y2 —Ys .. —Up

are contained in I x. Thus X is contained in a 4-dimensional rational normal
scroll of type

Y = 5(la/2], [a/2] - 1, [5/2], [6/2] - 1)
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of degree f = a—1+b—1. As a subscheme of the scroll, X is the complete
intersection of two divisors, whose classes are of class 2H — (a — 2) R and
2H — (b — 2)R, where H, R € PicY denote the hyperplane class and the
ruling of Y. These are defined by the vanishing of

2} — Loy, Ty — T3, ..., Th g — Ta—aq
and

2 2 2
Y1 — YoY2, Yo — Y1Y3, - - - Yp—1 — Yo—2Yb,

respectively. In terms of the Cox ring F[s, ¢, ug, u, vo, v1] of Y they are
given by relative quadrics

u? —stul  ifa=0 mod 2

su? —tud ifa=1 mod 2
and

vi—stvp ifb=0 mod 2

svi—tvd ifb=1 mod 2
Thus by [S86, Example (3.6) and (6.2)] the minimal free resolution of [y is
given by an iterated mapping cone

C¥ < [C72(=2) ® C"%(—2) « C/2(—4)]

where C? denotes the j-th Buchsbaum-Eisenbud complex associated to m.
(The complexes C°,C! are also known as Eagon-Northcott complex and
Buchsbaum-Rim complex of m.) U

Part of Theorem 4.11 generalizes as follows:

Theorem 4.12. [Resonance] Suppose p(z) = 2*> — e,z + ey has distinct

non-zero roots t,ty € IF such that ts /1, is a primitive k-th root of unity and
a,b>k+1, and set X := X (a,b).
(1) X is contained in a rational normal scroll of type

Y = S(ao, cee ,CLk_l,b(], . .,bk_l)
with

and
b ={0<j<b|j=i modk} —1.

(2) The map Y — P! induces a fibration of X into 2k-gons.

(3) If a,b > 2k? then X has graded Betti numbers 411 = 0 for { >
a+b—1+2—2kand Bryro = 0 for { < 2k — 2. In particular
the range of non-zero Betti numbers coincides with range predicted
by Green’s conjecture for a general 2k-gonal curve of genus g =
a+b+ 1
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In characteristic 0, Green’s conjecture is known to hold for general d-
gonal curves of every genus by [A05], and it is known in every character-
istic for some d-gonal curve of genus g if g > (d — 1)(d — 2) by [S88].
However we do not know that the family of curves of genus ¢ and gonal-
ity d is irreducible; and indeed the Hurwitz scheme could be reducible in
positive characteristics, see [F69, Example 10.3].

Proof of Parts (1) and (2). By Theorem 3.2, X is the union of the two scrolls
defined by the minors of the matrices

My = Tog X1 ... Tg—1 | Yo Yy - Yp—1 for £ = 1,2
T Xy ... Ta |ty teye ..ty
respectively.

Applying an automorphism of P***~! we may assume that t; = 1 and
thus that ¢ = ¢, is a k-the root of unity. The minors of the matrix

m — To T1 ... Ta—k \ Yo Y1 - Yok
Tk Tkt1 --- Tqa \ Ye Y1 -+ Ub

lie in the intersection of the ideals of minors of m; and m., as one sees from
the formulas

k—1

ph—t-1 Tive  Yj—v—1| | Ti Yj—k
E = L
— Tipor1  tyYj—e Tipr tYy;|

which hold for 0 < ¢ < a—kand £ < 57 < b. Thus the scheme X is
contained in a 2k-dimensional scroll of the type claimed (for example

To T . x(ao—l)k
T T2k ... Lagk
is a submatrix of m).

Since X = 51UJ55 is the union of two scrolls whose basic sections C,, and
(), coincide we find a pencil of 2k-gons (away from the ramification points
at 0 and infinity of the k-power map from P! to P') as follows by alternating

rulings from S; and S,. Starting from a general point (1 : s: 8% :...:s%:
0...0) € C, we have a ruling of the first scroll S; connecting it to the point
(0:...:0:1:5:...:8") € Cp. The ruling of the second scroll S joins

this point on C}, with the point (1 :¢s:...: (ts)*:0:...:0).
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Ca
3-resonance

Cy

Continuing with a ruling of the first scroll and so on this process closes with
an 2k-gon, since ¢ is a primitive k-th root of unity.

The map Y — P! sends a point of Y to the ratio of the two rows of m
evaluated at that point, so the 2k-gon is contained in the fiber defined by

(Skj_l) To 1 .- Ta—k Yo Y1 - Yok -0,
Tk Tk+1 --- Ta Yk Yk+1 --- Y

Since s* = § has k distinct solutions for § = 0, the fiber of the composition
X = S;USy <= Y — P! over the point (1 : §) contains precisely & rulings
of each of the two scrolls S;. Hence the 2k-gon is the complete fiber of
X — PL

The last statement follows by resolving the relative resolution of X in the
2k-dimensional scroll Y by an iterated mapping cone built from Buchsbaum-
Eisenbud complexes following the strategy of [S88]. Before we discuss
details, we look at two examples.

Example 4.13. We consider cases of 3-resonance, £ = 3, and take X =
X(—1,1)(a,b) C P&*™! since the polynomial p(z) = 22+z+1 has as zeroes
the primitive third roots of unity. Note that in characteristic 3 the union of
scrolls X (_q 1y(a, b) coincides with the carpet X (a,b) = Xy :(a,b), so in
characteristic 3 there is no 3-resonance, but the considerations of the free
resolution below are the same. By 3.2 the scheme X = X(_; ;) C P& is
defined by the ideal I(_ ;) generated by the 2 X 2 minors of the two matrices

To T1 ... Tg-1 Y Y1 - Yo—1
r1 T2 ... Tq Y1 Y2 ... Yp

and the entries of the (a — 1) x (b — 1) matrix

o my as| (O 0 L\ (w0 v - U2
. 0 -1 0 Yr Y2 - Y1
I 0 0/ \yp2 vs .- W
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We suppose for concreteness that a,b = 2 mod 3. Then the scheme X
is contained in a scroll Y of type

a—2 a—2 a—2 b—2 b—-2 b—2)
3 73737 37 3 37
In terms of the Cox ring (= toric coordinate ring) F[s, ¢, ug, u1, us, vo, v1, V]

of Y the remaining equations reduce to an ideal sheaf Z,, generated by 9
relative quadrics that are the 2 x 2 minors of the matrices

U Uy Sug (Y (% SV
0 and 0 1 2
Ur U2 tUO V1 V2 tUO

UgVy + ULV1 + U2, tUGUy + SUV1 + SULVe, tu1Uy + Tugvr + SUgUs.

Y = S(

together with

The relative resolution constructed in [S86, Section 3] can be regarded as a
complex of free modules over the Cox ring which sheafifies to a resolution
of Ox by locally free Oy-modules. In our specific case it has the Betti
table

01 2 3 4
tota: 1 9 16 9 1
0: 1 .
1: 3 . .
2: 6 16 6
3: 3
4. 1

where we have given all the variables in the Cox ring degree 1.
We specialise further and take a = b = 8. Then

Y =5(2,2,2,2,2,2) c Py

is a rational normal scroll of degree f = 12 isomorphic to PL x 5.
The relative resolution of Ox = Ox,(s8) as an Oy-module has shape

Ox +Oy « Oy(—2H + 3R)® ® Oy (—2H + 4R)3 + Oy (—3H + 5R)'6
Oy (—4H 4 6R)> ® Oy (—4H + 7R)? < Oy (—6H + 10R) + 0

Here H and R denote the hyperplane class and the ruling of Y.

Each term in the relative resolution is resolved by a Buchsbaum-Eisenbud
complex C? associated to the defining matrix m of Y regarded as a map
m: F — G between vector bundles F = O(—1)f and G = O? on P*+0+1,

0+ Oy(jR) + S;G + S;_1GRF + ...
e NF - NT2F R AG ..
L NMNFoOAG ® (Sp_j—2G)" « 0
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for 0 < j < f — 2, see [S86] and [E97, Theorem A2.10 and Exercise
A2.22]. Two further facts are important to us:

(1) The complexes C’ remain exact under the global section functor
E v Tu(F) = @pen HO(PH E(n)),

i.e. we obtain projective resolutions of I',(Oy (jR)) over the poly-
nomial ring F[zo, ..., %4, Yo, -, Yp] = L«(Opats+1). (This holds
because the complexes C’ have length f — 1 < dim Pe++1))
(2) The complex C’ has j linear maps followed by a quadratic map and
further linear maps.
By (1) we can resolve the relative resolution by the iterated mapping cone
of complex C’/(—d)’s. In our specific example this is the iterated mapping
cone

@663(_2) @367(—4)
CO | o — @5 (=3) | D «C(-6)]]]
@3C4(—2) @666(_4)

The iterated mapping cone F' is not minimal. However, the complex
C’(—d) for d > 2 does not contribute to the linear strand in a range outside
the contribution of the Eagon-Northcott complex C°, which proves assertion
(3) of Theorem 4.12 in this specific case. Indeed, the additional contribution
of maximal homological degree comes from the complex G&3C7(—4)[—3].
It is a contribution to (1911 (F) = dim(Fyg ®s F)y; to which also C° con-
tributes since

10 < lengthC’ = f — 1 = 11.

The presence of C° and its dual inside the minimal resolution gives a
lower bound on the Betti numbers, which is realized for example in the case
of X(_1,1)(6,6) in characteristic 3 computed in Example 4.3, and therefore
in characteristic 0 and all but finitely many other primes. Further compu-
tation shows that the only exceptional primes for X(_; 1)(6,6) are 2 and
5.

Proof of Theorem 4.12 (3). We continue with the proof of Theorem 4.12
keeping the notation of the first part of the proof.

The Cox ring F[s, ¢, ug, . .., ug, Vo, - - ., vg] is Z*-graded with s, t of de-
gree (0,1) and degu; = (1, —a;) and degv; = (1, —b;). The ideal I¢,, of
X = X.(a,b) in the Cox ring is obtained by substituting

x; = sty if j = Ck +iwith0 <i < k

and
y; = st st if j =tk +iwith0 <i < k

into the generators of the ideal /. and saturating with the ideal (s, t).
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We can alter and refine this grading to a Z3-grading by setting deg s =
degt = (0,0,1), degu; = (1,0,a9 — a;) and deg v; = (0,1, by — b;), since
the substituted equations are homogeneous with respect to this grading. The
last component of the degree of each variable of the Cox ring is now 0 or 1.

For the description of the generators of I, the residues 0 < «, 5 < k
with @ = a, = b mod k will play a role. Writing j = ¢k + i as above
the 7-th column of the matrix M X after substitution becomes

X . s“i_étzui or Sakfl_étéuk_l
Tit1 - Sai+1_ZtZUi+1 Sa0_£_1t£+luo

incase j +1 =0 mod k. Thus the minors of the 2 x k£ matrix
Ug U1 ... SUg ... Ug—1
A=
<U1 Uz ... Ugt+1 .- tuo)

lie in /.., where the factor s occurs only once in the first row, more pre-
cisely in front of u,,, and the factor ¢ occurs once in the second row in front
of ug. Likewise we get a 2 X k matrix B involving the v’s.

A similar pattern arises from the (¢ — 1) x 3 and 3 x (b — 1) Hankel
matrices entering the definition of the bilinear equations (1) of X,(a,b).

The Hankel matrix involving the z’s becomes the (k — 1) x 3 matrix A’
which is the transpose of

Ug U ... SUy—1 SUqy -+ Uk—9
Uy U ... SUgq Uq+1 -+ Uk—1
U2 U3 ... Ug+1 Uq+2 - - - tuo

There are all together at most three factors s and one factor ¢. Similarly we
get a 3 x (k — 1) matrix B’ involving the v’s. The generators of Z¢,, of
degree (1, 1, x) are obtained from the entries of the (k — 1) x (k — 1) matrix

C=ADB

with D the 3 x 3 anti-diagonal matrix with entries 1, —e;, e from (1). The
ideal generated by entries of C' might be not saturated with respect to st.
For example, the form

2
SUa41V3-1 — €18 UqU3 + €28Uq—_1Vg 41

is divisible by s.
By [S86] there are exactly (**;*
culation above we see (’;) relative quadrics of each of types (2,0, x) and

(0,2, %), and (k — 1)? relative quadrics of type (1,1, x). Since

v ()

) — 1 relative quadrics. From the cal-
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we see that there is one superfluous relative quadric, and since the ones of
type (2,0,x*) and (0, 2, *) are independent, it is of type (1, 1,x*). In sum-
mary, the ideal sheaf Z,, depends only on the residue classes «, 5 of a and
b mod k and is generated by

2(§)+(k—1)2—1: <2k2_1)—1

relative quadratics of degrees (2,0, *), (0,2, %), (1, 1, %) where * represents
values between 0 and 4.

The ¢-th free module in our relative resolution E, has generators of de-
gree (dy, ds, d3) with d; +dy = (41 for 1 < ¢ < 2k — 3. The last module is
cyclic with a generator of degree (k, k, 2k — o« — 3). Indeed, this is the sum
of the degree of all variables of the Cox ring, which equals the degree of
the generator of its canonical module. By adjunction the relative resolution
has to end with this term, since X, (a, b) has a trivial canonical bundle. The
resolution is self-dual.

The sequences

d, = min{ds|3 a generator of £, of degree (dy, ds, d3) with dy+dy = (41}
and
dy = max{ds|3 a generator of E, of degree (d1, dy, d3) with d,+dy = (+1}

are weakly increasing, because for each generator of the Cox ring the third
component of its degree is non-negative.

We write Pic(Y) = ZH @ ZR, where H denotes a hyperplane section
and R a fiber of Y — P!. In terms of the Pic(Y)-grading a generator of
degree (dy, ds, d3) corresponds to a summand

Oy(—(dl + dg)H + (dlao + deQ — dg)R)

To establish assertion (3) of Theorem 4.12 we must show that the multi-
degree (d1, ds, d3) of every generator of E, for 1 < ¢ < 2k — 3 satisfies

d1+d2—1+d1a0+d2b0—d3 Sdng—l :f—l
Indeed, the left hand side is the length of the contribution of
Cd1ao+d2b0—d3(_d1 _ dz)

to the linear part of the iterated mapping cone, while the right hand side is
the length of the C°.

Note that —d3 < —d, = —(2k —a — ) + E(gk_g_@ holds by the self-
duality of the relative resolution. Because wy = Oy the last term in the
relative resolution has to be Oy (—2kH + (f — 2)R) = wy so f —2 =
kag + kby — (2k — o — f3).
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Thus utilizing ag > by, we see that the conditions
(—(2k—1—0)bg +dop_o¢ <1

suffice. We use the rough estimate dop_o_¢ < 2k, which holds since the
maximal d3 in the relative resolution is 2k — o« — < 2k. The desired
inequality holds for all / with 1 < ¢ < 2k — 3 if

2k+40—-1
>k —2 = o =1,...,2k—
by > 2k — 2 maX{Qk‘—l—EM 1,...,2k -3}
Since b+ 1 = kby — (kK — 1 — ) < kb, this follows from our assumption
a>b> 2k O

Remark 4.14. A proof of Theorem 4.12 (3) for a,b > k can be deduced
by substantially easier arguments, which do not rely on the description of
Zcor but only on the existence of a relative resolution proved in [S86] and
an analysis of how the numerical data change when we re-embed Y by
H' = H + jR. Since
e (a,b) will be replaced by (a+ jk,b+ jk) and thus f by f+2jk and
o Oy(—dH + cR) = Oy(—dH' + (c + dj)R)
the conclusion of (3) is obvious for j sufficiently large. Based on experi-

ments we conjecture that the optimal bound is @ > b > k% — k. This is true
for k£ < 5.

For further information and conjectures about relative resolutions of canon-
ical curves see [BH15],[BH17].

5. CONJECTURES AND COMPUTATIONAL RESULTS

Remark 5.1. It follows from Proposition 4.2 that Green’s Conjecture is true
for the balanced carpet X (a, a) if and only if a certain f(a) x f(a) integer
matrix has a non-zero determinant, where

20 — 1 20 — 3
= -2
fla) a(a—l—l) (a—l)
by Remark 4.8. By Theorem 4.11 we know that /3, ,+1(X (a,a)) = a(i‘:;lz)
over fields of characteristic 2. Hence

2“(2;;12)
is a factor of this determinant. For small a the relevant values are:
a 2 3 4 5 6 7
|det| |1 2% 23236 92266315 913123725120 6774310205315
f(a) |0 9 64 350 1728 8085
a*7]0 3 24 140 720 3465
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One step in achieving a proof of Green’s conjecture using K3 carpets might
be to give an explanation of the prime power factorizations of the determi-
nants in the table above.

The data in this table was produced by our Macaulay2 [M2] package
K3Carpets.m2 version 0.5 [ES18]. Here is, how these determinants are ac-
tually computed. The first step is the computation of the Schreyer resolution

of an carpet X (a, a) over Flzo, ..., %4, Yo, .., Ys| for a large finite prime
field F = Z/(p). In practise we take p = 32003. The second step is to lift
the matrices in the resolution to P = Z[zo, ..., X4, Yo, - - - , Ya| by using the

bijection of Z /32003 with the integers in the interval [-16001, 16001]. The
resulting matrices define the Schreyer resolution over P if and only if the
lifted matrices form a complex. After checking this, we use the fine grading
to find the blocks in the crucial constant strand. For the computation of the
determinants of the blocks we use their Smith normal forms. The final step
is the factorisation of the product of all determinants of all blocks.

Remark 5.2. The enormous size ot the determinants in Remark 5.1 must
correspond to a combination of the resonance phenomenon with the excep-
tional behaviour of Green’s conjecture in positive characteristic.

Experimental data of [B17], see also [BS18], suggests that a general
canonical curve of odd genus ¢ = 2a + 1 violates Green’s conjecture in
small characteristic in the following cases:

a|g=2a+1|primes | B, 1441 = Baat1

3 7 2 1
4 9 3 6
5 11 2,3 28,10
6 13 2,5 64, 120

|

15 2,3,5 299, 390, 315

For genus g = 7,9 this is rigorously proven by [S86] and [M95]. For genus
g = 11,13,15 we know that the examples found in [B17] violate the full
Green conjecture, however we do not know whether their Betti numbers
coincide with the Betti numbers of the general curve of the given genus in
these characteristics.

Computing a non-minimal resolution of the K3 union of scrolls X, (a, a)
over the coefficient ring Z[e;, 2] we find the following values of the deter-
minant of the crucial non-minimal part
a + det
3 2¢e3ed
4 30e2ed?

5 2163100220235 (02 _ ¢,)5
6
7

64 =120 ,1248 1464 ( 2 72

3909390315 ,6377 ,8302( 2 630 ( 2 7
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Based on these values we propose two conjectures:

Conjecture 5.3. For ¢ = (e1,e3) € F? with ey # 0 the union of scrolls
Xe(a,a) has a pure resolution over an field F of characteristic 0 unless the
polynomial p(z) = 2*> — e1z + e3 = (2 — t1)(2 — ta) has roots such that
to/t1 # 1is a k-th root of unity for some k < “TH

Conjecture 5.4. For general e = (e1,e3) € F’ the union of scrolls X.(a, a)
over an algebraically closed field F of characteristic p has a pure resolution
if p > a. In particular, Green’s conjecture holds for the general curve over
a field of characteristic p of genus g if p > g%l.

By the table above and Remark 4.9 both Conjectures hold for g < 15.
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