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Abstract

We consider the following Choquard equation

2. .
—Auy = </ [u()l dy) |u|2u_2u, inQ, u=0 on 01,
Q

|z — yl~

where  is a smooth bounded domain in RN (N > 3), 2% = (2N — p)/(N — 2). This
paper is concerned with the existence of a positive high-energy solution of the above
problem in an annular-type domain when the inner hole is sufficiently small.
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1 Introduction

In this paper, we study the existence of a positive solution of the Choquard equation. More

precisely, we consider the problem

2*
(P) — Au = (/ %dy) w*2uinQ, w=0 on dQ,
0z —

where ) is a smooth bounded domain in RY (N > 3), 2, = 211\,\7—__;, 0<pu<N.
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The work on elliptic equations involving critical Sobolev exponent over non-contractible
domains was initiated by J.-M. Coron in 1983. Indeed, Coron [§] proved the existence of a

positive solution of the following critical elliptic problem
N2
(Q) —Au=uN-2, 4u>0in, u=0 on 0f),

where  is a smooth bounded domain in RY and satisfies the following conditions: there
exist constants 0 < Ry < Ry < oo such that

{xeRY; Ry <|z| <R} CQ,  {zeRY; jz|<R}ZQ (1.1)

Later on, A. Bahri and J.-M. Coron [I] proved that if there exists a positive integer d such
that Hy(£2,Za) # 0 (where Hy(2, Z2) the homology of dimension d of Q with Zs coefficients),

then problem (@) has a positive solution.

V. Benci and G. Cerami [2] considered the equation
—Au+du=u""t, u>0inQ, u=0on dQ, (1.2)

where Q € RN, N > 3 is a smooth bounded domain and 2 < p < 2*, A € R, U {0}. With
the help of Ljusternik-Schnirelmann theory, Benci and Cerami showed that there exists a
function \ : (2, 2*) — R, U{0} such that for all A\ > A(p), problem (L2) has at least cat (£2)
distinct solutions. We cite [3| 4, [5 @, 22 25, B30, B3] and the references therein for the work

on the existence of solutions over a non-contractible domain.

We recall that the Choquard equation (L3]) was first introduced in the pioneering work of
H. Frohlich [II] and S. Pekar [27] for the modeling of quantum polaron:

1
—Au+u= <W * |u|2> u in R3, (1.3)
x
As pointed out by Frohlich [I1I] and Pekar, this model corresponds to the study of free
electrons in an ionic lattice interact with phonons associated to deformations of the lattice
or with the polarisation that it creates on the medium (interaction of an electron with
its own hole). In the approximation to Hartree-Fock theory of one component plasma,

Choquard used equation (I3]) to describe an electron trapped in its own hole,

The Choquard equation is also known as the Schrédinger-Newton equation in models cou-
pling the Schriodinger equation of quantum physics together with nonrelativistic Newtonian
gravity. The equation can also be derived from the Einstein-Klein-Gordon and Einstein-
Dirac system. Such a model was proposed for boson stars and for the collapse of galaxy
fluctuations of scalar field dark matter. We refer for details to A. Elgart and B. Schlein [10],
D. Giulini and A. GroBardt [I5], K.R.W. Jones [17], and F.E. Schunck and E.W. Mielke
[BI]. R. Penrose [28] 29] proposed equation (L3]) as a model of self-gravitating matter in

which quantum state reduction was understood as a gravitational phenomenon.
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As pointed out by E.H. Lieb [I8], Ph. Choquard used equation (3] to study steady states
of the one component plasma approximation in the Hartree-Fock theory. Classification
of solutions of (3] was first studied by L. Ma and L. Zhao [20]. For the broad survey
of Choquard equations we refer to V. Moroz and J. Van Schaftingen [23] and references

therein.

Recently, F. Gao and M. Yang [I3] studied the Brezis-Nirenberg type result for the following

problem
— Au = du+ ( / o —

where 0 <A, 0 <pu <N, 2] = N
exponent in the sense of Hardy— thtlewood Sobolev inequality (2.1I). Authors proved the

dy) lu*~2uin Q, w =0 on 99, (1.4)

and 2* is critical

Pohozaev identity for the equation (I4]) and used variational methods and the minimizers
of the best constant Sy 1, (defined in ([2.3])) to show the existence, non-existence of solution
depending on the range of A\. We cite F. Gao et al. [12] [I4] for the Choquard equation
with critical exponent in the sense of Hardy—Littlewood—Sobolev inequality. However, the
existence and multiplicity of solutions of nonlocal equations over non-contractible domains
is still an open question. Therefore, it is essential to study the existence of a positive solution

of elliptic equations involving convolution-type nonlinearity in non-contractible domains.

Inspiring by these results, we study in the present article the Coron problem for the problem
(P). More precisely, we show the existence of a high-energy positive solution in a non-
contractible bounded domain particularly an annulus when the inner hole is sufficiently
small. The functional associated with (P) is not C? when p > min{4, N} and this makes
the problem (P) more challenging.

In order to achieve the desired aim we first prove the non-existence result using the Pohozaev
identity for Choquard equation on Rf . We also prove the global compactness lemma for
Choquard equation in bounded domains. In case of u = 0, such a lemma has been proved
by M. Struwe [32] and later generalized to the p-Laplacian case by Mercuri and Willem [21].
In case of 0 < u < N, the method of defining Lévy concentration function is not useful. In
the present article we gave the proof of global compactness Lemma by introducing the
notion of Morrey spaces. Finally, by using the concentration-compactness principle together
with the deformation lemma, we prove the existence of high-energy positive solution. To

the best of our knowledge, there is no work on Coron’s problem for Choquard equation.
We now state the main result of this paper.

Theorem 1.1 Assume that Q is a bounded domain in RN satisfying the condition (LI]).

If —= s sufficiently large then problem (P) admits a positive high-energy solution.
Ry

Turning to the layout of the paper, in Section 2 we assemble notations and preliminary

results. In section 3, we give the classification of all non negative solutions of Choquard
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equation. In section 4, we analyze the Palais-Smale sequences. In section 5, we prove our

main result Theorem [T.1]

2 Preliminary results

This section is devoted to the variational formulation, Pohozaev identity and non-existence
result. The outset of the variational framework starts from the following Hardy—Littlewood—
Sobolev inequality. We refer to E.H. Lieb and M. Loss [19] for more details.

Proposition 2.1 Lett,7 > 1 and 0 < p < N with 1/t + pu/N +1/r =2, f € LY(RY) and
h € L"(RN). There exists a sharp constant C(t,r, u, N) independent of f,h, such that

f(@)h(y)
< t . .
/RN RN ’x — y’ﬂ drdy < C(t Tty )”f”L ”hHL (2 1)

Ift=r=2N/(2N — p), then

N_p Ny TR
C(t,r,;u, N) = C(N, p) = w%iﬁf’v_ é; {1;((2))}

Equality holds in 21 if and only if f/h = constant and
() = A(2? + fo = af) V012
for some A€ C,0# v R and a € RV. O
We consider the following functional space
DYARN) .= {u e L¥ (RY) : Vu e LA(RY)},

endowed with the norm defined as

%
] = (/ |Vu|2dx> .
]RN

The space Dé’2(Q) is defined as the closure of C2°(2) in DV2(RY).

Definition 2.2 A function u € Dé’2(Q) is said to be a solution of (P) if u satisfies

Ju() [ u “u(y)¢(y) ,
/Qvuw dr = / / ‘x - y\“ dzdy for all ¢ € DY*().

Notation. We define uy = max(u,0) and u_ = max(—u,0) for all w € D»?(RY). More-
over, we set Rf .= {z € RV | zx > 0} and we denote by * the standard convolution

operator.
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Consider functionals I : D(l]’z(Q) — R and I : DY2(RY) — R as

2*
/\Vu]z dx — 22*// s (@ |$_|ZL y)l™ dxdy, uEDé’2(Q)
1

2*
IOO i 2 d ‘u'f‘ ( )’ " dxd D172 RN )
W= /RN Vel o /RN /RN ra:—y!“ oy € DD

By the Hardy—-Littlewood—Sobolev inequality, we have

1

E3

)‘2;1 2 2N—p 9
/]RN /RN ’x - y!“ dzdy S CO(N, p) ~=2 HUHL2*7

where 2* = 28 This implies that I € Cl(Dé’z(Q),R) and I, € CY(D'"?(RY),R). The

best constant for the embedding DV2(RY) into L?" (RY) is defined as

S = inf {/ |Vu|?da :/ lu* dz = 1}. (2.2)
ueDL2RN)O\{0} | JRN RN

Consequently, we define

Syr=  inf / \Vul?da : / / @) gy 1 (2.3)
HL= ueD12(RN)\{0} i rN JRN |;1:—y|ﬂ Yy = . .

It was established by G. Talenti [34] that the best constant S is achieved if and only if u is

of the form

N-—-2

t T2
<t2+ |z — (1—t)012> for o €= {w e RY : Jz| = 1} and ¢ € (0,1].

Properties of the best constant Sy, were established by F. Gao and M. Yang [13]. We
recall the following property.

Lemma 2.3 The constant Sy, defined in ([23)) is achieved if and only if

N—-2
. b R
=0 (=)

where C > 0 is a fized constant, a € RY and b € (0,00) are parameters. Moreover,

S
Sup=——x=
C(N7 :u') N=p

where S is defined as in (2.2)).
The following property was established in [13].

Lemma 2.4 For N >3 and 0 < u < N. Then

1

L\
il = / / dxdy
gy Jry |z —y|#

defines a norm on L* (RN).
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Remark 2.5 If we define

2 2*
Sy = inf / \Vu|?dz : / / s (@)l () drdy =1
ueDL2(RN\{0} | JrN RN JRN |z — y|#

then S4 = SH,L'

Proposition 2.6 Let u € Dé’2(Q) be an arbitrary solution of the problem

2*
—Au= Mdy luy 2oL in Q, u=0 on 9Q. (2.4)
Q |z —yl

Then LN gy e
—/L—F ﬁ

I > - — e = .

(U)_2< 2N_IU>SH,L B

Moreover, the same conclusion holds for the solution u € DV2(RN) of

“Au— Ju ()| w12 i RY
A </RN o=y dy)| s R™. (2.5)

Proof. If u is a solution of (2.4)) then testing (2.4 with uy , u_ yields

2*
/ \Vauy [Pde = // s (@ ]a: eu () dxdy and / \Vu_[2dz = 0 a.e. on Q.
Q - Q

yl~

It follows that

2*
s0is // g () 25 s () taty = [ e [ [apa
|:E—y|” Q Q

It follows that
11 % 1 (N—p+2\  2N-n
I > (Z 2f -1 _ — (M~ = N—p+2

The proof is now complete. O

Lemma 2.7 (Pohozaev identity) Let N > 3 and assume that u € Dé’z(Rf) solves

2*
—Au = / Md@/ luy [ in RY. (2.6)
RY |z —yl*

Then the following equality holds

1 N -2 2N %
5/ ($—$0)'V|VU|2dS+T/ \Vu|?dx = 22*”/ / s (@ _]uJ;( vl Mdajdy
ORY RY RY JRY |z -y

where v is the unit outward normal to O and xo = (0,0,...,1).
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Proof. First observe that any solution of problem (28] is non-negative. This implies
Vu=Vu't ae. on Rf.

Extending v = 0 in RV \ RY we have u € I/Vlif (RY) (see Lemma3d). Now fix ¢ € CH(RY)
such that ¢ = 1 on Bj. Let the function ¢y € DY?(RY) defined for A € (0,00) and x € RY
by ¢x(z) = ¢(Az). Multiplying (Z8]) with ((z — x0) - Vu)p, and integrating over RY, we
obtain

2 .
</R Md?J) Jus [ (@ = 20) - Vu)prda

N o=yl

/RN(—AU)((Q; — 20) - V) (2)dx — /

N
RJr

27, i
:/Rf \Y <(33 — o) /Rf <%dy> ‘u+(x)’2”_190>\(x)u(x)> g

i (3) *
- [ w0 ((z ) [ (%c@) ru+<a:>r%—1m<x>> s

Using the divergence theorem on the right-hand side of (21]), we obtain

2 .
</R Mdl/) Jus |57 (2 = o) - Vu)pade

N o=yl

/RN(_Au)((:U —z0) - Vu)px(z)dr = /

N
RJr

u 2L i
S /]RN u(z)V <(m _:EO)/]RN (%@) |u+($)|2ﬂ—1%($)) i

Now consider the integral

u 2z .
| v ((:v ) [ (%dy) |u+<x>|2u-1mx>> a

2:; *
— [ Nu) ( / Mdy) ()% ()
Rf R

Nz =yl

(2.8)

2" .
- = Duto ( / Mdy) s () %o () (V- (& — o)

Nz =yl

u 2:L r—x A\ — *
—M/RN u(z)er(x) (/M e+ W) |x(—y|“(ir)2 ( y)d@/> |u ()% da

+

2% 2

N )\/ / [ug (y)[7r Juy ()]0 (x — x0) - Vo(\z) dady.
RY JRY =yl

(2.9)
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Taking into account (Z.8)) and (29]), we have

u 25 i
2; /]RN(x — ) - Vu(z) (/RN %@) |U+($)|2“_1<,0,\(x)dx
U 25 i
- RY o) </RN %C&O |u+(x)|zu_1%($)d$

u 2; r — o). \x — *
Y RCEC >< L %y) s @)%

2
- )\/RN /RN [ ()% (2) (x — x0) - V(Az) dzdy.

Iw —yln

(2.10)

Now, interchanging the role of z and y in (2.I0) and combining the resultant equation with
(ZI0), we deduce that

s () *
JRCEEDR /R <%dy> [us (@) ()

— 2N m u 2%
-5 22, /RN /RN’ B 2 _‘yﬁ( I @)y (2.11)
U U 25
2* /RN /RN b |z —| yT—“( B (z —z0) - Vo(Az) drdy.

Passing to the limit as A — 0 and using the dominated convergence theorem, we obtain

that ,
—x0) - Vulx M uy (z) %
L. o>v<></RN ,x_y,udy>|+<>| d

N (2.12)
—2N/ / Jug (y)| P ug ()P dudy.
RY JRY |x—y|“

It is easily seen that

Au((z — x0) - Vu)px
[Vl

= div (Vupy (z — x¢) - Vu) — <,0>\|Vu|2 —pa(x —x0) -V ( 5

) (@ — o) - Vu)(Ve(Aa) - V)

2 N —2
:div<<Vu(a;—x0)'Vu—(w—xo)‘v;’>¢A>+ 5 oA Vul?

2
+A|W|

((z = m0) - Veo(Az)) = A(2 — 20) - Vu)(Vp(Az) - V).

Now, integrating by parts we obtain

/RN(AU)((QJ—Q;O).VU)(‘DA du :/

N
ORY

’ 2

<Vu(a;—a:0)-Vu— (a:—xo)‘v; >cp>\-yd5

N -2 2
+— / o\ Vu|?dx — / )\|Vu| ((x — o) - Vp(Ax))dz
2 Rf Rf 2

- /R (@ — 20) - Vu)(Vp(A) - Vu)da.
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Noticing that Vu = (Vu - v)v on ORf and employing dominated convergence theorem for

A — 0, we get that
1 2 N -2 2
(Au)((z — o) - Vu) = = |\Vu|*(x — xp) - v dS + —— Vul|*dz.  (2.13)
RN 2 Jory 2 ey
From equation (2.7), (212]) and (2I3]) we have our desired result. O

We can now deduce the following Liouville-type theorem.

Theorem 2.8 Let N > 3,u € Dé’z(RﬂY) be any solution of

2*
—Au= </ Mdy) lup|? 1 in RY. (2.14)
+

Then v =0 oan.
Proof. If u is a solution of ([ZI4]) then

2% 2% —1
Vu-Vé dr — rs @ lur WP 60) 4 g for all ¢ DY (RY).
RY RY JRY |z — yl~ *
+ + RY

Taking ¢ = u_ we obtain u_ = 0 a.e. on R". This implies that u is a non-negative solution
of (ZI4). Now, by Lemma 27 we have

/ |Vul?(z — x0) - v dS = 0.
ORY

But (z —xg)-v > 0 for x € 8Rf . Since u is a non-trivial solution, we get a contradiction

from the Hopf boundary point lemma. Hence, u = 0 on R_ij\_f . O

3 Classification of solutions

In this section we will discuss the regularity and classification of non-negative solutions of

the following equation:

—Au = (Jz["N x [ufP) ju[P~?u in RY, (3.1)

where p := % and 0 < p < N. Consider the following integral system of equations:

p—1
u(z) :/ Ly)}z\;(_y; dy,u >0 in RY
» .
v(a;):/ L@/j&_ dy,v >0 in RY,
RN [T —y|NH
2N 2N
We note that if u € DV2(RY), then u,v defined above is in L¥-2 (RY) x L¥=# (RY). First
we will discuss the regularity of non-negative solutions of ([B.]). In this regard, we will prove

the following Lemma:
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Lemma 3.1 Let u € DY2(RYN) be a non-negative solutions of [B1) then u € Wli’cs(RN) for
alll < s < 0.

Proof. Let u € DY2(RY) be a non-negative solution of (B.I) Now following the same
approach as in proof of [I6, Lemma 3.1], we have (u,v) € L"(RY) x L*(RY) for all 1 <
r,s < oco. In particular, uP € L%(RN ), and now using the boundedness of Riesz potential
operator, we have |z|*~ x u? € L>(R"Y). Thus, from (B.)), we have

| — Au| < ClufP™.

By classical elliptic regularity theory for subcritical problems in local bounded domains, we
have u € W25(RN) for any 1 < s < co. O

loc

Next, we will discuss the classification of all positive solutions of the following system of

integral equations:

a b
u(z) :/ LT ) (y)”N(f’i dy,u > 0 in RV,
RN 2 — Y|

_ u®(y)v’ (y) BN
’U(IE)—/Rdey,U>OIDR,
where a > 0, b,c,d € {0} U[1,00), 0 < 0, 8 < N.

(3.3)

Let (u,v) € LB (RY) x L%2(RY) be a solution of [33). Now for all A\ € R, we de-
fine Ty := {(z1,22,---,2,) € RV : 2y = A} as the moving plane. Let 2* := (2\ —
T, 2o, Tn), By = {(x1,29,--- ,1,) € RY 1 zp < A} and o=z, 20, L xp) €
RN : gy > A} be the reflection of ) about the plane T). Moreover, define uy(y) =
uw(y?), va(y) = v(y*). Immediately, we have the following property whose proof is just an

elementary computation.

Lemma 3.2 Assume that (u,v) is a positive pair of solution of [B3). Then

u(y?) —uly) = /EA ( ! i _2|N_a> [u“(azA)vb(azA) —u“(x)fub(m)} de,

ly — x[N-a

1 1

A cl A, d( A c d
vy—vy=/< 5 T T a _>uazvx—uxvx dx.
0N =) = | (e~ ) [ @)
Lemma 3.3 There exists n > 0 such that for all A < —n,

w(y®) > uly), v(y*) =vly), forally € T,

Proof. Define X} := {y € Xy : u(y) > ur(y)}, X :={y € X : v(y) > va(y)}. By Lemma
B2l we obtain

u(yk) —u(y) = /EA <]y — ;‘N_a — m _196’N_a> |:ua(x)\)fub(x)\) — ua(a;)vb(x)] dx
< /E)\ <|y — i|N_a T _1x|N_a> [ui(vb — )T+ (u - Ui)ﬂ dx

1
S /2 m |:U()l\(’l)b — ?}l))\)+ + Ub(ua — Ug\)—’_] d.Z'
A
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By the Hardy—-Littlewood—Sobolev inequality, we obtain

lu = urll oz < lu = wallpamy) < Cllug (0" = 03)* + 0" (w® = uf) (s,

< Clluf(v® =)l or ) + 10" @ = uf) sy,

Naq
N+aqi -

where r = Now if a,b > 1 then by Hélder’s inequality, we get

lu = uxllpa sy) < Cllufe®™ (v = )| Lr(my) + Clo"u (w = un) | ey
< Cllunllfar gy 0"~ (0 = o) s (g) + Cllollgan sy llu® ™ (@ = wn) | ey
< Cllullfor g 101 7ez s [0 = vallpaz ) + Cllollzan o el §2 sy lu = wall o ),

(3.4)
and if 0 <a <1, b > 1 then we have

- b
lu = usllza myy < Cllufe®™ (v = va)llrze) + Cllv®(w = ur)|| Lr(zuy
- b
< COlluallzo sy llv Yo = o)z + Cllvll e @nllv = urllTa sz

< CHU/\Hqu(z’ H’UHqu(zu [lo— UAHqu(Eg) + CH’UH%qz(zA)”U — || (%)
(3.5)

where ; )
T T a — (6%
s= 8 , t= © 2ad—+ = —.
q — ar g —br r q2 q N

Similarly, for ¢,d > 1 we have

[Jv— U)\HL‘D(EU < CHUHqu (24) HuHLrn oY) [|u— UAHL‘H By —I—C'HuHqu(E/\ HUHLQQ(EU HU_U)\HL‘I?(EK),

(3.6)
where ¢; and ¢o are positive constant such that % + q% = % Taking into account (3.4)),
BX) and B34, for all A € R we have

Cloll oz sy el T 5

o= sl sy < § 30 01522

1- CHuHLrn (3) HUHqu Z”)
+ Clolln ol e =l o

Using the fact that (u,v) € L% (RY) x L92(RY), we can choose i > 0 sufficiently large such
that for all A < —n.

—_

CllllE o sy el G 5

el g 0l 72 gy + Cllollar ) 1l T ey < 5
1= Cllullg ) 01 ey 2 olliney =3
It follows that [|u — ux[[Lai(sy) = 0 and hence XY must be measure zero and empty when
A < —n. In the similar manner, 3% must be of measure zero and empty when A < —n. For

all other cases, the proof follows analogously. This concludes the proof of Lemma. O
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Now using the same assertions and arguments as in X. Huang, D. Li and L. Wang [16] in

combination with Lemma B3] we have the following theorem.

Theorem 3.4 Assume that a > 0, b,c,d € {0} U[l,00), 0 < a,f < N and (u,v) €
L1 (RN) x L2 (RN) is a pair of positive solutions of B3) with q1 and qo satisfies

w1, L4t loe o dol P
’ ’ @2 QO N’ a1 g N
Then (u,v) is radially symmetric and monotone decreasing about some point in RN . More-
over, if
b= 5N +a) —a(N — )], c= 1 [(N +5) — d(N - )]
N—-p N -«

then (u,v) must be of the form

N—« N-—8

e+ |z — 22 ’ ~\e2+ |z — 292 '

for some constants di,da, e1,ea > 0 and some x1,x9 € RV,

As an immediate corollary, we have the following result on radial symmetry of non-negative
solutions of (3.

Corollary 3.5 Every non-negative solution u € DV2(RN) of equation 1)) is radially
symmetric, monotone decreasing and of the form

N—-2

() ( c1 >2
uz) = ——mm— .
ey + |z — x|

for some constants c1,co > 0 and some xg € RN

Proof. Let u be any non negative solution of the equation ([B.I]). Then by Lemma B, we

have u € Wlics (}RN ) for any 1 < s < co. Hence, by strong maximum principle, we have v is
2N 2N

a positive function in R, It implies (u,v) € L¥-2(RY) x L~N-# (R") is a positive solution

of the integral system (3.2)).

Now employing Theorem B4l for « =2, a=p—1, b=1, 8 =pu, ¢ =p, d =0 and using
2N 2N

the fact u € DV2(RY), that is v € L¥—2(R"Y) and v € L¥-#(R"), we have the desired

result. g

4 Palais-Smale analysis

Lemma 4.1 Let u,, — u be weakly convergent in DY2(R™) and u, — u a.e. on RY. Then

2-2(

(e~ [Caon ) %) (e ) 172 () = (27 5 [ (o — ) 25) (g — w)4 Up = U)y

= (|27 * Jug [ Juy [ 2uy in (DV2(RY))'. (4.1)
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Proof. Since u, — u weakly in DV2(RY), there exists M > 0 such that |u,| <
M, for all n € N. Let ¢ € DY2(RY) and

1= /R e )+ ) )2 )+

= (Jal ™ sl = )% ) (= )+

%2y — )i | 6 da,
then I = I} + I + I3 — 21, where
f= [ (ll s (1) = L= w045
(1 Ctm) 72 () = [t = ) 5t = )4 ) 6
= [ (Il |2?i) = )+ P2t — )46
RN
fo= [ (o < = )P

I = (m—“ (= 1) ) (= ) [ — )10 d.

RN
Claim 1: lim I; :/ <\x]_“>k 221)
n—oo RN

Similar to the proof of the Brezis-Lieb lemma [7] we have,

) ) P52 () 6

B 2u ¢ d.

*

2N
2o — (up — )4 |? — Jup)® in L28=i (RY) as n — oco.

|(un)+

Since the Hardy Littlewood-Sobolev inequality implies that the Riesz potential defines a

2N 2N
linear continuous map from L2N-= (R™) to L= (RY), we get

* * * 2N
|z|7H * <|(un)+|2ﬂ — |(up, — u)+|2M> — || 7" % |uy|?* strongly in L (RY) as n — oo.
(4.2)

Since both |(un )4 > =2 (un)+ ¢ — |uy [~ 2us ¢ and |(up —u) o |2 (uy —u) 1 — 0 converge
2N
weakly in L2V-1 (RY) we obtain

‘(un)+‘2z_2(un)+¢ — [(un — u)+\2i_2(un —u)yp — ‘u+‘2z_2u+q§ (4.3)

weakly in Lo (RM). Thus, Claim 1 follows from ([#2) and E3).
Claim 2: lim I, = 0.

n—oo

Since |(up)4|* — |(u)4|** weakly in L2V (RN), by the Hardy-Littlewood-Sobolev in-
equality (2.1]) we have

2 x| # Juy [P weakly in L%(RN). (4.4)

[ x| (un )+

We observe that
22 (U, —u)1 ¢ — 0 aein RY

[(un, — u)+
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N—-2

and for any open subset U C RY, we have
N—p+2
2N —p o 2N —p
33) ( / [ dm)
U

_2N

N7
/ dr < </ |(wn, —u)y
U

N-—2
2% (25 —1) </ ’(mg* dx> 2N—u
U
N—2
o 2N —p
éM(/ 1] dm) .
U

2N
2N —p

52 (U — u) 4

[(un, — u)+

< ||un

2Z—2(

This implies that { [(wp —u)t Uy, — W)+ O

} is equi-integrable in L' (RY). Hence,
n

by the Vitali convergence theorem we get that |(u, — u)+|%~2(up — u); ¢ — 0 strongly in
2N

L3=% (RY). This fact together with (&4]) complete the proof of claim 2.

Claim 3: lim I3 =0.

n—oo
. 2N
Similar to the proof of claim 2 , we have |z|™" * |(u, — u)4|** — 0 weakly in L» (R) and
* * _2N
|(un ) |22 (un) 10 — Jug |*~2u ¢ strongly in L28—# (RY). Thus, claim 3 follows.

Claim 4: lim I, = 0.

n—oo

Similar to the proof of claim 2 , we have |&|™# * |(u, — u),|?* — 0 weakly in Lo (R™) and
w 2N

|(w, — u)y |72 (up — u)sd — 0 strongly in LZ-%(RN). Thus, claim 4 follows. Hence

I — fan (|27 Jug ) Jup [ ?ui¢ do that is, @I) holds. O

Lemma 4.2 If u, — u weakly in Dé’2(Q), Up — u a.eonQ, I(u,) = ¢, I'(uy) —
0 in (Dy*(Q)) then I'(u) = 0 and vy, := u, — u satisfies

[oall? = [Jun® = Jul]® + 0(1), Iso(vn) = ¢ — I(u), and I%(vs) — 0 in (Dy>(2))'.

Proof. Claim : I'(u) = 0.
% « 2N
As u,, — u weakly in Dé’2(Q) implies |(u,)4 % — |uy|? weakly in L28~x (). Since Riesz

potential is a linear continuous map from L2N-+(§2) to L » (£2), we obtain that

25
/ [Cm)+ @) Mdy weakly in L (Q)
!ﬂf - y!“ Q |z —yl

* * _2N
Also, ](un)+]2u_2(un)+ — uy |72y weakly in L¥-#72 (). Combining these facts we have

’ 2% 2 |ut(y )’ 2" . 2N
Up, BT Uy ) — 7(1@/ U 2u weakly in LN+2(£).
(/ )0 1)} o P2y = ([ 2Oy ) i, (@)

This implies for any ¢ € Dé’2(Q), we have

[ [t ) )2~ 00) - )W)

|z — yl“
+ W) P Puy ()o(y)

2*

|ug (2
— d$d .
/ / Irv —ylr Y
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Now, for ¢ € D(l]’z(Q) consider

) - /Wn Vois | / ) &) ) () P52 )4 60)

Iw —yl
2* 2* 2
Iw - yl“

Using (43) and the fact that u, — u weakly in Dé’2(Q) claim follows. By the Brezis-Lieb
lemma (see [7], [13]) we have

n— )1 ()% | (up — %
Loo(v0) = 2uall® = S ul® - 22*//‘ o =0 14y 4 0(1)

\fc -y~

2*

_ - 2 |(un)+ "| (un)+ ()™
_ H upl]® — 27, // |m_y|u dzdy

u u %
__” 2 + 22*// | ( ‘x_\yﬁ (v)| dady + o(1)
= I(un) — I(u) + o(1) = ¢ — I(u).

Now we will show that I (v,) — 0 in (Dé’2(Q))/. By Lemma [T for any ¢ € Dé’Q(Q)

(o (vn), @) = (I'(vn), &) = (I'(un), ¢) = (I'(), ) + o(1) = 0.

This implies I/ (v,) — 0 in (Dg(Q))'. O

Lemma 4.3 Let {y,} C Q and {\,} C (0,00) be such that ﬁdist(yn,aQ) — 00. Assume
the sequence {uy} and the rescaled sequence
N—-2
is such that f,, —~ f weakly in DY2(RN), f, = f a.e on RN, Ioo(un) = ¢, I’ (un) — 0 in (D3 ()
2-N
then I'o(f) = 0. Also, the sequence zn(x) = un(x) — An? f(552) satisfies ||z||> =
lun | = [FI2 + 0(1), Too(2n) = ¢ = Too(f) and To(z) = 0 in (Dy*(92))'.

2-N
Proof. For ¢ € O(RY) define ¢, (z) := A2 (522). If ¢ € C2°(Bg) then for large n,
¢n € C(Q). It implies

(I (fn), @) = (I (un), dn) < [T (un)lllnll = 11 (un) [ 6] — 0.

Hence, I’ (fn) — 0 as n — oo in (D(l]’z(Bk))’ for each k.

Claim : I'_(f)=0.

If ¢ € C(RY) implies ¢ € C°(By,) for some k. Now, using the fact /\%Ldz’st(yn,(‘)Q) — 00
Il (fn) — 0 in (Dy*(By)) and following the steps of Claim of Lemma B2, we have
(Il (fn) — IL.(f),¢) — O that is , claim holds. By the Brezis-Lieb lemma (see [7], [13]),
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As f, — f weakly in DM2(R"Y), we obtain

= T — Yn
Jaall = [ | V@) = 2 VA e = a2 = 111 + 0(1).

By Lemma .1l for any ¢ € Dé’z(Q), we have

(I (2n), 0) = <I;O(un) ~ 1 (AETNf < ;3n>> ’¢> o)
= (Il (un), &) + o(1) = o(1).

This implies I, (z,) — 0 in (Dé’z(Q))’. O
Before proving the global compactness lemma for the Choquard equation, we will define
the well-known Morrey spaces.

Definition 4.4 A measurable function u : RY — R belongs to Morrey space L (RN), with

r € [1,00) and v € [0, N], if and only if

HUHZTW(RN) ‘= sup RW_N/ lu|" dy < 0.
R>0, z€RN B(x,R)

Note that with the help of Holder’s inequality, we have L2 (RY) «— £L2N=2(RV).

Lemma 4.5 (Global compactness lemma) Let {uy,}nen C Dé’2(Q) be such that I(uy,) —

¢, I'(uy) — 0. Then passing if necessary to a subsequence, there exists a solution vy €
1,2
Dy™(2) of

2*
—Au = Mdy luy 251 in Q (4.6)
o |lz—yl*

and (possibly) k € NU {0}, non-trivial solutions {vi,ve,...,v;} of
—Au = (|| * Jug %) |Jug |27 in RY (4.7)

with v; € DY2(RY) and k sequences {y }nen C RY and {\.},en € Ry i = 1,2,---k,
satisfying

k
1 . o -
)\—idist(y;, 0N) — oo, and ||uy, — vy — Z()\ﬁl)ﬁvl(( —yn) /A — 0, n — oo,
" i=1
k k
lunl® = D~ flvilln = 00, T(vo) + ) Too(v:) = c. (4.8)
i=0 i=1

Proof. We divide the proof into several steps:

Step 1: By coercivity of the functional I, we get {u,} is a bounded sequence in Dé’z(Q).
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It implies that there exists a vy € D(l]’z(Q) such that u,, — vg weakly in Dé’2(Q), Up — Vo
a.e on §2. By Lemma[2] I'(vg) = 0 and u), = u, — vp such that

g |* = llunll* = llvol|* + (1), Too(uy) = ¢ = I(vo) and Iog(uy,) = 0 in (Dg*()). (4.9)

Moreover, there exists a constant M > 0 such that ||ul|| < M; for all n € N.

1 2
Step 2: If / / IC ]a: — (y’Z) +(v)l uda;dy — 0, then using the fact that I'(u,) — 0,
it follows that ub — 0 in D 2(2) and we are done.

|2 | () 2
If / / [(w )7 (wn) (y)| . dxdy -» 0 then we may assume that
Iw -yl
)20 |l 2
/ / [ 2)[1un)+ () dedy >4, for some § > 0.
Iw —yl

This on using Hardy-Littlewood-Sobolev inequality gives |ul||;2+ > d1 for all n and for
an appropriate positive constant d;. Taking into account that u’ is a bounded sequence in
LY (RY), L¥ (RN) «— £2N=2(RY), and Theorem 2 of G. Palatucci and A. Pisante [26], we

obtain
ey < ||U,11||[/2,N72(RN) < ¢, for all n.
Thus, there exists a positive constant Cjy such that for all n , we have
Co < |lup, || p2.v—2rny < Cy . (4.10)

Now employing the definition of Morrey spaces and ({I0), for each n € N there exists
{yl, AL} € RY x R* such that

—~ C? _
0< 8o < Il ~ o <02 [l dy
Yn

for some suitable positive constant Co. Now, define fiz) = (/\,11)¥u%(/\}b:17 + yt). Since
Il = [|ul]l thus [|f}|| < My for all n € N and we can assume that f! — v; weakly in
DY2(RN), I — vy a.e on RY. Moreover,

Lo =00 [ e )P = 02 [ @) dy > >0
B(0,1 B(0,1) By An)

Since, DV3(RY) — L2
v #£ 0.

Step 3: We claim that A\, — 0 and y. — yo € Q.

Let if possible A\, — co. As {ul} is a bounded sequence in Dé’2(Q), it implies {ul} is a

yn
AL

(RY) is compact, we have fB(O’l) vy |? dz > Co > 0. It implies that

then

Q-
bounded sequence in L?(Q2). Thus, if we define €2, =

12 —

C




Coron problem for Choquard equation 18

Contrary to this, using Fatou’s lemma, we have
0 = lim inf |£H? da > / lv1|? de.
- Qn Qp

This means that v = 0, which is not possible by step 2. Hence {Al} is bounded in R,
that is, there exists 0 < A} € R such that A\, — A} as n — oo. If |y}| — oo then for
any x € Q and large n, \,x +y, & Q. Since u, € Dé’2(Q) then ul(M\z + y,) = 0 for
all z € Q, it yields a contradiction to the assumption HunH?fL“ > § > 0. Therefore, y}
is bounded, it implies that y! — yé € RY. Now let if possible then A} — )\é > 0 then

Q -y
Q, — ¥

= Qo # RY. Hence using the fact that u} — 0 weakly in D(l]’z(Q) we have

fL— 0 weakly in Dl’z(}RN ) which is not possible since by step 2, v; # 0. This implies

AL — 0. Arguing by contradiction, we assume that

Yt 2 Q. (4.11)

In view of the fact that ALz + y} — y for all z € Q as n — co. Now using (EII]) we have
Mz +yl ¢ Qforall 2 € Q and n large enough. It implies that ul(ALx +yl) = 0 for n large
enough, which is not possible. Therefore, y} € Q. This completes the proof of claim and
step 3.
Step 4: Assume that

li 1d't( Lo) = a<

Jim ") ist (y,,, a < 0.
Then vy is a solution of (ZI4]) and by Theorem 2.8 we have v; = 0, which is not possible.
Therefore,

1

M,

dist (yL,0Q) — 0o as n — oo.

Thus by ([@9) and Lemma [£3] we have I’_(v1) = 0 and the sequence

2-N —
(o) = ubla) = o (T2

satisfies
Ino(u2) = ¢ = Io(vg) — Ino(v1), and I’y (u2) — 0 in (Dy*(Q))".

By Proposition 6] we have I, (v1) > B. So, iterating the above procedure we can construct

sequences {v;}, {\.}, {fi} and after k iterations we obtain

k
Lo (uf™) < T(up) = I(vo) = Y Ioo(vi) < I(up) — I(vo) — kB.

i=1

As the later will be negative for large k, the induction process terminates after some index
k > 0. Consequently, we get k sequences {y’}, C Q and {\}}, C Ry, satisfying @S]). O
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Definition 4.6 We say that I satisfies the Palais-Smale condition at c if for any sequence

ug € D(l]’z(Q) such that I(ug) — ¢ and I'(ug) — 0, then there exists a subsequence that
12

converges strongly in Dy* ().

Lemma 4.7 The functional I satisfies Palais-Smale condition for any c € (/3,203), where

1 (N—p+2\ 22
=== Si /.
1=5 () s

Proof. For some c € (3,20), we assume that there exists {u,}, € D(l]’z(Q) such that
I(un) — ¢, I'(u) — 0 in (Dy*(Q)).

By Lemma[45] passing to a subsequence (if necessary), there exists a solution vy € Dé’2(Q)
of [@8) and k € N U {0}, non-trivial solutions {vy, v, ...,vx} of @I) with v; € DV2(RY)
and k sequences {y%}, C RY and {\/},, C R, satisfying ([&8). Now, by equation (X)) and
Proposition we have, k8 < ¢ < 2. This implies k < 1.

If £ = 0 compactness holds and we are done.

If £ = 1 then we have two possibilities: either vy # 0 or vg = 0. If vy Z 0, since I(vg) >
and by Lemma 1.3 of [I3], 5 is never achieved on bounded domain we have I(vg) >  and
this is not possible. If vg = 0 then by Theorem 28 I, (v1) = ¢ and vy is a nonnegative

solution of (.7]).
Next, by Corollary B.5l we deduce that vq is radially symmetric, monotonically decreasing
N-—2

and of the form v(x) = <m> T, for some constants a,b > 0 and some zy € RY.
Therefore by Lemma 23] we conclude that Sp 1, is achieved by v;. It follows that I (v;) =

B, which is a contradiction since I (v1) = ¢ > .

5 Proof of Theorem [1.1]

To prove Theorem [[LT], we shall first establish some auxiliary results.

Let Ry, Ry be the radii of the annulus as in Theorem [[LTI Without loss of generality, we can

ﬁz’ Ro = 4R where R > 0 will be chosen sufficiently large. Consider

the family of functions

assume xg = 0, Ry =

N-—-2

o (N—p)(2—N) 2-N 1—t¢ T2 12, N
uf (x) == § F&=mF2 C(N, p) V=052 (1—t)2+ |z —to]? € D> (R™),

where 0 € ¥ := {z € RY : |z| = 1}, € [0,1). Note that if t — 1 then uf concentrates at o.
Also, if t — 0 then

N-—-2

(N=p)(2=N) 2

W—p)(2=N) __2-N _ 1
uE o i= BT CLN, <W>
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Now, define v € C2°(Q2) such that 0 < v <1 on €2 and

1 i<z <2
v(z) = ’ .
0 |z| >4, |z| < 3.
Subsequently, we can define
v(Rz) 0< |z < 5
vr(z) = 1 S <ll<R
v(z/R) |z| > R.

We now define
97 (x) = uf (x)vr(z) € Dy*(Q), go(w) = uo(x)vr(2).
We establish the following auxiliary result.

Lemma 5.1 Let o € ¥ and t € (0, 1], then the following holds:

1 uf ]l = lluoll-

2. |(ug)+lInz = [[(uo)+|IvL-

3. g |I* = Sl (uf )+ 13-

4. lim  sup |lgf —uf| =0.
R—00 5exte(0,1)

5. dim  sup g7y = eI

R—00 5ex te]0,1)
Proof. By trivial transformations, we can get first two properties u{ and since u? is a

minimizer of Sy 1, therefore, third ones holds.

We have

/ Wﬁ—Vﬁﬂth/|ﬁhﬂwmwﬁm+2/|Vﬁ@ﬁﬂ@—V@@de
RN RN RN

g013é|@@ﬁm+é Vg (2)[2 da

2R 2R
L o 2 o 2
+C 5 |uf (z)|* dx + |Vuf (x)|* dz |,
R Byr\B2r RN\Bsp
(5.1)
where B, is a ball of radius « and center 0.

From the definition of u7, we have

R2/ u”zzda;SCR2/ dr < ———,
B ‘t()‘ B RN_2
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RN
2R

/ \Vut()\zdx<0/ x—ta]dx<C/ §£
B 1 1 1
2R 2R 2R

1 / 9 C 1
—5 [uf (z)|” dx < vt 9T < Sy
R? Bar\Ba2r R? Bir\B2r |$|2N 4 RN=2

1 C
Vol (z)]? de < C dr < .
/RN\Bm' i @)l RN\ Byr |22V =2 RN=2

Therefore, from (B.1) if R — oo we get  sup

g7 —uf | — 0.
oex,te(0,1]

Next, we shall prove that

lim sup

g0 2 = (g || 52,
R—00 5ex te(0,1

Consider

Uzsz’U2Z — u en u %
Hgg”?\[[, ”ut”NL—/RN/RN(R()R(y) 1)‘t()’ ‘t()‘

dxdy
|z =yl
5
<C> i,
i=1
where o
/ / ’ut ‘U?( )‘ " d!Edy,
Bar\By /B 1 \fﬂ —y
= / / |ug ()% ug (y) | dzdy,
Bor\B 1 JRN\Bar |117 —yl~
/ / |ut |ut( )|2; dﬂjdy,
By JB |117 —yl~
2R
o 2%
J4 :/ / |'LL |ut( )| " diUdy,
B JEN\Bog |x—y|“
Js = / / |ut( )|2Z dxdy.
RN\ Bog RN\BQR |117 —yl~
By the Hardy—-Littlewood—Sobolev inequality, we have the following estimates
2N—pu 2N—p
2N 2N
(1 —t)Ndx / (1 —t)Ndx
J1 < C(N,
L /B =07 | 0P b, (0 P+ o= (0P

2N—p

2N 1 2N—p
2
< 1-t)N"2¢ <
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o ANy
_ N _ \N 2N
J2 = O ) / (12 i 2)N / (12 L NN
BQR\B% ((1 o t) + |l’ - 750’| ) RN\Byr ((1 - t) + |l’ - t0| )
’ 2N—p
2N
<C / dx .
RN\BQR |3§' —t0'|
2N1;M
2
<C / ay
y+to|>2R Y]
d 21;’];“ 1 2N27/"‘
Y
ol i) el
( ly|>2R—1 \yPN) 2R—-1
2N —p 2N —p
N N
(1 —t)Ndx / Voo < 1 >2N—u
J3 < C(N, <C 1—+¢ d <C||— .
p= /J91 (=12 + [z —to)N - Bi( e =~ 2R
2R 2R

Using the same estimates as above we can easily obtain

1 2N—p 1 2N—p
< d < .
Jy < C(ZR) an J5_C<2R_1>
This implies that ~ sup (HgﬂﬁVL [|g HNL > — 0 as R — oo and completes the proof.
oex,te0,1)
U

In order to proceed further we define the manifold M and the functions G : M — R as

follows:

2" 2%
M=quec D0 ‘/ / s ()l () dedy =13, and G(u) = / z|Vul? dz.
|z — y|# Q

We also define Sgr 1. (u, Q) : Dy*(Q)\{0} = R, Sir, : DY2(RV)\{0} — Rand 7 : D}*(Q) —
R as
/ \Vul|*da / \Vul|*da
SH7L(U7 Q) = 1 SH7L(U) = RN727
Jut v

s () | s (y) [ *
(/ / \x -yl ey
1
and T |u+ % fuy (y)|* dud o
Iﬂc —yl~ )

Proposition 5.2 If Sy (. ,Q) € C’l(Dé’2(Q) \{0}) and St (u, Q) =0 foru € Dé’2(Q)
then I'(Au) = 0 for some X > 0.
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Proof. Let w € Dy*(f2) then

(Sw.r'(u,Q), w)

27 (u )/Vu Y da — 2|Jul>r(u)~ 2// g ()P uy ()PP (y)w(y) ddy
7(u)? .

|z — y|#

As Sy 1 (u,Q)(w) = 0, it implies

2 25,2
/V’LL YVw dIE_||UH2 1 2*// |U+ | |U+ )| +(y)w(y) dzdy,

|z — yl“
Hu||2/ / ut (z ‘2 #luy ( )’2 uy (y)w(y) dady
—yln
that is, Vu.Vw dx = \x ] .
0 |ut (2 +(y))*
/ / dxdy
!w - y!“
Therefore, if we choose
2\225-1) — HU”2
/ / Ju () [ug (y) % dzdy
\x —y|r
then we get I'(Au) = 0. O

Proposition 5.3 Let {v,} C M be a Palais-Smale sequence for Sy (. ,§) at level c.

N—
Then u, = )\nvn, An = (SH,L(vn,Q))Q(N*f”) is a Palais-Smale sequence for I at level

N—p+2
2(2N—p)

cN u+2

Proof. By the calculations of Proposition for any w € Dé’z(Q% we have
1
(S 1 (vn, ), w) = / Vu,.Vw dx

2
2D // |(0n) 1 (@)% (0n) 1 ()2 (vn) 4 W) (y) dvdy.

|z — y|~

Now by multiplying the above equation by A, for any w € Dé’2(Q) we obtain
(). w) = [ T, e~ / [ () ()P ) )2 0m) - (0l)
®) " oyl '

. _N-2
Since v, € M, therefore 22~ = lvnl? = Su,r(vn, Q) that is, A, = Sy 1(vy, Q) 2N -#+2),
From Sy 1. (vn, Q) = c+0(1) we get A, is bounded. In particular, it follows that (I'(A,v,), w) —

0 as n — oo. Also, we have u,, is bounded yields,

U 25
R e e

All the above facts imply that
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Remark 5.4 Since we proved I satisfies Palais-Smale condition in (3,23). Then Sy (. ,Q)
N—pt2
satisfies satisfies Palais-Smale condition in <5H,L, 92 IN-s SH7L> by using Proposition [5.2.

g7 ()

lgf lIne

d fo(x) := 90() then

Lemma 5.5 If f7(z) := llgollni

lim SH7L(ftU,Q) = SH7L(U?) = SH,L,
R—o0

uniformly with respect to o € ¥ and t € [0,1).

Proof. This is a trivial consequence of Lemma [5.11 O

In particular, if R > 1 sufficiently large then we can achieve that

N—p+2
sup(fy, Q) < 51 <2 e S, for some S; € R.

o,t

Proof of Theorem [I.1] completed. As we have established, Sy (. ,2) satisfies Palais-
Smale at level & on M for a € (SH,L, 2]\;13—‘i+fSH,L>. We will argue by contradiction.
If Sgr(. ,Q) does not admit a critical value in this range. By the deformation lemma
(see A. Bonnet [6, Theorem 2.5]) for any o € (SH,L, 2]\;§—TSH,L> there exist 6 > 0
and an onto homeomorphism function ¢ : M — M such that ¥ (Myys5) C My_5 where
My ={u e M ; Syr(u,Q) < a}. For a given fixed ¢ > 0 we can cover the interval
[SH.1 +€,51] by finitely many such 6— intervals and composing the deformation maps we
get an onto homeomorphism function ¢ : M — M such that {)(Mg,) C Mgy ;1. Also,
we can assume ¥(u) = u for all u whenever Sy (u,Q) < Sy 1, +¢/2.

By the concentration-compactness lemma (see [14]) and Lemma 1.2 of [13], for any sequence

{um} € Mg, 1 there exists a subsequence and 2 € Q such that

(/ S Iw—yl“

weakly in the sense of measure. This implies given any neighbourhood V' of €, there exists
a € > 0 such that G(Mg,, , 1) C V.

Since € is a smooth bounded domain, therefore we can find a neighbourhood V of Q

y) |(um)+|2;d$ - 593(0)7 |Vum|2dx - SH,L5m(O)

such that for any ¢ € V there exits a unique nearest neighbour » = 7(q) € Q such that the
projection 7 is continuous. Let € be chosen for such a neighbourhood V', and let ¢ : M — M
be the corresponding onto homeomorphism. Define the map D : ¥ x [0,1] — Q given by

D(o,t) = m (G((f7))
It is easy to see that D is well-defined, continuous and satisfies

D(0,0) =7 (G(¢(fo))) =:yo € L and D(o,1) = o for all o € 3.
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This implies that D is a contraction of 3 in Q contradicting the hypothesis of Q. Hence, our
assumption is wrong implies that Sg (. , ) has a critical value that means there exits a u €
Dé’2(Q) such that w is a solution to problem (P). Now, using same arguments and assertions
as in [24, Proposition 3.1], we have u € L>(Q). It implies that | — Au| < C(1 + |u|> 1)

and from standard elliptic regularity we have u € C?(Q). Thus, by the maximum principle,

u is a positive solution of the problem (P). Hence the proof of Theorem [[T]is complete. [
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