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ABSTRACT. For a constant coefficient partial differential operator P(D) with
a single characteristic direction, such as the time-dependent free Schrédinger
operator as well as non-degenerate parabolic differential operators like the heat
operator, we characterize when open subsets X1 C X» of R? form a P-Runge
pair. The presented condition does not require any kind of regularity of the
boundaries of X; nor X2. As part of our result we prove that for a large class
of non-elliptic operators P(D) there are smooth solutions u of the equation
P(D)u = 0 on R? with support contained in an arbitarily narrow slab bounded
by two parallel characteristic hyperplanes for P(D).
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1. INTRODUCTION

From Runge’s classical theorem on rational approximation it follows that for
open subsets X; C X5 of the complex plane C every function holomorphic in X3
can be approximated uniformly on compact subsets of X; by functions which are
holomorphic in X» if and only if C\ X; has no compact connected component which
is contained in X5. This approximation theorem has been generalized independently
by Lax [I7] and Malgrange [18] from holomorphic functions, i.e. functions in the
kernel of the Cauchy-Riemann operator, to kernels of elliptic constant coefficient
partial differential operators P(D) and has been generalized further to kernels of
elliptic differential operators with variable coefficients by Browder [I]. Since then,
very little improvement has been achieved in generalizing these approximation re-
sults to kernels of non-elliptic linear partial differential operators. The analogue
approximation problem for the kernel of the heat operator with open subsets X3
and X, of R? has been investigated by Jones for the special case of Xo = R? [10]
and by Diaz [2] for arbitrary X,. However, as noted in [B, page 359] the proof
of the result in [2] contains a gap. Recently, the sufficiency part of Jones’ result,
i.e. the case of Xy = R? has been generalized to parabolic differential operators
of second order with suitable variable coefficients in [3] where also a quantitative
approximation result has been obtained for the heat equation, together with some
applications.

The aim of the present paper is to give an approximation result of Runge type
for kernels of constant coefficient linear partial differential operators P(D) with a
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single characteristic direction, i.e. the real zeros of the principal part of the polyno-
mial P form a one dimensional subspace of R%. This class of differential operators
includes, among others, the time dependent free Schrodinger operator as well as
non-degenerate parabolic operators like the heat operator. Since the class of consid-
ered partial differential operators does not consist only of hypoelliptic operators, we
consider the approximation problem for the kernels of the differential operator both
in the space of smooth functions as well as in the space of distributions which are
equipped with the topology of local uniform convergence of all partial derivatives
and with the strong dual topology, respectively. For P(D) with a single charac-
teristic direction, we present a sufficient condition for approximability, both in the
smooth setting as well as in the distributional setting, for open subsets X; C X,
for which P(D) is surjective both on C*°(X;) and C*°(X3), see Theorems [ - it
should be noted that for such operators P(D) a geometric characterization of those
open subsets X C R? for which P(D) is surjective on C>°(X) was recently given in
[15] so that our result can be easily evaluated. Moreover, for a large class of non-
elliptic differential operators we show in Theorem [Z] that the presented sufficient
condition is also necessary for approximability in the distributional setting. As a
consequence, for certain differential operators with a single characteristic direction,
we obtain on the one hand a complete geometric characterization of the open sub-
sets X C R? for which distributional zero solutions on X can be approximated by
global zero solutions (Corollary B]) and on the other hand, for the particular case of
non-degenerate parabolic operators, we explicitly derive in Corollarydla character-
ization of approximability for tubular domains which are the most natural domains
with respect to concrete applications and for which the evaluation of the condition is
particularly satisfactory. Moreover, in order to prove the necessity of our condition,
we prove for a large class of non-elliptic differential operators P(D) the existence of
a non-trivial u € C*°(R?) satisfying P(D)u = 0 in R¢ and with support contained
in an arbitrarily narrow slab bounded by two parallel characteristic hyperplanes,
see Theorem The latter is achieved by applying an idea of Langenbruch from
[T6] to the function v € C*(R?) satisfying P(D)u = 0 with support equal to a
characteristic half space constructed by Héormander in [8, Theorem 8.6.7].

The article is organized as follows. In section 2] we formulate our main results
after presenting the framework in which we consider the approximation problem.
Section [ is devoted to the technical proof of a sufficient condition for approx-
imability for pairs of sets X; and X5 for which P(D) is surjective on C*°(X;) and
C*°(X3) and when P(D) has a single characteristic direction. In section B we prove
under suitable hypothesis on P(D) the existence of a non-trivial smooth function
u satisfying P(D)u = 0 as well as the above stated support condition. This is done
after we have collected some results about the explicit solution to the homogeneous
Cauchy problem for P(D) on a non-characteristic hyperplane in sectiond Finally,
in section [6l we will then provide the proofs of the necessity of the condition together
with the characterization of pairs of tubular domains admitting the approximation
result for non-degenerate parabolic operators as well as the characterization of those
X allowing distributional approximability by global solutions.

Throughout, we use standard notation from the theory of partial differential
operators, see e.g. [§], [9], and functional analysis, see e.g. [19].

2. STATEMENT OF THE MAIN RESULTS

Since the proofs of our results are quite technical, we prefer to state the main
results of this article in this section which may make the reader more willing to study
their proofs. Throughout the paper, P denotes a non-constant polynomial with
complex coefficients in d > 2 variables of degree m. Recall that a hyperplane H =



AN APPROXIMATION THEOREM OF RUNGE TYPE 3

{z € R% (x, N) = ¢} inR?, where N € R%\{0} and ¢ € R, is called characteristic for
P if P, (N) = 0. We then call span{N} a characteristic direction for P. Moreover,
we assume further that there is ¢ € R? orthogonal to N which is not characteristic
for P. Without loss of generality we assume N = e; = (0k1)1<k<a € R? (Kronecker
) and £ = ¢4 and we write

Per..,wa) = > Qulan, ...,z )al
k=0

with Qx € C[X1,...,X4-1],0 <k < m. Since P is of degree m, it follows that the
degree of Q) is bounded by m — k and since e is supposed to be non-characteristic
we have Q,,, = ¢ € C\{0}.

For an open subset X C R? we define

ép(X) :={ue C®X); P(D)u=0in X}

and

Ip(X) ={ue 2'(X); P(D)u=0in X},
where for P(2) = 3, |<,, @az® weset as usual P(D)u =3, <, ao (=)0, u €
2'(X), and we denote by P, (z) := Z\a|:m aqx®, resp. by P, (D), the principal
part of P, resp. of P(D).

We equip C°(X) with its usual Fréchet space topology, i.e. the topology of
uniform convergence on compact subsets of X of all partial derivatives which is
induced by the family of seminorms {|| - || x,;; K € X compact,! € No}

VK C X compact,! € No,u € C°(X) : ||u]|k,; := maxmax |0%u(x)]
€K |a|<I
and we denote by &(X) the space C*°(X) equipped with this Fréchet space topol-
ogy. Then P(D) is a continuous linear self mapping on & (X) and thus, as a closed
subspace of &(X), the space &p(X) is a Fréchet space. Moreover, we endow 25 (X)
with the relative topology of 2’(X) which is equipped with the strong dual topology
as the topological dual of Z(X).

For hypoelliptic polynomials P - by definition - for every open X C R¢ the
spaces &p(X) and Zp(X) coincide algebraically (that is, every distribution u on
X which satisfies P(D)u = 0 in X is already a smooth function). By a result of
Malgrange the spaces &p(X) and Z5(X) also coincide as locally convex spaces.
This implies in particular, that for hypoelliptic polynomials the topology on &p(X)
coincides with the compact-open topology, i.e. the topology of uniform convergence
on compact subsets of X. For further results about linear topological properties of
P (X) for arbitrary P we refer the reader to [22]. Moreover, for the special case of
a hypoelliptic P with a single characteristic direction, it has recently be shown in
[15] Theorem 18] that, contrary to arbitrary hypoelliptic operators [13], the kernel
of such operators over sets which are P-convex for supports automatically have
property (2), so that these kernels are (topologically isomorphic to) a quotient
spaces of s, the space of rapidly decreasing sequences [19, Proposition 31.6].

A pair of open subsets X; C X, of R? is called a P-Runge pair if the (continuous
linear) restriction map

re (gaP(XQ) — éap(Xl),u — U\Xl

has dense range. Since elliptic polynomials (i.e. P, (x) # 0 for all € R\{0}) are
hypoelliptic, the Lax-Malgrange Theorem mentioned in the introduction may then
be rephrased as follows: X; C X5 are a P-Runge pair if and only if Rd\X 1 has no
compact connected component which is contained in X5. Moreover, the particular
example of the Cauchy-Riemann operator P(D) = £(0; +i0>) gives as &p(X) the
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space of holomorphic functions H(X) equipped with the compact open topology
over X C C open.

Recall that P(D) is surjective on &(X) if and only if X is P-convex for supports
(see [9, Section 10.6]), i.e. if and only if

Vo e 2(X): dist (supp ¢, RN\ X) = dist (supp P(D)y, R1\ X),

where P(£) := P(—¢) and where dist refers to the euclidean distance. It is well
known that for elliptic P every open subset X of R? is P-convex for supports, see
e.g. [9 Corollary 10.8.2]. While in general P-convexity for supports is necessary
for surjectivity of P(D) on 2'(X) (see e.g. [9, Theorem 10.6.6]) it is not sufficient.
However, for d = 2 P-convexity for supports of X C R? already implies surjectivity
on 2'(X), as was recently shown in [I2] (see also [I1]).

Our first result gives a sufficient condition for the P-Runge pairs consisting of
sets which are P-convex for supports for polynomials P with a single characteristic
direction.

Theorem 1. Let P € C[Xy,...,X4],d > 2, be of degree m such that {x €
R?; P, (x) = 0} = span{ei}. Moreover, let X; C Xo C R? be open and P-convex
for supports. Then, among the following, i) and i) are equivalent and follow from
iii), where
i) X1 and X5 is a P-Runge pair.
ii) The restriction map ro : Dp(X2) = Pp(X1),u = u|x, has dense range.
iii) There is no characteristic hyperplane H. = {x € R%; 1 = c},c € R, for
P(D) such that Xo contains a compact connected component of (R*\ X1) N
H,.

The proof of Theorem[Ilis given in SectionB below. A geometric characterization
of P-convexity for supports for polynomials with a single characteristic direction
was recently given in [15], see also Theorem [7] below.

The sufficient condition for P-Runge pairs from Theorem [ turns out to be
necessary for the restriction map rg : 2'(X2) — 2’(X1) to have dense range for
arbitrary open subsets X; C X5 C R? and non-elliptic P of degree m under a mild
additional property. More precisely, we have the following theorem whose proof is
given in Section

Theorem 2. Let P € C[Xy,...,Xq4],d > 2, be of degree m such that ey is charac-
teristic for P while eq is not. Moreover, assume that

Ve Rd : P(xl,...,xd) = ZQk(l‘h...,md_l)l‘s,
k=0

with Qr € C[X1,..., X4_1] satisfying deg, (Qr) < m —k for every 0 <k <m —1,
where deg,, Qk denotes the degree of the x1-variable of Q.
Let X1 C Xy CRY pe open such that the restriction map

rgr @;:(XQ) — @}(Xl),u g U|x,

has dense range. Then there is no characteristic hyperplane H, = {x € R x; =
ct,e € R, of P(D) such that Xa contains a compact connected component of
(RAX,) N H,.

Clearly, combining Theorems [[] and Bl for polynomials P with single character-
istic direction span{e;} which also satisfy the mild additional hypothesis of the
latter theorem, we obtain a geometric characterization of the P-Runge pairs of
subsets X1 C Xy C R? which are both P-convex for supports. We leave it to
the reader to explicitly state this combination of Theorems [ and 2l Instead, we
prefer to illustrate the applicability of our results for two particular cases. In the
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first case, we consider approximability by solutions defined on the whole space,
and the second application is to the time dependent free Schroédinger operator
P(D) = i% + A, as well as non-degenerate parabolic operators like the heat oper-
ator P(D) = % — A, on tubular domains which from the point of view of concrete
problems are the most important ones and for which the evaluation of the geomet-
ric condition stated in Theorem [Ilis particularly nice. As usual, in this context we
denote elements of R"*! by (¢,z) with ¢t € R and z € R". (Thus, d = n + 1 with
n spatial variables and one time variable.) Recall that for an elliptic polynomial
Q € C[Xy,...,X,] of degree m > 1 with real coefficients in its principal part, the
polynomial P(t,z) := (—it)" — Q(x),r € N, r < m odd, is semi-elliptic so that the
operator P(D) = 0] — Q(D;) is hypoelliptic (see e.g. [9, Theorem 11.1.11]). The
special case r = 1 yields a non-degenerate parabolic operator.

For the special case of the heat operator, the next result is Jones’ Approximation
Theorem [I0] cited in the introduction. Clearly, for hypoelliptic P we obtain a
characterization of the open subsets X C R? for which (X,R%) is a P-Runge pair.

Corollary 3. Let P € C[X1,...,Xq4],d > 2, be a polynomial of degree m such that
ey s characteristic for P while eq is not. Moreover, assume that

Ve eRe: P(xy,...,xq) = ZQk(:cl, L)k
k=0

with Qr € C[X1,..., Xq1] satisfying deg, (Qr) < m —k for every 0 <k <m — 1.
Then, for an open subset X C R?, the following conditions are equivalent and imply
that (X,R9) is a P-Runge pair.
i) 790 : D5 (RY) — 25,(X) has dense range.
ii) There is no ¢ € R such that with H. = {x € RY; 21 = ¢} the set (R\X)NH,
has a compact connected component.

The proof of the previous corollary will be given in Section [0] as will be the proof
of the next one.

Corollary 4. Let I; C I, C R and X1 C Xo C R"™ be open. Then the following
hold.

i) Let Q € C[Xy,...,X,] be an elliptic polynomial of degree m > 1 with real
coefficients in its principal part and let r € N be odd with r < m. Fvery
solution u of the partial differential equation

a,fu —Q(Dz)u =01 Il X X1

1s the local uniform limit in Iy X X1 of a sequence of solutions of the same
differential equation in I x X5 if and only if R™\ X3 does not have a compact
connected component contained in Xs.

i) Every smooth solution, resp. distributional solution u of the time-dependent
free Schréodinger equation

z@tquAmu:O m Il XX1

is the limit in &(I1 X X1), resp. in D' (I x X1), of a sequence of solutions in
&Iy x X3), resp. a net of solutions in D' (I x X2), of the same differential
equation in Iy x Xo if and only if R™\ X1 does not have a compact connected
component contained in Xs.

For an application of the above characterization of P-Runge pairs, see [14] Sec-
tion 4].

The proof of Theorem 2l uses the following result which is of independent interest.
As is well-known, see e.g. [8, Theorem 8.6.7], if P is a polynomial with characteristic
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vector e, there is u € &p(R?) with suppu = {z € R% 2; < 0}. Under the mild
additional assumptions on P from Theorem [2lwe show that there is u € &»(R9)\{0}
whose support is bounded with respect to x1. More precisely, the following is true.

Theorem 5. Let P € C[Xy,...,X4],d > 2, be of degree m and such that ey is
characteristic for P while eq is not. Assume that

P(ml,...,l‘d) = ZQj(xl,...,:Ed_l)xfl
7=0

with Qr € C[X1,...,X4_1] such that deg, (Qx) < m —k for all 0 < k < m — 1.
Then, for every a > 0 and € € (0,a) there is u € Ep(RY) such that

[—a, —¢] x RT™L C suppu C [—(a+¢),0] x R!
and the restriction of u to (—a,—¢) x R4~ is real analytic.

The proof of the above theorem is given in Section Bl Our strategy of the proof
is to combine an idea due to Langenbruch from [I6], where for certain partial differ-
ential operators fundamental solutions with partially bounded supports have been
constructed, with Hormander’s construction of a function v € &(R?) which satisfies
P(D)v = 0 and suppv = {z € R% x; < 0}. This approach uses a power series
ansatz to solve the homogeneous Cauchy problem P(D)u = 0 with Cauchy data
on the non-characteristic hyperplane {z € R% 24 = 0}, Dgu(:cl, ceey®g—1,0) =
g(zl)Dév(xl, .oy 24-1,0),0 < j <m — 1, for a suitable cut-off function g. We col-
lect the necessary results on the Cauchy problem we shall employ to prove Theorem
in section [l

3. PROOFS OF THEOREM [I]

In this section we prove Theorem [II The proof uses the following general ap-
proximation result for kernels of differential operators. The equivalence of ii) and
iv) is due to Treves [2I, Theorem 26.1] which should be compared to a result due to
Malgrange [18] (see also [9] Theorem 10.5.2]). A generalization of this equivalence
to the ultradifferentiable setting has been achieved by Wiechert [23] Satz 15].

Theorem 6. Let P € C[Xy,..., X4]\{0} and let X1 C X5 C R? be open sets such
that Xo is P-convex for supports. Then the following are equivalent.

i) Xy is P-convex for supports and the restriction map
rgr @;)(XQ) — @;:(Xl),’u = U x,

has dense range.
i) X; is P-convex for supports and the restriction map

re : 6p(Xa) = Ep(X1), [ = fix,

has dense range, i.e. X1 and Xo form a P-Runge pair.
iii) For every u € & (X2) with supp P(D)u C X7 it holds suppu C X;.
iv) For every ¢ € 2(Xs2) with supp P(D)p C X1 it holds suppp C X;.

As does the proof of Wiechert’s generalization to Tréves’ Theorem in [23], the
proof of one implication not covered by Treves’ Theorem will be based on Grothendieck-
Kothe duality, see [6]. We recall some facts of this theory for the reader’s conve-
nience.

For X C R? open and P-convex for supports, the topological dual space of
&p(X) is isomorphic to a space of certain distributional solutions u of the equation
P(D)u = 0 outside a compact subset of X which may depend on u. More precisely,
recall that for a compact K C RY an essential extension of u € 2'(RN\K) is a
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distribution U € 2'(R%) for which uga\, = Ugayp, for some compact L 2 K.
Multiplying u with a smooth function having support in R\ K which is equal to
1 outside a compact superset of K shows that every u € 2'(R%\ K) has essential
extensions. For u € 7 (R¥\K) and any essential extension U we have P(D)U €

&'(RY) so that E x P(D)U is defined, where E is a fixed fundamental solution of
P(D). Then u € D5 (RA\K) is called regular at infinity (with respect to E) if for

one (and then every) of its essential extensions U it holds E + P(D)U = U. We set
RPE(RNK) := {u € Z)(R)\K) : u regular at infinity with respect to E},
RE(RNK) := RZE(RNK) N E(RNK).

Then RZ,(RNK) and REp(R'\K) are closed subspaces of 2'(R*\K) and of
& (RI\K), respectively. With these spaces we define

R@}D(Xc) =Ukcx compacth}v(Rd\K) = h_1>n R@}D(Rd\K),
KCX compact
RER(X) :=Ugcx compacthP(Rd\K) = lim REp(RN\K).

KCX compact

Then, in case X is P-convex for supports, it follows that RZ,(X°) equipped with
the inductive limit topology and the dual space &p(X)’ of &p(X) equipped with
the strong topology are topologically isomorphic via

(1) ®: RZ(X°) = 6p(X)', (D(w), f) = (P(D)(Wu), f),

where the duality bracket on the right hand side denotes the usual duality between
&'(X) and &(X). Here for u € @;(Rd\K) the function ¢ € &(R?) is arbitrary
as long as 1) vanishes in a neighborhood of K and is equal to 1 outside a compact
subset L C X. It should be noted that P(D)(tu) has compact support but usually
1u does not.

Moreover, again in case X is P-convex for supports, equipping R&s(X°) with
the inductive limit topology and the dual space (X))’ of Z,(X) with the strong
topology

Ut RER(XC) = Dp(X), (U(f),uw) := (P(D)(Wf), u)
is a topological isomorphism, where the duality bracket on the right hand side de-

notes the usual duality between Z(X) and 2'(X) and where again v € &(RY) is
as above.

Proof of Theorem[@ For the equivalence of ii) and iii), see [2I, Theorem 26.1].
We first show that i) implies iv). Fix ¢ € 2(X2) with supp P(D)p C X, i.e.

P(D)p € 2(X1). For every u € 95 (X2) we have

(P(D)p, 191 (u)) = (P(D)p,u) = (¢, P(D)u) = 0.
Thus, P(D)¢ vanishes on the range of 74, which is dense in 2},(X;) by hypothesis,
so that P(D)ga‘@;j(xl) = 0. Since X7 is P-convex for supports, a result of Floret [4]
page 232] ensures that P(D)(2(X1)) is closed in 2(X;). Therefore, for the polar
of 2%(X1) with respect to the dual pair (Z(X1), 2'(X1)) we have

Z(X1) = PD)(2(X0) " = P(D)(9(X1).

Since the dual space of 25(X7) is canonically isomorphic to the quotient space

2(X1)/Zp(X1)° = 9(X1)/P(D)(2(X1)),
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P(D)g|g,(x,) = 0 implies P(D)p € P(D)(2(X1)), i.e. there is u € 2(X;) with
P(D)p = P(D)u. Since P(D) is injective on 2(R%) we conclude ¢ = u and thus
supp ¢ C X;.

Next, we show that iv) implies iii). Let u € &’'(X3) with P(D)u C X;. Let
¢ € 2(R?) be non-negative with support contained in the open unit ball about
the origin and [ ¢(z)dx = 1. With ¢.(z) := e~ %¢(x/e) it holds that v * ¢. — v in
&'(RY) ase — 0 with vx¢. € Z(suppv+B(0,¢)), v € &' (R?). Since P(D)(u*¢.) =
P(D)u * ¢., iii) follows from iv). Trivially, iii) implies iv).

In order to finish the proof, it remains to show that ii) implies i). If ii) holds we
only have to show that the transposed of the restriction r4- is injective. Since X3
and X, are P-convex for supports, due to the Grothendieck-Koéthe duality, this is
equivalent to the injectivity of the inclusion

Jje : REp(XT) = RER(X5), [ f.
But ii) implies the injectivity of
jor i R25(XT) = RZ5(X5),u— u
and since jgr|re,(xe) = Jj&, 1) follows. This completes the proof. (]

Apart from Theorem [0 the recent geometrical characterization of P-convexity
for supports for polynomials with a single characteristic direction obtained in [I5]
will be needed to prove the sufficiency of iii) for i) and ii) in Theorem[Il Recall that
a real valued continuous function f on an open subset X of R? is said to satisfy
the minimum principle in a closed set F' of R? if for every compact set K C FNX
it holds

min f(z) = min f(z),
where dp K is the boundary of K as a subset of F. Combining [I5, Corollary 5]
and [I5, Lemma 4] we have the following.

Theorem 7. Let P € C[Xy,...,Xq4],d > 2, have a single characteristic direction.
For X C R? open let

dx : X = R,dx(2) := inf{|z — y|; y € RN\ X}.
Then the following are equivalent.

i) X is P-convex for supports.
i) dx satisfies the minimum principle in every characteristic hyperplane for

P.
iii) For each compact subset K C X and every

re{ye X;dx(y) < dist (K,X°)}
there is v : [0,00) = X a continuous and piecewise continuously differen-
tiable curve with v(0) = z,7'(t) € {y € R%; P, (y) = 0} whenever v is
differentiable in t, and v([0,00)) N K = () such that
litm inf dist (y(t), 0o X ) = 0,
—00

where Osc X denotes the boundary of X in the one point compactification of
R4,

Now, we are ready to prove Theorem [II

Proof of Theorem [l By Theorem[f] i) and ii) are equivalent. Thus, it remains to
show that iii) implies i) and ii). In order to do so, we will apply Theorem [6l

We denote by W the orthogonal complement in R? of the one dimensional sub-
space {x € R%; P,,(z) = 0}. Then, every characteristic hyperplane for P is of the
form x + W with z € R%. For X C R? we denote by 0, X the boundary of X in
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the one-point compactification of R?, thus co € 9o X whenever X is an unbounded
subset of R%. For y, 2 € R? we denote by [y, z] the convex hull of {y, z}.

In view of Theorem [6] we have to show that supp¢ C X for every ¢ € 2(X>)
with supp P(D)y € X;. Thus, let ¢ € 2(X2) be such that K := supp P(D)p C
X1. Moreover, we fix

x € {y € Xy; dist (y, X¥) < dist (K, X7)}.

We shall show that there is a continuous and piecewise continuously differentiable
curve « : [0,00) = X3 satisfying

al) a(0) =z,

a2) a([0,0)NK =0,

a3) lim;_, o dist (a(t), 0o X2) = 0,

ad) o/ (t) € W for every t € [0,00) where « is continuously differentiable.

Before we prove that such a curve « exists, let us show how the theorem follows
from this. Because supp¢ is a compact subset of X5 it follows from «3) that
there is T > 0 with «(T) ¢ supp ¢. Moreover, using «2) we can find € > 0 such
that the open ball B(a(T),e) of radius ¢ about «(T) does not intersect supp ¢,
a([0,T])+B(0,e) C X and KN(a([0,T])+B(0,¢)) = @, where ([0, T])+ B(0,¢) =
{y+ 2y € a([0,T1]), 2 € B(0,¢)}.

Next, we choose 0 =ty < t; < ... < tx = T such that for each j = 1,...,k the
restriction of « to [tj_1,¢;] is continuously differentiable and

/t v o (t)dt

j—1

<&
5"
We define

tLSJ+1
f:[0,/{:]—>Rd,s»—>a(ttsj)+(s—\_SJ)/ o (t)dt,
tls)
where |s| denotes the integer part of s. Then f is a polygonal curve in  + W by
al) and a4). Obviously, f([j — 1,7]) = [a(tj—1),a(t;)],j = 1,...,k. Moreover,
due to the choice of e, we have f([0,k]) + B(0, 5) € X2\ K.
For N € {y € R%; P,,(y) =0}\{0} and ¢ € R let

Hy.={yeR% (y,N) =c}

be the corresponding characteristic hyperplane for P. Since [a(tg_1),a(T)] C z+W
and N € W+ it follows that Hy . intersects B(a(T),e) whenever Hy . intersects
[a(tr—1),a(T)] 4+ B(0,¢). By the choice of &€ we have ¢|p(a(1),-) = 0 so that by [8]
Theorem 8.6.8] ¢ vanishes in [a(tx—1), a(T)] + B(0,¢).

Repetition of this argument yields that ¢ vanishes in f([0, k]) + B(0,¢), in par-
ticular z = «(0) = f(0) does not belong to supp . Since x was chosen arbitrarily
from the set

{y € Xy; dist (y, X?) < dist (K, X©)}

we conclude with the aid of the Theorem of Supports (see e.g. [8 Theorem 7.3.2]),
which states that the convex hulls of supp ¢ and supp P(D)y = K coincide,

supp ¢ € ({y € Xi; dist (y, XT) > dist (K, X7)} N chK) U ((X2\X1) Nsupp ),
where chK denotes the convex hull of K. Setting
Ly = {y € Xy; dist (y, X7) > dist (K, X7)} N chK

and Ly =: (X2\X1) Nsuppy, Ly and Lo are disjoint compact subsets of X with
L; C X;. Since supp ¢ C L1 U Ly we can decompose ¢ = @1 + g with ¢ € 2(X;)
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and s € 2(X5\X1). Because P(D)p1, P(D)p € 2(X) it follows

P(D)gs = P(D)(¢ — ¢1) € Z2(X2\X1) N 2(X1) = {0}

which together with the injectivity of P(D) on 2(R?) implies 5 = 0. This finally
yields ¢ = p1 € Z2(X7) so that Theorem[6]gives the desired result once the existence
of the curve « is verified.

We denote by C' the connected component of (X1\K) N (z + W) which contains
x. As an open subset of the pathwise connected set x + W the set C' is locally
pathwise connected (and connected) hence pathwise connected.

We precede by distinguishing two cases. First, let us assume that C' is un-
bounded. Since C' is pathwise connected there is a continuous piecewise continu-
ously differentiable curve & : [0,00) — C such that @(0) = z and lim;_,o |&(t)] =
oo. With this & one easily constructs a curve « as desired, taking into account that
C C (z+ W) implies & (t) € W for every t where & is differentiable.

Next, let us assume that C' is bounded. Since X is assumed to be P-convex for
supports it follows from [I5, Lemma 4, Corollary 5], see Theorem[fabove, that there
is a continuous and piecewise continuously differentiable curve v : [0,00) — X3
satisfying

) 7(0) = o
ii) y([0,00)) N K =0,
iii) +/(t) € W for each ¢t where + is differentiable,
iv) liminf; o dist (7(¢), 0o X1) = 0.
From properties i)-iii) of 7 it follows that ([0, 00)) C (X;\K) N (x + W) implying
~([0,00)) C C. Since we assumed C to be bounded, property iv) of v yields in fact

iv’) liminf, o dist (y(t),0X1) = 0.

Let £ € 0X; and (t,)nen be a strictly increasing sequence in [0,00) tending to
infinity such that lim,_,oc v(t,) = & From ~([0,00)) C = + W we conclude £ €
x + W. Next, let £ > 0 be such that B¢, €], the closed ball in R? about ¢ with
radius e, does not intersect K. We choose T > 0 such that v(T) € B(&,¢), the
open e-ball in R? about &, and we set

Ii={Xe[0,1]; (1 = My(T)+ X € 0X1}.
Then 1 € I and
VAxel: (1=-Mv(T)+ X eB(Ee)N(z+W).
From v(T) € X; it follows
Ao :=inf I > 0.
Moreover
&= (1= 2)V(T) + A€ € 0X,
as well as
YAE0,N): I=XMv(T)+ X eXinBe)N(x+W)C(XZi\K)N(z+W).
Then
3:[0,T 4 Xo] = (X1\K) U {&}) N (2 + W),
(1), t<T,
{(1 —(t=T)YT) +(t~T)éo, t>T
is a well-defined, continuous and piecewise continuously differentiable curve such

that ’3/(0) =z, ’N)’(T + )\0) =& € 0X;, ’;/([O,T+ /\0)) - (Xl\K) n (ZL' + W), and
' (t) € W for every t where 7 is differentiable. In case £y € 9X2 the curve

(T4 M)

A(t) =

a:[0,00) = (X2\K) N (z+ W), a(t) == 5(
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is as desired. In case &y ¢ 0X2 we denote by Cy the connected component of
(RN\X1) N (2 + W) = (RNX1) N (& + W)

which contains &. It follows from the local pathwise connectedness of (RY\K) N
(&0 + W) that Cy is pathwise connected.

In case Cy is unbounded, there is thus a continuous and piecewise continuously
differentiable curve

B:10,00) = (RNK) N (z+ W)
with 8(0) = z and lim;—. |3(t)| = oco. If the range of 3 does not intersect 9X» we
define 8 := B otherwise we set

s:=inf{t > 0; B(t) € 90Xz}
so that s > 0 since & ¢ 0X2 and

~ ~ t
3:10,00) = (XG\K) 1 o+ W), 50) i= B(9)
In both cases we define with 4 from above and 3
i(t)a t < T+ )\O

a:[0,00) = (X\K)N (x+ W), at) : {B(t—T— M), > T+ o,
which satisfies all requirements.

Finally, in case Cy is bounded, Cj is compact. By the hypothesis on the compact
connected components of the intersection of R\ X; with characteristic hyperplanes
it follows that Cj intersects R4\ Xs. Fix v € Cp N (RY\ Xz). Since Cp is a path-
wise connected subset of (R4\X1) N (x + W) there is a continuous and piecewise
continuously differentiable curve

B:10,1] = Cy € (RNK)N (z + W)

with 8(0) = &, B(1) = v, and B'(t) € W wherever 3 is differentiable. Again, we
set

s:=inf{t > 0; B(t) € 90Xz}
so that again s > 0 and again we define

~ ~ t

B:10,00) = (X2\K)N (z+W),5(¢) := B(I—Hs)
Then, again

Y(t t<T+ A
a:[0,00) = (X\K) N (z+ W),alt) := fz( ) =7t

ﬂ(t*Tf/\o), t>T+ Ao,
fulfills all desired properties in the last case that remained which finally proves the
theorem. O

4. SOME AUXILIARY RESULTS ON THE CAUCHY PROBLEM

The purpose of this section is to collect some results on the non-characteristic
Cauchy problem which will be used in the proof of Theorem[Hlin sectionBbelow. We
assume that these results are known but since we could not find any reference with
a correct representation of the solution of the non-characteristic Cauchy problem
given in Remark [ below, we include its derivation here for the reader’s convenience.

Let P be such that eq € R is not characteristic for P and we write P(z1,...,74) =
Yoo Qr(zt, ... za—1)zh with Q € C[X1,...,Xq-1],0 < k < m, where the de-
gree of @y is bounded by m — k. Since e4 is non-characteristic for P and since P
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is of degree m, we have @, = ¢ € C\{0} and we assume without loss of generality
that Q,, = 1[1

As mentioned at the end of section 2] we will achieve our objective to construct
a zero solution for P(D) with support bounded with respect to the zj-axis by
explicitly solving a certain Cauchy problem for P(D) with Cauchy data on the
non-characteristic hyperplane {x € R%; 24 = 0}. In order to formulate the solution
in a convenient way we introduce the following notion.

Definition 8. For Y C R%"! open we define recursively for [ € Ny
0, 1€{0,...,m—2},
6 :EY)=>EY), f=<f, l=m-—1,
- T Qu(D)pim(f), 12 m.
Thus, by definition, n11(f) + Xy Qu(D)Ghri(f) = 0 for all I € Ny, f € £(Y).
A straight-forward calculation yields the next result.
Proposition 9. Let Y C R4~ be open and ho, ..., hm_1 € &(Y). Then

s m—1—j

VO<s<m—1:Y > Quust1(D)Grss(hy) = hs.

j=0k=m—1—s
Definition 10. Let Y C R?~! be open. We define

Lyt 6(Y) = (Y x B Lu(h) (w2a) i= 3 (h) ) 0 L
1=0 '

Obviously, L, is a linear and continuous mapping.

Keeping in mind that Q,, = 1 and that G, i(h;) + 22:01 Qr(D)6r4i1(hj) =0
for all [ € Ny, with the aid of Proposition @ one easily derives the next proposition.

Proposition 11. Let Y C R be open, ho,...,hm_1 € &) be such that for
all 0 < j < m —1 the sequence (Ly(h;))n converges in &(Y x R), L(h;) :=
o} izg)'
limnsoe Ln(hs) = 3575, Glhy) 5
Then, u = 370" S0 ™ Qjpks1 (D)DEL(hy) € Ep(Y x R) and Diu(-,0) =
hs(-),0<s<m-—1.

In order to determine when the sequence (L, (h;)), converges in &(Y x R) we
next give an explicit representation of the recursively defined operators %;.

Proposition 12. Let Y C R~ be open. For each | € Ny and every f € &(Y) it
holds

ZENTEND SENC LI N ) | AR

seENT o (s)=l
where o(s) = >0, js;.

Proof. We prove the claim by induction on [. For [ = 0 the claim holds true since

(gmfl(f) = f

INote added in proof: While in view of Theorem [5] we are interested in the non-characteristic
Cauchy problem, it should be noted that the results of the current section hold true for polynomials
P, not necessarily of degree m and for which e4 need not be a non-characteristic vector, as long
as P can be written as P(z1,...,2q) = > p o Qr(z1,... ,xd,l)mg with Q € C[X1,...,Xq-1]
and Qm = c € C\{0} and m € N.
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Next, we assume the claim to be true for all n <. For f € &(Y) we have

m—1
G (141) (f ZQk Ceri(f) == Y, Quu(D)E(]).

Now we have to distinguish two cases. As a first case we consider [ < m — 1. Since
%, (f) = 0 whenever r < m — 1, we continue

m—1+1 m—1+1
Z Qs—l(D)%s(f) = - Z Qs—l(D)%s(f)

(2> :*ZQm 1— l+n ) m— 1+n(f)

Y G Y (. )ﬁQf,’;k(D)f),
> )1

seN{,
o(s)=n

where we have used the induction hypothesis in the last step. Now, writing 7, (s) :=
sj for s € Ni*, we observe that

=Y jsi=Y imi(s+erin) = (+1-n)
j=1

j=1
so that
VseNy,0<n<l:o0(s)=n<o(s+eqi—n)=1+1.

Continuing with the calculation (2)) we obtain

- Sawwo Y cor( T Y Tewamy)

seNy ,o(s)=n

:fi > <1>'S( >HQ”(S+”“ V(D)

n=0 seN{",
o(s)=n
—Z > ey M et o
SGNWL
O’(é+€l+1 n) +1
+1
(X X (n”ef( ) H Qul (D)) f
seEN(?, Sm
o(s+er)=l+1
I+1 |t| 1 m
_ 1 m( ( - )) b D) 7
( te%L ( ) 7;1 tla-..;t’r‘—latr_1,t7~+1,...7tl+1,0...,0 kngm_k( ) f
o(t)=141

where in the last step we only rearranged the summands with respect to those
s € Ny for which s +e,,1 <r <[4 1, gives the same ¢t € N{*. Summarizing, in
case of [ < m — 1 we obtain

Cm—1+a+1)(f)

(X (_1)t|(§(t1 y 4 -1 ))ﬁ@iik(l?))f-
oottt k=1

& 2 “Atyity e tis,0.00,0
o(t)=l+1
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In case of [ > m — 1 we have - using the induction hypothesis in the third step

m—1+1
Conrrarn () == DY Qe i(D)G.(f)
s=I
= i Qn(D)(gl—i-n(f) - - i Qn(D)(gm 14+ m+1)+n(f)
n=0 n=0
—-Yom( ¥ v " I Ter.m)s
n=0 sENG, T =1

o(s)=l-m+1+n

:( 7;) 3 (1)s+emn|< > H Qrelsren—) ))f

seNg',
o(s)=l+1—(m—n)

(Z $ (_1)|s+emn|( ) HQmsﬂm (D ))f

seNg",
o(stem—n)=l+1

(}: > (1)“ﬁ*< )Ilcf“S*“ )/

= seNg',
U(s-i-er) I+1

-( X (1)t'(7§(th_“t -1 ))ﬁ@ii_k(m)f.

tENT ’ T—lat’l‘_lat’r-‘rla"'atm
U(t):[)l-l-l
Summarizing, whether I <m — 1 or I > m — 1, we obtain

m

Cm-1+0+1)(f) = Z Dltla(t) H

teNg", k=1
o(t)=l+1

where

.....

. t|—1
I>m—1: 27::1 (tl,...,tr,l,lrtl,nﬂ tm)'

.....

. I+1 [t|—1
_ {l <m-1: 30, (tl,...,tr,l,trq,trﬂ tHl,O...,O)’

Since the function

0, r ¢ N&
("), zeN

L1003 Tk

My : R — R Mk( ) {
satisfies Zle My (x — e,) = Mg(z) it follows

+1 |t|_1 141
=S Mt (b1 ten) —
Z (tlv" . tr 17 tl+1,0- ,0) ; l-‘rl(( 1 l+1) e’r)

r—1 -1 t'l"+17"'7
B t
tl,...,tl_;,_l,o,...,O
as well as

S It —1 S 2]
=N " Mo ((t1, . tm)—er) = .
Z(tl,...,tr_l,tr— ) = 2 Ml =)=t

r—1 1at7‘+1a"'
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Taking into account that t;1o = ... = t,, = 0 whenever o(t) =1+ 1 < m, we finally
arrive at

Cnrrry(H = ) (1)t|<t1’_|.t_|7tm)kl:[leﬁ—k(D)f’

teNg",
o(t)=l+1

which proves the claim for [ + 1. The proof is complete.

Remark 1. Using the explicit formula for %,,—-14+;,] € Ny, it follows for n >
m—1,he&Y),and (z,24) €Y xR

- S N izg)
LiW@ea= >, >, (D" ( "S )HQfxzkw)h(x)( i
. 1 |

l=m—1  seND, ToTm
o(s)=l—-m+1
where o(s) = >0, js;.
Thus, if ho, . . ., hm—1 € &(Y) are such that (L, (h;))nen converge in & (Y xR) the
solution to the Cauchy problem P(D)u =0inY xR, Déu(-, 0)=h;,0<j<m-1
is given by

S i izt
dnad =X 33 con(, M) e om@ S

5. PROOF OoF THEOREM

As mentioned at the end of Section 2 for the proof we combine a result of
Hormander [8, Theorem 8.6.7] with an idea of Langenbruch from [16]. By Hérmander’s
result, for P with characteristic vector N there is u € &(R?) with P(D)u = 0 and
suppu = {x € R% (z, N) < 0}. The power series approach to the solution of the
(non-characteristic) Cauchy problem from the previous section was used by Lan-
genbruch to construct, for a certain class of polynomials P, a fundamental solution
which has a bounded support with respect to some of the variables. The proof of
Theorem [ will be achieved by combining both results/ideas.

Proof of Theorem[ll By hypothesis on the polynomial P, there is v € (0,1) such
that deg, (Qr) <v(m—k) for all 0 <k <m —1. We fix a,e > 0 with a > €. Next
we fix p € (1, %) and we denote by I'(?)(R) the Gevrey class of order p, i.e. T'(*)(R)
consists of those smooth functions f on R for which for every compact L C R there
are constants C, R > 0 such that

Ve e LaeNy: |[f¥ () <CR.

Since p > 1 there is g € I'?) (R)N 2(R) such that supp g C [—(a+¢), —£] and g = 1
in a neighborhood of [—(a + £), —2]. The existence of g follows for example from
an application of [8, Theorem 1.4.2].

By [8, Proof of Theorem 8.6.7] for each characteristic vector N of P and each
non-characteristic vector £ for P there is a Puiseux series #(s) = s Y72 ¢;(s7/7)7,
analytic for s € C,|s'/?| > M for suitable M > 0, such that for 7 > (2M)? and
1-1/p<r<1

1T+ 00
v(z) = / i@ sNHt(3)8) o= (/9)" g
is a smooth function on R? with P(D)v = 0, suppv = {2 € R%; (2, N) < 0}, and
such that vjzerd; (o, N)20} 18 Teal analytic, where (s/i)" is defined so that it is real
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and positive when s is on the positive imaginary axis. Moreover, the definition of
v is independent of the particular choice of 7 > (2M)P and

1T+00
Va e N : 0%(z) = / (SN + t(s)&) e (@sNH)E) o= (/D" g,

T—00
Since by hypothesis e; is characteristic for P while eq is not, in the above definition
of v we can choose N = e; and ¢ = ey yielding a smooth function v on R? which
only depends on x; and 4 such that P(D)v = 0, suppv = {z € R% x; < 0}, and
U|{zeRd; 2, 20} 1S real analytic. Since real analytic functions belong to I'®) and since
I'(®) is an algebra which is closed under differentiation, it follows that

VO<j<m-—1:h;:R"™ 5 C,2' g(x’l)Dév(x’,O)
belong to ') (R4~1), depend only on z and satisfy
(3) supph; = {2’ € RY"Y; 2] €suppg} C {a' e R ;2 € [~(a +¢), —/2]}.
In particular, there are C' > 0, R > 1 such that
(4) VO<j<m-—1Va e R a e NITL: |Dhy(a')] < OR™M ™.
For every 0 < k < m we have Qy(z') = Z|a’\§mfk qkﬁa/z'o‘/ for suitable g o € C.

We fix ¢ > 0 such that Ela’|<m—k |gr,or| < q for all k,a’. Moreover, we observe
that for every s € Ni* due to the hypothesis on deg, (Q&)

deg,, ([T Qi) =D srdeg,, (Qu-i) <7D ks =70(s).
k=1 k=1 k=1

Applying (@) it follows that for every 0 < j < m — 1 and each s € Ny’

(H Qf/;k(D)> hj(z")
k=1

Thus, for B > 0 it follows from Remark [0 that for every n > m—1,k € N, and each
2’ € R 25 € R with |z4] < B we have by an application of the Multinomial
Theorem and Stirling’s Formula for a suitable constant C'

|Lyyr(hj) (2", 24) — Lo () (2, 24)]
n+k

|S| s o(s a(s) Bl
< Z Z (51,...,sm ql lORY ()(vo(s))’” =

l=n+1 seN{,
o(s)=l—-m+1

VQEI c Rd_l . < q\s|CRVU(s) (’YO‘(S))pVU(S).

n+k
<C Z (mq)l_mHR”(l_mH)(v(l —m+ 1))
l=n+1
P l
<C Z (quB) < 00,

[1=pv
l=n+1

py(l—m-+1) B
i

because py < 1. Thus (L, (h;))nen,0 < j < m — 1, converge uniformly on R4~1 x
[~ B, B]. Tt is at this point where we need that h; € T'(")(R4~1); for this to hold,
we have chosen g € T'P)(R) since for an arbitrary cut-off function in place of g it
needs not be true that h; € I'(?)(R4~1),

The explicit formula for L, (h;) in Remark [l shows that for all @ € N¢ and each
(2, 74) € R? we have for n >m — 1

0“Ly, (hj)(x, xq)
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n

s O / ixg)l v
= X > (1>|S<Sl,.|“|,8m>]]:[le7§—k(D)aa hj(xl)i((li>ad)!.

l=max{m—1,a4} seNg',
o(s)=l-m+1

Since I'(?)(R?~1) is closed under differentiation, similar estimates to the ones elab-
orated above show that (9%L,,(h;j))nen converges uniformly in R*~! x [~ B, B] for
every B > 0 so that (L, (h;))nen converges in &(R%),0 < j < m — 1. Denoting
the respective limits by L(h;),0 < j < m — 1, it follows from (B]) and the explicit
formula for L, (h;) in Remark [] that for each 0 < j <m —1
(5) supp L(hj) C {x € R%; 21 € [~(a +¢), —£/2]}.

Proposition [[T] implies that the smooth function u on R? defined as

m—1m—1—j

u:zz Z Qj+k+1(D)D§L(hj)

J=0 k=0
satisfies P(D)u = 0 and Dlu(z',0) = g(z})D’v(z',0) for every 0 < j < m — 1.
Moreover, by (B
suppu C {z € R ) € [~(a +¢), —¢/2]}.

Since g = 1 in a neighborhood of [—(a + £/2), —3¢/4] and since D’v(-,0) are real
analytic it follows from Holmgren’s Uniqueness Theorem (see e.g. [7, Section V.5.3]
or [20]) and the fact that {# € R% x; = 0} is a non-characteristic hyperplane for
P that v and v coincide on the set {z € R% —a < x; < —¢}. Since the latter set
is contained in the support of v, the theorem is proved. (I

6. PROOFs OF THEOREM [2] AND COROLLARIES [3] AND [
In this section we finally prove Theorem 2] and Corollaries [3] and [

Proof of Theorem[2 The proof will be done by contradiction. Thus, we assume
that there is ¢ € R such that X5 contains a compact connected component C of
(RANX,) N H,.

Let V CU C R 1 be open and bounded such that

CC{c}xVC{e}xVC{c}xUC{c} xUC (X;UC)N H..
Then, {c} x (U\V) is a compact subset of X; N H, and therefore
§ = dist ({c} x (U\V),RN\X;) > 0.
By compactness and X1 U C C X5 there is € > 0 such that
i) [c—e,ct+el x (U\V) C X,
ii) e—e,c+¢e] xU C Xo.
Applying Theorem [l to the polynomial P(x) := P(—x) there is u € &5(R?) with

3
{w € Rd;*g <z < %} Csuppu C {—2¢ <z <0}
such that u is real analytic in (—3¢/2, —¢/2) x R?~L. Thus, v(z) := u(z; — ¢ —
€,Z2,...,2q) defines a smooth function on R satisfying P(D)v = 0 and
{zERd;c—% <z §c+§} quppvg{xERd; c—e<x;<c+e}.

Moreover, the restriction of v to (¢ —€/2, ¢ +¢/2) x R4~1 is real analytic.
_ Next, we choose 9 € P (R~ with suppy C U and ¢ = 1 in a neighborhood of
V, and set w(x) := v(z)Y(xa,...,24). Then

suppw C suppv N (R X supp ) Cc—e,c+¢e] x U
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as well as
supp P(D)w C suppv N (R x supp (di))) C [c — ¢, ¢+ €] x (U\V).
In particular, w € Z(X3) and P(D)w € 2(X;). For each f € Zp(X2) we have
(f, P(D)w) = (P(D)f,w) = 0.
On the other hand, for arbitrary fixed zg € C' C {¢} x V, since v is real analytic in
(c—¢/2,c+¢/2) x RI~! and the latter set is contained in the support of v, there is
oo € N¢ such that 9%v(zo) # 0. Let E be a fundamental solution for P(D) then
0°°1,, B x, € Pp(X1), where 7., denotes translation by x¢. Since P(D)w € 2(X1)
we conclude
(P(D)w, 0™ 12, E|x,) = (w, 0 8,,) = (=1)l@olgaoy(z0) # 0.
Thus P(D)w is a non-trivial continuous linear functional on 2} (X;) which vanishes
on rg» (.@}(Xg)) so by the Hahn-Banach Theorem the latter subspace of 2} (X7)

is not dense giving the desired contradiction. O

Proof of Corollary[3 By Theorem [2 i) implies ii). To prove the converse impli-
cation as well as the statement that (X,R?) is a P-Runge pair, we first note that
R? is P-convex for supports. Thus, in view of Theorem [ it remains to show that
X is P-convex for supports, whenever ii) holds. Assuming that X is not P-convex
for supports, it follows from Theorem [7l that there are ¢ € R and a compact subset
K C H.NX with

(6) min dist (z, X¢) < min _dist (z, X°),

rzeK IEBHCK
where as usual H, = {z € R% 27 = c}. Let 2° € K and 3° € X¢ be such that
0 0 : : c
-y = dist (x, X°).
|&” — 7| = min dist (z, X°)
Since z° € K € H.N X we have H, = HI(I),
Hy? = (yO - 1'0> + Hz? 2 (yO - 1'0) + K,

and by (@)
Hy? NnNX>o (yo *:EO>+(9HE(1,K: (9Hy[1) (yo 7:CO+K).

The latter implies that the connected component of (R%\ X) N H,o which contains
y° is bounded, hence compact which gives a contradiction. (I

It remains to prove Corollary [l

Proof of Corollary[fl The set of zeros of the principal part of each of the polyno-
mials P(t,z) = (—it)" + Q(z) and P(t,x) = —t — |x|? is the time axis, i.e. t-axis,
and thus the characteristic hyperplanes are the hyperplanes orthogonal to the time
axis. Thus, by Theorem [7, I; x X5 and Is x X5 are both P-convex for supports.
Moreover, P satisfies the additional hypothesis of Theorem [[I Thus, I; x X; and
Iy x X5 form a P-Runge pair if and only if for every ¢ty € R no compact connected
component of
(R™\(I; x X1)) n{(to,z); = € R"}

is contained in Iz x X3. The latter condition is obviously equivalent to R™\ X; not
having a compact connected component in X,. Thus ii) follows from Theorem [
while 1) follows from Theorem [T once it has been taken into account that P(t,z) =
(—it)" + Q(x) is hypoelliptic (cf. [9, Theorem 11.1.11]). O
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