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PURELY INSEPARABLE EXTENSIONS AND RAMIFICATION FILTRATIONS

HAOYU HU

Abstract. In this article, we investigate the shift of Abbes and Saito’s ramification filtrations
of the absolute Galois group of a complete discrete valuation field of positive characteristic under
a purely inseparable extension. We also study a functoriality property for characteristic forms.
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1. Introduction

1.1. In this article, K denotes a discrete valuation field, OK the integer ring of K, F the residue
field of K, Kalg an algebraic closure of K, Ksep the separable closure of K in Kalg, vK : Kalg Ñ Q

a valuation normalized by vKpKq “ Z and GK the Galois group of Ksep over K. We assume that
the characteristic of the residue field F is p ą 0.

1.2. Assume that OK is henselian or complete. When F is perfect, a classical upper numbering
ramification filtration tGr

K,clurPQě0
on GK has been known for a long time [14]. This filtration gives

a delicate description of the wild inertia subgroup of GK and has many applications in arithmetic
geometry. For instance, this filtration contributes a local invariant called the Swan conductor to
the Grothendieck-Ogg-Shafarevich formula that computes the Euler-Poincaré characteristic of an
ℓ-adic sheaf on a smooth and projective curve over an algebraically closed field of charateristic
p ą 0 (p ‰ ℓ) [8]. In higher dimensional situations, the ramification phenomena involving purely
inseparable residue extension is the main difficulty to generalize the upper numbering ramification
filtration. In [1, 2], Abbes and Saito overcame this difficulty using rigid geometry and defined two
decreasing filtrations tGr

KurPQě1
and tGr

K,logurPQě0
on GK called the ramification filtration and

the logarithmic ramification filtration, respectively.
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1.3. In [1], many properties for the two ramification filtrations are provided. For any r P Qě0, we
have Gr`1

K,log Ď Gr`1
K Ď Gr

K,log. If F is perfect, for any r P Qě0, we have Gr`1
K “ Gr

K,log “ Gr
K,cl.

Let K 1 be a finite separable extension of K contained in Ksep of ramification index e. We identify
GK1 “ GalpKsep{K 1q as a subgroup of GK . Then we have Ger

K1 Ď Gr
K with an equality when K 1{K

is unramified, and Ger
K1,log Ď Gr

K,log with an equality when K 1{K is tamely ramified.

1.4. We further assume that K is equal characteristic. Let K 1 be a finite and purely inseparable
extension of K contained in Kalg. The homomorphism γ : GK1 “ GalpKalg{K 1q Ñ GK is an
isomorphism and we identify GK1 and GK by γ. If the residue field F is perfect, we see that
Gr

K1,cl “ Gr
K,cl for any r ě 0 by considering the lower numbering filtration and the Herbrand

function (cf. [16, Lemma 2.3.1]). It is nature to ask: is this equality valid for Abbes and Saito’s
two ramification filtrations? If not, what is the shift of the two ramification filtrations under a
purely inseparable extension? In the first half of this article, we answer these questions by the
following theorem, which supplements a property for Abbes and Saito’s ramification theory.

Theorem 1.5 (Theorem 4.8 and 4.7). We denote by e the ramification index of K 1{K and by f
the dual ramification index of K 1{K (see 2.5). Then we have the following inclusions:

(i) For any r P Qě1,

Ger
K1 Ď Gr

K and G
fr
K Ď Gr

K1 .

(ii) For any r P Qě0,

Ger
K1,log Ď Gr

K,log and G
fr
K,log Ď Gr

K1,log.

When the residue field F is not perfect, the shifts e and f in the above theorem is optimal in
general (Example 4.11 and 4.12). The proof of the theorem relies on a mimic of the shift property
for separable extensions as in 1.3 and the fact that the Frobenius map induces the identity of
absolute Galois groups.

1.6. In the rest of the introduction, we assume that K is geometric, i.e., there exists a smooth
varietyX over a perfect field k of characteristic p ą 0, and a generic point ξ of an irreducible Cartier
divisor of X such that OK

„
ÝÑ Oh

X,ξ. For each r P Qě1, we put Gr`
K “

Ť
bąr G

b
K . For any r P Qą1,

the graded piece Gr
K{Gr`

K is abelian and p-torsion, and we have an injective homomorphism, called
the characteristic form [11, Proposition 2.28]

char : HomFp
pGr

K{Gr`
K ,Fpq Ñ Ω1

OK
bOK

N
´r

K ,

where N
´r

denotes the 1-dimensional F -vector space (F denotes the residue field of OKsep)

N
´r

K “ tx P Ksep ; vKpxq ě ´ru{tx P Ksep ; vKpxq ą ´ru.

Let K 1{K be a finite and purely inseparable extension, e the ramification index of K 1{K and f the
dual ramification index of K 1{K (2.5). By Theorem 1.5, we have canonical maps of graded pieces

(1.6.1) γ : Ger
K1 {Ger`

K1 Ñ Gr
K{Gr`

K , and γ´1 : G
fr
K {Gfr`

K Ñ Gr
K1 {Gr`

K1 .

In the second part of this article, we show a functoriality property for characteristic forms (Theorem
7.4). Apply it to the extension K 1{K, we obtain the following proposition that describes images
of (1.6.1).
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Proposition 1.7 (Proposition 7.5). Let n be the integer satisfying ef “ pn. Then, for any r P Qą1,
we have the following commutative diagrams

HomFp
pGr

K{Gr`
K ,Fpq

char //

γ_

��

Ω1
OK

bOK
N

´r

K

θ

��

HomFp
pGer

K1 {G
er`
K1 ,Fpq

char // Ω1
OK1

bOK1 N
´er

K1

HomFp
pGr

K1 {Gr`
K1 ,Fpq

char //

pγ´1q_

��

Ω1
OK1

bOK1 N
´r

K1

σ

��

HomFp
pGfr

K {Gfr`
K ,Fpq

char // Ω1
OK

bOK
N

´fr

K

where θ (resp. σ) denotes the canonical map of differentials induced by the inclusion K Ă K 1 (resp.
K 1 Ñ K, x1 ÞÑ x1pn

).

There is an analogue of characteristic forms for graded pieces of the logarithmic ramification
filtration, called the refined Swan conductor (cf. [10, Corollary 1.25]). We expect a functorial
property for the refined Swan conductor similar to Proposition 1.7.

1.8. To measure the ramification of an ℓ-adic sheaf on normal varieties of positive characteristic
along a Cartier divisor, Deligne proposed a method by restricting the sheaf to smooth curves.
Later, Abbes and Saito’s ramification theory allows us to study the ramification of the sheaf at
generic points of the divisor. In [7], Esnault and Kerz predicted that the sharp ramification bound
of the sheaf along the divisor by Deligne’s approach coincides with that by Abbes and Saito’s
logarithmic ramification filtrations. In [5], the prediction was rigorously formulated and proved
for rank 1 sheaves on smooth varieties. For any sheaves on smooth varieties, the prediction was
proved in [9]. By Temkin’s result [15], normal varieties has an inseparable local alteration that kills
singularities. We hope that, by applying Temkin’s local alteration and the result in this article,
we may reduce Esnault and Kerz’s prediction for normal varieties to the known smooth situation.

1.9. This article has two parts. The first part is §2 –§4. After preliminaries on fields, we review
Abbes and Saito’s ramification filtrations in §3 and we prove Theorem 1.5 in §4. The second part
is §5–§7. We introduce the geometric notation in §5. In §6, we recall the geometric ramification
and characteristic forms for étale covers in [11] and prove the functoriality of characteristic forms.
At last, we apply a functoriality property to fields and give a proof of Proposition 1.7.

2. Algebraic prelimilaries

2.1. In this article, k denotes a field, kalg an algebraical closure of k, ksep the separable closure
of k contained in kalg and Gk the Galois group of ksep over k. We denote by FÉ{k the category
of finite and étale k-schemes and by Fk the functor from FÉ{k to the category of finite sets that
maps Specplq to Homkpl, kalgq. The functor Fk makes FÉ{k a Galois category of group Gk. For
simplicity, we always put Fkplq “ FkpSpecplqq for an object Specplq in FÉ{k.

Lemma 2.2. Assume that the characteristic of k is p ą 0 and let k1 be a purely inseparable
extension of k.

(1) Let l be a finite separable extension of k. Then, the tensor product k1 bk l is a field and,
after taking embeddings of k1 and l into kalg, we have k1 bk l

„
ÝÑ k1l.
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(2) Let l1 be a finite separable extension of k1 and we denote by l the separable closure of k in
l1. Then we have k1 bk l

„
ÝÑ k1l “ l1.

(3) The functor T : FÉ{k Ñ FÉ{k1 sending X to X bk k
1 is an equivalence of categories.

(4) For any finite Galois extension l{k, the canonical map Galpk1l{k1q Ñ Galpl{kq is an iso-
morphism. Taking an embedding of k1sep in kalg, we have ksep bk k

1 „
ÝÑ k1ksep “ k1sep.

The canonical map γ : Gk1 Ñ Gk induced by the inclusion k Ď k1 is an isomorphism of
topological groups.

Proof. This proposition is a standard result. When rk1 : ks ă `8, (1) and (2) are corollaries of [6,
V, §7, Prop 15 and 16]. In general, k1 is a direct limit of finite purely inseparable extensions of k
contained in k1. By a passage to the limit argument, we can reduce (1) and (2) to the case where
rk1 : ks ă `8. By (1) and (2), for any object SpecpA1q of FÉ{k1 , the functor S : FÉ{k1 Ñ FÉ{k

sending SpecpA1q to the spectrum of the étale closure of k in A1 is a quasi-inverse of T . Hence, we
obtain (3). Part (4) is deduced by (1), (2) and [6, V, §10, Théorèm 5]. �

Lemma 2.3. Assume that the characteristic of k is p ą 0 and let F : k Ñ k, x ÞÑ xp be the
Frobenius map. Then, the isomorphism γ : Gk Ñ Gk induced by F is the identity map.

Proof. We decompose F : k Ñ k as the isomorphism F 1 : k
„

ÝÑ kp, x ÞÑ xp and the canonical
inclusion F 2 : kp Ñ k. Let l be a finite Galois extension of k. We see that lp is a finite Galois
extension of kp and l “ klp. We denote by γ1 : Galplp{kpq

„
ÝÑ Galpl{kq and γ2 : Galpl{kq

„
ÝÑ

Galplp{kpq isomorphisms induced by F 1 and F 2, respectively. Let σ be an element of Galpl{kq. For
any x P l, we have

pppγ 1γ2qpσqqpxqqp “ ppγ1γ2qpσqqpxpq “ pγ2pσqqpxpq “ σpxpq “ σpxqp P l

i.e., ppγ1γ2qpσqqpxq “ σpxq. Hence, the isomorphism γ1γ2 : Galpl{kq
„

ÝÑ Galpl{kq induced by F is
the identity. Hence, γ is also an identity. �

2.4. Assume that the characteristic of k is p ą 0 and let k1 be a purely inseparable extension of k.
For an integer m ě 0, we denote by kp

´m

the field tx P kalg |xp
m

P ku, which is purely inseparable
over k. We say that k1{k is untwisted if k Ę k1p. We say that k1{k has finite exponent if there exists
an integer n ě 0 such that k1pn

Ď k. We say k1{k has exponent n P N if n is the smallest integer
such that k1pn

Ď k.

2.5. We continue the notation of 1.1. For an extension L of K which is a discrete valuation field
with finite ramification index, we denote by OL its integer ring, by mL the maximal ideal of OL and
by πL a uniformizer of L. Assuming that L is contained in Kalg, we denote by vL the valuation
of Kalg normalized by vLpπLq “ 1. We define an ultra-metric norm on Kalg by |x|L “ p´vLpxq,
for any x P Kalg. We have vL “ evK and | ¨ |L “ p| ¨ |Kqe, where e denotes the ramification index
of L{K. If OL is complete, for a positive integer n, we denote by Dn

L the n-dimensional closed
poly-disc of radius 1 over L.

Assume that the characteristic of K is p ą 0 and let K 1 be a discrete valuation field contained
in Kalg, purely inseparable over K. Let t ě 0 be an integer number such that Kp´t

Ď K 1 and
Kp´t´1

Ę K 1. We call the ramification index of K 1{Kp´t

the strict ramification index of K 1{K.
Assume that K 1{K has exponent n ě 1. We call the ramification index of Kp´n

{K 1 the dual
ramification index of K 1{K.
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3. Abbes and Saito’s ramification filtrations

3.1. In this section, we assume that OK is complete. let A be a finite and flat OK -algebra,
Z “ tz1, . . . , znu a finite set of elements generating A over OK ,

OKrx1, . . . , xns{IZ
„

ÝÑ A, xi ÞÑ zi

a presentation of A associated with Z and tf1, . . . , fmu a finite set of generators of the ideal IZ .
For any rational number a ą 0, we define an affinoid subdomain Xa

Z of Dn
K by

Xa
Z “ tx P Dn

K ; vKpfpxqq ě a for all f P IZu

“ tx P Dn
K ; vKpfipxqq ě a for all i “ 1, ¨ ¨ ¨ ,mu.

The collection of affinoid domains
 
Xa

Z

(
Z

form a projective system when Z goes through all finite
sets of elements generating A over OK . We denote by πgeom

0 pXa
Zq the set of the geometric connected

components of Xa
Z with respect to either the weak or the strong G-topology. The projective system 

π
geom
0 pXa

Zq
(
Z

when Z goes through all finite sets of generators of A is constant ([1, Lemma 3.1]).
Let SpecpLq be an object of FÉ{K and A “ OL the normalization of OK in L. We define a

functor Fa
K from FÉ{K to the category of finite sets by sending SpecpLq to πgeom

0 pXa
Zq. We simply

put Fa
KpLq “ Fa

KpSpecpLqq. The canonical injection

(3.1.1) λ : HomKpL,Kalgq Ñ Xa
ZpKalgq, pφ : L Ñ Kalgq ÞÑ pφpz1q, . . . , φpznqq.

induces a surjective map

(3.1.2) λ : FKpLq Ñ F
a
KpLq,

compatible with the continuousGK-actions. For any rational number b ą a, the canonical inclusion
Xb

Z Ď Xa
Z induces a surjective map Fb

KpLq Ñ Fa
KpLq that factors through λ : FKpLq Ñ Fa

KpLq.
In summary, we have natural transformations FK Ñ Fa

K and Fb
K Ñ Fa

K for rational numbers
b ą a ą 0.

Theorem 3.2 ([1, Theorem 3.3]). (1) For each rational number a ą 0, there exists a unique closed
normal subgroup Ga

K of GK , such that, for any finite separable extension L of K contained in Ksep,
we have

F
a
KpLq “ FKpLq{Ga

K .

In particular, assuming L{K is Galois, we have the following canonical isomorphism

F
a
KpLq

„
ÝÑ GalpL{Kq{GalpL{Kqa

of finite sets with continuous GK-actions, where GalpL{Kqa denotes the image of Ga
K in GalpL{Kq.

(2) Let b ą a ą 0 be two rational numbers. We have Gb
K Ď Ga

K .

Definition 3.3. Extending G0
K “ GK , the decreasing filtration tGa

KuaPQě0
in Theorem 3.2 is

called the ramification filtration of GK . For a real number b ą 0, we put

Gb`
K “

ď

rąb

Gr
K .

Let SpecpLq be an object of FÉ{K . For a rational number a ą 0, we say the ramification of L{K

is bounded by a (resp. a`) if λ : FKpLq Ñ Fa
KpLq is bijective (resp. λ : FKpLq Ñ Fb

KpLq is a
bijection for any b ą a). Assume that L is a finite Galois extension of K. The quotient filtration
tGalpL{KqauaPQě0

is call the ramification filtration of GalpL{Kq. For a rational number a ą 0, the
ramification of L{K is bounded by a (resp. a`) if GalpL{Kqa “ t1u (resp. GalpL{Kqa` “ t1u). We
define the conductor c of L{K as the infimum of rational numbers r ą 0 such that the ramification
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of L{K is bounded by r. Then c is a rational number and the ramification of L{K is bounded by
c` but not bounded by c ([1, Proposition 6.4]).

Proposition 3.4 ([1, Proposition 3.7]). (1) For any rational number 1 ě a ą 0, the group Ga
K is

the inertia subgroup of GK and G1`
K is the wild inertia subgroup of GK .

(2) Let L be a finite separable extension of K contained in Ksep of ramification index e. Then,
for any rational number a ě 0, we have Gea

L Ď Ga
K . If L{K is unramified, the inclusion is an

equality.
(3) If the residue field F of OK is perfect, we have Ga`1

K “ Ga
K,cl, where Ga

K,cl denotes the
classical upper numbering filtration ([14]).

3.5. In the following of this section, L denotes a finite separable extension of K of ramification
index e. Let Z “ tz1, . . . , znu be a finite set of elements generating OL over OK and we assume
that Z contains a uniformizer of OL. Let P be a subset of t1, ¨ ¨ ¨ , nu such that tziuiPP contains a
uniformizer of OL but does not contain 0. We call pZ, P q a logarithmic system of generators of OL

over OK . For each i P P , we put vLpziq “ ei. Let

OK rx1, . . . , xns{IZ
„

ÝÑ OL, xi ÞÑ zi

be the representation of OL associated with Z and tf1, . . . , fmu a finite set of generators of the
ideal IZ . For each i P P , we take a lifting hi P OKrx1, . . . , xns of the unit ui “ zei {πei

K P OL, and,
for each pair pi, jq P P 2, we take a lifting gi,j P OKrx1, . . . , xns of the unit vi,j “ z

ej
i {zeij P OL. We

define an affinoid subdomain Y a
Z,P of Dn by

Y a
Z,P “

$
&
%x “ px1, . . . , xnq P Dn

K

ˇ̌
ˇ̌
ˇ

vKpfipxqq ě a, for 1 ď i ď m

vK

`
xei ´ πei

Khipxq
˘

ě a ` ei for i P P
vK

`
x
ej
i ´ xeij gi,jpxq

˘
ě a` eiej{e for pi, jq P P 2

,
.
-

We see that Y a
Z,P Ď Xa

Z . The affinoid domains
 
Y a
Z,P

(
pZ,P q

form a projective system when pZ, P q

goes through all logarithmic systems of generators. We denote by π
geom
0 pY a

Z,P q the set of the
geometric connected components of Y a

Z,P with respect to either the weak or the strong G-topology.
The projective system

 
π
geom
0 pY a

Z,P q
(

pZ,P q
when pZ, P q goes through all logarithmic systems of

generators is constant ([1, Lemma 3.10]).
We take Fa

K,logpLq “ π
geom
0 pY a

Z,P q. Since an object of FÉ{K is a finite disjoint union of connected
finite étale schemes X “

š
i SpecpLiq over K, the map Fa

K,log is canonically extended to a functor
from FÉ{K to the category of finite sets by sending X to

š
iF

a
K,logpLiq. The canonical injection

(3.5.1) µ : HomKpL,Kalgq Ñ Y a
Z,P pKalgq, pφ : L Ñ Kalgq ÞÑ pφpz1q, . . . , φpznqq.

induces a surjective map

(3.5.2) µ : FKpLq Ñ F
a
K,logpLq “ π

geom
0 pY a

Z,P q,

compatible with the continuousGK-actions. For any rational number b ą a, the canonical inclusion
Y b
Z,P Ď Y a

Z,P induces a surjective map Fb
K,logpLq Ñ Fa

K,logpLq that factors through µ : FKpXq Ñ

F
a
K,logpXq. In summary, we have natural transformations FK Ñ F

a
K,log and F

b
K,log Ñ F

a
K,log for

rational numbers b ą a ą 0.

Theorem 3.6 ([1, Theorem 3.11]). (1) For each rational number a ą 0, there exists a unique
closed normal subgroup Ga

K,log of GK , such that, for any finite extension L contained in Ksep, we
have

F
a
K,logpLq “ FKpLq{Ga

K,log.
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In particular, assuming that L{K is Galois, we have the following canonical isomorphism

F
a
K,logpLq

„
ÝÑ GalpL{Kq{GalpL{Kqalog

of finite sets with continuous GK-actions, where GalpL{Kqalog denotes the image of Ga
K,log in

GalpL{Kq.
(2) Let b ą a ą 0 be two rational numbers. We have Gb

K,log Ď Ga
K,log.

Definition 3.7. Extending G0
K,log by the inertia subgroup IK of GK , the decreasing filtration

tGa
K,loguaPQě0

in Theorem 3.2 is called the logarithmic ramification filtration of GK . For a real
number b ą 0, we put

Gb`
K,log “

ď

rąb

Gr
K,log.

For a rational number a ą 0, we say the logarithmic ramification of L{K is bounded by a (resp. a`)
if µ : FKpLq Ñ Fa

K,logpLq is a bijection (resp. µ : FKpLq Ñ Fb
K,logpLq is bijective for any b ą a).

Assume that L{K is Galois. The quotient filtration tGalpL{KqaloguaPQě0
is call the logarithmic

ramification filtration of GalpL{Kq. For a rational number a ą 0, the logarithmic ramification of
L{K is bounded by a (resp. a`) if GalpL{Kqalog “ t1u (resp. GalpL{Kqa`

log “ t1u). We define the
logarithmic conductor c of L{K as the infimum of rational numbers r ą 0 such that the logarithmic
ramification of L{K is bounded by r. Then c is a rational number and the logarithmic ramification
of L{K is bounded by c` but not bounded by c ([AS1, 9.5]).

Proposition 3.8 ([1, Proposition 3.15]). (1) The subgroup G0`
K,log is the wild inertia subgroup of

GK .
(2) Let L be a finite separable extension of K contained in Ksep of ramification index e. Then,

for any rational number a ě 0, we have Gea
L,log Ď Ga

K,log. If L{K is tamely ramified, the inclusion
is an equality.

(3) For a rational number a ě 0, we have Ga`1
K Ď Ga

K,log Ď Ga
K . If the residue field of K is

perfect, we have Ga
K,log “ Ga

K,cl.

Remark 3.9. Let K0 be a henselian discrete valuation field and we denote by pK0 the fraction
field of the formal completion pOK0

. By Artin’s algebraization theorem ([4]), we have a canonical
isomorphism GxK0

„
ÝÑ GK0

. Hence Abbes and Saito’s ramification filtrations are also applied to
henselian discrete valuation fields.

4. Shift of ramification filtrations by purely inseparable extensions

4.1. In this section, we assume that OK is complete and that the characteristic of K is p ą 0.
Let K 1 be a complete discrete valuation field purely inseparable over K contained in Kalg, m the
ramification index of K 1{K and γ : GK1

„
ÝÑ GK the isomorphism induced by the inclusion K Ď K 1

(Lemma 2.2).

Lemma 4.2. Let L be a finite separable extension of K contained in Ksep and L1 “ K 1L. We
take a set of generators Z “ tz1, . . . , znu of OL over OK and we extend to a set of generators
Z “ tz1, . . . , zn, zn`1, . . . , zn1 u of OL1 over OK1 .We have the following presentations

OK rx1, . . . , xns
L
IZ

„
ÝÑ OL, xi ÞÑ zi.

OK1 rx1, . . . , xn1 s
L
IZ1

„
ÝÑ OL1 , xi ÞÑ zi.

We take a logarithmic systems of generators pZ, P q of OL (resp. pZ 1, P 1q of OL1) and we assume
that P Ď P 1.



8 HAOYU HU

Then, for any rational number a ě 0, we have morphisms of affinoids prX : Xma
Z1 Ñ Xa

Z ˆK K 1

and prY : Y ma
Z1,P 1 Ñ Y a

Z,P ˆK K 1 such that the following diagrams are commutative

(4.2.1) HomK1 pL1,Kalgq
λ1

//

¨|L

��

Xma
Z1 pKalgq

prX

��

HomK1 pL1,Kalgq
µ1

//

¨|L

��

Y ma
Z1,P 1 pKalgq

prY

��
HomKpL,Kalgq

λ
// Xa

ZpKalgq HomKpL,Kalgq
µ

// Y a
Z,P pKalgq

where λ, λ1, µ and µ1 are canonical injections (3.1.1 and 3.5.1).

Proof. It is sufficient to show that Xma
Z1 pKalgq maps to Xa

ZpKalgq (resp. Y ma
Z1,P 1 pKalgq maps to

Y a
Z,P pKalgq) through the projection

pr1...n : Dn1

K1pKalgq Ñ Dn
KpKalgq, pt1, . . . , tn1 q ÞÑ pt1, . . . , tnq.

This is easy to verify for Xma
Z1 pKalgq from the definition. The proof for Y ma

Z1,P 1 pKalgq is an analogue
of [1, Lemma 9.6].

Let e (resp. e1 and m1) be the ramification index of L{K (resp. L1{K 1 and L1{L). We have
em1 “ e1m. For i P P 1, we put e1

i “ vL1 pziq and, for i P P , we put ei “ vLpziq. We have e1
i “ m1ei

for i P P . We fix ι P P 1 such that zι is a uniformizer of L1. Let u be the unit πm
K1 {πK P OK1 ,

g P OK1 rx1, . . . , xn1 s a lifting of ze
1

ι {πK1 P OL1 , for i P P , hi P OK1 rx1, . . . , xn1 s a lifting of zi{z
e1
i

ι ,

li P OK1 rx1, . . . , xn1 s a lifting of ze
1
i

ι {zi, ri P OKrx1, . . . , xns a lifting of zei {πei
K , and, for pi, jq P P ,

ri,j P OKrx1, . . . , xns a lifting of zeij {z
ej
i P OL. Let t1 “ pt1, . . . , tn1 q P Dn1

K1 pKalgq be an element
in Y ma

Z1,P 1 pKalgq and we denote by t “ pt1, . . . , tnq its image in Dn
KpKalgq. Notice that gpt1q, hipt1q,

lipt
1q, riptq and ri,jptq are units in the integer ring OKalg and that vKptiq “ vKpziq “ ei{e ([1,

Lemma 3.9]).
Since pr1...n maps Xma

Z1 pKalgq to Xa
ZpKalgq, to show t is contained in Y a

Z,P pKalgq, it is sufficient
to check that, for i P P , we have vK

``
tei {πei

K

˘
´riptq

˘
ě a and, for pi, jq P P 2, we have vK

``
teij {t

ej
i

˘
´

ri,jptq
˘

ě a. Take an i P P . Notice that

zei {πei
K “

`
πm
K1 {πK

˘ei`
ze

1

ι {πK1

˘mei`
zi{z

e1
i

ι

˘e
“ uei

`
ze

1

ι {πK1

˘mei`
zi{z

e1
i

ι

˘e
P OL1 .

Hence ueigmeihei P OK1 rx1, . . . , xn1 s is another lifting of zei {πei
K . Since t1 is contained in Xma

Z1 pKalgq,
we have

vK1

`
ueigmeipt1qhei pt1q ´ riptq

˘
ě ma.

Notice that tei {πei
K “ uei

`
te

1

ι {πK1

˘mei`
ti{t

e1
i

ι

˘e
. To show vK

``
tei {πei

K

˘
´ riptq

˘
ě a, it is sufficient to

check that

vK1

´
uei

`
te

1

ι {πK1

˘mei`
ti{t

e1
i

ι

˘e
´ ueigmeipt1qhei pt1q

¯
ě ma.

This is deduced from following inequalities (the definition of Y ma
Z1,P 1):

vK1

´`
te

1

ι {πK1

˘mei
´ gmeipt1q

¯
ě vK1

´`
te

1

ι {πK1

˘
´ gpt1q

¯
ě ma,

vK1

´`
ti{t

e1
i

ι

˘e
´ hei pt1q

¯
ě vK1

´`
ti{t

e1
i

ι

˘
´ hipt

1q
¯

ě ma.

Take a pair pi, jq P P . Notice that

zeij {z
ej
i “

`
zj{z

e1
j

ι

˘ei`
z
e1
i

ι {zi
˘ej
.
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Hence heij l
ej
i P OK1 rx1, . . . , xn1 s is another lifting of ze

i

j {z
ej
i . We have

vK1

`
heij pt1ql

ej
i pt1q ´ ri,jptq

˘
ě ma.

To show vK

``
teij {t

ej
i

˘
´ ri,jptq

˘
ě a, it is sufficient to check that

vK

´`
tj{t

e1
j

ι

˘ei`
t
e1
i

ι {ti
˘ej

´ heij pt1ql
ej
i pt1q

¯
ě a.

This is deduced from the following inequalities (the definition of Y ma
Z1,P 1):

vK1

´`
tj{t

e1
j

ι

˘ei
´ heij pt1q

¯
ě vK1

´`
tj{t

e1
j

ι

˘
´ hjpt1q

¯
ě ma,

vK1

´`
t
e1
i

ι {ti
˘ej

´ l
ej
i pt1q

¯
ě vK1

´`
t
e1
i

ι {ti
˘

´ lipt
1q
¯

ě ma.

�

Lemma 4.3. Let a and b be two positive rational numbers.

(1) Suppose that, for any finite Galois extension L{K whose ramification is bounded by a, the
ramification of LK 1{K 1 is bounded by b. Then, we have γpGb

K1 q Ď Ga
K .

(1’) Suppose that, for any finite Galois extension L{K whose logarithmic ramification is bounded
by a, the logarithmic ramification of LK 1{K 1 is bounded by b. Then, we have γpGb

K1,logq Ď
Ga

K,log.
(2) Suppose that, for any finite Galois extension L{K such that the ramification of LK 1{K 1 is

bounded by b, the ramification of L{K is bounded by a. Then we have Ga
K Ď γpGb

K1 q.
(2’) Suppose that, for any finite Galois extension L{K such that the logarithmic ramification

of LK 1{K 1 is bounded by b, the logarithmic ramification of L{K is bounded by a. Then we
have Ga

K Ď γpGb
K1 q.

Proof. The proofs for the ramification filtration and for the logarithmic ramification filtration are
the same. We only verify (1) and (2).

(1) To prove γpGb
K1 q Ď Ga

K , it is sufficient to show that, for any finite Galois extension L of K
contained in Kalg, we have γpGalpLK 1{K 1qbq Ď GalpL{Kqa, where γ : GalpLK 1{K 1q

„
ÝÑ GalpL{Kq

denotes the quotient of γ : GK1 Ñ GK . We denote by L0 the GalpL{Kqa-invariant subfield of L.
We have

GalpL0{Kqa “ pGalpL{Kq{GalpL{Kqaqa “ t1u.

By the assumption of (1), we have GalpL0K
1{K 1qb “ t1u. Since GalpL0K

1{K 1qb is the image of
GalpLK 1{K 1qb in GalpL0K

1{K 1q, we have GalpLK 1{K 1qb Ď GalpLK 1{L0K
1q. Hence, we get

γpGalpLK 1{K 1qbq Ď γpGalpLK 1{L0K
1qq “ GalpL{L0q “ GalpL0{Kqa.

(2) To prove Ga
K Ď γpGb

K1 q, it is sufficient to show that, for any finite Galois extension
L of K contained in Kalg, we have GalpL{Kqa Ď γpGalpLK 1{K 1qbq. We denote by L0 the
γpGalpLK 1{K 1qbq-invariant subfield of L. Hence, L0K

1 is the GalpLK 1{K 1qb-invariant subfield
of LK 1. We have

GalpL0K
1{K 1qb “ pGalpLK 1{K 1q{GalpLK 1{K 1qbqb “ t1u.

By the assumption of (2), we have GalpL0{Kqa “ t1u. Since GalpL0{Kqa “ t1u is the image of
GalpL{Kqa in GalpL0{Kq, we get

GalpL{Kqa Ď GalpL{L0q “ γpGalpLK 1{K 1qbq.

�
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Proposition 4.4. For any rational number a ě 0, we have

γpGma
K1 q Ď Ga

K and γpGma
K1,logq Ď Ga

K,log.

Proof. We fix a rational number a ě 0. Let L be a finite Galois extension of K contained in Ksep

and we take the notation of Lemma 4.2. By (4.2.1), we have the following commutative diagram

FK1 pL1q
λ

1

//

¨|L

��

Fma
K1 pL1q

prX

��
FKpLq

λ

// Fa
KpLq

where ¨|L is a bijection, λ and λ
1
are surjections induced by λ and λ1 (3.1.2) and prX is induced

by prX (4.2.1). By chasing the diagram, λ
1
is a bijection if λ is a bijection. By Theorem 3.2, λ

(resp. λ
1
) is an bijection if and only if GalpL{Kqa “ t1u (resp. GalpL1{K 1qma “ t1u). Hence,

GalpL{Kqa “ t1u implies GalpL1{K 1qma “ t1u. By Lemma 4.3 (1), we get γpGma
K1 q Ď Ga

K .
The proof for the logarithmic ramification filtration is the same as above. �

Lemma 4.5. Let n ą 0 be an integer and we denote by γn : G
Kp´n

„
ÝÑ GK the isomorphism of

Galois groups induced by the canonical inclusion ιn : K Ñ Kp´n

(Proposition 2.2). Then, for any
rational number a ě 0, we have

γn
`
Ga

Kp´n

˘
“ Ga

K and γn
`
Ga

Kp´n
,log

˘
“ Ga

K,log.

Proof. Fix a rational number a ě 0. We put δn : Kp´n

Ñ K,x ÞÑ xp
n

and denote by ψn : GK
„
ÝÑ

G
Kp´n the induced isomorphism. Since δn is an isomorphism, we have Ga

K “ ψ´1
n pGa

Kp´n q. Since

the composition δn and ιn is the n-th power of the Frobenius map, the composition γnψn : GK
„
ÝÑ

GK is the identity (Lemma 2.3). Hence, for any rational number a ą 0, we have

γn
`
Ga

Kp´n

˘
“ pγnψnq

`
ψ´1
n

`
Ga

Kp´n

˘˘
“ Ga

K .

The proof for the logarithmic ramification subgroups is the same as above. �

Remark 4.6. When the residue field F of OK is perfect, K is isomorphic to the field of Laurent
power series F ppxqq. For any finite purely inseparable extension K 1 over K, we have a canoni-
cal isomorphism K 1 „

ÝÑ F ppxp
´n

qq “ Kp´n

, where n “ logprK 1 : Ks. Lemma 4.5 implies that
γpGa

K1,clq “ Ga
K,cl for rational number a ě 0, where tGa

K,cluaPQě0
denotes the classical upper num-

bering filtration of GK . This is a proof of the equality γpGa
K1,clq “ Ga

K,cl mentioned in 1.4 without
involving lower numbering filtration.

Theorem 4.7. Assume that K 1{K has strict ramification index s (2.5). Then, for any rational
number a ě 0, we have

(4.7.1) γ
`
Gsa

K1

˘
Ď Ga

K and γ
`
Gsa

K1,log

˘
Ď Ga

K,log.

Proof. Let t ě 0 be an integer number such that Kp´t

Ď K 1 and Kp´t´1

Ę K 1. Then, s is
the ramification index of K 1{Kp´t

. Applying Proposition 4.4 to Kp´t

Ď K 1 and Lemma 4.5 to
K Ď Kp´t

, we obtain (4.7.1). �

Theorem 4.8. Assume that K 1{K has finite exponent and let n be the dual ramification index of
K 1{K (2.5). Then, for any rational number a ě 0, we have

Gna
K Ď γ

`
Ga

K1

˘
and Gna

K,log Ď γ
`
Ga

K1,log

˘
.
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Proof. We denote by θ : G
Kp´t

„
ÝÑ GK1 the isomorphism induced by the inclusion K 1 Ď Kp´t

,

where t is the exponent of K 1{K. The ramification index of Kp´t

{K 1 is n. Fix a rational number
a ě 0. Applying Proposition 4.4 to θ, we obtain θ

`
Gna

Kp´t

˘
Ď Ga

K1 . Let γn : G
Kp´n

„
ÝÑ GK be the

isomorphism induced by the inclusion K Ď Kp´n

as in Lemma 4.5. Notice that γn : G
Kp´n Ñ GK

is the composition of θ and γ. By Lemma 4.5, we have

Gna
K “ pγθq

`
Gna

Kp´t

˘
Ď γ

`
Ga

K1

˘
.

The proof for the logarithmic ramification subgroups is the same. �

Remark 4.9. Keep the assumption of Theorem 4.8. Assume that f “ rK 1 : Ks ă `8. The dual
ramification index of K 1{K is less than f . Hence, by Theorem 4.8, we have

(4.9.1) G
fa
K Ď γ

`
Ga

K1

˘
and G

fa
K,log Ď γ

`
Ga

K1,log

˘
.

Let L be a finite separable extension of K contained in Ksep of ramification index m. We have
a canonical inclusion GL Ď GK . By [1, Proposition 3.7 and 3.15], we have Gma

L Ď Ga
K and

Gma
L,log Ď Ga

K,log for any rational number a ě 0, which are similar to Theorem 4.7. However, we do
not have inclusions (4.9.1) for L{K, since the number rL : Ks cannot bound the ramification and
the logarithmic ramification of L{K.

4.10. In the following of this section, let k be an algebraically closed field of characteristic p ě 3,
X “ Specpkrx, ysq a 2-dimensional affine space over k, D the Cartier divisor y “ 0 of X , ξ the
generic point of D and K “ Fracp pOX,ξq. We have K “ kpxqppyqq.

Let
rU “ SpecpOU rts{ptp ´ t ´ x{yp

n`1

qq, pn ě 1q,

be an Artin-Schreier cover of U “ X ´ D and L{K the finite Galois extension associate to the
cover rU{U . We have GalprU{Uq “ GalpL{Kq – Z{pZ. Let Λ be a finite field of characteristic
ℓ ‰ p and F a locally constant and constructible étale sheaf of Λ-modules of rank 1 associated to
a non-trivial character ψ0 : GalprU{Uq Ñ Λˆ.

Example 4.11. Let

Xn “ SpecpOX rus{pup
n

´ xqq “ Specpkru, ysq

be a radicial cover of X and Kn “ Krus{pup
n

´xq the purely inseparable extension of K associated
to the cover Xn{X . We put Ln “ LKn and we have

Ln “ Knrts{ptp ´ t ´ up
n

{yp
n`1

q “ K1rt1s{pt1p ´ t1 ´ u{ypq,

where t1 “ t´
řn´1

i“0 pu{ypqp
i

. We denote by Fn the pull back of F on Un “ Xn ˆX U . The total
dimension of F |K (resp. Fn|Kn

) along the divisor D (resp. Dn “ DˆXXn) equals the conductor
of L{K (resp. Ln{Kn) and the Swan conductor of F |K (resp. Fn|Kn

) equals the logarithmic
conductor of L{K (resp. Ln{Kn). On the other hand, by [11, Corollary 3.9.1] and [5, Theorem
5.1], the total dimensions and the Swan conductors of F |K (resp. Fn|Kn

) can be computed by
pull-back to curves. Then, we obtain that

cpL{Kq “ clogpL{Kq “ pn`1, cpLn{Knq “ clogpLn{Knq “ p,(4.11.1)

where c and clog denotes the conductor and the logarithmic conductor, respectively. Notice that
rKn : Ks “ pn and that Kn{K has exponent n and ramification index 1. We claim that there is



12 HAOYU HU

no ǫ ą 0 such that, for any rational number a ě 0, Gppn´ǫqa
K Ď γpGa

Kn
q and Gppn´ǫqa

K,log Ď γpGa
Kn,log

q.
Indeed, taking a “ p` ǫ{pn´1, we get

GalpL{Kqp
n`1´ǫ2{pn´1

“ GalpL{Kq
pn`1´ǫ2{pn´1

log – Z{pZ,

GalpLn{Knqp`ǫ{pn´1

“ GalpLn{Knq
p`ǫ{pn´1

log – t1u,

which imply G
pn`1´ǫ2{pn´1

K Ę γpG
p`ǫ{pn´1

Kn
q and G

pn`1´ǫ2{pn´1

K,log Ę γpG
p`ǫ{pn´1

Kn,log
q. The assertion

implies that Theorem 4.8 is optimal in general.

Example 4.12. We take n “ 0 in 4.10 and let

X 1 “ SpecpOX rvs{pvp ´ yqq “ Specpkrx, vsq

be a radicial cover of X and K 1 “ Krvs{pvp ´ yq the purely inseparable extension of K associated
to X 1{X . We put L1 “ LK 1 and we have

L1 “ K 1rts{ptp ´ t´ x{vp
2

q,

We denote by F 1 the pull back of F on U 1 “ U ˆX X 1. The total dimension of F 1|K1 along the
divisor D1 “ DˆX X 1 equals the conductor of L1{K 1 and the Swan conductor of F 1|K1 equals the
logarithmic conductor of L1{K 1. By [11, Corollary 3.9.1] and [5, Theorem 5.1] again, we compute
the total dimension and the Swan conductors of F 1|K1 by pull-back to curves. We obtain that

cpL{Kq “ clogpL{Kq “ p, cpL1{K 1q “ clogpL1{K 1q “ p2.

Notice that the extension degrees of K 1{K is p and that K 1{K has exponent 1 and ramification

index p. We claim that there is no ǫ ą 0, such that, for any rational number a ě 0, Gpp´ǫqa
K1 Ď Ga

K

and Gpp´ǫqa
K1,log Ď Ga

K,log. Indeed, taking a “ p` ǫ, we have

GalpL1{K 1qp
2´ǫ2 “ GalpL1{K 1qp

2´ǫ2

log – Z{pZ and GalpL{Kqp`ǫ “ GalpL{Kqp`ǫ
log – t1u,

which imply γpGp2´ǫ2

K1 q Ę G
p`ǫ
K and γpGp2´ǫ2

K1,logq Ę G
p`ǫ
K,log. This assertion implies that Theorem 4.7

is optimal in general.

Remark 4.13. Teyssier proposed a question [16, Question 1] as follows. Let g : Y Ñ Z be a
k-morphism of irreducible k-schemes of finite type and G a bounded complex of constructible étale
sheaves of Λ-modules on Y with SupppG q “ Y . Can we bound the wild ramification of Rg˚G in
terms of the wild ramification of G and the wild ramification of g (precisely, the ramification of
the sheaf Rg˚Λ)?

In fact, when dimk Z ě 2 and g : Y Ñ Z a finite radicial cover, the degree of the purely
inseparable extension should also be considered in bounding the wild ramification of Rg˚G . Here
is an example. For an étale sheaf on smooth k-variety, Saito constructed the characteristic cycle
which is a cycle on the cotangent bundle of the variety [12]. The characteristic cycle is the finest
ramification invariant for an étale sheaf on a variety as far as we known. We take assumptions in
Example 4.11. Let h : Xn Ñ X be the canonical projection and  : Un Ñ Xn and j : U Ñ X the
canonical injections. Since h : Xn Ñ X is finite, surjective and radicial, it gives an equivalence of
categories of étale sites of Xn and X . We have

Rh˚!Fn “ h˚!Fn “ j!F and Rh˚!Λ “ h˚!Λ “ j!Λ

By [12, Theorem 7.14], for a sheaf of rank 1 and its ramification is non-degenerate along the
ramified divisor, the coefficient of the non-trivial part of the characteristic cycle is contributed by
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the total dimension of the sheaf along the divisor. Hence, by (4.11.1), we have

CCpj!F q “ ´rT˚
XXs ´ pn`1rD ¨ xdxys,

CCpj!Λq “ ´rT˚
Xn
Xns ´ rD ¨ xdzys,

CCp!Fnq “ ´rT˚
Xn
Xns ´ prDn ¨ xduys.

We see that coefficients of CCpj!F q rely on not only those of CCpj!Λq and CCp!Fnq but also the
extension degree of h : Xn Ñ X . This computation can also be derived from [13, Theorem 4.9].

5. Geometric perlimilaries

5.1. Let i : Z Ñ X be a closed immersion of schemes, D an effective Cartier divisor of X and
X 1 the blow-up of X along DZ “ D ˆX Z. We denote by XpDZq the complement of the proper
transform of D in X 1 and we call it the dilatation of pX,Zq alongD. We have a canonical projection
g : XpDZq Ñ X . The pull-back rD of D in XpDZq is a Cartier divisor of XpDZq with the image DZ

in X . If X “ SpecpAq is affine, if D is defined by a non-zero divisor f of A and if Z is defined by
an ideal I of A, we have

XpDZq “ SpecpArI{f sq

for ArI{f s Ď Ar1{f s.
Let h : Y Ñ X be a morphism of schemes such that E “ DˆX Y is an effective Cartier divisor

of Y and i1 :W Ñ Y a closed immersion such that h ˝ i1 :W Ñ X factors through i : Z Ñ X . By
the universality of the dilatation, h : Y Ñ X is uniquely lifted to a morphism rh : Y pEW q Ñ XpDZq.

5.2. Let X be a scheme, D an effective Cartier divisor of X , M “ mD a Cartier divisor supported
on D, Zm “ SpecpOX rts{ptmqq the m-th thickening of the zero section of the line bundle A1

X and
rX rMs the dilatation of pA1

X , Zmq along the divisor A1
D. We denote by rXpMq the complement of

the proper transform of Zm in rXpMq and we call it the inflation of pX,Dq of thickening M . If
X “ SpecpAq is affine and if D is associated to a non-zero divisor f of A, we have

rXpMq “ Spec
`
Art, s˘1s{pf ´ tmsq

˘

Let Y be a scheme, E an effective Cartier divisor of Y and h : Y Ñ X a morphism such that
h˚D “ eE. Let N “ nE be an effective Cartier integer of Y such that l “ en{m is an integer and
rY pNq the inflation of pY,Eq of thickening N . By the universality of the blow-up, the morphism

hl : A
1
Y Ñ A1

X , pt, yq ÞÑ ptl, hpyqq

is uniquely lifted to a morphism

(5.2.1) rh : rY pNq Ñ rXpMq.

5.3. Let X be a scheme, R a Cartier divisor of X , E a locally free OX -sheaf on X and E “
SpecpSymOX

pE _qq the vector bundle associated to E . We denote by EpRq the vector bundle
SpecpSymOX

pE bOX
OXpRqq_q.
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5.4. Let k be a perfect field of characteristic p ą 0, S a connected k-scheme, E a vector bundle over
S and G a finite étale p-torsion commutative group scheme over S. We denote by G_ the Cartier
dual of G and by E_ the dual vector bundle of E. Let α be an element in Homgp,SpE_,A1

Sq “
E_pSq and β an element in Homgp,SpFp, Gq “ GpSq. The pair of group morphisms pα, βq give an
extension rE in ExtSpE,Gq by following diagram

(5.4.1) 0 // Fp
// A1

S

l

L // A1
S

// 0

0 // Fp
//

β

��

E1 //

��

OO

E //

α

OO

0

0 // G // rE // E // 0

where horizontal lines are exact sequence of group schemes, L : A1
S Ñ A1

S is the Lang’s isogeny
L˚ptq “ tp ´ t for the canonical coordinate t of A1

S , E1 is the pull-back of L : A1
S Ñ A1

S by
α : E Ñ A1

S and rE is the push-out of E1 by β : Fp Ñ G. Étale locally on S, we have the canonical
isomorphism Homgp,SpG_, E_q

„
ÝÑ E_pSq bFp

GpSq. The diagram (5.4.1) gives a morphism of
abelian groups

(5.4.2) Homgp,SpG_, E_q Ñ ExtSpE,Gq.

by étale descent. Let Sn be the fiber product S ˆk,F´n

k
k where F´n

k denotes the inverse of the
n-th power of the Frobenius of k. Let πn : Sn Ñ S be the composition of the first projection
pr1 : Sn Ñ S and the n-th power of the Frobenius of S. The map pr1 : Sn Ñ S is a k-morphism
and gives an equivalence between étale sites on S and Sn. Hence, the pull-back ExtSpE,Gq Ñ
ExtSn

pE ˆS Sn, GˆS Snq is an isomorphism. The map (5.4.2) give rise to a morphism of abelian
groups

(5.4.3) lim
ÝÑ
n

Homgp,Sn
pG_ ˆS Sn, E

_ ˆS Snq Ñ ExtSpE,Gq.

Proposition 5.5 ([11, Proposition 1.20, Lemma 1.21]). We keep the notation and assumptions of
5.4. Then the map (5.4.3) is an isomorphism. Let ϕ : G_ Ñ E_ be an element of the left side of
(5.4.3) and Eϕ the corresponding extension of E by G. Then, Eϕ,s̄ is connected for any geometric
point s̄ of S, if and only if ϕ : G_ Ñ E_ is a closed immersion.

6. Ramification of étale covers

6.1. In this section, let k denotes a perfect field of characteristic p ą 0, X a connected, separated
and smooth k-schemes, D an irreducible effective divisor of X smooth over Specpkq, i : D Ñ X and
j : U “ X ´D Ñ X the canonical injections, and δ : X Ñ X ˆk X the diagonal map. We denote
by pXˆkXq1 the blow-up of XˆkX along δpDq and by pXˆkXqpDq the complement of the proper
transforms DˆkX and X ˆkD along in pX ˆkXq1. We consider pX ˆkXqpDq as an X-scheme by
the second projection. This projection is smooth ([11, Lemma 2.1.3]). By the universality of the
blow-ups, the diagonal δ : X Ñ X ˆk X induces a closed immersion δpDq : X Ñ pX ˆk XqpDq. We
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denote by DpDq the pull-back of D Ă X in pXˆkXqpDq. We have the following Cartesian diagram

(6.1.1) D
i //

��
l

X

lδpDq

��

U

δU

��

joo

DpDq

l

ipDq
//

��

pX ˆk XqpDq

pr
pDq
2

��
l

U ˆk U
jpDq

oo

pr2

��
D // X Uoo

where ipDq and jpDq are canonical injections and pr
pDq
2 is the second projection. Notice that the

composition of δpDq and pr
pDq
2 is the identity of X . We see that the closed subscheme DpDq is an

irreducible effective divisor of pX ˆk XqpDq smooth over Specpkq ([11, Lemma 2.1.3]).

6.2. Let M “ mD be an effective Cartier divisor of X supported on D and rXpMq the inflation of
pX,Dq of thickening M . The scheme rXpMq is a smooth k-scheme ([11, Lemma 1.18]). Let βpMq :
rXpMq Ñ X and γpMq : rXpMq Ñ A1

k be canonical projections. The divisor rDpMq “ γpMq˚pt0uq is an
irreducible effective divisor of rXpMq smooth over Specpkq and we have commutative diagram with
Cartesian squares (loc. cit.)

(6.2.1) m rDpMq ipMq
//

��
l

rXpMq

lβpMq

��

Gm ˆk U

pr2

��

jpMq

oo

D
i

// X U
j

oo

For an effective rational divisor R “ rD of X such that rm is an integer, we denote by rRpMq the
effective divisor βpMq˚pRq “ rm rDpMq of rXpMq.

We denote by pX ˆk XqpD,Mq the inflation of ppX ˆk XqpDq, DpDqq of thickening mDpDq. Let
φpMq : pXˆkXqpD,Mq Ñ pXˆkXqpDq and ψpMq : pXˆkXqpD,Mq Ñ A1

k be the canonical projections.
Applying (6.2.1) to the smooth k-scheme pX ˆk XqpD,Mq, we see that pX ˆk XqpD,Mq and the
irreducible effective divisor DpD,Mq “ ψpMq˚pt0uq are smooth over Specpkq, that φpMq˚pDpDqq “
mDpD,Mq and that the complement of DpD,Mq in pX ˆk XqpD,Mq is Gm ˆk U ˆk U .

By (5.2.1), the map δpDq : X Ñ pX ˆk XqpDq uniquely induces a closed immersion

δpD,Mq : rXpMq Ñ pX ˆk XqpD,Mq

and the second projection pr
pDq
2 : pX ˆk XqpDq Ñ X uniquely induces a projection

pr
pD,Mq
2 : pX ˆk XqpD,Mq Ñ rXpMq
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Noticing that βpMq ˝pr
pD,Mq
2 “ pr

pDq
2 ˝φpMq and that prpD,Mq ˝δpD,Mq “ idĂXpMq . Combining (6.1.1)

and (6.2.1), we have the following Cartesian diagram

(6.2.2) rDpMq

l

ipMq
//

��

rXpMq

δpD,Mq

��
l

Gm ˆk U
jpMq

oo

idˆδU

��
DpD,Mq

l

ipD,Mq
//

��

pX ˆk XqpD,Mq

��
pr

pD,Mq
2

��
l

Gm ˆk pU ˆk Uq

idˆpr2

��

jpD,Mq

oo

rDpMq

ipMq

// rXpMq Gm ˆk U
jpMq

oo

where compositions of vertical arrows are identities.

6.3. Let R “ rD pr P Qě1q be an effective rational divisor of X and M “ mD an effective divisor
such that mr is an integer. We denote by pXˆkXqpR,Mq the dilatation of ppXˆkXqpD,Mq, rXpD,Mqq

along the divisor mpr ´ 1qDpD,Mq, by pr
pR,Mq
2 : pX ˆk XqpR,Mq Ñ rXpMq the composition of the

canonical projections pXˆkXqpR,Mq Ñ pXˆkXqpD,Mq and pr
pD,Mq
2 : pXˆkXqpD,Mq Ñ rXpMq and

by DpR,Mq the pull-back of rDpMq Ă rXpMq in pX ˆkXqpR,Mq. The scheme DpR,Mq is an irreducible
divisor of pX ˆk XqpR,Mq and both DpR,Mq and pX ˆk XqpR,Mq are smooth over Specpkq. By the
universality of the blow-up, the map δpD,Mq : rXpMq Ñ pX ˆk XqpD,Mq uniquely lifts to a closed
immersion

δpR,Mq : rXpMq Ñ pX ˆk XqpR,Mq

The diagram (6.2.2) lifts to the following Cartesian diagram

(6.3.1) rDpMq

l

ipMq
//

��

rXpMq

δpR,Mq

��
l

Gm ˆk U
jpMq

oo

idˆδU

��
DpR,Mq

l

ipR,Mq
//

��

pX ˆk XqpR,Mq

��
pr

pR,Mq
2

��
l

Gm ˆk pU ˆk Uq

idˆpr2

��

jpR,Mq

oo

rDpMq

ipMq

// rXpMq Gm ˆk U
jpMq

oo

The scheme DpR,Mq is a vector bundle over rDpMq and we have ([11, Corollary 2.9]), (5.3)

(6.3.2) DpR,Mq „
ÝÑ pTX ˆX

rDpMqqp´ rRpMqq.

Proposition 6.4 ([11, Lemma 2.6]). We take the notation and assumptions of 6.3. Let

Θ : pX ˆk XqpR,Mq Ñ rXpMq ˆk X

be the unique morphism induced by the projection pr
pR,Mq
2 : pX ˆk XqpR,Mq Ñ rXpMq and the

composition βpMq ˝ pr
pR,Mq
2 : pX ˆk XqpR,Mq Ñ X and Γβ : rXpMq Ñ rXpMq ˆk X the graph

of βpMq : rXpMq Ñ X. We denote by P pR,Mq the dilatation of p rXpMq ˆk X,Γβp rXpMqqq along the
effective divisor rRpMqˆkX of rXpMqˆkX (6.2). Then, Θ : pXˆkXqpR,Mq Ñ rXpMqˆkX is uniquely
lifted to an open immersion rΘ : pX ˆk XqpR,Mq Ñ P pR,Mq and its image is the complement of the
proper transform of rXpMq ˆk D Ă rXpMq ˆk X in P pR,Mq.
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6.5. Let V be an étale torsor over U of group G, ∆ : G Ñ G ˆ G the diagonal homomorphism,
W the quotient pV ˆk V q{∆pGq and W Ñ U ˆk U the canonical projection. The diagonal map
δU : U Ñ UˆkU is uniquely lifts to an injection εU : U Ñ W . Let R “ rD pr P Qě1q be an effective
rational divisor of X and M “ mD an effective divisor such that mr is an integer. We denote by
W pR,Mq the integral closure of pX ˆk XqpR,Mq in Gm ˆk W , by h :W pR,Mq Ñ pX ˆk XqpR,Mq the
canonical projection and by ε : rXpMq Ñ W pR,Mq the unique lifting of idˆεU : GmˆkU Ñ GmˆkW .
We have the following commutative diagram with Cartesian squares

(6.5.1) Gm ˆk U

l

//

��

Gm ˆk W

��

//

l

Gm ˆk pU ˆk Uq

jpR,Mq

��
rXpMq

ε
// W pR,Mq //

h
// pX ˆk XqpR,Mq

Definition 6.6. Let V be an étale torsor over U of group G, R “ rD pr ą 1q an effective
rational divisor of X and M “ mD an effective divisor such that mr is an integer. We say that
the ramification of V over U along D is bounded by R` at a point x P D if the finite morphism
h :W pR,Mq Ñ pX ˆkXqpR,Mq in (6.5.1) is étale on a Zariski neighborhood of εpβpMq´1pxqq (6.2.1).
We say that the ramification of V over U along D is bounded by R` if the finite morphism
h :W pR,Mq Ñ pX ˆk XqpR,Mq is étale on a Zariski neighborhood of εp rDpMqq.

Remark 6.7. Let m1 be an integer divisible by m and M 1 “ m1D. We have a surjection α :
rXpM 1q Ñ rXpMq (5.2.1). By [11, Lemma 2.13], the map h1 :W pR,M 1q Ñ pXˆkXqpR,M 1q associated to

pR,M 1q is étale on a Zariski neighborhood of x1 P rXpM 1q if and only if h :W pR,Mq Ñ pXˆkXqpR,Mq

is étale on a Zariski neighborhood of the image of x1 in rXpMq. Hence, Definition 6.6 is independent
of the choice of the divisor M . In the following of this section, we fix M and we omit it in the
superscript of all notation for simplicity. The ramification of V {U along D is bounded by R`
implies that it is also bounded by S` for an effective divisor S of X supported on D satisfying
S ě R (loc. cit.).

6.8. Let V be an étale torsor over U of group G. Assume that the ramification of V {U along D is
bounded by R`, for an effective rational divisor R “ rD (r ą 1). Fix an effective divisor M “ mD

of X such that mr is an integer. We denote by W pRq
0 the largest open subscheme of W pRq which

is étale over pX ˆk XqpRq. We define EpRq by the following Cartesian diagram

(6.8.1) EpRq //

l

��

W
pRq
0

h

��
DpRq // pX ˆk XqpRq

By [11, Corollary 2.15], h|EpRq : EpRq Ñ DpRq is an étale homomorphism of smooth group schemes
over rD. We denote by EpRq˝ the unique connected normal subgroup scheme of EpRq, by h0 :

EpRq˝ Ñ DpRq the restriction of h|EpRq : EpRq Ñ DpRq and by GpRq the kernel of h0 : EpRq˝ Ñ DpRq.
By [11, Proposition 2.16], we have

(i) the group scheme EpRq˝ is commutative and p-torsion;
(ii) the map h0 : EpRq˝ Ñ DpRq is an étale and surjective homomorphism of group schemes

and GpRq is an étale commutative p-torsion group scheme over rD.
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Definition 6.9. We keep the notation and assumptions of 6.8. We say that the ramification of
V {U along D bounded by R` is non-degenerate if the étale homomorphism h0 : EpRq˝ Ñ DpRq is
finite.

The canonical projection rD Ñ D is a principal bundle of fiber Gm. The rD-morphism h0 :

EpRq˝ Ñ DpRq is invariant under the canonical Gm-action. Hence, h0 is finite after replacing D
by a Zariski open dense subscheme. Hence, the ramification of V {U along D bounded by R` is
non-degenerate after replacing D by a Zariski open dense subscheme.

Definition 6.10. We keep the notation and assumptions of 6.8 and we assume that the ramification
of V {U along D is non-degenerate. Let GpRq_ be the Cartier dual of GpRq and DpRq_ “ pT˚X ˆX

rDqp rRq the dual vector bundle of DpRq. The exact sequence of groups schemes

(6.10.1) 0 Ñ GpRq Ñ EpRq˝ Ñ DpRq Ñ 0

corresponds to an injective homomorphism

charRpV {Uq : GpRq_ Ñ DpRq_ “ pT˚X ˆX
rDqp rRq

of group schemes over a finite radicial cover rDn over rD (5.4 and Proposition 5.5). We call
charRpV {Uq the characteristic form of V {U along D with multiplicity R.

6.11. Let f : X 1 Ñ X be a morphism of connected, separated and smooth k-schemes, D1 an
irreducible effective divisor smooth over Specpkq such that eD1 “ f˚D and U 1 the complement of
D1 in X 1. We have the following commutative diagram

D1

��

i1
// X 1

f

��
l

U 1j1

oo

��
D

i
// X U

j
oo

Let R “ rD pr P Qą1q be a rational effective divisor of X . We fix an effective divisor M “ mD

of X such that m1 “ m{e and m1r are integers and fix an effective divisor M 1 “ m1D1 of X 1. The
morphism

id ˆ f : A1
X1 Ñ A1

X , pt, x
1q ÞÑ pt, fpx1qq

induces a canonical morphism rf : rX 1 Ñ rX of inflations (5.2.1). We denote by R1 “ f˚R the
pull-back of R on X 1. By the left square of (6.2.1), we have the following Cartesian diagrams

rD1

l

//

��

rD

��

rR1

l

//

��

rR

��
rX 1

rf // rX rX 1
rf // rX

By the universality of the dilatation and Proposition 6.4, rf : rX 1 Ñ rX induces the morphism

rf 1 : pX 1 ˆk X
1qpR1q Ñ pX ˆk XqpRq
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that makes the following diagram commutative

pX 1 ˆk X
1qpR1q

rf 1

//

pr
pR1q
2 ��

pX ˆk XqpRq

pr
pRq
2

��
rX 1

rf
// rX

We denote by D1pR1q the pull-back of rD1 Ă rX 1 by pr
pR1q
2 (cf. (6.3.1)). The diagram above induces

the homomorphism λ : D1pR1q Ñ DpRq ˆ rD
rD1 of vector bundles over rD1 which is functorial to the

isomorphism (6.3.2), i.e., we have the following commutative diagram (cf. [3, 4.8])

D1pR1q

λ

��

„ // pTX 1 ˆX1 rD1qp´ rR1q

Bf

��
DpRq ˆ rD

rD1 „ // pTX ˆX
rD1qp´ rR1q

6.12. We keep the notation and assumptions of 6.11. Let V be an étale torsor of U of group G

and we assume that the ramification of V {U along D is bounded by R`. Let V 1 “ U 1 ˆU V be the
pull-back étale torsor over U 1, W 1 the quotient pV 1 ˆk V

1q{∆pGq and εU 1 : U 1 Ñ W 1 the unique
lifting of the diagonal δU 1 : U 1 Ñ U 1 ˆk U

1. We have the following commutative diagram with
Cartesian squares

Gm ˆk W
1 //

��
l

Gm ˆk pU 1 ˆk U
1q

��

//

l

pX 1 ˆk X
1qpR1q

rf 1

��
Gm ˆk W // Gm ˆk pU ˆk Uq // pX ˆk XqpRq

We further denote by W 1pR1q the integral closure of pX 1 ˆk X
1qpR1q in Gm ˆk W

1 and by ε1 : rX 1 Ñ

W 1pR1q the unique lifting of idˆ εU 1 : Gm ˆk U
1 Ñ Gm ˆkW

1. We have the following commutative
diagram

rD1 //

��
l

rX 1

rf
��

ε1
// W 1pR1q

��

h1
// pX 1 ˆk X

1qpR1q

rf 1

��
rD // rX

ε
// W pRq

h
// pX ˆk XqpRq

We denote by W 1pR1q
0 the largest open subscheme of W 1pR1q which is étale over pX 1 ˆkX

1qpR1q. The
canonical morphisms

W 1pR1q Ñ W pRq ˆpXˆkXqpRq pX 1 ˆk X
1qpR1q Ñ pX 1 ˆk X

1qpR1q

are finite and surjective. Notice that W pRq
0 ˆpXˆkXqpRq pX 1 ˆk X

1qpR1q is étale over the smooth

k-scheme pX 1 ˆk X
1qpR1q. It is also a smooth k-schemes. Hence, by the definition of W 1pR1q

0 , we
have an open immersion

(6.12.1) W
pRq
0 ˆpXˆkXqpRq pX 1 ˆk X

1qpR1q Ñ W
1pR1q
0 .
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The inclusion (6.12.1) implies that ε1p rD1q is contained in W
1pR1q
0 if εp rDq is contained in W

pRq
0 .

Namely, the ramification of V 1{U 1 is bounded by R1` if the ramification of V {U is bounded by
R` (Definition 6.6).

Assume that the ramification of V {U is bounded by R` and non-degenerate. After replacing
D1 by a Zariski open dense subset, we may assume that the ramification of V 1{U 1 bounded by
R1` is non-degenerate. We denote by E1pR1q the pull-back of D1pR1q Ă pX 1 ˆk X

1qpR1q by h1 :

W
1pR1q
0 Ñ pX 1 ˆk X

1qpR1q, by E1pR1q˝ the unique connected normal subgroup scheme of E1pR1q, by
h1
0 : E1pR1q˝ Ñ D1pR1q the restriction of the canonical projection E1pR1q Ñ D1pR1q and by G1pR1q the

kernel of the homomorphism h1
0 : E1pR1q˝ Ñ D1pR1q (cf. (6.8.1) and (6.10.1)). Pulling-back the

injection (6.12.1) by E1pR1q Ă W
1pR1q
0 , we obtain the following open immersions

EpRq ˆDpRq D1pR1q Ñ E1pR1q.(6.12.2)

Confering [11, Lemma 1.2, Proposition 1.5], the injection (6.12.2) is also a homomorphism of group
schemes over rD1. Hence, it induces the following injective homomorphism

E1pR1q˝ Ñ EpRq˝ ˆDpRq D1pR1q(6.12.3)

and the following injection of kernels of h0 and h1
0

ι : GpR1q Ñ GpRq ˆ rD
rD1.

Proposition 6.13 (cf. [11, Proposition 2.22]). Keep the notation and assumptions of 6.11 and
6.12. We have a commutative diagram of group schemes

(6.13.1) GpRq_ ˆ rD
rD1

charRpV {Uq //

ι_

��

DpRq_ ˆ rD
rD1

λ_

��
GpR1q_

charR1 pV 1{U 1q
// D1pR1q_

over a radicial cover rD1
n of rD1 (5.5).

Proof. The characteristic form charRpV {Uq : GpRq_ ˆ rD
rD1 Ñ DpRq_ ˆ rD

rD1 corresponds to the
exact sequence of group schemes

(6.13.2) 0 Ñ GpRq ˆ rD
rD1 Ñ EpRq˝ ˆ rD

rD1 Ñ DpRq ˆ rD
rD1 Ñ 0,

Then, the composition of λ_ ˝ charRpV {Uq associates to the pull-back of (6.13.2) by λ, i.e., the
following exact sequence

(6.13.3) 0 Ñ GpRq ˆ rD
rD1 Ñ EpRq˝ ˆDpRq D1pR1q Ñ D1pR1q Ñ 0.

The characteristic form charR1 pV 1{U 1q : G1pR1q_ Ñ D1pR1q_ corresponds to the exact sequence

(6.13.4) 0 Ñ GpR1q Ñ E1pR1q˝ Ñ D1pR1q Ñ 0

The composition of ι_ ˝ charR1 pV 1{U 1q associates to the push out of the exact sequence (6.13.4)
by ι : GpR1q Ñ GpRq ˆ rD

rD1. The injection (6.12.3) induces the following commutative diagram of
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group schemes over rD1

(6.13.5) 0 // GpR1q

l

//

ι

��

E1pR1q˝ //

��

D1pR1q // 0

0 // GpRq ˆ rD
rD1 // EpRq˝ ˆDpRq D1pR1q // D1pR1q // 0

where horizontal lines are exact sequences and the left square is Cartesian. Notice that EpRq˝ ˆDpRq

D1pR1q is the push-out of E1pR1q˝ and GpRq ˆ rD
rD1 over GpR1q. Hence, λ_ ˝ charRpV {Uq and ι_ ˝

charR1 pV 1{U 1q correspond to the same exact sequence (6.13.3). Hence we obtain the commutativity
of the diagram (6.13.1). �

7. Functoriality of characteristic forms

In this section, let k be a perfect field of characteristic p ą 0 and K a discrete valuation field
which is a k-algebra with OK henselian.

Definition 7.1. We say that K is geometric if there is a triple pX,D, ξq, where X is a connected,
separated and smooth k-scheme and D an irreducible Cartier divisor of X smooth over Specpkq
with the generic point ξ, such that Oh

X,ξ

„
ÝÑ OK . Such a triple pX,D, ξq is called a geometric

realization of K. In this case, the residue field F “ κpξq of OK is of finite type over k and OK is a
finite O

p
K -algebra. The absolute differential module Ω1

OK
“ Ω1

OK{k “ Ω1
OK{Op

K

is a finite generated
OK-module.

We say that an extension K 1{K of geometric discrete valuation fields is geometric if there
exist geometric realizations pX,D, ξq and pX 1, D1, ξ1q of K and K 1, and a dominant k-morphism
g : X 1 Ñ X such that gpξq “ ξ1, that D1 “ pD ˆX X 1qred and that the diagram

Oh
X,ξ

„ //

g˚

��

OK

��
Oh

X1,ξ1

„ // OK1

is commutative.

Proposition 7.2 ([11, Proposition 2.27, Proposition 2.28]). Let K be a geometric discrete valuation
field, L a finite Galois K-algebra of group G , pX,D, ξq a geometric realization of K and V an
étale G-torsor of U “ X ´D such that SpecpLq “ SpecpKq ˆX V .

(1) Then, for a rational number r ą 1, the ramification of L{K is bounded by r` (Definition
3.3) if and only if, the ramification of V {U along D is bounded by R` pR “ rDq at ξ P D
(Definition 6.6).

(2) Assume that the ramification of L{K has conductor r ą 1, i.e., Gr ‰ t1u and Gr` “ t1u.
After replacing X by a Zariski open dense neighborhood of ξ, we may assume that the
ramification of V {U along D is bounded by R`. Then, we have Gr` “ G

pRq

ξ̄
, where GpRq

denotes the étale group scheme over rD constructed in 6.8 and ξ̄ a geometric point above
ξ P D factors through rD. In particular, Gr and Gr

K{Gr`
K are finite and abelian p-torsion

groups.
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Definition 7.3. We keep the assumption of Proposition 7.2 (2). The stalk of the injective homo-
morphism charRpV {Uq : GpRq_ Ñ DpRq_ “ pT˚X ˆX

rDqp rRq (6.10) at a geometric point ξ̄ above
ξ P D gives the following injective homomorphism, called the characteristic form of L{K

(7.3.1) charpL{Kq : HomFp
pGr,Fpq Ñ Ω1

OK
bOK

N
´r

K ,

where N
´r

denotes the 1-dimensional F -vector space

N
´r

K “ tx P Ksep ; vKpxq ě ´ru{tx P Ksep ; vKpxq ą ´ru.

Pass (7.3.1) to the absolute Galois group of K. Then, for any rational number r ą 1, we have the
following injective homomorphism, called the characteristic form

char : HomFp
pGr

K{Gr`
K ,Fpq Ñ Ω1

OK
bOK

N
´r

K .

Theorem 7.4. Let K 1{K be a geometric extension of geometric discrete valuation fields, e the
ramification index of K 1{K and γ : GK1 Ñ GK the induced morphism of absolute Galois group.
Then, for any r P Qą1, we have γpGer

K1 q Ă Gr
K and the following commutative diagram

(7.4.1) HomFp
pGr

K{Gr`
K ,Fpq

char //

γ_

��

Ω1
OK

bOK
N

´r

K

θ

��

HomFp
pGer

K1 {Ger`
K1 ,Fpq

char // Ω1
OK1

bOK1 N
´er

K1

where θ denotes the canonical map of differentials induced by the inclusion OK Ă OK1 .

Proof. Let L be a finite Galois extension of K of group G, L1 a Galois extension of K 1 which is a
component of LbK K 1 and H “ GalpL1{K 1q.

To verify γpGer
K1 q Ă Gr

K for any r P Qą1, it sufficient to show that Her “ t1u if Gr “ t1u. Let
pX,D, ξq and pX 1, D1, ξ1q be geometric realizations of K and K 1 and g : X 1 Ñ X the map as in
Definition 7.1. After replacing X by a Zariski neighborhood of ξ, we can find an étale G torsor V
of U “ X ´ D such that SpecpLq “ V ˆU SpecpKq. We put V 1 “ V ˆX X 1. By the construction
in 6.12, we see that the ramification of V 1{U 1 along D1 is bounded by esD` for an s P Qą1 if the
ramification of V {U along D is bounded sD`. Hence, for any s P Qą1, we have Hes` “ t1u if
Gs` “ t1u (Proposition 7.2). Then, we have

Gr “ t1u ñ Gpr´ǫq` “ t1u, for some ǫ ą 0 ;

ñ Hper´eǫq` “ t1u ñ Her “ t1u.

To verify the commutativity of the diagram (7.4.1), we only need to check it for a finite quotient
of GK . We replace GK by G and GK1 by H . We further replace L by the sub-field LGr`

. We have
Gr` “ t1u and hence Her` “ t1u. We are reduced to show the commutativity of the diagram

(7.4.2) HomFp
pGr,Fpq

charpL{Kq //

γ_

��

Ω1
OK

bOK
N

´r

K

θ

��

HomFp
pHer,Fpq

charpL1{K1q // Ω1
OK1

bOK1 N
´er

K1

We take the geometric realizations of K, K 1 and L as above and we put R “ rD and (R1 “ erD1).
Notice that g : X 1 Ñ X is dominant. We may shrinking X (resp. X 1) by a Zariski neighborhood
of ξ (resp. ξ1) such that the ramification of V {U along D is bounded by R` and non-degenerate
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(resp. the ramification of V 1{U 1 along D1 is bounded by R1` and non-degenerate). Taking the
notation in 6.11 and 6.12, we have the commutative diagram (6.13.1) of group schemes over a
radicial cover rD1

n of rD1. Let ξ̄1 be a geometric point above ξ1 P D1 that factors through rD1
n. Taking

the stalk of the diagram (6.13.1) at ξ̄1, we obtain (7.4.2). �

Proposition 7.5. Let K 1{K be a geometric extension of geometric discrete valuation field. We
assume that K 1{K is purely inseparable, untwisted and has finite exponent (2.4). We denote by e the
ramification index of K 1{K, by f the dual ramification index of K 1{K (2.5) and by γ : GK1 Ñ GK

the induced isomorphism of absolute Galois groups. Notice K 1{K has exponent n for ef “ pn.
Then, for any r P Qą1, we have the following commutative diagrams

HomFp
pGr

K{Gr`
K ,Fpq

char //

γ_

��

Ω1
OK

bOK
N

´r

K

θ

��

HomFp
pGer

K1 {G
er`
K1 ,Fpq

char // Ω1
OK1

bOK1 N
´er

K1

HomFp
pGr

K1 {Gr`
K1 ,Fpq

char //

pγ´1q_

��

Ω1
OK1

bOK1 N
´r

K1

σ

��

HomFp
pGfr

K {Gfr`
K ,Fpq

char // Ω1
OK

bOK
N

´fr

K

where σ denotes the canonical map induced by the inclusion ι : K 1 Ñ K, x1 ÞÑ xp
n

.

Proof. Applying Theorem 7.4 to the extension K 1{K, we obtain the commutativity of the first
diagram. To verify the commutativity of the second diagram by Theorem 7.4, it is sufficient to
show that the injection ι : K 1 Ñ K is geometric. Let pX,D, ξq be a geometric realization of K and
Fn
X : X Ñ X the n-th power of the absolute Frobenius of X . Since the purely inseparable extension
K 1{K has exponent n, we may find a realization pX 1, D1, ξ1q of K 1 and a k-morphism g : X 1 Ñ X

such that Fn
X : X Ñ X is the composition of h : X Ñ X 1 and g : X 1 Ñ X after shrinking X .

Let F´n
k be the inverse of the n-th power of the Frobenius of k and Xn “ X ˆk,F´n

k
k. The first

projection pr1 : Xn Ñ X is an isomorphism of schemes and the composition h ˝ pr1 : Xn Ñ X 1 is
a k-morphism. Hence, ι : K 1 Ñ K is geometric and realized by h ˝ pr1 : Xn Ñ X 1. �

Conjecture 7.6. Keep the assumptions of Corollary 7.5. Then, two commutative diagrams in
loc. cit. are co-Cartesian. In particular, assuming that K 1{K has exponent 1, for any r P Qą1,
the sequence

G
pr
K {Gpr`

K

γ´1

ÝÝÑ Ger
K1 {Ger`

K1

γ
ÝÑ Gr

K{Gr`
K

is exact.
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