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BIFURCATIONS FROM FAMILIES OF PERIODIC SOLUTIONS
IN PIECEWISE DIFFERENTIAL SYSTEMS

JAUME LLIBRE, DOUGLAS D. NOVAES AND CAMILA A. B. RODRIGUES

Abstract. Consider a differential system of the form

k
¥ = Fy(t,x) + Z E'Fy(t,x) + " TIR(t, x,€),

i=1

where F; : S' x D — R™ and R : S' x D x (—eg,50) — R™ are piecewise olass
functions and T-periodic in the variable ¢. Assuming that the unperturbed system
x' = Fy(t,z) has a d-dimensional submanifold of periodic solutions with d < m, we
use the Lyapunov-Schmidt reduction and the averaging theory to study the existence
of isolated T-periodic solutions of the above differential system.
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1. INTRODUCTION AND STATEMENT OF THE MAIN RESULT

1.1. Introduction. The study of invariant sets, in special isolated periodic solutions,
is very important for understanding the dynamics of a differential system. In the
present study, we are concerned about isolated T-periodic solutions of non-autonomous

Jaume Llibre

Departament de Matematiques, Universitat Autonoma de Barcelona, 08193 Bellaterra,
Barcelona, Catalonia, Spain

Email: jllibre@mat.uab.cat

Douglas D. Novaes

Departamento de Matematica, Universidade Estadual de Campinas,

Rua Sérgio Buarque de Holanda, 651, Cidade Universitaria Zeferino Vaz, 13083-859,
Campinas, Sao Paulo, Brazil,

Email: ddnovaes@unicamp.br

Camila A. B. Rodrigues

Departamento de Matematica, Universidade Federal de Santa Catarina, 88040-900,
Floriandpolis, Santa Catarina, Brazil,

Email: camila.rodrigues.math@gmail.com


http://arxiv.org/abs/1804.08175v2

2 J. LLIBRE, D.D. NOVAES AND C.A.B. RODRIGUES

differential systems written in the form

k
(1) o/ =F(t,z6) = Fo(t,x) + > _e'Fit, x) + "' R(t, 2,¢), (t,2) € R x D.

i=1
Here, the prime denotes the derivative with respect to the independent variable ¢, all
the functions are assumed to be T-periodic in t, D is an open subset of R™, and ¢ is
a small parameter. In this regard, the averaging theory serves as an important tool to
detect periodic solutions of (l). A classical introduction to the averaging theory can

be found in [23] 28].

There are many studies concerning the periodic solutions of system (). As a funda-
mental hypothesis, it is usually assumed that the unperturbed system 2/ = Fy(¢, x) has
a submanifold of initial conditions Z C D whose orbits are T-periodic. These studies
differ among them depending on the regularity of system (Il) and on the dimension of
Z. In what follows, we shall quote some of them.

For the case dim(Z) = m, the classical averaging theory [23] 28] provides sufficient
conditions for the existence o periodic solutions of (I assuming Fy = 0 and some
smoothness and boundedness conditions. In [5], the authors extended the former results
up to k = 2 assuming weaker conditions on the regularity of system (Il). In [I0], the
authors dropped the condition Fy = 0 and developed the averaging theory at any
order (k > 1 being an arbitrary integer) assuming the analyticity of the system ().
The analyticity condition was relaxed in [I8] by means of topological methods. The
averaging theory was also extended to non-smooth differential systems [13] [14], [T6]
[I7, 20]. The study of non-smooth differential systems is important in many fields of
applied sciences since many problems of physics, engineering, economics, and biology
are modeled using differential equations with discontinuous right-hand side, see for
instance [3, [8, 27]. Thus, there is natural interest in studying the periodic solutions of
system ([II). when it is not smooth.

For the case dim(Z) < m, the averaging theory by itself is not enough to analyze
the periodic solutions of system () and other techniques need to be employed with
it, such as the Lyapunov-Schmidt reduction method. In the case that F;’s are smooth
functions, we may quote the studies [4} [6 1], [I5]. If the functions F; are not smooth
or even continuous, we have studies [10, 21], where the authors analyzed some classes
of these systems.

In the sequel, we describe how the averaging theory and Lyapunov-Schmidt reduc-
tion are used for computing isolated periodic solutions of piecewise smooth differential
systems.

1.2. Lyapunov-Schmidt reduction. Consider the function

k
(2) 9(z,2) = S elgi(z) + O,
=0
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where g; : D — R™ is a C**! function, k > 1, for i = 0,1,...,k, and D is an open
bounded subset of R™. For d < m, let V' be an open bounded subset of R? and
B:V — R4 4 C*t1 function such that

(3) Z={24=(a,B8(a)): €V} CD.
We assume that
(Hg) function gy vanishes on the d-dimensional submanifold Z of D.

In [6], the authors used the Lyapunov-Schmidt reduction method to develop the
bifurcation function of order i, for i = 0,1,...,k, which for |¢| # 0, sufficiently small,
control the existence of branches of zeros z(g) of system (2)) that bifurcate from z(0) €
Z. In this subsection we present the results developed in that study and those that we
shall need later on. To do this we need to introduce some notations.

Consider the projections onto the first d coordinates and onto the last m — d coordi-
nates denoted by 7 : R x R4 — R? and 7t : R? x R™~¢ — R™ ¢ respectively. In
addition, for a point z € Z we write z = (a,b) € R x R™4,

Let L be a positive integer, let x = (z1,22,...,%my) € D,t € Rand y; = (yj1,...,Yjm) €
R™ for j =1,...,L. Given G : R x D — R™ is a sufficiently smooth function, for each
(t,2) € R x D we denote by 0"G(t, z) a symmetric L-multilinear map which is applied
to a “product” of L vectors of R™, which we denote as @]LZI Y € R™L. The definition
of this L—multilinear map is

Zn: orG(t, x) ' '
a a yl’ll b 'yL’lL'

01,0 =1

8
N—
<.
O~
i

We define 0° as the identity.
The bifurcation functions f; : V — R? of order i are defined for i = 0,1,...,k as

l

1
(4) file) =mgi(za +chllc2|2102 cllllczab mgi-1(2a @

=1 S =1

where the ~; : V. — R” % for i =1,2,...,k, are defined recursively as
()= —A'rtgi(z,) and
1 i—1
. — AL
(5) ’Y’L(a) — Z.Aa <%{: 61!62!2!02 ey (Z — 1)]01 18{, 7T gO Zow j@lfY]
i—1 ' 1 l
+IZ;Z; cilepl2lez 01'1'”8” 9it{e @ )

We denote by S; the set of all I-tuples of non-negative integers (cy, ca, ..., ¢) such that
c1+2c+...+lg=1,L=c +ca+...4+ ¢, and by S] the set of all (i — 1)-tuples
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of non-negative integers (cy,ca,...,ci—1) such that ¢; + 2¢o + ... + (i — 1)¢;—1 = 14,

o 1
I'=ci+cy+...4+ci—1 and Aa:%(za).

Concerning the zeros of function (2]), the following result was proven in [0]:

Theorem 1 ([6], Corollary 1). Let A, denote the lower right corner (m —d) x (m—d)
matrixz of the Jacobian matriz Dgy(z,). In addition to hypothesis (H,), we assume that

(i) for each o € V, det A, # 0; and
(ii) fi=fo=...= fx—1 =0 and fy is not identically zero.

If there exists o € V' such that fr(a*) = 0 and det(D fr(a*)) # 0, then there exists a
branch of zeros z(g) with g(z(g),e) =0 and |z(g) — zox| = O(e).

1.3. The averaged functions. Let £ > 1 be a positive integer. In [6], the authors have
used Theorem [ to provide sufficient conditions for the existence of isolated periodic
solutions of the following T-periodic non-autonomous differential system

k
(6) o = F(t,x,e) = Fy(t,z) + Y _e'Fi(t,x) + O, (t,2) eRx D,
1=1

Here, Fj’s are C**1 functions T-periodic in the variable t. We assumed that

(Hp) all the solutions of the unperturbed system ' = Fy(t, ) starting at points of Z,
defined in @), are T-periodic.

Consider the variational equation

@ v = 201 0(t,2,0))y

where x(t, z,0) denotes the solution of system (@) when € = 0. Denote a fundamental
matrix of system ([7) by Y (¢, z). The average function of order i of system () is defined
as

(8) 9i(2) =Y (T, 2)%

where

y1(t,z) = Y(t, z)/o Y (s,2) " F (s, 2(s,2,0)) ds,

yi(t,z) = Y (t, =z / Y(s,2)" ( Fi (s,2(s,2,0))
Q ) o
—I-Z RTCIC bi—1-(2 T 0" Fy(s,x(s,2,0)) Qyj(s,z) i

!
+ZZ bl'b2'2'b2_ bllllbla i—1(s,x(s,2,0) @ >
l :
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Now, in the bifurcation functions formulae (4]), let the functions g;’s be given by (g])
instead of (2)). Concerning the isolated periodic solutions of system (@), the following
result was proven in [0]:

Theorem 2 ([0], Corollary 2). Let A, denote the lower right corner (m —d) x (m —d)
matriz of the Jacobian matriz Y (0, z,) "' — Y (T, z4) . In addition to hypothesis (Hy),
we assume that

(i) for each a € V, det A, # 0; and
(il) fi=fa=...= fr—1 =0 and fy is not identically zero.

If there exists o* € V' such that fr(a*) =0 and det(D fr(a*)) # 0, then there exists a
T'-periodic solution ¢(t,e) of (Bl such that |(0,e) | = O(e).

Remark 1. The functions y;(t, z) are obtained recurrently as solutions of the following
integral equations

yi(t, z) = /0 <F1 (s,x(s,2,0)) + OFy(s, x(s, 2,0))y1 (s, z))ds,

t i
) 1
(10)  wlt:2) = “/0 (7 (5. 2,0) +ZZ b1l byl2102 byl
=1 5

l
'8LF21333320 @ )ds fori=2,... k.

See, for instance, [13, [I8], [19].

For more details on the results of this section see [6].

1.4. Standard form and main result. This section is devoted to introduce the class
of non-smooth differential systems of our interest as well as our main result.

First of all, we introduce the Filippov’s convention for a class of non-smooth differ-
ential systems. A piecewise smooth vector field defined in an open bounded set U C R™
is a function X : U — R™ which is smooth except on a set ¥ of zero measure, called
the discontinuity set. We assume that U \ X is a finite union of disjoint open sets U,
i =1,2,...,n, where the restriction X; = X ‘ _ can be extended continuously to Uj.
The local orblt of X at a point p € U; is defined as usual for a differential system. The
local orbit of X at a point p € ¥ follows the Filippov’s convention [9]. In what follows,
we shall state this convention for the so-called crossing points.

Assume that ¥ is locally a codimension one embedded submanifold of R™ around p.
In this case, there exists a small neighborhood U, and a smooth function h : U, — R, for
which 0 is a regular value, such that ¥NU, = h~*(0). Denote U, = {z € U, : h(z) > 0}
and U, = {z € Uy : h(z) < 0}, and write X+ = X‘U;'E‘ We say that p is a crossing
point provided that X+ h(p)X~h(p) > 0, where XTh(p) = (Vh(p), XT(p)). Denote by
3¢ C X the set of crossing points, which is open in ¥. For a point p € %€, the local
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orbit of X at p is given as the concatenation of the local trajectories of X* at p. In this
case, we say that the orbit crosses the discontinuity set. In this paper, we shall only
deal with crossing points. See [0} [12] for the Filippov’s convention of local trajectories
at points in 3\ X°.

The above convention was stated for vector fields, that is, autonomous differential
systems. Nevertheless, it can also be stated for non-autonomous differential systems
x' = F(t,x;¢e) just by considering the extended autonomous differential system (¢,2) =

F(t,z;¢) = (1, F(t,z;€)), (t,2) € R x R™,

In what follows, we define the class of nonsmooth differential systems of our interest.
Let n > 1 be a positive integer, 0 < t; < to < ... < t,—1 < T an ordered sequence of
real numbers, and D an open subset of R™. For ¢ = 0,1,...,kand j = 1,2,...,n, let
F/:Rx D —R™and R : R x D x (—&g,g0) — R™ be CHF*+1 functions T-periodic in
the variable ¢t. Define the following piecewise smooth functions

quj L (OF (t2), i =0,1,.,k, and

t xz, E ZX[tJ 1,tj (t,.’l’,E),

where x 4(t) is the characteristic function of A defined as

1 ifteA,
) =
xa®) {o ittg A

Consider the T-periodic non-autonomous differential system
k .

(11) ¥ =F(t,z,e) = ZEZFi(t,x) + IRt x,€).
=0

The discontinuity set X is given by
Y={t=0=T}U{t=t}U...U{t=1t,1}) NR x D,

Following the convention above, one can easily see that ¥ = X Indeed, for each
j=1,2,...,n,and t € [t;_1,t;], system (II]) writes

(12) 7' = Fj(z,t;¢) Ze F(t,x) + T RI(t, 2, ).

For (t;,x) € ¥ we have that the connected component of ¥ containing (t],:n) is given
by ¥; = h; 1(0), where h;(t,x) =t — t;. Considering the extended system F; j(t,xse) =
(1,F](t,a:,€)), we see that ﬁ}hj(tj,a;;s)l?’]urlhj(tj,m;a) =1>0.

For each z € D and [¢] # 0 sufficiently small, we denote by x(-, z,€) : [0,%(. .)) — R™
the solution of system (II)) such that (0, 2,e) = z, where [0,%,)) is the interval of
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definition of ¢ — z(t, z,¢). We shall assume hypothesis (H}) for system (IIJ), that is,
the solutions of the unperturbed system

(13) ¥ = Fy(t, z),
starting at points of Z, defined in (B]), are T-periodic.

In [I7], the averaging theory was developed for system (I1]) assuming dim(Z) = m.
Here, we are interested in the case dim(Z) < m. Accordingly, we shall prove that the
bifurcation functions (@) also provides sufficient conditions for the existence of periodic
solutions of () bifurcating from Z for || # 0 sufficiently small.

In what follows, we shall state our main result which basically says that the simple
zeros of the bifurcation functions (@) also control the bifurcation of isolated periodic
solutions of the non-smooth system (III). However, in order to obtain the averaged
functions (§) we need to compute the fundamental matrix Y (¢,z) of the variational
equation

(14) Y = 2 Fot,a(t,2,0))y

Notice that, for each j = 1,2,...,n, if z;(t, z,€) denotes the solution of ([I2) for t;_; <
t < tj;, then function ¢t — (9x;/0z)(t,2,0) is a solution of ([I4) for t;_; < t < ;.
Recall that the right product of a solution of the variational equation (I4]) by constant
matrix is still a solution. Therefore, a fundamental matrix Y (¢, z) of (I4]) can be built
as follows:

Yl(t,z) ifO:toﬁtStl,
Yg(t,z) iftlﬁtﬁtg,

Y(t,z) =
Yi(t,2) iftp_1 <t<t,="T,
with
Vilh2) = 9oL(1,2,0), and
(15) 8332- ox; -1
Yj(t,z) = a—;(t,z,O) (0—;(tj_1’z’0)> Yj_i(tj—1,2), forj=2,3,...,n.

Notice that Y (0, z) = Id.

Now, we are ready to state our main result.

Theorem A. Let A, denote the lower right corner (m — d) x (m — d) matriz of the
matriz Id — Y (T, z,). In addition to hypothesis (Hy), we assume that

(i) for each a € V, det A, # 0,
(il) fi=fa=...= fr—1 =0 and fy is not identically zero.

If there exists a* € V' such that fr(a*) = 0 and det(D fr(a*)) # 0, then there exists a
T-periodic solution (t,e) of () such that |p(0,€) — zo+| = O(e).
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Remark 2. The derivatives 0’ Fy(s, z), which appears in @), are computed as follows:

91 n & F7
By (s,2) = Z;X[tjl,tj](s)w(saz)-
]:

This paper is organized as follows. In Section 2l we present a wide class of non-
smooth differential systems for which Theorem [Al can be applied. In Section [, we
present the explicit formulae (&) for the average functions of the non-smooth differential
system (II). Finally, in Section @ we prove Theorem [A] and in Section [{ we provide
two applications of Theorem [Al

2. ANDRONOV-HOPF EQUILIBRIA

In this section, we provide a class of non-smooth vector fields that can be studied
in light of the previous result, namely, non-smooth perturbations of Andronov-Hopf
equilibria.

An Andronov-Hopf equilibrium is characterized by a singularity admitting one pair
of purely imaginary conjugate eigenvalues such that any other eigenvalue is real and
nonvanishing. The Andronov-Hopf bifurcation appears in the study of many differential
models describing real phenomena, some of them are non-smooth (see, for instance,

[ [7, 21 241, 25| 26] and the references quoted therein).

In what follows, we describe this class of non-smooth differential system. Let D =
D1 x Dy be a subset of R>*™_ where D; C R? and Dy C R™. Take n > 1 a positive inte-
ger, ag = 0, a, = 27 and @ = (aq,...,a,_1) € T" 1 a (n—1)-tuple of angles such that
O=ap<a; <ay<- -+ <ap <a,=2nr. Consider X(u,v,w;e) = (X1, Xo,...,X,)
a n-tuple of smooth vector fields defined on an open bounded neighborhood D C R?*™
of the origin and depending on a small parameter . For each j = 1,2,...,n, let C}
be a subset of D such that the intersection of C; with the plane w = 0 is a sector in
the plane wv that is delimited by rays starting at the origin and passing through point
(cos aj,sin ;).

Now let Zy o : D — R2T™ be a piecewise smooth vector field defined as Zx o(u, v, w;e)
= Xj(u,v, w;e) when (u,v,w) € Cj, and consider the following discontinuous piecewise
smooth differential system

(16) (1, 0,%)" = Zx o(u,v,w;e).

The above notation means that at each sector C; we are considering a smooth differ-
ential system of the form

k
a7 (w,o,w)T = X;(u,v,w;e) = Xo(u,v,w) + Z Eng(u, v,w) + &?k“Hj(u, v, W, €),
i=1

where k£ > 1 is an integer.
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As our main hypothesis regarding system (6], we assume that the origin is an
equilibrium of Zy o (u,v,w;e) and

Zx o(u,v,w;0) = Xo(u,v,w) = ( — v+ Plu,v,2), u+ Q(u,v,2), Mw+ R(u,v,w)),
where P,Q, R vanish at the origin and A = (A1,...,An)7 is such that A, is nega-

tive, for s = 1,2,...,m. Notice that we are assuming that the unperturbed system
Zx o(u,v,w;0) is smooth and admits an Andronov-Hopf equilibrium at the origin.

Now, changing u — eU,v — eV and w — W we get, for each j = 1,...,n, a
differential system of the form
( k
U=-V+Y Gi(UV.W)+ R (U V,W,e),
(18) V=U+> & Gi(UV,W)+"Ry (U, V, W,e),
i=1
W =AW+ & Gsi(U,V, W) + IR (U, V, W, 2),
i=1

In order to use Theorem [Al for studying system (IG]), it has to be written in its
standard form. Doing the cylindrical change of variables U = r cosf, V = r sin#,
W = w and assuming that each X; has the form (I8]), system (7)) becomes

. k
r’(@):r—t)zz ZFflerw) + "R, rw, €)

H(t) =0

. k
w’(9):%:Z€’F519rw) " LRI(6, 7w, €).

) =

Now for 6 € [a;_1, 4], F’gl,Fi{Q : St x D — R™! and Rj,Rg : St x D x (—¢9,e0) —
R™+1 are C**1 functions, depending on the vector fields Xl-j , and 2m-periodic in the
first variable, with D being an open bounded set and S! = R/(27Z). Denoting

Fyi(0,r,w) ZX% L) ( Fﬂi(ﬁ,r,w), i=0,1,..., k,
Fy (0,7, w) ZX% L) ( Fii(@,r,w), i=0,1,..., k,
R1(0,7r,w,€) ZX% L) (0 (9,7‘,1(1,6), and

R 9 r,w, 6 Zxa] 1,‘1]] Ré(@,r,w,e),
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system (I6]) writes

k
= Z 5iF1,i(07 T, ’lU) + €k+1R1 (07 r,w, 6)7

k
= Z e Fy i (0,r,w) + F Ry (60,7, w, €).

Notice that the unperturbed system is (r/(6),w'(0)) = (0, \w), so its solution for an
initial condition (rg,w(, ..., wd) is provided by

(ro, wpe™, ..., wg'e ™).
Considering the set Z = {(r,0,...,0);r > 0} € R'™™, the solution of the unperturbed
system is 27—periodic for every initial condition (rg,w}, ..., w) € Z. Moreover, fun-
damental matrix Y is such that Id — Y1 satisfy that det(A,) # 0 for points in Z.
Hence, system (@) satisfies all hypotheses of Theorem [A] and, then, we can use our
main result to study isolated periodic solutions for systems like (IG).

3. AN ALGORITHM FOR THE BIFURCATION FUNCTIONS

In this section, we shall provide an algorithm for computing the bifurcation functions
) for the non-smooth case. Their expressions are defined recurrently and uses Bell
polynomials, instead of the set S;, which are already implemented in computer algebra
systems such as Mathematica and Maple. In this way, the computation of the higher
order bifurcation functions is significantly simplified. In [22], it was proven that the
average functions defined for smooth cases can be computed using Bell polynomials. In
[17], the authors did the same for the non-smooth case.

For each pair of nonnegative integers (p, ¢), the partial Bell polynomial is defined as

P—Q+1 bj
Lj

Bp7q($17$27...,xp_q+1 g b ™ || <—> ,
1-02- .

bp—g+1! j=1

where §p7q is the set of all (p — ¢ + 1)-tuple of nonnegative integers (b1, b, ..., bp—g+1)
satisfying by +2ba + ...+ (p —q+ Dbp—g41 = p, and by + b2 + ... + bp_g+1 = ¢.
Moreover, if g and h are sufficiently smooth functions, Fad di Bruno’s formula for the
L-th derivative of a composite function gives

d! l o
T9(h(@)) = > 9" (W(@)) Bum (B (), 1" (), ..., h™ ) (@),

m=1

3.1. Average Functions. In this subsection, we develop a recurrence to compute the
average function () in the particular case of the non-smooth differential equation ([ITI).
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So, consider the functions wg : (tj—1,tj]x D — R™ defined recurrently fori = 1,2,... k
and j =1,2,...,n, as
(19)

wi(t,z) = /0 <F11(s,a;(s,z,0)) +8F&(s,x(s,z,0))w%(s,z)> ds,

wh(t, ) = u/ot <F}(s,x(s,z,0))+

: l
1 L 1 1 b
ZZ byl byl2102 111 OV F_ (s, 2(s,2,0)) @ Wy, (8, 2) ds,
=1 S

1 m=1

)

. . t .
wl(t,z) = wf-_l(tj_l, z) + ! / <FZJ (s,x(s,2,0))+
tj,1

—

‘ 1 ) )
ZZ IR '8LFZ.J_I(S,:E(S,Z,0)) @ wﬁn(s,z)b’")ds.
=1

S m=1

Since Fy # 0 the recurrence defined in ([I9)) is an integral equation and the next lemma
solves it using Bell polynomials.

Lemma 3. Fori=1,2,...,k and j = 1,2,...,n the recurrence [I9) can be written as
follows

t
wi(t, z) = Yi(t, z)/ Y (s, 2) FL (s, (s, 2,0))ds,
0

. . t .
wi(t,z) =Y;(t,2) <Yj_1(tj_1, 2wl Nt 2) + / Yj_l(s, 2)F (s,2(s, 2, 0))ds>,
tj,1

wh(t, 2) :H(t,%)/o ¥ (s,2) (1} (s,2(s,2.0))

+ Z amFol(s,x(s,z,O)).BLm(w}, . ,w}_mﬂ),

m=2

-1 0 .
7!
£33 GO EL (s,0(5,2,0)) B (w0l ) ) ds,
=1 m=1
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. . t .
wl(t,2) = Y5t 2) [ V5 (o, 2wl (to1,2) + / Vi 5, 2) (itFY (5,2(5,2,0)
j—1

+ Z 8mFg(s, x(s, 2, 0)).Bi,m(w{, . ,w{_mﬂ),

m=2

i—1 1l .
FY3 R (s, a(s,2,0)) B uf ) )ds]

=1 m=1"

Proof. The idea of the proof is to relate the integral equations (I9)) to the Cauchy
problem and then solve it. For example, if ¢ = j = 1 the integral equation is equivalent
to the following Cauchy problem

o 1

S (t2) = B (ta(t,2,0)) + 0F] (t,2(t,2,0)) w] with w}(0,2) =0,
and solving this linear differential equation we get the expression of w% (t,z) described
in the statement of the lemma. For more details see [17]. (]

The next provides a formula for the average functions (8] for the class of non-smooth
differential systems studied in this paper.

Proposition 4. Fori=1,2,...,k, the average function (8) of order i is
wi'(T, z)

gi(2) =Y YT, 2) P

n

Proof. For each i = 1,2,...,k we define
wz(t7 Z) = Z X[tj—1.t5] (t)wf (t7 Z)'
j=1

Given t € [0, T there exists a positive integer k such that ¢ € (t;_;,tz] and, therefore,
w;(t,z) = wk(t,2). By applying the proof of Proposition 2 of [I7], we obtain
(20)

t
wy (t,z) = / (Fl(s,x(s,z,O))+8F0(s,a;(s,2,0))w1(3,2)>ds,
0
0
wi(t, z) = z’!/ <F,~(s,x(s,z,0))+
0
Z 1 L b
;Z NIRRT O F (s, 2(s,2,0)) () w(s, 2) >d5-

S m=1

—~

Since according to Remark [l we can consider functions (@) as implicitly provided,
we compute the derivatives in the variable ¢ of functions (20) and ([I0) for i = 1, and
we see that the functions wi(¢,z) and yi(t, z) satisfy the same differential equation.
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Moreover, for each i = 2,...,k, the integral equations (I0) and (20)), which provide
respectively y; and w;, are defined by the same recurrence. Then, functions y; and w;
satisfy the same differential equations for ¢ = 1,2,...,k, and their initial conditions
coincide. Indeed, let i € {1,2,...,k}, since y;(0,2) = 0 and, by 20), w;(0,z) = 0, it
follows that the initial conditions are the same. Applying the Existence and Uniqueness
Theorem on the solutions of the differential system we get y;(t,2z) = w;(t, z), for all
ie{1,2,...,k}. O

3.2. Bifurcation Functions. In this subsection, we shall write the bifurcation func-
tions (@) and the functions v;(«) provided by (H) in terms of Bell polynomials.

Claim 1. The bifurcation function {) is provided by
7 l 1
fila) =mgi(za) + > 195 79i-1(za) Bim (@) -, Yimm1 (@),
=1 m=1

where

7 (a) = —A;legl(za) and

i—1 . l
_ il "
vle) = —AF (Z 71 2 O gin1(20) Bun(71(0), - e ()
=0 " m=1

+ 3 0P go(za) Bim( (@), ,%-_mﬂ(a))) |
m=2

Proof. Expression (@) was obtained in [6] by using the Fad di Bruno’s formula for the
L-th derivative of a composite function. This claim follows by applying the version of
Fad di Bruno’s formula in terms of Bell polynomials (see [6] 22]). O

4. PROOF OF THEOREM [Al

For j =1,2,...,nlet &(t,tj_1, 20,€) be the solution of the differential system (I2))
such that &;(t;j_1,t;_1,20,€) = 29. Then, we define the recurrence

x1(t,z,e) = &1(¢,0,2,¢€)
zj(t,z,e) =&t tj—1, xj_1(tj—1, 2,€),€), j=2,...,n.

Since we are working in the cross region, it is easy to see that, for |¢| # 0 sufficiently
small, each x;(t, z, €) is defined for every t € [t;_1,t;]. Therefore z(-, z,¢) : [0,7] — R™
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is defined as
xl(t,z,e) ifOZtoﬁtStl,
xg(t,Z,E) if t1 <t < t2,

x(t, z,€) =
(7 ’ ) l‘j(t,Z,€) iftj_lgtgtj,

Tn(t,z,e) ift, 1 <t<t,=T.

Notice that (¢, z, €) is the solution of the differential equation (I3)) such that (0, z,e) =
z. Moreover, the following equality hold

xj(tj—lvzvg) = xj—l(tj—lvzvg)v
forj=1,2,...,n
The next lemma expands the solution z;(-, z,€) around € = 0.

Lemma 5. Forj € {1,2,...,n} and > tj, let xj(-, 2z,€) : [tj—1,t;) be the solution of

([@2). Then

ki
gl
zj(t,z,e) = x;(t, 2,0) + E ?wf (t,z) + O(eFH).
i=1

Proof. First, having fixed j € {1,2,...,n}, we use the continuity of solution z;(¢, z,¢)
and the compactness of set [t;_;,t ] x D x [—&g, 0] to arrive at

t
Ri(s,2(s,2,€),e)ds = O(e), tE€ [tj_1,t;].

ti—1

Thus, integrating the differential equation ([I2]) from ¢;_; to ¢, we get

zj(t,z,e) =x(tj_1,2,€) —I—Z / Fjsxjsze))ds—l—(?( k41 and
(21) tia
2(t2.0) = a(tj1,2.0) + / Ff (s (s, 2,0))ds.
t

j—1

Because of the differentiable dependence of the solutions of a differential system on
its parameters, the function ¢ — x;(t, 2,¢) is a C*+1 map. The next step is to compute
the Taylor expansion of F}(t,z;(t,z,¢)) around & = 0, and for this we use the Fad di
Bruno’s Formula about the [-th derivative of a composite function, which guarantees
that, if ¢ and h are sufficiently smooth functions, then

l b,

l .
o)) = ; b! b2!2!bi!. —m 9 ) O (@)

j=1

where S; is the set of all [-tuples of non-negative integers (by, bo, ..., b;) satisfying by +
200 + ...+ lbp=1,and L =01 + by + ...+ ;.
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For each i = 0,1, ...,k — 1, expanding Fg(s,xj(s,z,a)) around ¢ = 0 we get
(22)

Fg(s,xj(s,z,a)) = F-j(s,a:j(s z 0))

(2

] j b’UL
Z; bl'b2'2'b2. bl'l'bla 7 (s,24(s,2,0)) @7’%@(372) )
1

—~

m=1
where
am

M(5.2) = sy, ze)|

ge™m Y e=0

and for i = k
(23) F]g(s,mj(s, z,€)) = F]g(s,mj(s, z,0)) + O(e).

Substituting (22)) and [23)) in 1) we get

¢
zj(t,z,e) = x(tj—1,2,€) +/

ti—1

k
<ZaiFij(s,mj(s, z,0))ds

1=0

ET‘
>—A

k—i 1
I+
t. ¢ ;b1!b2!2!b2...bl!l!bl
L

~.
Il
o

=1
l

8LFJ(S z(s,2,0)) @7‘] S, %) )ds—l—@( ktly,
m=1

Then, the proof of the lemma ends using the next two claims.

Claim 2. For j =1,2,...,n we have
ki
€ J E+1
z;(t, z,€) = a4(t, 2,0) +Zﬁrf(t, 2) + O,

i=1

Claim 3. The equality Tg = wg holds fori=1,2,....,k and j =1,2,....,n

The proof of Claims 2] and B] is achievable by following the steps described in the
proof of Claims 1 and 2 of [I7], respectively. O

Proof of Theorem [4l. Consider the displacement function
(24) hz,e) =x(T,z,e) — z=up(T,z,6) — z

It is easy to see that z(-,Z,€) is a T-periodic solution if and only if h(z,g) = 0.
Moreover, to study the zeros of (24)) is equivalent to study the zeros of

(25) 9(z,8) = Y, (T, 2)h(z,€).
Based on Lemma [l we have
ko i
(26) (T, 2,) = (T, 2,0) + > i, w(T, 2) + O,

i=1
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for all (¢,z) € S' x D. By replacing (26) in (27), it follows that

ko i
9(z,e) = Y, NT,z2) (mn(T, 2,0) —z + Z i—!w?(T, z) + O(Ek+1))

i=1

k
(27) = Y, (T, 2)(@n(T,2,0) = 2) + Y gi(z) + O(")
i=1

k
= > gi(z) + 0",
=0

where go(z) = Y, 1T, 2) (2, (T, 2,0) — 2).

From hypothesis (H,) the function go(z) vanishes on the submanifold Z, therefore
hypothesis (H,) holds for function (27)). In order to take the derivative of go(z) with
respect to the variable z, we have the next claim.

Claim 4. For every j € {1,2,...,n}
0x;
Yj(tj,2) = 5= (t5,2,0).

The proof will be done by induction on j. For j = 1 the claim is precisely the
definition. Assume that the claim is valid for j = jo — 1 and we shall prove it for j = jp.

Since z(tj—1,2,€) = xj_1(tj—1, 2,¢€) for all j =1,2,...,n we have
-1
Viltin) = 2 0,20) (200120 ) Vialteor,2)
_ 8;’;‘0 (to,2,0) (89;50_1 (tjo_l,z,0)>_1 axaj‘)‘l (tjo1,2,0)
8520 (tjo> 2, 0)

Hence, if z € Z then
W)= v (G0 - 1a)
0z
= Y YT, 2)(Y(T,2) — Id)

= Id—-Y YT, 2),

which by assumption has as its lower right corner (m — d) x (m — d) matrix A, non-
singular. From here, the result follows from Proposition @] and Theorem [II U

5. EXAMPLES

This section is devoted to presenting some applications of Theorem [Al The first one
is a 3D piecewise smooth system for which the plane y = 0 is the switching manifold
and admits a surface z = f(z,y) foliated by periodic solutions. The second one is a 3D
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piecewise smooth system for which the algebraic variety xy = 0 is the discontinuity set
and the plane z = 0 has a piecewise constant center. For these systems, we compute
some of the bifurcation functions in order to study the persistence of periodic solutions.

5.1. non-smooth perturbation of a 3D system. Let f : R> > R and g : R? - R
be differential functions such that g(x,y) = f(z,y) + 20y f(x,y) —y0, f(x,y). Consider
the non-smooth vector field

Xt (z,y,2), y>0
(28) X.(z,y,2) =

X (x,y,2), y<0

where
X:(ﬂj‘,y, Z) = (_y +€(a0 + alz) + 62((12 + CL3Z), €T, —% +g($7y)) ) and

Xe_(x7y7 Z) = (_yv x —|—€b12§ +€2(b2 + b3)Z, -z +g($7y)) ’

with ag, ay, ag, by, by, b3 € R. Denote the discontinuity set by ¥ = {(z,y,2) € R3 :
y = 0}.

Notice that surface z = g(x,y) is an invariant set of the unperturbed vector field Xj.
Indeed, considering function f(x, y,z) =z — f(x,y), we get

(VF(@,2), Xo(@ 9, 2)| . p) = 0

Moreover, since Xo(x,y, f(z,y)) = ( —vy,z, 20, f(x,y) — yO. f(z, y)), we conclude that
the invariant set z = f(x,y) is foliate by periodic solutions.

z,y)

Next result gives suficient conditions in order to guarantee the persistence of a peri-
odic solution. Consider the function
27

(29) filr) =aq /07r f(rcos ¢, rsin @) cos pdo + by f(rcos ¢, rsin @) sin pde.

Theorem 6. Consider the piecewise vector field [28). Then, for each r+ > 0, such
that f1(r*) =0 and f{(r*) # 0, there exists a crossing limit cycle o(t,e) of X of period
T. = 2w+ O(e) such that p(t,e) = (z*,y*, f(z*,y*)) + O(e) with |(z*,2*)] = r*.

In order to apply Theorem [A] for proving Theorem [6] we need to write system (28])
in its standard form. Considering cylindrical coordinates x = rcosf, y = rsinf, z = z,
the set of discontinuity becomes ¥ = {# = 0} U {0 = ¢;} with ty = 0,4 = 7 and
to = 2. The differential system (z, 7, 2) = X (z,y, 2) in cylindrical coordinates writes

' (t) = e(ao + a12) cos O + £2(ag + azz) cos b,
2'(t) = g(rcosf,rsinf) — z,
(ap +a1z)sinf  ,(az+ agz)sind

"t)=1-
0'(t) € . € . ,
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and the differential system (2,9, 2) = X (z,y, z) becomes

15
7 (t) = ebyzsin @ + €2 (by 4 bsz) sin b,
(30) 2'(t) = g(rcosf,rsinf) — z,

b 0 0
Jzcost | (ag + a3z) cos .

9'(t) =1
()=1+ :

Notice that, for each j = 1,2 and t;_; < 6 < t;, we have 0(t) # 0 for |¢| # 0
sufficiently small. Thus, in a sufficiently small neighborhood of the origin we can take
6 as the new independent time variable. Accordingly, system (B0]) becomes

7(0) = % = Fo1(0,7,2) + eF11(0,7,2) +2F5(0,r, 2) + O1(£3),
5(0) = ;/8 = Fon(0,7,2) + cF1a(0, 7, 2)) + 2 Fag (6,7, 2) + O ().

Considering the notation of Theorem [Al we have F;(0,r,z) = (F1(0,r,2), Fi2(0,7, 2))
for each 7 € {1,2}. Moreover, for each i € {1,2} the function F;(0,r,z) is written in
the form F;(0,r, z) = Z§:1 X 1(0)F) (0,7, 2).

ti—1:tj

Defining f(6,r) = f(reos,rsind) and g(0,r) = g(r cos 0, rsin ) we write explicitly
the expressions of Fy, F{ and Fy for j € {1,2},

Fo(f,r,z) = (0, g(0,r) — 2),

(ap 4+ a12)sinf

0.1 -))
6.1~ ).

26infcosf sind
Fi0,r,2) = <(a2 + azz) cos 6 + (ap + a1z)” sin 6 cos 7 Sm2
r r

b1z cosf

F2(0,r,2) = (bizsinf, —

Fi0,r, z2) = ((ao +ajz)cosb,

((ap + a1z)*siné

+(a + azz)r) (5(0,r) — z)>,

2.2
F5(0,r,2) = <(bz + b3z)sinf — biz Sln000507 cos ¢

r r2

(b3z cos O — (by + bsz)r) (3(0,r) — z)> .

The unperturbed system is smooth and its solution (7(6,ro, 20),2(0,70,20)) with
initial condition (rg, zg) is provided by

0
(31) r(0) =7(0,r0,20) =10, 2(0) =%Z(0,70,20) = e ? <20 —i—/o esg(s,ro)ds> .

Consequently, a fundamental matrix solution of (I4) is provided by

oF,z 1 0
%(977,0720) - 9
n G(8,r0) e

Y(97 7o, ZO) -
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where G(6,rg) is the derivative of Z(0,rg, z9) with respect to the variable ry. Notice
that, from (31I), G(0,79) does not depend on z.

Let e > 0 be a real positive number and consider the set Z C R? such that Z =
{(r, f(0,7)) : v > eo}. Notice that for (ro, 20) = (ro, f(0,70)) € Z we have z(6,7¢, 20) =
f(0,19) = f(rocosf,rpsinf). Indeed, let w(f) = f(rgcosf,rosin@). Thus

w'(0) = 0y f(rocosB,rosing)(—rosind) + 9, f(ro cos 0, rgsin @) (ro cos 0)
= g(rgcosf,rosinf) — f(rocosf,rosinf)

= g(rgcosf,rosinf) — w(0)

= §(97 TO) - ’LU(H)

The second equality holds because g(x,y) = f(x,y) + x0y f(z,y) — yO. f(x,y). Hence,
for (rg,z9) € Z the solution z(0, g, zo) is 2m-periodic. Moreover,

0 0
Id—Y '(2n,r 2) =

x 1—¢?7

Consequently, A, = 1 — e?™ # 0. Accordingly, all the hypotheses of Theorem [A] are
satisfied.

Proof of Theorem [l Denote by (r,z.) a point in Z, that is z, = f(0,7). Notice that
the bifurcation function of first order is fi(r) = mwg1(r, 2z,), where g; is defined in (8]).

0
Indeed, from definition f1(r) = mgi(r, z,) + %(r, zr)71(r). However,

go(r,2) = Y12, r, 2)((r, 2(2m, 7, 2))) — (r, 2(0,7, 2))) = (0, %),

and then wgg = 0. Moreover,

6 6
wi(0,r, z) = <a0 sin 0 + a1/0 z(¢) cos ¢pdo, G(0,7) (ao sin 0 + a1/0 z(¢) cos ¢d¢> -
e (3(@.7) — 2(9)) (a0 + a1z<¢>>> J ¢> |

r

0
e ? / <e¢G(¢, r)(ao + a12(¢)) cos ¢ + sin ¢
0
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wi (6,7, 2) =Y (0,7, 2)

0
Y_l(ﬂ,r,z)w%(ﬂ,r,z)—i—/ Y_1(¢,T,2)F12(¢,r(¢),z((b))d(;ﬁ]

T 0
=Y (0,r z2) (al/o z(¢) cos pdgp + bl/ z(¢) sin pd o,
/7r e?((ap + a12(9))(sin ¢(g(r cos ¢, rsin @) — z(¢)) — rcos ¢ G(é, 1))
0

r

d¢
. /0 _ble¢z(¢)(cos d(g(rcos ¢, rsing) — z(¢)) + rsinp G(¢,r)) dgb) ‘

T

Since ¢1(r, 2) = Y127, 7, 2)w? (27,7, 2) and fi(r) = 7g1(r, 2,) it follows that

21

(32) filr)=a /07r f(rcos,rsin ) cos ¢pdo + by f(rcos ¢, rsin @) sin ¢pde.

So, based on Theorem [Al each positive simple zero of ([29) provides an isolated periodic
solution of system (28)). This concludes this proof. O

The next result is an application of Theorem [l We shall use in its statement the
concept of Bessel functions, which are defined as the canonical solutions y(z) of Bessel’s
differential equation

d’y  dy
2 2 2
r—+zrz—+ (- )y=0, aecC.
dx? * dx + Jy
This equation has two linearly independent solutions. Using Frobenius’ method we
obtain one of these solutions, which is called a Bessel function of the first kind, and is
denoted by J,(x). More details about this function can be found in [29].

Corollary 7. Consider the piecewise vector field ([28]).

(a) If f(z,y) = cosx, then the piecewise smooth vector field X admits a sequence
of limit cycles pi(t,e) of X of period T, such that T, = 21 + O(e), pn(t,e) =
(x5, vy cos(@y,)) + O(e), and |(x3,, 2,)| = /2.

(b) If f(z,y) = sinx, then the piecewise smooth vector field X admits a sequence
of limit cycles @i(t,e) of X of period T, such that T, = 27 + O(e), pi(t,e) =
(xk,yt,sin(z))) + O(e), and |(z},2%)] = 1, where each ry is a zero of the
Bessel Function of First Kind, Jy(r).

Proof. For f(z,y) = cosz, the bifurcation function (2] reads fi(r) = —(2bysinr)/r,
and for f(x,y) = cos(x), the bifurcation function ([B2]) reads fi(r) = aimJi(r). There-
fore, the result follows directly from Theorem O

Notice that Theorem [@] cannot be applied when f; is identically zero, which is the
case when f(z,y) = 222 — y2, for instance. For such cases we define the function
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fa(r) = /07r <a1 CoS § <G(8, r) /08 cos ¢(ag + alf(QS, r))d¢
= e [ e+ (6. s 9 Glonr) + (F(6.r) = ionr)do

+az + agf(qb,r) + Si%(a(] + alf(s7r))2>>d8

e 2™ (1 +e™)

20—y (@€ b [ /0 " e0G(6,r) cos Blao + ar (6, 1)do

_|_

™ e? sin ; ;
+ [+ o) a(6r) ~ Fl0.7)d0
27 27
sy [ eGomsingfo.ndo + 2 [ e coso(ao.r) - f<¢,r>>d¢]
27
+/ (%(—b% coss(f(s,r))2 + sin s(bo +b3f(s,r)))

L oby sins(c:(s, ") /0 " cos dlao + arf(6,r)) + biG(s,7) / sin 6 (6, r)dd

T

e? sin ¢

+ 6_8 < /7r _€¢ CcOS ¢ G(¢7 7‘)(@0 + alf((ﬁv T)) + (§(¢’ T) B f(¢’ T))dqb
0

+ by / Tt <C°S¢<f<<z>,r> — §(6.71)) — G(¢,7)sin ¢> d¢>>>ds.

r

Theorem 8. Consider the piecewise vector field [28). Assume that fi = 0. Then, for
each r+ > 0, such that fo(r*) = 0 and fi(r*) # 0, there exists a crossing limit cycle
o(t,e) of X of period T, such that T, = 2w + O(e), ¢(t,e) = (x*,y*, f(z*,y*)) + O(e),
and |(z*, z*)| = r*.

Proof. As we saw before mgyp = 0. So, from (), we compute the bifurcation function of
order 2 as

(349) For) = 228 0,2 (1) + a2,
where vy (r) = — ] _16% 7tg1(r, 2,) and
o s) = /Ow e?((ag + alf((b, 7)) (sin ¢(g(r cos ¢, Zsin o) — f((b, r)) — rcos pG (b, 1, 2)) do

s /2” e‘i’f((b, ) (cos ¢(g(r cos ¢, rsin¢g) — f(¢a 7)) +rsinpG(¢, 1, 2)) do.

r
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From Proposition @, we have ga(r, z.) = Y~ 1(2m, r, 2)w3 (27,7, 2) /2, where w! (27,7, 2)
is provided in Lemma Bl All these functions may be computed to get (34) as (B33).
Again, in accordance with Theorem [A] each positive simple zero of ([B3]) provides an
isolated periodic solution of system (28]). This concludes this proof. O

The next result is an application of Theorem [8

Corollary 9. Consider the piecewise vector field 28) and let f(x,y) = 222 — y2.
Assuming a3 + b2 # 0 define

o —80by(1 — ™)
(35) 07 (1+ em)4(15a1by — b2 — 14a2) — 57(1 — em) (b} + 10a2)’
4 40ap((1 + €™)(by — al) — alw(1 — e™)
1 pr—

(14 em)4(15a1b; — b2 — 14a?) — 5m(1 — e™) (b} + 10a?)’
and D = —4A3 — 27 A2.
(i) If D > 0, then the piecewise smooth vector field admits at least one limit cycle.
Moreover, if A1 < 0 and Ay > 0, then the piecewise smooth vector field admits
at least two limit cycles;

(ii) If D <0 and Ap < 0, then the piecewise smooth vector field admits at least one
limit cycle.

Moreover, in both cases we have a limit cycle o(t,e) of X of period T such that T. =
21+ O(e), p(t,e) = (x5, 4, 2(z3)* = (y5)?) + O(e), and |(23,, 2,)| = ;.

Proof. For f(x,y) = 2x? — y? the bifurcation function ([33)) becomes
(36)

For) = —2by + ap ((e™(1 —m) + i:—_ﬂial —(1+e )bl)r
+ (= (€7(56 — 50m) 4 56 + 507) ai + 60 (1 + e7) arby — (€™ (4 — 57) + 4+ 57) bf) 4
re.
40 (e™ — 1)

Dividing f2 by a? + b% # 0, we see that the equation fa(r) = 0 is equivalent to fo(r) =
Ao+ Ayr + 13 =0, where Ag and A; are provided in (B5).

Notice that fo (r) is a polynomial function of degree 3, so it has at least one real root
and can be written as fg(r) =73 —(ry+ro+7r3)r2 + (rire +rir3 +ror3)r — rirars, where
ri,i = 1,2,3 are the zeros of the polynomial. Moreover, the sign of its discriminant
D = —4A3 — 27A2 carries information about its number of real roots.

If D > 0 the polynomial fg(r) has three simple real roots 1,7y and r3. Since the
polynomial has no quadratic term, it follows that r; + ro 4+ r3 = 0 and then at least
one of these roots must be positive. Moreover, if A7 < 0 and Ay > 0, then there are
two changes of sign between the terms of the polynomial, and then by Descartes Sign
Theorem we get the two positive roots.
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If D <0, then there is a pair of complex roots or a double real root. In both cases,
the condition Ay < 0 implies that at least one root is positive.

Now, according to Theorem [Al each positive simple zero of ([BG]) provides an isolated
periodic solution of system (28]). This concludes this proof. (]

5.2. non-smooth perturbation of a non-smooth center. In this example, we con-
sider a non-smooth differential system in R? defined in 4 zones (n = 4). Consider the
non-smooth vector field

Xi(u,v,w) ifu>0andv>0,
X if d
(37) X(u, 0, w) = 2(u, v, w) 1 u <0 and v >0,
Xs(u,v,w) ifu<0andwv <0,
Xy(u,v,w) ifu>0and v <0,
where
Xi(u,v,w) = (=14 e(az +b1), 1, —w +e(c1z + dy)),
Xo(u,v,w) = (=14 e(agz + ba), —1, —w + e(cox + da)) ,
X3(u7 v, ’lU) = (1 + 6(&333‘ + b3)7 _17 —w + 5(633j + d3)) )
Xa(u,v,w) = (1 +e(aax + bs), 1, —w + e(cax + ds)) ,

with aj,b;,¢;,d; € R for all j.

Writing in cylindrical coordinates u = r cos 8, v = rsin 6, w = w, the discontinuity set
is X = {HZO}U{H :tl}U{HZtQ}U{HZtg} with tg = 0,1 :71'/2,752 =T,t3 :371'/2
and t4 = 2. For each j = 1,2,3,4 the differential system (4,0,w) = X;(u,v, w) in
cylindrical coordinates writes

k
' (t) = g;(0) + Z £'(ajjr cos® O + b cos b)),
i=1

k
w'(t) = —w+ Z £'(cijr cosf + d;j cos §),

i=1
0'(t) = % (’g}(@) — Zsi(aijr cos 0 sin 6 + b;; sin 9)) ,
i=1
where
91(0) =sinf — cos b, 91(0) =sinb + cos b,
g2(0) = —(sin @ + cos ), g2(0) = sinf — cos b,
g3(6) = —sinf + cos 6, 93(0) = —(sin 6 + cos B),

94(6) = sinf + cos 6, g1(0) = —sin 6 + cos 6.
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Notice that, for each j = 1,2,3,4 and t;_1 < 6 < t;, 0(t) # 0 for |¢| sufficiently
small. Thus, in a sufficiently small neighborhood of the origin we can take ¢ as the new
independent time variable by doing 7/(0) = 7(¢)/0(t) and w'(0) = w(t)/6(t). Taking 6
as the new independent time variable, we have

'(0) = FJ,(0,2) + eF}, (8, 2) + Oy (),

(38) | |
W' (0) = (0, 2) + eFly (0, 2) + Oa2(?).

Here, z = (r, w) and the prime denotes the derivative with respect to 6. The expressions
of Fgl and FgQ for j = 1,2,3,4 are provided by

r(sin@ —cosf) —rw o r(sinf+cosf) rw

1 _ _ _ _
FOI_ . ) 02 — _: ) 01 — . s 02 —

sin 6 + cos 6 sin 6 + cos 6 cos @ — sinf cosfh —sinf’

3 r(sinf —cos®) 5 rw 4 7(sin®+cost) _, —rw
0l = arprowp » Fo2= 0 g fo2=

Fy = .
sin 6 + cos 6 sinf + cosf’ cos @ — sinf cos — sinf

The expressions of Flj1 and Flj2 for 7 = 1,2, 3,4 are also easily computed. Nevertheless,
we shall omit these expressions due to their size.

For each j € {1,2,3,4}, the differential system (38)) is 27-periodic in the variable 6
and is written in standard form with

FI(6,2) = (F}(6,2). F}(6,2))

for i = 0,1. Now, for each j € {1,2,3,4} we compute the solution x;(#,z,0) of the
unperturbed system

H(0) = Fjy(0,2), 0(0) = Fi,(9,2).

and this solution is

1(0,2,0)

rsin 0
o 6—}-0056 7 T sinO+cos @ ,

9 2, 0 ( co;;irlsigne_2r> ,

cos 0 sm@ y W

3(0, z,0)

7 sin O
slnG«%IcosQ_zr
sm@—l—cos@’ ’
r ___rsing —4r
24(0,2,0) =  Gosgmsmp we 00 ).

We note that in each quadrant the denominators of these four solutions never vanish.

Let 0 < 79 < r1 be positive real numbers and consider the set Z C R? such that
Z ={(a,0) : 7o < a < r1}. The solution z(6, z,0) of the unperturbed system 2/(0) =
Fy(0, z) satisfies (0, 2,0) = x;(0, 2,0), for 0 € [t;_1,t;], and z(27,2,0) — 2(0,2,0) =
(0,2(1 — e~*)). Consequently, for each z, € Z, the solution x(f,z,0) is 27-periodic
and system (B7) satisfies hypothesis (Hy). Moreover the fundamental matrix Y (0, 2)
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is provided by

Yi(0,2) if0=ty<0<m/2,
Y (0, 2) = Y2(0,2) ifn/2<6<m,
' Y3(0,2) if m <6< 3m/2,
Yi(0,2) if 3w/2 <6 < 2m,

where Yj(t, z) are defined by (I&]). Thus

o) 0
Yl(H,Z) = 77"gs?(n)0 sin ’
_694071”511&0 _rsme
g4(0) e ut
1
1 0
Y4(972) = 7rsineif:)(9) i
e 930 T a(sin0+4g3(0)) e 7;;1(1?9()9 —ar
g3(0)
Hence,
1 0 0
Y1(0,2)7 =Yy (2m, 2) 7t = '
—4w 1 — et

and then det(A,) = 1 —e* # 0if 2z, = (,0) € Z. Thus, we can compute the
bifurcation functions () for system (B7]). For such we first obtain the functions (I9])
corresponding to this system,

90(97 Z) = (07 w(l - 647’))’

1
wzll(Qﬂ',Z) = (57‘(7’(&1 +as + asz + a4) + 2(51 — by — bg + b4)),

%e‘4r(—r2w(6a1 + 3as + 2a3) — 3r(w(4by — 2by — b3)
e (—e* ey + co+c3) +e1) + 3(e" — 1)(e" (ca + do)
+e?"(cg — d3) + €3 (dy —¢4) + 1 + d1))>7

and

(39) g1(2) = Ya(2m, 2) 1wl (27, 2).

This way, the bifurcation function [l corresponding to the function ([39) becomes
1
fila) = §a(a(a1 +az +az + aq) +2(b1 — ba — bz + by)),

which has a simple zero a*. So, from Theorem [Al we get the existence of an isolated
periodic solution of system (38]) for e sufficiently small.
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6. CONCLUSION

Establishing the existence of invariant sets, in particular equilibria and periodic
solutions, is very important for understanding the dynamics of a differential system.
The detection of periodic solutions is far more complicated then equilibria and relies on
solving differential equations, which cannot be done in general. For smooth perturbative
differential systems, the Melnikov method and the averaging theory are two classical
tools that reduce the problem of finding periodic solutions into a simpler problem of
finding zeros of a related function. These tools, particularly the averaging theory, have
been recently developed for non-smooth perturbative systems.

This manuscript is devoted to develop the averaging theory for a class of non-smooth
differential systems. Results relating isolated periodic solutions with zeros of a sequence
of bifurcation functions are shown. In Section 2, we show that our results can be used
in a wide family of differential systems with applied interests, namely, non-smooth
perturbations of vector fields admitting Andronov-Hopf equilibria.

A natural next step for further investigations consists in considering classes of non-
smooth differential systems with more general set of discontinuities. For these cases,
it has been noticed in [14] that the higher order averaged functions does not control
in general the bifurcation of periodic solutions. A complete second order analysis was
performed in [2]. It was shown that the second order bifurcation (Melnikov) function is
provided as the second-order averaged function added to an increment, which depends
on the geometry of the discontinuity set. Currently, the theory lacks a higher order
analysis for these cases.
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