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MITTAG-LEFFLER FUNCTORS OF MODULES

CARLOS SANCHO, FERNANDO SANCHO AND PEDRO SANCHO

ABSTRACT. Finite modules, finitely presented modules and Mittag-Leffler mod-
ules are characterized by their behaviour by tensoring with direct products of
modules. In this paper, we study and characterize the functors of modules
that preserve direct products.

1. INTRODUCTION

Let R be an associative ring with unit, we will say that M is an R-module (right
R-module) if M is a covariant additive functor from the category of R-modules
(respectively, right R-modules) to the category of abelian groups.

Any right R-module M produces an R-module. Namely, the quasi-coherent
R-module M associated with a right R-module M is defined by

M(S) =M ®r S,

for any R-module S. It is significant to note that the category of right R-modules
is equivalent to the category of quasi-coherent R-modules. Therefore, we can study
modules through their functorial incarnation.

On the other hand, given an R-module M, M* is the right R-module defined as
follows:

M*(N) := Homg (M, NV),

for any right R-module N.

A relevant fact is that quasi-coherent modules are reflexive, that is, the canonical
morphism of R-modules M — M** is an isomorphism ([9]).

Quasi-coherent modules preserve direct limits, that is:

— — — —

i€l i€l i€l i€l
for any direct system of R-modules {N;};cr, where I is an upward directed set.
Watts ([II, Th 1.]) proved that an R-module is quasi-coherent iff it is a right exact
functor and preserves direct limits. An R-module M preserves direct limits iff there
exists an exact sequence of morphisms of R-modules

PiciP; — @jEJQ; — M — 0,

where P; and (); are finitely presented R-modules, for every ¢, j. Besides, this exact

sequence is a projective presentation of M (Thm B.6]). Let (Qs-ch) be the category

of R-modules that preserve direct limits. (Qs-ch) is the smallest full subcategory

of the category of R-modules containing quassi-coherent modules stable by kernels,

cokernels and direct limits. It can be proved that the category (Qs-ch) is equivalent

to the category of functors from the category of finitely presented R-modules to the
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category of abelian groups. In case that R is a field, an R-module preserves direct
limits iff it is quasi-coherent.

The aim of this paper is to extend the notions of finite, finitely presented and
Mittag-Leffler modules to (Qs-ch) and give different characterizations of these func-
tors.

Any R-module is a direct limit of finitely presented R-modules and it is well
known that an R-module M is finitely presented iff M preserves direct products.

Definition 1.1. We will say that M € (Qs-ch) is an F'P module if it preserves
direct products.

Every R-module M € (Qs-ch) is a direct limit of FP modules (£22)). FP modules
are characterized as follows.

Theorem 1.2. F € (Qs-ch) is an FP module iff any of the following statements
holds
(1) Homg (F, imM;) = lim Homg (F, M), for any direct system of R-modules
— —
i€l iel
{Mi}icr
(2) T is reflexive and F* € (Qs-ch).
(3) There exists an exact sequence of R-modules
Py —P;s = F—=0,

where Py and Py are finitely presented R-modules.
(4) There exists an exact sequence of R-modules

0—=F— Q1 — Qa,
where Q1 and Q2 are finitely presented right R-modules.

The category of FP modules is an abelian category. However, in general, the
category of finitely presented R-modules is not abelian. If F is an FP module, then
F* is an FP module. However, in general, if P is a finitely presented R-module,
then P* is not a finitely presented R-module.

Definition 1.3. We will say that an R-module M € (Qs-ch) is an ML module if the
natural morphism M(I ], Si) — [, M(S;) is injective for any set {S;} of R-modules.

A right R-module M is a Mittag-Leffler module iff M is an ML module. ML
modules are chatacterized as follows.

Theorem 1.4. Let M € (Qs-ch). The following statements are equivalent:
(1) M is an ML module.
(2) M is a direct limit of FP submodules.

(3) The kernel of every morphism F — M is an FP module, for any FP module
F.

If M is a Mittag-Lefller module it is not true, as a general rule, that M is a direct
limit of finitely presented submodules, nor is it true that the image of a morphism
of R-modules P — M is a finitely presented module (where P is a finitely presented
R-module).

Definition 1.5. Let M be an ML R-module. M is said to be an SML module if
for any FP submodule F C M the dual morphism M* — F is an epimorphism.
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M is a right strict Mittag-Leffler R-module iff M is an SML module (€9). SML
modules are chatacterized as follows.

Theorem 1.6. Let Ml € (Qs-ch). The following statements are equivalent:

(1) M is an SML module.

(2) M is a direct limit of FP submodules F;, and the morphism M* — F¥ is an
epitmorphism, for any i.

(3) There exists a monomorphism M — []
sented (right) module, for each i € I.

ic1 Pi, where P; is a finitely pre-
In particular, if M is a strict Mittag-Leffler R-module, then it is a pure submod-
ule of a direct product of finitely presented R-modules (this result can be found in

[5])-

Finally we prove the following theorem.

Theorem 1.7. Let M be an R-module. Then,

(1) M is a Mittag-Leffler module iff the kernel of any morphism [[yR — M
preserves direct products.

(2) M is a strict Mittag-Leffler module iff the cokernel of any morphism M* —
PBNR is isomorphic to an R-submodule of a quasi-coherent module.

This paper is self contained. Functorial characterizations of flat Mittag-Leffler
modules and flat strict Mittag-Leffler modules are given in [9].

2. PRELIMINARIES

Remark 2.1. For the rest of the paper, every definition or statement is given
with one module structure (left or right) on each of the modules appearing in that
definition or statement; we leave to the reader to do the respective definition or
statement by interchanging the left and right structures.

Notation 2.2. Let M be a functor of R-modules. For simplicity, we will sometimes
use m € M to denote m € M(S). Given m € M(S) and a morphism of R-modules
S — S’ we will often denote by m its image by the morphism M(S) — M(S").

Remark 2.3. Direct limits, inverse limits of R-modules and kernels, cokernels,

images, etc., of morphisms of R-modules are regarded in the category of R-modules.
Besides,

(lim M) (S) = lim (M(S)), (lim,)(S) = lim (M;(S)),
iel iel jeJ jeJ

(Ker f)(S) = Ker fg, (Coker f)(S) = Coker fg, (Im f)(S) = Im fg,

(where I is an upward directed set and J a downward directed set).

We will denote by Homg (M, M') the family of all morphisms of R-modules from
M to M.

Proposition 2.4. [9) 2.11] Let M be a (left) R-module and let N be a (right)
R-module. Then,

Homz (M, N*) = Homg (N, M*), f ~ f,
where f is defined as follows: f(n)(m) := f(m)(n), for any m € M and n € N.
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Definition 2.5. Let M be an R-module. We will say that M* is the dual (right) R-
module of M. We will say that an R-module M is reflexive if the natural morphism

M — M**,m — m (for any m € M(S))
is an isomorphism, where mg(w) 1= wg(m) (for any w € M*(S’) = Homg (M, S’)).
Proposition 2.6. Let M and M be reflezive functors of R-modules, f: M — M’

a morphism of R-modules and f*: N* — M* the dual morphism. Then, Ker f =
(Coker f*)*.

2.1. Quasi-coherent modules.

Definition 2.7. Let M (resp. N, V, etc.) be a right R-module. We will denote
by M (resp. N, V, etc.) the R-module defined by M(S) := M ®g S (resp.
N(S) := N®gr S, V(S) := V®gr$8, etc.). M will be called the quasi-coherent
R-module associated with M.
Proposition 2.8. [9 2.4] The functors
Category of right R-modules — Category of quasi-coherent R-modules
M—M
M(R) < M
stablish an equivalence of categories. In particular,
Homg (M, M') = Hompg (M, M').
For another, slightly different, version of this proposition see [1l 1.12].
Let fr: M — N be a morphism of R-modules and f: M — N the associated
morphism of R-modules. Let C' = Coker fr, then Coker f = C, which is a quasi-
coherent module.

Let M be an R-module. Observe that M(R) is naturally a right R-module:
Given r € R, consider the morphism of R-modules -r: R — R. Then,

m -1 :=M(-r)(m), for any m € M(R).
Proposition 2.9. For every R-module M and every right R-module M, it is sat-

isfied that
Homg (M, M) = Homg(M,M(R)), f — fr.

Notation 2.10. Let M be an R-module. We will denote by My, the quasi-coherent
module associated with the R-module M(R), that is,

My (S) :==M(R) Qr S.
Given s € S, consider the morphism of R-modules R =3 S, r — r-s. Then, we
have the morphism M(-s): M(R) — M(S), m +— M(-s)(m) =: m - s.
Proposition 2.11. [9 2.7] For each R-module M one has the natural morphism
Mge =M, m® s+ m - s,
for anym @ s € My.(S) = M(R) ®r S, and a functorial equality
Homg (M, M,.) = Homg (N, M),
for any quasi-coherent R-module N .

Obviously, an R-module M is a quasi-coherent module iff the natural morphism
Mg — M is an isomorphism.
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Theorem 2.12. [9, 2.14] Let M a right R-module and let M’ be an R-module.
Then, }

M ®@gr M' = Homg (M*, M), m@m' — m @/,
where m @ m/(w) == w(m) @m’, for any w € M*.

Note 2.13. [t is easy to prove that the morphism

f= Zmi ®@ m} € Homp (M*, M) = M @r M’,
i=1
is equal to the composite morphism M* 2 L LN M, where L is the free module of
basis {l1,...,ln}, g:=>,mi®1; € Homg(M*, L) = M ®r L and h(l;) := m] for
any i. Observe that Im f C Imh.

If we make M’ = R in the previous theorem, we obtain the following theorem.

Theorem 2.14. [9, 2.16] Let M be a right R-module. Then, the canonical mor-
phism

M = M,
is an isomorphism. That is, quasi-coherent modules are reflexive.

Definition 2.15. Let M be an R-module. M* will be called the R-module scheme
assoctated with M .

Theorem 2.16. [9, 2.10] Let {M;} be a direct system of R-modules. Then,
Homg (M*, lim M) = lim Homg (N*, M),
— —

for any R-module N.
2.2. Dual module of a direct product of R-modules.

Proposition 2.17. Let {M;};cr be a set of R-modules and let N be an R-module
that preserves direct sums. Then, the natural morphism

Dier HomR(Mi, N) — HOmR(H M, N), (fi)ie] — Z fi,
i€l i€l
is an isomorphism, where (3,1 fi)(mq) := >, films) for any (my) € [],c; M.
Proof. The morphism (f;)icr + D, fi is obviously injective.

For any i’ € I, we have the obvious inclusion morphism My C [, M.

Given f € Homg ([[,c; My, N), put J :={i € I: f; := fjm, # 0}. Foreach j € J,
there exist an R-module S; and m; € M,(S;) such that 0 # fis, (m;) € N®g S;.
Homg (87, M;) = M;(S;), by the Yoneda Lemma. Hence, we have the morphism
gj: 8§ — M defined by my;. Consider the morphism

g: 1185 = TIMy, 9((w;)jer) = (g;(w;))je-
jed JjeJ
Put h := fog. On one hand hjs- (Id;) = fjsj(mj) # 0, for any j € J, where
Id; € S;(S;) = Homg(S;,5;) is the identity morphism. On the other hand
Homg ([ S, N) = Homg ((#,e,8;)",N) = N(&,¢.5)
jeJ
= @jeJN(Sj) = ®Djes HOIDR(S;,N).
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Hence, h = Z]EJ h‘s;, where h‘s; =0, for all j € J except for a finite number of
them. Then, #J < co.
Finally, let us prove that f =3, ; fj: Let m = (m;) € [[;c; M;(S), Consider
O

Corollary 2.18. Let {M;}ics be a set of R-modules. Then, ([];c; Mi)* = @ierMj.

Corollary 2.19. Let {M,};cr be a set of reflexive R-modules. Then, &;M; and
[, M; are reflezive R-modules.

3. FUNCTORS THAT PRESERVE DIRECT LIMITS

Definition 3.1. Let M be an R-module. We will say that M preserves direct limits
if M(lim S;) = Um M(S;) for every direct system of R-modules {S;}icr.
— —

2 2

Example 3.2. Quasi-coherent modules preserve direct limits.

Proposition 3.3. Let P be a finitely presented (right) module and {M;} a direct
system of R-modules. Then,

Homg (P, limM;) = lim Homg (P, M;).
—‘) —

A A
In particular, P* preserves direct limits.

Proof. By [Z9] Homg (P, limM;) = Hompg(P, limM;(R)) = lim Hompg(P,M;(R))
— — —

A i A

= lim Homg (P, M;). O
—

K2

Proposition 3.4. An R-module M is finitely presented iff M* preserves direct
limits.

Proof. <) Any R-module is a direct limit of finitely presented modules. Write
M = lim P;, where P; is a finitely presented module, for any i. Observe that
—

%

Id € HOmR(M,M) = M*(M) = hinM*(Pz) = hin HOmR(M,Pi),

7 [

hence Id factors through a morphism f;: M — P;, for some i. Then, M is a direct
summand of P;, and it is finitely presented.
=) It is well known.
O

Let M and M’ be R-modules. If M preserves direct limits, then Homz (M, M)
is a set: Choose a set A of representatives of the isomorphism classes of finitely
presented R-modules. Any morphism f: M — M’ is determined by the set { fs}sea
since given an R-module T' we can write T' = 1131 Si, where S; € A for any ¢ € I,

icl



MITTAG-LEFFLER FUNCTORS OF MODULES 7

and the diagram

fs

M(lim §;) = M(S) = M/() = M(lim 5;)

|,

is commutative. Therefore, Homg (M, M) C [[g. 4 Homg, (M(S), M'(S)).

Proposition 3.5. If M; and My preserve direct limits and f: My — My is a
morphism of R-modules, then Ker f, Im f and Coker f preserve direct limits.

%

Proposition 3.6. If {M,};cr is a direct system of R-modules that preserve direct
limits, then im M; preserves direct limits.
i
Choose a set A of representatives of the isomorphism classes of finitely presented
R-modules. {P*}pca is a family of generators of the category of R-modules that
preserve direct limits: Let M and N be R-modules that preserve direct limits and
suppose that N ; M. Then, there exist an R-module S and m € M(S), such that

m ¢ N(S). S = limP; is a direct limit of finitely presented R-modules P, € A,
—
iel
and M(S) = im M(P;). Hence, there exist ¢ € I and m; € M(F;) such that m; is
—
mapped to m by the morphism M(P;) — M(S). Obviously, m; ¢ N(F;). Finally,
observe that Homg (P}, N) = N(F)) ; M(P;) = Homg (P}, M).
Therefore, U := @pcaP* is a generator of the category of R-modules that

preserve direct limits.

Theorem 3.7. Let M be an R-module. M preserves direct limits iff there exists
an exact sequence of morphisms of R-modules

®ic1Qf = ®jesP; > M — 0,
where P;,Q); are finitely presented R-modules, for each i € I and j € J.
Proof. <) ®;P; and ®;Q; preserve direct limits by B.3land M preserves direct
limits by
=) Put I := Homg (U, M). Hence, the natural morphism
m ;U —-M

is an epimorphism. By Proposition 3.5 Ker 7 preserve direct limits. Again, there
exists an epimorphism & ;U — Ker 7, and we conclude.
O

Definition 3.8. We will denote by (Qs-ch) the full subcategory of the category of
R-modules whose objects are the R-modules that preserve direct limits.

Theorem 3.9. (Qs-ch) is the smallest full subcategory of the category of R-modules
stable by kernels, cokernels, direct limits and isomorphisms (if an R-module is
isomorphic to an object of the subcategory then it belongs to the subcategory) that
contains the R-module R (or quassi-coherent modules).
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Proof. Quassi-coherent modules preserve direct limits. By Theorem [B.7] Propo-
sition and Proposition we have only to prove that P* € (Qs-ch), for any
finitely presented R-module P. Consider an exact sequence of R-module morphisms
R™ - R™ — P — 0. Dually, 0 = P* - R™ — R" is exact and P* € (Qs-ch).

O

Corollary 3.10. Let K be a field and M an K-module. M € (Qs-ch) iff M is

quasi-coherent.
Corollary 3.11. If M € (Qs-ch) then M* preserves direct products.

Proof. By B there exists an exact sequence of morphisms of R-modules &;QF —
®;P; — M — 0, where F;,Q; are finitely presented R-modules, for every i, .
Taking dual R-modules, we have the exact sequence of morphisms

0-M =[P =]
7 7

M* preserves direct products since [] ;Pj and [I; Qi preserve direct products.
O

Proposition 3.12. [I1l Th 1.] Let M be an R-module. M is a quasi-coherent
R-module iff Ml € (Qs-ch) and it is a right-exact functor.

Proof. <) Consider the natural morphism M. — M. Given @R, observe that
My (@1 R) = &My (R) = & M(R) = M(&1R).

Let N be an R-module and let L1 — Ly — N — 0 be an exact sequence of
morphisms of R-modules, where Ly and Ly are free R-modules. Then, M.(N) =
M(N) since M and M. are right exact. Therefore, the natural morphism Mgy, — M
is an isomorphism.

O
@icr’P} is a projective R-module, since

Homg (®;erP;, M) = HM(H), for any R-module M.
il
Then, (Qs-ch) has enough projective R-modules. U is a generator of this category,
hence, it has enough injective objects, by [4, Theorem 1.10.1].

Let M be an R-module. Consider the obvious morphism 7: ©xomy (v,m) U — M.
Observe that mp is surjective for any finitely presented R-module P. Likewise, con-
sider the obvious morphism 7': ©tomy (U,Kerr) U — Kerm. Again, m} is surjective
for any finitely presented R-module P. Let ¢ be the composite morphism

69HomR(I[J.,Kcm‘r)H-I L> Kerm C 69HomR(fU,IMI)[U

Put Mqs.cny := Coker ¢. Observe that there is a natural morphism Mg cn) MM
and that Mqs.cny € (Qs-ch). Besides,

M(Qs—ch) (P) = M(P)a
for any finitely presented R-module P. Hence, if Ml € (Qs-ch), then M qq.any = M.
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Observe that the assignation M ~ Mg qyy is functorial, that is, given a mor-

phism a morphism f: N — M, we can define a natural morphism f(qschy : N(Qs-cny —
M @s-cny- Besides, the diagram
TZ—M

F(Qs-chy

N(@s-cny ————— M @s-ch)

is commutative. Obviously, we have the following proposition.
Proposition 3.13. The functorial morphism

Homg (N, M gs.chy) = Homp (N, M), f iy o f,
is an isomorphism, for any R-module N € (Qs-ch).

If0—- M — M — M’ — 0 is an exact sequence of morphisms of R-modules,
then

0— Ml(Qs—ch) — M Qs-cny — MI(/Qs—ch) -0

is an exact sequence of morphisms of R-modules.

Every R-module M is functorially a direct limit of finitely presented R-modules:
Put I = M and let m: &7 R — M be the obvious epimorphism. For each finite
subset J C I let m; be the obvious composition &;R — G R I M. Let Ky be
the set of pairs (J, N), where J is a finite subset of I and N is a finite submodule
of Kermy. Ky is a directed set: (J,N) < (J',N')if J C J and N C N'. Given
(J,N), (J',N"),1let J” := JUJ" and N := N+ N’ then(J, N),(J',N") < (J',N").
It is easy to check that M = li_r}n (©sA)/N. Let us denote (©sA)/N = P n)-

(JLN)EK M

Let Funct be the category of covariant and additive functors from the category of
finitely presented R-modules to the category of abelian groups. Given G € Funct,
let .G be the R-module defined by i, G(M) = li_r>n G(Py). Given an R-module

keEK
M let i*M € Funct be defined by i*M(P) := M(P). Reader can check that i* and
ix stablish a categorical equivalence between Funct and (Qs-ch).

4. FP MODULES

Definition 4.1. An R-module M € (Qs-ch) is said to be an F module if the natural
morphism M(],c; Si) — [1,c; M(S:) is an epimorphism, for any set {S;}icr of R-
modules.

Proposition 4.2. M € (Qs-ch) is an F module iff there exists an epimorphism
P* — M, where P is a finitely presented R-module.

Proof. =) There exists an epimorphism m: @; Q5 — M, by Theorem 3.7 Put
w =11 j Q;. Consider the projection W — @);, then we have the natural morphism
Q7 — W and the morphism ©;Q7 — W*. The composite map

Homgr (W*, M) = HQJ —>HM (Q;) HHOHIR(Q}M)Z Homg (€, Qj, M),
J
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is surjective. Then, 7 factors through an epimorphism 7’: W* — M. Let {P;} be
a direct system of finitely presented R-modules such that W = lim P;. Then,
—
Homgz (W*, M) = M(W) = lim M(P;) = lim Homg (P, M),
— —

and 7’ factors through an epimorphism f: P — M.

Example 4.3. M is a finite module iff M is an F module.

Example 4.4. Module schemes preserve direct products:
./V'* (H Sl) = HOIIlR(]\]7 HSZ) = HHOHIR(N, Sl) = HN*(Sl)
il il i€l il
Proposition 4.5. A quasi-coherent module M preserves direct products iff M is
a finitely presented (right) R-module.

Proposition 4.6. If My and My preserve direct products and f: M; — My is a
morphism of R-modules, then Ker f, Im f and Coker f preserve direct products.

Definition 4.7. An R-module F € (Qs-ch) will be said to be an FP module if it
preserves direct products.

Example 4.8. Let P be a finitely presented R-module. Then, P and P* are FP
modules.

Proposition 4.9. Suppose that F1 and Fy are FP modules. If f: F1 — Fq is a
morphism of R-modules, then Ker f, Im f and Coker f are FP modules.

Proposition 4.10. Let F be an R-module. F is an FP module iff there exists
an exact sequence of R-modules P* — Q* — F — 0, where P and Q are finitely
presented R-modules.

Proof. <) It is an immediate consequence of Proposition L9l

=) There exists an epimorphism 7: Qx — F, where @ is a finitely presented
R-module, by Proposition Ker 7 is an FP module by Proposition Again,
there exists an epimorphism P* — Ker 7, for some finitely presented R-module P.

We are done.
O

Proposition 4.11. Let F be an R-module. F is a projective and FP module iff
F ~ P* for a finitely presented R-module P.

Proof. =) By Proposition .T0 there exists an epimorphism Q* — F, where @ is a
finitely presented R-module. Then, Q* ~ F & G, for some R-module G, since F is
projective. In particular, I is reflexive since Q* is reflexive. Taking dual modules,
Q ~F*®G*. Then,

(F*)QC @ G*qc =~ Qqc == Q ~ ]F* @G*

Therefore, (F*),. = F* and (F*),.(R) is a finitely presented R-module since it is a
direct summand of Q. Finally, F = ((F*)4.)*.
O

Proposition 4.12. IfF is an FP module then F* is an FP (right) module.
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Proof. There exists an exact sequence of morphisms of R-modules P* — Q* —
F — 0, where P and @ are finitely presented R-modules. Taking dual modules, we
obtain the exact sequence 0 — F* — Q — P. Hence, F* is an FP (right) module
by Proposition

O

Proposition 4.13. [8, 7.14] If 0 — M; LN Mo 5 M3 — 0 is an ezact sequence
of morphisms of R-modules and Ms is a finitely presented module, then this exact
sequence splits.

Corollary 4.14. Let P be a finitely presented R-module and M an R-module.
Then,
Exty (P, M) = 0.

Proof. 1f
0O-M—->M—->P—=0
is an exact sequence of morphisms of R-modules, then M is quasi-coherent since
M € (Qs-ch) and it is right exact. By Proposition [£.13] the sequence of morphisms
splits. Hence, Exty (P, M) = 0.
O

Lemma 4.15. Let f: Vo — V1 be a morphism of R-modules between quasi-coherent
modules. Then, f is an epimorphism iff f*: Vi — V5 is a monomophism.

Proof. <) Coker f is the quasi-coherent module associated with Coker fg, and
(Coker f)* = Ker f* = 0. Then, Coker f = (Coker f)** = 0.
O

Corollary 4.16. Let P be a finitely presented R-module and M an R-module.
Then,

Extl (P, M) =0, for anyi > 0.
Proof. Let R™® — P be an epimorphism and let 7: R™ — P be the induced mor-
phism. Observe that Exty (P, M) = 0, by Corollary @14 and Exty ' (P, M) =
Extl (Ker m, M) for any i > 1.

Ker7 is an FP (right) module, by [0 There exists an epimorphism g: Q* —
Kerm, where @ is a finitely presented R-module, by Let ¢’ be the composite
morphism @* — Kerm C R"™. Kerg = Kerg’ = (Coker g™)*, by 2.6l Coker ¢'* is
equal to the quasi-coherent R-module associated with Coker g7 =: Q’, which is a
finitely presented R-module. We have the exact sequence of morphisms

0= Q" =5 O > Kerm =0

Then, Ext%(Ker m, M) =0, for ¢ > 1. Taking dual R-modules we have the exact
sequence of morphisms

0— (Kerm)* = Q — Q' —0,
by BI85 Hence, Exty, (Ker m, M) = 0.

Theorem 4.17. Let F be an FP module. Then, F is reflexive and
Exts (F, M) =0, for any i > 0 and for any (right) R-module M.
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Proof. By LT0] there exists an exact sequence of morphisms Py EN PrSF -0,
where P, and P, are finitely prensented R-modules. Taking dual R-modules, we
have the exact sequence of morphisms

0—>F*—>P1£>732

Put P; := Coker f%, which is a finitely presented R-module. Then, we have the
exact sequence of morphisms of R-modules

0—>IE‘*—>7>1£>P2—>733—>0

By Corollary BLI6] it is easy to prove that Ext% (F*, M) = 0, for any 4 > 0 and for
any R-module M. Hence, the sequence of morphisms

O—>7>§—>7>§i>P{—>]F**—>O
is exact and F = F**. Finally, F is the dual module of F*, which is an FP (right)
module, by We have just proved that Ext% (F, M) = 0, for any 7 > 0 and for

any (right) R-module M.
O

Corollary 4.18. Let Fy, Fo and F3 be FP modules. If F1 — Fo — F3 is an ezact
sequence of morphisms of R-modules, then the dual sequence F; — F5 — F7 is
exact.

Corollary 4.19. Let F be a right R-module. F is an FP (right) module iff there
exists an exact sequence of morphisms of R-modules

0=-F—=P—=Q,
where P and Q are finitely presented R-modules.

Proof. <) It is an immediate consequence of

=) F* is an FP module, by By 10, there exists an exact sequence of
morphisms of R-modules Q* — P* — F*, where P and @ are finitely presented
R-modules. Taking dual R-modules, we have the exact sequence

O

Corollary 4.20. Let M be an R-module. M is an FP module iff it is reflexive and
M, M* € (Qs-ch).

Proof. =) It is an immediate consequence of Theorem 17
<) By Corollary BTl M* preserves direct products, therefore it is an FP module.
By Proposition .12 Ml = M** is an FP module.
([

Lemma 4.21. Let F be an FP module and {M;} a direct system of R-modules.
Then, Hompg (F, lim M;) = lim Hompg (F, M).
— —

2 2

Proof. By .10, there exists an exact sequence of morphisms P* — Q* — F — 0,
where P and @ are finitely presented R-modules. By 216l Homg (P*, limM;) =
—

K2
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lim Homg (P*, M), for any finitely presented R-module P. Now it is easy to prove
—

that Homg (F, lim M;) = lim Hompg (F, M).
— —

7 7

O
Theorem 4.22. Let M be an R-module. M € (Qs-ch) iff it is a direct limit of FP

modules.

Proof. =) By B there exists an exact sequence of morphism of R-modules
@ic1P; = ©jesQj — M =0,

where P;, Q); are finitely presented R-modules, for any i, j. Let F (respectively G)

be the set of all finite subsets of I (respectively J). By 21l given I’ € F there

exists J' € G such that the composite morphism @;ep P} — @ierP; — @jejg;

factors through @jc.p Q;f, since B PF = (PierPi)* is an FP module. We will
say that J' > I’ and we will denote
]FJ/Z]/ = Coker[@ieppi* — Djeg Q;]

Let H be the set of pairs (J',I’), where J' € G, I' € F and J' > I'. Now, it is easy
to check that Ml = lim Fypsp.
N >

(J',I"eH
<) It is an immediate consequence of 3.6

Corollary 4.23. M € (Qs-ch) is an FP module iff
Homg (M, lim M;) = lim Homg (M, M)
— —
iel icl

for any direct system of R-modules {M; }icr.

Proof. =) It is Lemma [£.21]
<) By Theorem 122 M = lim[F;, where F; is a FP modules, for any i. The
—

i€l
identity morphism M — M = lim F; factors through a morphism M — F;, for some
—

iel
i € I. Then, M is a direct summand of ;. By Proposition[4.9] M is an FP module.
O

Proposition 4.24. Let I be an injective R-module. Then,
Homg (M, Z) = Homg(M(R), I),
for any R-module M € (Qs-ch). In particular, T is an injective object of (Qs-ch).

Proof. Let IF be an FP R-module. By Corollary 19| there exists an exact sequence
of R-module morphisms
0—-F—-P—0Q
where P and @ are finitely presented R-modules. By Corollary .18 we have the
exact sequence morphisms of groups
Homz (Q,T) — Homg (P, Z) — Homg (F,Z) — 0
On the other hand,
Hompz(Q, I) — Hompg(P,I) — Hompg(F(R),I) — 0
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is exact, because I is an injective R-module. Hence, Homg (F,Z) = Hompg(F(R), I).
If M’ € (Qs-ch), then M’ = lim F;, where F; are FP R-modules, by Theorem [£.22]
—

Then, '
Homg (M, Z) = lim Homg (F;,Z) = lim Hompg(F;(R),Z) = Homg(M'(R), I)
— —

O

Definition 4.25. An R-module M is said to be pure-injective if for any pure mor-
phism N — N’ the induced morphism

Hompg(N’, M) — Hompg (N, M)
s surjective.

Proposition 4.26. M is an injective object of (Qs-ch) iff M is the quasi-coherent
R-module associated with a pure-injective R-module.

Proof. =) First, let us prove that M is quassi-coherent. By Proposition B.12] we

have to prove that M is a right-exact functor. Let Ny i> No EN N3 — 0 be an

exact sequence of R-module morphisms. We have to prove that the sequence of

morphisms M(Ny) — M(N2) — M(N3) — 0 is exact. Put Ny := lim P;, where
—

P; are finitely presented R-modules and N3; := N2/f(P;). We have the exact
sequences P; — Ny — N3; — 0 and lim P; = N; and lim N3; = N3. We have only
— —

to prove that that the sequence of morphisms M(P;) — M(N3) — M(N3;) — 0
is exact. That is, we can suppose that IV; is a finitely presented R-module. Put
Ny = lim P;. The morphism f: Ny — N factors through a morphism f;: N; —
—
J
P;. Let f; be the composite morphism N; LN N; — Ny for any j/ > j. Put
N3jo == Na/fj(N1). We have the exact sequences Ny — P;; — N3;» — 0 and
lim Py = Ny and lim N3; = N3. We have only to prove that that the sequence
— —
>3 J'>3
of morphisms M(N7) — M(Pj:) — M(N3;/) — 0 is exact. That is, we can suppose
that N1, Ny and N3 are finitely presented R-modules. The sequence of R-module
morphisms 0 — N3 — N — N7 is an exact sequence. Then, taking Homg (—, M)
the sequence
is exact. We are done.
Put M := M. If N < N’ is a pure morphism, then the induced morphism
N < N’ is a monomorphism. Then, the morphism

Hompg(N', M) = Homg (N, M) — Homg (N, M) = Hompg (N, M)

is surjective and M is pure-injective.
<) Let M be pure-injective. (Qs-ch) has enough injective modules. Let i: M —
M’ be a monomorphism, where M’ is an injective object of (Qs-ch). The morphism
¢ has a retraction since M is pure-injective. M is an injective object of (Qs-ch)
since it is a direct summand of M’.
O
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5. MITTAG-LEFFLER MODULES

Mittag-Leffler conditions were first introduced by Grothendieck in [3], and deeply
studied by some authors, such as Raynaud and Gruson in [7]. Recently, Drinfeld
suggested to employ them in infinite dimensional algebraic geometry (see [2] and

[6])

Definition 5.1. We will say that an R-module M € (Qs-ch) is an ML module if
the natural morphism M([[,c; Si) — [1;c; M(S;i) ds injective for any set {S;}icr of
R-modules.

Example 5.2. FP modules are ML modules

Example 5.3. M is an Mittag-Leffler module iff M is a ML module([10, Tag
059H] ).

Proposition 5.4. Let M and M’ be ML modules and f: M — M’ a morphism of
R-modules. Then, Ker f and Im f are ML modules.

Proof. Ker f and Im f preserve direct limits, by B35 If F/ is an R-submodule of an
ML module F, then the morphism F'(]], S;) — [, F'(S;) is injective for any set of
{S;}icr R-modules. Hence, Ker f and Im f are ML modules.

(]

Lemma 5.5. Let M be an ML module, F an FP module and f: F — M a morphism
of R-modules. Then, Ker f and Im f are FP modules.

Proof. Ker f preserves direct limits by Let {S;}ier be a set of R-modules.
Consider the commutative diagram with exact rows

0 ——Ker f([[,c; i) —=F([Lic; Si) —=M(I]

| |

Ker f(S;) —11

icl Si)

0 > [Lies ier F(Si) — [ ;e M(S))

Hence, Ker f([[;c; Si) = [L;e; Ker f(Si) and Ker f is an FP module. Im f is iso-
morphic to the cokernel of the monomorphism Ker f — F, which is an FP module
by

d

Lemma 5.6. If {M;, fi;} is a direct system of ML modules and f;; is a monomor-
phism for any i < j, then imM; is an ML module.
—
Proof. limM; € (Qs-ch). Besides, the composite morphism
—
(11_I)HM)(H Sj) = 1£11Mi(H Sj) < lim HMi(Sj)
i J i J i J

- H lim M (5;) = H(hgle‘)(Sj)

o i

is injective, for any set {S;},cs of R-modules.
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Proposition 5.7. An R-module M is an ML module iff M is a direct limit of FP
submodules.

Proof. =) By B, there exists an epimorphism 7: @;c; P; — M. Let F be the
set of all finite subsets of I. Given J € F, put F; := m(®;esP;), which is an FP
module by Obviously, M = lim FF.

—

JEF
<) It is an immediate consequence of [.61 O

Proposition 5.8. M € (Qs-ch) is an ML module iff for every FP module F and
every morphism f: F — M, Im f is an FP module.

Proof. =) It is Lemma [5.0]

<) By B, there exists an epimorphism 7: @®,c; P — M. Let F be the set of
all finite subsets of I. Given J € F, put F := 7(®;ecsP;), which is an FP module.
Obviously, M = lii)n F;. ByE7 M is an ML module.

JeF
g

We can now generalize a crucial closure property of the category of Mittag-Leffler
modules (see [6, Prop 2.2])

Corollary 5.9. If {M,, fi;}ijer is a direct system of ML modules and lim M, is
—
neN
an ML module for any ordered subset {i1 <igs < --- <1, <---} of I, then lim M,
—
iel
18 an ML module.

Proof. Let F be an FP module and f: F — lim M; a morphism of R-modules. By
—

Lemma [L2T] f factors though a morphism f;: F — M;. Put f; := f;; o f; for any
j > and put K; := Ker f;. Observe that K; C K;/, for any j* > j > 4. Let

1< g1 <Jo < < g < v

be an ordered subset of I. Observe that K' := U,enK;j, equals the kernel of

the natural morphism F — lim M, . Hence, K’ is an FP module. The identity
—

neN
morphism Id: K’ — K’ factors through a morphism K" — K; , by Lemma 211
Then, K’ = K;, and K;, =K, ., , for any r > 0. Therefore, there exists j € I such
that Ker f; = Ker f. Hence, Im f = Im f; which is an FP module. Then, ligl M; is
iel
an ML module.
O

Theorem 5.10. Let M € (Qs-ch). The following statements are equivalent

(1) M is an ML module.

(2) The kernel of every morphism of R-modules F — M is an FP module, for
any FP module F.

(3) The kernel of every morphism N™* — M is isomorphic to a quotient of a
module scheme, for any R-module N.

(4) The kernel of every morphism N* — M preserves direct products, for any
R-module N.
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Proof. (1) < (2) Im f is an FP module iff Ker f is an FP module, by 9] and
Im f is an FP module iff M is an ML module, by (.8l

(2) = (3) Let f: N* — M be a morphism of R-modules. There exists a direct
system {P;} of finitely presented R-modules such that N = li_r)n P;. Observe, that

Homg (NV*, M) = M(N) = liLnM(Pi) = ligl Homg (P;,M).

Therefore, f factors through a morphism g: P} — M. Ker g is an FP module since
Pr is an FP module. There exists an epimorphism Q* — Kerg by Consider
the morphism m: N* xps Q* — N*, m(w,v) = w. It is easy to check that
Imm; = Ker f. Finally, observe that N* xp- Q" = (N @p Q)* and observe that
N @p Q is a quasi-coherent module since it is equal to the cokernel of a morphism
P-Na Q.

(3) = (4) Ker]N* — M] ~ Im[N"™* — N*], for some R-module N’. Hence,
Ker|N* — M] preserves direct products, by F6l

(4) = (1) Let F be an FP module and f: F — M a morphism of R-modules
By 10 there exists an epimorphism P* — F. Let g be the composite morphism
P* - F — M. Then, Imf = Img. Img preserves direct limits, by Kerg
preserves direct products by Hypothesis. Img = Coker[Kerg — P*| preserves
direct products, by Therefore, Im f = Im g is an FP module and M is an ML
module, by

O

Theorem 5.11. Let M be a right R-module. M 1is a Mittag-Leffler module iff the
image of every morphism f: R™ — M is an F'P module, for any n.

Proof. =) By[£9 Im f is an FP module.
<) Obviously M is a direct limit of FP modules. By Proposition 5.7 M is an
ML module, hence M is a Mittag-Leffler module.
O

Corollary 5.12. Let M be a right R-module. M is a Mittag-Leffler module iff
the image of every morphism of R-modules f: [[yR — M is an FP module (or
preserves direct products).

Proof. Any morphism f: [[yR — M is the composite morphism of an epimor-
phism [[yR — R"™ and a morphism g: R" — M, by 2121 Observe that Im f =
Im g and Im g is an FP module iff it preserves direct products.

O

Corollary 5.13. Let M be an R-module. M 1is a Mittag-Leffler module iff the
kernel of every morphism of R-modules f: [[yR — M preserves direct products.

Proof. Tt is an immediate consequence of[5.12] since Ker f preserves direct products

iff Im g preserves directs products.
O

6. STRICT MITTAG-LEFFLER MODULES

Definition 6.1. We will say that an R-module M € (Qs-ch) is an SML module
if it s an ML R-module and for every FP submodule F C M the dual morphism
M* — F* is an epimorphism.
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Theorem 6.2. Let M be an R-module. M is an SML module iff there exists a
direct system {F;}icr of FP submodules of M such that M = lim F; and the natural
—
iel
morphism M* — F7 is an epimorphism, for each i € I.
Proof. =) It is an immediate consequence of Proposition [5.71
<) By Proposition 5.7 M is an ML module. Let F C M be an FP submodule.
This monomorphism factors through a monomorphism F — F;, by Lemma 4211
Dually, M* — F} is an epimorphism by the hypothesis, and F; — F* is an epimor-
phism by Corollary [4.18 Therefore, the morphism M* — F* is an epimorphism.
O

Proposition 6.3. A reflexive R-module M € (Qs-ch) is an SML module if for
every FP (right) module F the image of every morphism f: M* — F is an FP
(right) module.

Proof. =) Consider the dual morphism f*: F* — M. Im f* is an FP module by
Proposition 6.8 Dually, F — (Im f*)* is an epimorphism by Corollary EI8 and
the morphism (Im f*)* — M is a monomorphism. Hence, Im f = (Im f*)*, which
is an FP module by Proposition [£.12
<) Let g: F — M be an R-module morphism. Again, Img = (Im ¢*)* which
is an FP module. Hence, M is an ML R-module, by Proposition If gis a
monomorphism, Im g* = (Im g*)** = (Im g)* = F*, g* is an epimorphism and M is
an SML module.
O

Corollary 6.4. Let M be a right R-module. M is an SML module iff for every
finitely generated submodule N C M the image N of the associated morphism
N — M is an FP module and the morphism M* — N* is an epimorphism.

Proof. =) N is an FP module by Il M* — N* is an epimorphism, by B.11
<) It is an immediate consequence of [6.21
(]

Proposition 6.5. Let M € (Qs-ch) be a reflexive R-module. M is an SML module
iff for any R-module N and any morphism g: N* — M, Coker g* is isomorphic to
an R-submodule of a quasi-coherent (right) module.

Proof. =) Let {F;}icr be a direct system of FP submodules of M such that
M = limF;. By 216l g factors through a morphism g;: N* — F;, for some
—

i e I rlfherefore, g* is the composite morphism of the epimorphism M* — [}
and gf: Ff — N. Hence, Img* = Im g} and Coker g* = Coker gf. By .19, there
exist finitely presented R-modules P and @) and an exact sequence of morphisms
0— Fr 5 P > Q. By[EI8 there exists a morphism ¢: P — A such that g} = tor.
Considering the obvious morphisms

we obtain that Coker g* is a submodule of a quasi-coherent R-module.
<) Let F be an FP module and f: F — M a morphism of R-modules. Let
f*: M* — F* be the dual morphism. We have to prove that Im f* is an FP (right)

module. Im f* preserves direct products since M* and F* preserve direct products.
There exist an R-module M and a monomorphism Coker f* < M. Let g be the
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composite morphism F* — Coker f* < M. Im f* = Ker g, which preserves direct
limits, by Therefore, Im f* is an FP (right) module.
O

Proposition 6.6. M is an SML module iff the cokernel of every morphism M* —
@ONR is isomorphic to an R-submodule of a quasi-coherent (right) module.

Proof. =) The morphism M* — ®yR factors through a direct summand R™ of
@®nR. Coker[M* — R"] is isomorphic to an R-submodule of a quasi-coherent
(right) module, by [6.5

<) Let f: R™ — M be a morphism of R-modules and let f*: M* — R" be the
dual morphism. Coker f* preserves direct products by[£.6l There exist an R-module
N and a monomorphism Coker f* < A. Coker f* = Im[R™ — N preserves direct
limits, by Therefore, Coker f* is an FP (right) module. Im f* = Ker[R" —
Coker f*] is an FP (right) R-module, by We have the epimorphism and the
monomorphism M* — Im f* — R"™. By I8 we have the epimorphism and the
monomorphism

R — (Im f*)* < M

Hence, Im f = (Im f*)* is an FP module. By [6.4] M is an SML module.
O

Theorem 6.7. M € (Qs-ch) is an SML module iff there exists a monomorphism
M — HjeJ P;, where Pj is a finitely presented (right) module, for each j € J.

Proof. =) Choose a set A of representatives of the isomorphism classes of finitely
presented (right) R-modules. Let B be the set of pairs (P, g), where P € A and
g € Homg (M, P). The “canonical” morphism

G:M— [ P, Gm):=(9(m))py
(P,g)eB

is a monomorphism: There exists a direct system {F;} of FP submodules of M, such
that M = limF; and the natural morphism M* — F} is an epimorphism, for any
—
iel
i. There exist a finitely presented (right) R-module @) € A and a monomorphism
gi: Fi — Q, by LT There exists f; € Homg (M, Q) such that fi|]Fi = g;, since the
morphism

Homp (M, Q) = M*(Q) — F;(Q) = Homg (F;, Q)

is surjective. Let m(g r,): H(P,g)eB P — Q be the projection onto the factor in-
dexed by (Q, fi). Therefore, G, is a monomorphism since 7o 1) © G|r, = fir, =
g;- Hence, G is a monomorphism.

<) Let i: M — HjeJ P; be a monomorphism, where P; is a finitely pre-
sented (right) R-module for each j € J. [[;P; preserves direct products. Hence,
M(TL,; Si) — I, M(S;) is injective, for any set {S;} of R-modules. Therefore, M is
an ML module.

Let F be an FP R-module and F < M a monomorphism. By 6.1l we have to
prove that the dual morphism M* — F* is an epimorphism. We can suppose that
M =[], P;. We have the commutative diagram (see Appendix)
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FoD“——sMoD

rdis (.9

DoF* ——=DoM*

Then, the morphism D o F* — D o M* is a monomorphism. Hence, the morphism
M* — F* is an epimorphism.
O

Definition 6.8. [7, IT 2.3.2] An R-module M is said to be a strict Mittag-Leffler

K3
R-module if for every finitely generated submodule N C M there exist a finitely
presented R-module P and a commutative diagram of morphisms of R-modules

oM
o Tep
\MK

Theorem 6.9. M is a strict Mittag-Leffler right R-module iff M is an SML mod-
ule.

Proof. =) For every finitely generated R-submodule N lé M there exist a finitely
presented (right) R-module P and a commutative diagram of morphisms of R-
modules

i M f
N/ \P
XM%

(where 7 is the morphism induced by ig). Hence, N := Imi ~ Im(f o i), which
is an FP module by 5. 111 The morphism M* — N* is an epimorphism since the
composite morphism P* — M* — N* is an epimorphism, by I8 By 64 M is
an SML module.

<) Let N € M be a finitely generated R-submodule. The image N of the
induced morphism N~ — M is an FP module, by B4 Let i: N < M be the
inclusion morphism. There exist a finitely presented (right) R-module P and a
monomorphism j: N < P, by There exist a morphism f: M — P such
that j = f o since the morphism M* — N* is an epimorphism (by B.3) and
j € N*(P). There exists a morphism g: P — M such that i = g o j since the
morphism P* — N* is an epimorphism by and i € N*(M). The diagram

is commutative. Hence, M is a strict Mittag-Leffler right module.
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7. APPENDIX: FUNCTOR D

Let D be the contravariant additive functor from the category of abelian groups
to the category of abelian groups defined by

D(N) = Homz(N,Q/ Z),

for any abelian group N. D is an exact functor and D(N) =0 iff N = 0.
We will say that H is a contravariant R-module if H is a contravariant additive
functor from the category of R-modules to the category abelian groups.

Proposition 7.1. Let M be an R-module and H a contravariant R-module. Then,
there exists a natural isomorphism

Homg (M, D o H) = Homp (H, D o M).

In particular, if M is projective then D o M s injective, and if H is projective
then D o H is injective.

Proof. Homgz(M(S), Homz(H(S),Q/Z)) = Homg(H(S), Homz(M(S),Q /Z)), for
any R-module S.
(]

Example 7.2. Given an R-module N', let N be the contravariant R-module de-
fined by

N/(S) := Homg(S, N")
Observe that N, is a projective R-module since Homg (N,,H) = H(N'). Let N
be a right R-module. Do N = D(N),. Hence, Do N =D oD(N)e and it is an
injective (right) R-module by Proposition[7.d} By Proposition [Z13, (D? o N')(Qs-ch)
is an injective object of (Qs-ch). By Proposition [£.26, (D* o N)(qs.cny(R) = D*(N)
is a pure-injective R-module.

Given a module N, let ix: N — D?(N) be the natural morphism defined by
in(n)(w) :==w(n), forany n € N and w € D(N) = Homz (N, Q /Z). The morphism
in is a monomorphism and it is easy to check that the composite morphism

D(N) 229 p3(N) ) D)

is the identity morphism.

Proposition 7.3. Let M be a right R-module and H a contravariant R-module.
Then, there exists a natural isomorphism

Homg (M o D, H) = Homg (M, H o D).

In particular, if M is projective then Ml o D s projective, and if H is injective
then H oD is injective.

Proof. Given a morphism f: MoD — H composing with D we obtain the morphism
MoD? = HoD. Let f’ be the composite morphism M — MoD? — HoD, that is,
I = fovy o M(in), for any R-module N.

Given a morphism g: M — H o D composing with D we obtain the morphism
MoD — HoD? Let g be the composite morphism M oD — HoD? — H, , that
is, gv = H(in) © gp(ny, for any R-module N.
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We have to prove that f = ]’\ and g = g’. The diagram

o2
e

M(ip(ny) 3 9
M(D(N)) — M(D*(N)) H(D*(N))
x \LM(D(iN)) lH(iN)

M(D(N)) — > H(N)

is commutative. Hence, fx = H(in) o fp2(ny o M(ip(n)) = H(in) o fH’D(N) = FN.
Likewise, g = 3.
O

Let N be a right R-module and let ¢: N ® g D(N) — Q/Z be defined by ¢(n ®
w) := w(n). We have a natural morphism

M* oD — DoM, f s f for any f € M*(D(N))

where f € (D o M)(N) = Homz(M(N),Q /Z) is defined by f(m) := ¢(fn(m)). By
Proposition [7.3] we have the natural morphism

M* - DoMoD, f s f, for any f € M*(N) = Homg (M, N),
where f € D(M(D(N))) = Homz(M(D(N)),Q / Z) is defined as f(m) = c(fp(n)(m)).
Proposition 7.4. The natural morphism
M* - DoMoD

is a monomorphism. In particular, M* is a well defined functor, that is, M*(N) is
a set for any R-module N.

Proof. The composite morphism
M*(N) = Homg (M, V) < Homg (M, D? o ') = Homg (D o NV, D o M)
= Homg (D(N)s,DoM) = (Do M)(D(N)) = (DoMoD)(N)
is injective. O
By Proposition [7.3] we have the natural morphism
MoD — DoM*, m— m for any m € M(D(N))

where m € (D o M*)(N) = Homgz(Homg (M, N),Q/Z) is defined by m(g) :=
c(g9p(nvy(m)), and the triangle

MoD Do M*

>~

M** oD

is commutative.

Proposition 7.5. If M preserves direct limits, then the natural morphism
M*oD - DoM

is an isomorphism.
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Proof. The contravariant functors M ~» M* oD, D oM are left-exact and transform
direct sums into direct products. By Theorem B.7] we have only to check that
PoD = Do P* for any finitely presented R-module. The functors M ~~ M o
D, D o M* are right exact and transform finite direct sums into finite direct sums
and RolD =D o R*, and we conclude.

O
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