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THE Z,-ORBIFOLD OF THE UNIVERSAL AFFINE VERTEX ALGEBRA

MASOUMAH AL-ALI

ABSTRACT. Let gbe a simple, finite-dimensional complex Lie algebra, and let V*(g) denote
the universal affine vertex algebra associated to g at level k. The Cartan involution on
g lifts to an involution on V*(g), and we denote by V*(g)?2 the orbifold, or fixed-point
subalgebra, under this involution. Our main result is an explicit minimal strong finite
generating set for V*(g)?2 for generic values of k. In the case g = sly, we also determine
the set of nongeneric values of k, where this set does not work.

1. INTRODUCTION

Starting with a vertex algebra V and a group G of automorphisms of V, the invariant
subalgebra V¢ is called a G-orbifold of V. Many interesting vertex algebras can be con-
structed either as orbifolds or as extensions of orbifolds. A remarkable example is the
Moonshine vertex algebra V*, which is an extension of the Z,-orbifold of the lattice vertex
algebra associated to the Leech lattice [B, FLM|]. A substantial literature has evolved on
the structure and representation theory of orbifolds under finite group actions including
[DVVV, DHVW, DM, DLMI, DLMII, DRX]. It is widely believed that nice properties of
V such as Cy-cofiniteness and rationality will be inherited by V¢ when G is finite. In [M],
Miyamoto proved the Cy-cofiniteness of V¢ when G is cyclic. Also, he recently established
the rationality with Carnahan in [CM].

Many vertex algebras depend continuously on a parameter k such as the universal
affine vertex algebra V*(g) associated to a simple, finite-dimensional Lie algebra g. An-
other example is the W-algebra W¥(g, f) associated to g together with a nilpotent element
f € g. Typically, if V¥ is such a vertex algebra depending on £, it is simple for generic val-
ues of k but has a nontrivial maximal proper graded ideal Z;, for special values. Often,
one is interested in the structure and representation theory of the simple graded quo-
tient V¥ /7, at these points. This is illustrated by Frenkel and Zhu in [FZ] to prove the
Cs-cofiniteness and rationality of simple affine vertex algebras at positive integer level,
and by Arakawa in [A] to prove the Cs-cofiniteness and rationality of several families of
Wh-algebras.

Let V* be such a vertex algebra and let G C Aut(V*) be a reductive group of auto-
morphisms. In addition to determining the generic structure of (V*)%, it is important to
determine the nongeneric set, where the strong generating set does not work. By a general
result of [CL], this set is always finite and consists at most of the poles of the structure
constants of the OPE algebra among the generators. Determining this set explicitly is not
an easy problem even using a computer, although examples where it has been worked
out appear in [ACL, ACKL, AL].

The primary objective of finding the nongeneric points is that it allows us to study
orbifolds of the simple quotient V; of V¥, provided that k is generic in the above sense.
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The quotient homomorphism V* — V), always restricts to a surjective homomorphism
(V= W),

so a strong generating set for (V*)“ descends to a strong generating set for (V;)“. In the
examples we consider, the most interesting values of k, for which (V)¢ is highly reducible,
turn out to be generic, so we obtain strong generators for (V)¢ as well.

In this paper, we study V*(g)?2. Here g is a simple, finite-dimensional Lie algebra and
V*(g) denotes the universal affine vertex algebra of g at level k. There is an involution
of g known as the Cartan involution, and it gives rise to the action of Z, on V¥(g). Let
| = rank(g) and let m be the number of positive roots, so that dim(g) = 2m + . Our main
result is that for any g with dim(g) > 3, V*(g)?2 is of type

w(im,24+() 36) 1),
for generic values of k. Here d = m + [. In this notation, we say that a vertex algebra is of
type W((dy)™, ... (d,)") if it has a minimal strong generating set consisting of n; fields in
weight d;, fori = 1,...,r. In the case g = sl,, there is one extra field in weight 4, so that
V*(g)%2 is of type W(1, 23, 3, 4%) for generic values of k.

The proof of this result can be done by using a deformation argument [LII, [CL] in the
sense that,
lim V*(g)™ = H(m) @ (H(d)™).

k—00

Here H(k) denotes the rank k£ Heisenberg vertex algebra, and Z, acts on the generators by
multiplication by —1. Moreover, the limiting structure has a minimal strong generating
set of the same type as V*(g)?2 for generic values of k. So the problem of finding a minimal
strong generating set for V*(g)?2 is reduced to finding the minimal strong generating set
for H(d)? for all d. In the case d = 1, H(1)%2 is of type W(2, 4) by a celebrated theorem of
Dong and Nagatomo [DNI]. We will show that for d = 2, H(2)*2 is of type W(23, 3,4?) and
for d > 3, H(d)™ is of type W(2d+(g), 3(3), 4). To the best of our knowledge, the minimal
strong generating set for #(d)?? does not appear previously in the literature. However, in
[DNII], the representation theory (d)%* was studied and the irreducible, positive-energy
modules of H(d)?* were classified.

Finally, in the case g = sl, we determine the set of nongeneric values; it consists only
of {0,1% 10 321 Tt follows that for all other values of k, the strong generating set for
V*(sly)? will descend to a strong generating set for the simple orbifold Lj(sl;)?2. Here
Li(sly) denotes the simple quotient of V*(sl,).

2. PRELIMINARIES

Vertex algebras. The notion of vertex algebra was introduced by Borcherds [B] back in
the eighties. Since then, it has been in a remarkable progress of study (see for example
[B, FLM, K| [FBZ]). We will use the formalism developed in [LZ] and [Lil]. Roughly
speaking, a vertex algebra is a quantum operator algebra A in which any two elements
a,b are local. By local, we mean that there exists some positive integer N such that (z —
w)Na(2),b(w)] = 0. Here A is assumed to be a Z,-graded, and [a(z), b(w)] is the super
bracket, that is [a(z), b(w)] = a(2)b(w) — (=1)l*lb(w)a(z). There are many definitions for
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vertex algebra, and this is an equivalent definition in [FLM]. Each a € A has a unique
representation by the following formal distribution:

a=a(z) = Z a(n)z~""t € End(V)[[z,271]).

nez
The normally ordered product of fields in a vertex algebra A is called the Wick product,
and is defined by
ca(2)b(w) : = a(2)_b(z) + (=1)Pb(2)a(z) 4,
where a(z), b(w) € A, and

a(z)- = Z a(n)z™" ' alz)y = Z a(n)z "1,

n<0 n>0

The k-fold iterated Wick product is defined inductively as follows:
tap(2) - an(2) =1 ar(2)( ag(z) - an(z) 1) o

for ai(2),...,a,(z) € A. The operators product expansion (OPE) formula for a,b € A is
defined by

(2.1) a(z)b(w) ~ Z a(w) o, b(w)(z — w)™",

n>0

where ~ means equal modulo terms that are regular at z = w. Here o,, denotes the n'"
circle product, which is defined by

a(w) o, b(w) = Res.a(2)b(w)tyz)s ) (2 — w)" = (=1) " Res.b(w)a(2)1ju)> 2 (2 — w)",

where 1.~ f(z,w) € C[[z, 27, w,w™!]] denotes the power series expansion of a rational

function f which converges in the domain |z| > |w|, while Res.a(z) denotes the coeffi-
cient of z~'. The d.a(z) is the formal derivative 9, = .

A subset S = {a;|i € I} C Aissaid to generate A if every a € Ais a linear combination
of words in a;, o, for i € I and n € Z. Moreover, we say that S strongly generates A if every
a € Ais a linear combination of words in a;, o,, for n < 0. Equivalently, A is spanned by
the ordered monomials

(2.2) {:0"a;, ---0"a;, : iy,....im €L, 0<k; < <kpn}.

If I can be chosen to be finite, then A is called strongly finitely generated.
We say that S freely generates A if there are no nontrivial normally ordered polynomial
relations among the generators and their derivatives.

Our work hinges mainly on the universal affine vertex algebras. Let g be a finite-dimensional
Lie algebra over C, furnished with a nondegenerate, symmetric, invariant bilinear form
B. The affine Kac-Moody algebra § = g[t,t~']®C,, determined by B, is the one-dimensional
central extension of the loop algebra g[t,t~!] = g®C|t,t~!], where a generator « is the cen-
tral charge. The Lie algebra g is spanned by (¢ ® t",( € g,n € Z, k), and these generators
satisfy the following Lie bracket:

(2.3) Cot"n@t"] =[(,n] @ "™ +nB(C,N)0nimok, [K,(Dt"] =0,

and Z-gradation deg(¢ ® t") = n, and deg(x) = 0.
Let g4 = >, 8, where g, denotes the subspace of degree n. For k € C, let Cj, be the
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one-dimensional g;-module on which { ®t" acts trivially for n > 0, and « as a multiplica-
tion by scalar k. Define V;, = U(3)®u s, )Ck, and let X¢(n) € End(V},) be the linear operator
representing ¢ ® t" on V. Define X¢(z) = >, X¢(n)z""! to be an even generating field
of conformal weight 1, and satisfies the OPE relation

(2.4) X6 (2)X(w) ~ kB(¢,n) (2 —w) 7 + X (w) (2 —w) ™

The vertex algebra V*(g, B) generated by {X%|¢; € g} is called the universal affine
vertex algebra associated to g and B at level £. It has a PBW basis

(2.5) PORIXG QR X O X g X s >0, K> > KD >0,

A special case is when g is a simple Lie algebra, the bilinear form B is then defined to
be the normalized Killing form. Then (2.3) can be defined in this case as follows:

(@t n@t"] = [(.n] @ "™ +n((|n)dn+mok, [K, (@] =0,
for ¢,n € g,n,m € Z. Here (.|.) is the normalized Killing form, and is defined as

1
(.].) = %(., Dkg>
where h" is the dual Coxeter number of g. In this case, we denote V*(g, B) by V¥(g).

According to the Cartan-Killing classification, we have the following list for the simple,
finite-dimensinal Lie algebras over C.

Classical Lie Algebras:
(1) sl,41,n > 1, and it has Cartan notation 4,,,
(2) s09,41,n > 2, and it has Cartan notation B,,

(3) sp,,,n > 3, and it has Cartan notation C,,,
(4) s05,,n > 4, and it has Cartan notation D,,.

Exceptional Lie Algebras:

(1) G27
(2) F47
(3) E6, E7, or ES-

Let {Gi,..., ¢} be an orthonormal basis for g relative to (.|.). There is a natural con-
formal structure of central charge % ﬁin}:(vg) on V*(g) with the Virasoro element L(z), that
is

1 n
2.6 L - - C X Ci(2) XS .
(2.6) () = 5y 2o XX @)

=1
where k£ # —h". In this case, the Virasoro element is called the Sugawara conformal vector.
For k = —hY, the Virasoro element L(z) does not exist.

For the case where g is an abelian Lie algebra. Since B is nondegenerate, V*(g, B) is just
the rank n Heisenberg vertex algebra H(n). If we choose an orthonormal basis {(i, .. ., (,}
for g, then H(n) is generated by {a’ = X%|i =1,...,n}.




Good increasing filtrations. [Lill] A good increasing filtration on a vertex algebra A is
a Z>-filtration

(2.7) .A(o) C A(l) C .A(g) e, A= U A(d)
d>0

satisfying that Ay = C, and for alla € Ay, b € A,y we have

(2.8) ao,be Apgs), for n <O,

(2.9) ao,be Apqs—1y, for n>0.

Let A_; = {0}. An element a(z) € A has at most degree d if a(z) € Ay).

The associated graded algebra gr(A) = @ ,., A/ Aw-1) is a Z>o-graded associative,
(super)commutative algebra with a unit 1 under a product induced by the Wick product
on A. It has a derivation 0 of degree zero.

For each r > 1, we have the projections

(2.10) ©Or - .A(,n) — A(r)/A(r_l) C gl‘(.A)

Let R be the category of vertex algebras associated with a Z-filtration. For any vertex
algebra A € R, the 0-ring, namely gr(.A) is an abelian vertex algebra. The following
reconstruction property is the key peculiarity of R [LL]:

Lemma 2.1. Given a vertex algebra A € R. Consider the collection {a;|i € I} that generates
gr(A) as a 0-ring, where a; is homogenous of degree d;. Then A is strongly generated by the
collection {a;(2)|i € I}, where a;(2) € Aa,) such that ¢4, (a;(2)) = a;.

We define an increasing filtration on V*(g) for any simple Lie algebra g as follows:

(2.11) Vi@ c Vi@ . Vi) = VHe)w

r>0

where V*(g)_1) = {0}, and V*(g)(, is spanned by the iterated Wick products of the gener-
ators X% and their derivatives, such that at most r of the generators and their derivatives

appear.

So, V*(g) equipped with this filtration lies in the category R. The Z-associated graded

algebra
d>0

is now an abelian vertex algebra freely generated by X%. Then, V*(g) = gr(V*(g)) as
linear spaces, and as commutative algebras we have

gr(VH(g)) = C[X4,0X%, 0 X%, ...
3. THE Zy-ORBIFOLD OF H(n)

The rank n Heisenberg vertex algebra #(n) is the tensor product of n copies of rank

1 Heisenberg vertex algebra # with even generating fields o', ..., a". These satisfy the
OPE relations
3.1) al(2)ad (w) ~ 8 (2 —w) ™2
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There is a conformal structure of central charge n on #(n) with the Virasoro element L(z)
(3.2) L(z) =5 ) :a'(2)a'(2)

where each o' is primary of weight 1.
H(n) is freely generated by !, ..., a" and has a PBW basis as follows

(3.3) cMal . Fal . 9o, O o5 >0, K> > k; > 0.
Filtrations on #(n). Define an increasing filtration on H(n) as follows:
(3.4) H(n)o) C H(n)yy CHM)e €+, Hn)=JH{0)q.
d>0

where H(n)_1) = {0}, and H(n) is spanned by the iterated Wick products of the gener-
ators o' and their derivatives such that at most r of o' and their derivatives appear.

From defining the OPE relation (3.1)), this is a good increasing filtration, and so, H(n)
equipped with such a good filtration lies in the category R. The OPE relation will be
replaced with o'(z)a’ (w) ~ 0. The Zsq-associated graded algebra

gr(H(n)) = P H(n)@/H®n)@)

is now an abelian vertex algebra freely generated by «o'. The rank n Heisenberg vertex
algebra H(n) equipped with such filtrations lies in the category R. Then, H(n) = gr(H(n))
as linear spaces, and as commutative algebras, we have

gr(H(n)) =2 C[0"a'la > 0,i=1,...,n].

The subgroup Z, of the automorphism group of #(n) generated by the nontrivial invo-
lution § which acts on the generators as follows:

(3.5) 0(a') = —a'.
The OPE relations will be preserved by this action on #(n), that is
a'op, al = 0(a’) oy, O(a?)
for all m as well as the filtration (3.4), and induces an action of Z, on gr(#(n)).

Going back to #H(n)?2, it is also spanned by all normally ordered monomials of the form
(B.3), where the length s; + --- + s, is even. Since H(n) is freely generated by o', these
monomials form a basis for H(n)?2, and the normal form is unique.

The filtration on H(n)%? is obtained from the filtration (3.4) after restriction as follows:
(H(n)*)@o) C (H(n)™)qy C -+,  H(n)» = U(H(”)Z2)(d)>
d>0
where (H(n)%2) ) = H(n)® N H(n) ).
The action of Z, on H(n) descends to an action on gr(#(n)), and so we have a linear

isomorphism H(n)?2 = gr(#(n)??) as linear spaces. Similarly, Z, acts on gr(H(n)) =
Clo*“a‘la > 0,i =1,...,n], and so we have a linear isomorphism
(3.6) gr(H(n)™) = gr(H(n))™ = C[0°a’la > 0,i=1,...,n)"
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as commutative algebras. The weight and degree are preserved by (3.6) where wt(9a") =
a+1.

Recall, the gr(#(n))” is a commutative algebra of even degree with a differential 9 of
degree zero, and it extends to gr(#(n))?2 by the product rule, that is

dageq) = gy + O‘fzaljﬂ-l‘
Define

Uy = Qa4 = @,
as generators for gr(#(n))”. The action of J on these generators is defined as follows:
(3.7) 8@22) = quz’-Zi-l,b + qZ,ZbJrlv 8(%?1;) = q;’il,b + (JZ,’bH-
The action of Z, on the gr(#(n)) which is given by 0(a;,) = —a, guarantees that gr(H(n))Z2
is generated by the subset {¢.}, ¢.%|a,b >0, 1 <1i,j < n}.Since ¢, = g, and ¢, = q/’s.,
so gr(H(n))” is generated by the subset

(3.8) {q;Zb\O <a<b, i=1,...,n} U{q;]b\O <a,b, 1<i<j<n}.

Among these generators, the ideal of relations is generated by
(3'9) qTSqtu_q:‘{U‘qgt7 i7j7k7l:17”’7n7 0§T787t7u’
Under the projection

21 (H(n)™)@) = (H(n)™)@)/(H(n)*)o) C gr(“fl(n)h)a

the generators ¢}, 4.7, of gr(H(n))? correspond to fields w.}, respectively defined by

ab7

(3.10) w”b =:0" ()" (2) 1 € (H(n)™)), 0<a<b, i=1,...,n,

(3.11) w”b =:0"(2)0"(2) : € (H(n)™)@), a,b>0, 1<i<j<n.

The fields .}, w’, satisfy pa(w W) = 4 w2(wi) = ¢i, respectively and have weight
a + b+ 2. Note that > wgo = 2L, where L is the Virasoro element. The subspace
(H(n)?)(2) has degree at most 2, and has a basis {1} U {wa b Wa}- Moreover, for m > 0,

the operators w,,0,, preserve this vector space [LI]. For a,b,c >0, 0 <m <a+b+c+1,
and i < j, we have

c 1 __ a (CL +c+ 1)' a+b+ct+l—m _j
(3.12) ab 0, 0 = (-1) (a+c+1—m)!a o’
,] c (b—l—C—l—l)' a ct+1-m i
(3.13) Wy © m 0% = (— 1)b(b+c+1—m)!8+b+ tlemat,
(3.14) Wifb o, 860/ _ Aa,b,c,m8a+b+c+1_mai7
where
b+c+1)! (a+c+1)!
Mapem = (—1)° ( —1)* .
b ( )(b+c+1—m)!+( ) (a+c+1—m)!
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It follows that form < a+b+c+1,and i < j < k we have
i, 7 a (&‘I‘C‘I‘l)' j,J

7] C,J - (_1) (CL te+1— m)!wij—b-‘rc-‘rl—m,d
(b+d+1)! i

(b +d+1— m)!wa+b+d+1—m,c’

(3.15) +(=1)°

(b+c+1)! ik

i, 7.k b
(3.16) Wy Oom Wiy = (—1) et _m)'wa+b+c+1_m’d,
i, 6 _ i,J
(317) wa,b Om Wc,d - Aa,b,c,mwa+b+c+1_m7d7
Wi .3
(3'18) (], b O w d - )\a,b,d,mwc,a—i-b—i-d—i-l—m?
(3.19) Wb Om We g = )\a7b707mwa+b+c+1—m,d + )‘a,b,d,mwc,a+b+d+1—m'

As a differential algebra with derivation 0, some of the generators in the generating set
(B.8) for gr(H(n))% can be eliminated due to (8.7). For m > 0, let

A, = span{wi’i la+b=m}

be the vector space which is homogenous of weight m + 2. Using the relation g} b =

wa+17b + Wa,b+1/ we see that dim(Asy,,) = m + 1 = dim(Ay,.1), for m > 0. Moreover,
8(14m) C Am—l—lu and

(3.20) dim(Azp /0(Azm-1)) =1, dim(Azp41/0(A2m)) =0

Thus, A,,, has a decomposition

(3.21) Asm = 8(Asm1) ® (W5lam) = 0 (Aam—2) ® (W5zm);

where (wégm) is the linear span of wé’fzm. Similarly, As,,+1 has a decomposition
(3.22) Apmi1 = 0% (Agm—1) B (0wilom) = 0°(Asm—2) & (Owgs,)-
Therefore,

span{e{tla + b — 2m} — span{0*ul, . l0 < k < m)
and .. ..
span{w,’a + b = 2m + 1} = span{0*"* w510 < k < m}

are bases of Ay, and A, 11, respectively and so for each w;Zb € A,,, and wiii € Ay can
be written uniquely in the form

(3.23) W, b = Z )‘ka%wo oam—2k>  Ye, el = Z :Ukazkﬂwo 2m—2k’

for constants Ay, ji.
Similarly, form > 0, let A, = span{wi’fé\a + b = m}, and use the relation 8w2’§) =
Wyl T Weper- We have dim(A],) = m + 1, for m > 0. Moreover, 9(4},) C 47, ,, and

(3.24) dim(A4],/0(Al,_,)) = 1.
Hence, A], has a decomposition
(3.25) A = (AL 1) @ (wia)



where (wéjm> is the linear span of wé”m Therefore,
span{wi’ﬂa +b=m} = span{@kwé%_km <k <m}

is a basis of A’ . It follows that for each w”/

rm—r

(3.26) W = (1) (,Z) O

k=0

€ A;, can be written uniquely in the form

wherer =0,...,m.

The following lemma gives a strong generating set for H(n)?2, which as we shall see is
far from minimal.

Lemma 3.1. H(n)?2 is strongly generated as a vertex algebra by the subset

(3.27) {wé’;m|m >0, and i=1,...,n} U{wf)]m|m >0, and 1 <i<j<n}.

Proof. Since gr(H(n))?2 = gr(H(n)?2) is generated by the subset
{@5omlm >0, i=1.....n}{ Haglm >0, and 1 <i<j<n}
as a 0-ring, Lemma 2.7l shows that the corresponding set strongly generates #(n)?? as a

vertex algebra. 0

4. MINIMAL STRONG GENERATING SET FOR H(n)%?

In this section, we give a minimal strong generating set for 7(n)”2. First, we recall the
case n = 1, which is due to Dong and Nagatomo [DNI]. For simplicity of notation, we
write w,p = w.y and gop = qi; in this case, and we include the proof for the benefit of the
reader.

Theorem 4.1. (Dong-Nagatomo) H(1)% has a minimal strong generating set {wo o, wo 2} and is
of type W(2,4).

Proof. Among the generators {qo2m| m > 0} of gr(H(1))%, the first relation of the form
(3.9) occurs of minimal weight 6, and has the form

(4.1) 0,091,1 — Go,190,1 = 0.
This relation is unique up to scalar. The corresponding element : wgowi 1 @ — @ wWo1Wo1 :
lies in (#H(n)%) (7). This element does not vanish, but it has a correction of the form

5 7 7
4.2 : D= P=—= ~0? — —0%woy.
(4.2) Wo,0W1,1 Wo,1Wo,1 4W0,4 + 1 wo,2 24 Wo,0
Furthermore, we have

1 1

(4.3) Wo,1 = 58000,0, w1 = —Wo2 582%,0-

Thus, (4.2) can be rewritten in the form
(4.4) woa = Pi(wo0,wo2),

where Pj(wo,wo,2) is a normally ordered polynomial in wy o, wp,2, and their derivatives.
This is called a decoupling relation, as w4 can then be expressed as a normally ordered
polynomial in wy ¢, wo 2 and their derivatives.
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Next, we can construct decoupling relations

(4.5) Wo2m = sz(wo,o, w0,2)>

expressing wo 2., as a normally ordered polynomial in wq,wp 2 and their derivatives, for
all m > 2. We need the calculation

(4.6) wo,2 01 Wo 2k = (8 + 4k)wo k2 + 0711,

where . is a linear combination of 0*"wg o5 o, for r = 0, ..., k. We can then construct the
relations (4.5) inductively by applying the operator wy 50, repeatedly to (4.4).

It follows that #(1)% is strongly generated by {wo,wo2}. To see that this is a minimal
strong generating set, it suffices to observe that no decoupling relations for wy o, wy 2 can be
found since there are no relations of weight less than 6 in gr(#(1))”2 of the form (3.9). O

The main result in this section is

Theorem 4.2. (1) For n = 2, H(2)™ has a minimal strong generating set

1,2 12 22 22
(4.7) {Womwom 01,w02,w00,w02,},

and is of type W(23, 3, 42).
(2) Forn > 3, H(n)" has a minimal strong generating set

(4.8) {wgol i =1, o} Hwnhwotl 1 <i <5 < n}  Hwns),
and is of type wemt() 3() 4).

Proof. First, we consider the case n = 2. By replacing w2, with wgs,, in @4) and @5) for
i = 1,2, we obtain decoupling relations

Woam = Pom (50, w55
fori = 1,2 and all m > 2. Then by Lemma[B.1} #(2)* has a strong generating set

{womwo 2=W0 07W0 2} U{Wo my M > 0}

Next, we have the following relation at weight 5 among the generators of gr(#(2)%?)

1,2 22 12 22
(4.9) 90,091 — 90,190 = 0-
The corresponding element : wé gwg 2. — wé fwgg in (#(2)%2)(2) has a correction of the
form

1
(4.10) : wéjgwgf : wé fwgg = —§w0 2+ Q&u — —02w01 83w00

This can be rewritten as follows:

(4.11) wos —Q3(W007w007w017w02)

1,2 1,2 2,2 1,2 1,2
where Q(wo 0> W00, Wo'1s Wo »5) is a normally ordered polynomial in Wol> W00, Wo1 wo 5, and

their derivatives
Next, by applying the operator wg’g o, repeatedly, we can get decoupling relations

22 12 12 1,2
(4.12) WOm—Qm(W00>W02>W00>W01aW02)
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for all m > 3. This follows from the calculation

2,2 12
(4.13) Wo,1 C1Wor = ~Wo k41

12 12 1 1,1 I 59 1,122 .

This shows that w§;§ is unnecessary, hence the set (4.7) suffices to strongly generate 7 (2)%2.
The fact that this set is a minimal strong generating set is clear since there are no relations
of weight less than 5 of the form (3.9).

Finally, we consider the case n > 3. As above, for 7 = 1,...,n and m > 2 we have
relations

Wo,2m = Pm(Wo,Oa w072).
So wyy,, can be eliminated for all m > 2.

For n > 3, we can do a bit better than the relations (4.11) and (4.12), since we have the
following relations at weight 4 in gr(H(n)?2) forall i < j < k,

i,J g,k ik _jJj _
(4.15) G000 — 90,090 = 0-
The corresponding element : wgwy : — : wyowd  liesin (#(n)”2) ), and has a correction
of the form
416 bk ik g ki g ik Laa ik
(4.16) FWooWpo 1 T F W oWop f = 5“0,2 — 0wy + ) Wo,0-

We can clearly rewrite in the form

i,k __ 3J 43, gk ko ik
(4.17) Wo,2 = TZ(%,O» Wo,05 Wo,00 Wo,0; Wo,l)v

where T5(wyp, Wi, Whlo, Woo: Wo'1) is @a normally ordered polynomial in wyg, we, Wi, Wolo, Wo 1,
and their derivatives.

As above, by applying the operator w('i’f o; repeatedly, we can construct relations
(4.18) Wi = T (W, Wy 0 31, w5, )
for all m > 2. This shows that wé’ffn can be eliminated for all m > 2.
Finally, for all j with 1 < j < n, we have the relation
- 1 1, y
1j, 1j._ 1 11 g L1 g
(4.19) L WodwWold 1 = SWol2 T 5“(]),324‘ L WoloWdlp ¢ -

This shows that w}? can be eliminated for 1 < j < n. It follows that (8) strongly gen-
erates H(n)” for n > 3. The fact that it is a minimal strong generating set is again clear
since there are no more relations of weight less than 5 of the form (3.9). O

Notice that wg, wy's, Woh, Wel, Wb are not primary fields with respect to the Virasoro

tield
1 (N i ii
L(z) = 3 Z ra'(z)a'(z) = ) wi-

i=1 =1



It is easy to correct them to be a primary ones by adding a normally ordered polynomial in
the previous set and their derivatives. By a computer calculation, we obtain the following
primary fields:

1
1,1 K,k
CF = §(w0’0 —wyy), where k=2,...,n.
Cys = 2. : 18 h =1
072 —_— w072 - § . w070u)070 . _6 WO’()’ w 67‘6 7/ —_— PERIEE 7n,
6 6]
6 6] ,J
Co1 = wo1 — 5&00,07
. 4 .. 5 13
ijo 0 i b 2, g irj
Cop = Wy — g * W00 —|—§8 00 — 6&")0,1'

5. THE CARTAN INVOLUTION AND ITS EXTENSION TO V*(g)

Let us consider a simple Lie algebra g as above with | = rank(g) and m the number
of positive roots. With respect to a choice of base for the root system ®, we have the
triangular decomposition

g= b D n, D n_,
where h is the Cartan subalgebra with basis h,, r = 1,...,l, and ny has basis z3, for
i =1,...,m,and n_ has basis ys, for i = 1, ..., m. The Cartan involution ¢ of g is defined

as follows:
‘9(2}52) = “Ysis H(yﬁz> = —Ip; e(hr) = —h,.

Since 0 preserves the Lie bracket as well as the normalized Killing form, it extends to an
automorphism of the vertex algebra V*(g) given by the same formula, where h,, z4,, ys,
are now considered as the generating fields for V*(g).

To replace the generators h,, 25, ys, of V*(g) with a set of eigenvectors for 6, it is suitable
to apply a linear change of variables as follows:

Eg, = x5, + Ys,, Fy = x5, —ys, e
The action of § on the new generators will be as follows:
H(Eﬁl) = —Ljg, Q(Fﬁl) = Fg,, 0(h,) = —h,.

There is a PBW basis consisting of normally ordered monomials of the new generators
and their derivatives since the new generators are related to the old ones by a linear
change of variables.

Note that the fields Fj, lie in the orbifold V*(g)?2. Define additional generators of
V*(g)%2 as follows:

Quy” =1 0" B (2)0" By () -,

Qi = 0, ()0 B (2) -,

Qi =1 0", (2)0h(2) -,
which each have weight a + b + 2.
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A special case when g = sl;, we have only one positive root 5. An immediate conse-
quence that there is one element Fj3, one element Ej, and one basis vector i for . The
above elements can be given as follows:

Q) =: 0"Es(2)0"Ep(2) -,
Quy =: 0"h(2)0"Bp(2) -,
QM = 9°h(2)0h(2) : .

6. THE Zy-ORBIFOLD OF V*(g)

At this point, we are ready to state our main theorem which describes V*(g)%* for
generic values of .

Theorem 6.1. Let g be a simple, finite-dimensional Lie algebra, and let | = rank(g), m the number
of positive roots, and set d = m + [.

(1) For g # sly, and k generic, V*(g)%* has a minimal strong generating set
asy .5 h u h "~Mu
{Fﬁn 5 51)’ 0261 Q : tﬁ : O,tlﬁ }’

for1<i<m,1<a<b<m,1<r<s<l[1<t<landl <wu<m. In particular,
VE(g)% is of type W(1™, 24(2) 3(2) 1),
(2) For g = sly and k generic, V*(g)? has a minimal strong generating set

h,h
{FQ00> 007 0,2> 007 Ova

and in particular, is of type W(1, 23,3, 4?).

Proof. Let n = 2m + | = dim(g). By the deformation argument of [LII], we have

lim V*(g) = H(n).

k—o0
Here #(n) is the rank n Heisenberg algebra with generators Fj,, E3, and h,. We shall use
the same symbols for the limits of these fields when no confusion may arise. Moreover,
Zsy acts trivially on the rank m Heisenberg subalgebra generated by {Fj| i = 1,...,m,
and it acts by —1 on the rank d = m + [ Heisenberg algebra with generators {Eg,, h,| i =
L...,m, m=1,... 1} We get

lim VE(g)™ = H(m) @ (H(d)™).
In the limit £ — oo, the fields Fj, are the generators of 7{(m), and the remaining quadratic

fields are precisely the generators for H(d)?2. The claim in both cases then follows by
Theorem 4.2] O

For the reader’s convenience, the following table shows the dimension, rank /, and the
number of positive roots m, for each simple Lie algebra in the Cartan-Killing classifica-
tion.

13



H Lie algebra Dimension Rank! The number of positive roots m H
sl (n+1)2-1 n WTJF”)
502n+1 MSH) n n?
Py, n(2n +1) n n?
509, &;_1) n n®>—n
Gy 14 2 6
Fy 52 4 24
FEg 78 6 36
E; 133 7 63
s 248 8 120

7. THE NONGENERIC SET FOR V*(sly)%2

In this section we work in the usual root basis for sl;, so we shall change our nota-
tion here. Let {z,y,h} be an ordered basis of sl, satisfying the following commutation
relations:

[l',y] = h? [h> {L‘] = 2!13', [h> y] = _2y'
Let X, X¥ X" be generating fields for V;(sl), where each of conformal weight 1, and
satisties the OPE relations

(7.1) X7(2) XY (w) ~ k(z — w) 2 + X" (w)(z — w) 7,
(7.2) X)X (w) ~ 2X*(w)(z —w) ™,

@3) XM )XV (w) ~ =2X7(w)(z = w) 7,

(7.4) XM X Mw) ~ 2k(z — w) ™2

The affine vertex algebra Vj(sly) is freely generated by the even generators X*, X¥, X"
and in particular it has a PBW basis as follows

(7.5) LOMXT L XTOM XY R XVOR X R X
s; >0, k§2~-~2k;20, for 1=1,2,3.

The action of ¢ is given by
O(X") = —XY,  O(XY)=—X",
Changing the basis to the basis of eigenvectors yields:
(7.6) G=X"+XV, F=X"-XV
The nontrivial involution 6§ acts on the new generators as follows:

0G) = -G, OF)=F,  60(H)=—H.

(X" = —X"

H=X"
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Define ' '
Qij=:0G(2)G(2): € (Vk(ﬁ[g)ZQ)(g),

Uj=:0"H(2)¥ H(z) : € (V¥(s12)™)2),
‘/i,j = 8ZH(Z)8JG(Z) L€ (Vk(ﬁ[g)Z2>(2)
as new generators for V*(sl,), where each have weight i + j + 2.

By Theorem [6.T] the strong generators for V*(sly) are {F, Qo.0, Uo.o, Uo2, Vo0, Vo1, Vo2 }-
These fields close under OPE in the sense that for any a4, a; in the above set, each term
in the OPE of «;(2)as(w) can be expressed as a linear combination of normally ordered
monomials in these generators. The coefficients of these monomials are called the struc-
ture constants of the OPE algebra, and they are all rational functions of k. The set of non-
generic values of k where the strong finite generating set for V*(sl;)*> does not work can
be determined here. By Theorem 5.3 of [CL], the only nongeneric values of % are the poles
of these structure constants. Clearly there are at most finitely many such poles. Using K.
Thielemans” Mathematica package [T, the full OPE algebra among these generators was
calculated, and we find that the poles of the structure constants lie in the set

16 16 32
0509 3h
It follows that all other values of k are generic.

An immediate consequence is the following;:

Corollary 7.1. For k # 0,18, 38, =32 V¥ (sl,)% is of type W(1, 2, 3,4?).

’) 510 9
8. ACKNOWLEDGEMENTS

I would like to express my deep appreciation and gratitude to Prof. Linshaw for his
immense knowledge, useful discussions, and valuable suggestions throughout this work.

REFERENCES

[A] T. Arakawa, Rationality of W-algebras: principal nilpotent cases, Ann. Math. vol. 182, no. 2 (2015),
565-604.

[ACL] T. Arakawa, T. Creutzig, and A. Linshaw, Cosets of Bershadsky-Polyakov algebras and rational W-
algebras of type A, Selecta Math. New Series, 23, No. 4 (2017), 2369-2395.

[ACKL] T. Arakawa, T. Creutzig, K. Kawasetsu, and A. Linshaw, Orbifolds and cosets of minimal VW-algebras,
Comm. Math. Phys. 355, No. 1 (2017), 339-372.

[AL] M. Al-Ali and A. Linshaw, The Zs-orbifold of the Ws-algebra, Comm. Math. Phys. 353, No. 3 (2017),
1129-1150.

[B] R. Borcherds, Vertex operator algebras, Kac-Moody algebras and the monster, Proc. Nat. Acad. Sci. USA
83 (1986) 3068-3071.

[CL] T Creutzigand A. Linshaw, Cosets of affine vertex algebras inside larger structures, arXiv:1407.8512v4.

[CM] S.Carnahan and M. Miyamoto, Regularity of fixed-point vertex operator algebras, arXiv:1603.05645.

[DHVW] L. Dixon, J. Harvey, C. Vafa, and E. Witten, Strings on orbifolds, Nucl. Phys. B 261 (1985) 678-686.

[DLMI] C. Dong, H. Li, and G. Mason, Compact automorphism groups of vertex operator algebras, Int. Math.
Res. Not. 18 (1996), 913-921.

[DLMII] C. Dong, H. Li, and G. Mason, Twisted representations of vertex operator algebras, Math. Ann. 310
(1998), 571-600.

[DM] C.Dong and G. Mason, On quantum Galois theory, Duke Math. J. 86 (1997), 305-321.

[DNI] C. Dong and K. Nagatomo, Classification of irreducible modules for the vertex operator algebra M (1),
J. Algebra 216 (1999) no. 1, 384-404.

15



[DNII] C. Dong and K. Nagatomo, Classification of irreducible modules for the vertex operator algebra M (1)*

[DRX]

II. Higher rank, J. Algebra 240 (2001) no. 1, 289-325.
C. Dong, L. Ren, and F. Xu, On orbifold theory, Adv. Math. 321 (2017), 1-30.

[DVVV] R. Dijkgraaf, C. Vafa, E. Verlinde, and H. Verlinde, The operator algebra of orbifold models, Comm.

[FBZ]
[FLM]
[FZ]

[K]
[LiI]

[LilI]
[L1]

[LII]
[LL]
[LZ]

(M]
[T]

Math. Phys. 123 (1989), 485-526.

E. Frenkel and D. Ben-Zvi, Vertex Algebras and Algebraic Curves, Math. Surveys and Monographs,
Vol. 88, American Math. Soc., 2001.

I. B. Frenkel, J. Lepowsky, and A. Meurman, Vertex Operator Algebras and the Monster, Academic
Press, New York, 1988.

I. B. Frenkel and Y. C. Zhu, Vertex operator algebras associated to representations of affine and Virasoro
algebras, Duke Math. J, Vol. 66, No. 1, (1992), 123-168.

V. Kac, Vertex Algebras for Beginners, University Lecture Series, Vol. 10. American Math. Soc., 1998.
H. Li, Local systems of vertex operators, vertex superalgebras and modules, ]J. Pure Appl. Algebra 109
(1996), no. 2, 143-195.

H. Li, Vertex algebras and vertex Poisson algebras, Commun. Contemp. Math. 6 (2004) 61-110.

A. Linshaw, Invariant theory and the Heisenberg vertex algebra, Int. Math. Res. Notices, 17 (2012),
4014-4050.

A. Linshaw, Invariant subalgebras of affine vertex algebras, Adv. Math. 234 (2013), 61-84.

B. Lian and A. Linshaw, Howe pairs in the theory of vertex algebras, J. Algebra 317, 111-152 (2007).

B. Lian and G. Zuckerman, Commutative quantum operator algebras, ]. Pure Appl. Algebra 100 (1995)
no. 1-3,117-139.

M. Miyamoto, Ca-cofiniteness of cyclic orbifold models, Comm. Math. Phys. 335 (2015) 1279-1286.

K. Thielemans, A Mathematica package for computing operator product expansions, Int. Jour. Mod. Phys.
C2(1991) p.787.

E-mail address: zlutf95@hotmail . com

16



	1. Introduction
	2. Preliminaries
	3. The Z2-orbifold of H(n)
	4. Minimal strong generating set for H(n)Z2
	5. The Cartan involution and its extension to Vk(g)
	6. The Z2-orbifold of Vk(g)
	7. The nongeneric set for Vk(sl2)Z2
	8. Acknowledgements
	References

