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THE Z2-ORBIFOLD OF THE UNIVERSAL AFFINE VERTEX ALGEBRA

MASOUMAH AL-ALI

ABSTRACT. Let g be a simple, finite-dimensional complex Lie algebra, and let V k(g) denote
the universal affine vertex algebra associated to g at level k. The Cartan involution on
g lifts to an involution on V k(g), and we denote by V k(g)Z2 the orbifold, or fixed-point
subalgebra, under this involution. Our main result is an explicit minimal strong finite
generating set for V

k(g)Z2 for generic values of k. In the case g = sl2, we also determine
the set of nongeneric values of k, where this set does not work.

1. INTRODUCTION

Starting with a vertex algebra V and a group G of automorphisms of V , the invariant
subalgebra VG is called a G-orbifold of V . Many interesting vertex algebras can be con-
structed either as orbifolds or as extensions of orbifolds. A remarkable example is the
Moonshine vertex algebra V ♮, which is an extension of the Z2-orbifold of the lattice vertex
algebra associated to the Leech lattice [B, FLM]. A substantial literature has evolved on
the structure and representation theory of orbifolds under finite group actions including
[DVVV, DHVW, DM, DLMI, DLMII, DRX]. It is widely believed that nice properties of
V such as C2-cofiniteness and rationality will be inherited by VG when G is finite. In [M],
Miyamoto proved the C2-cofiniteness of VG when G is cyclic. Also, he recently established
the rationality with Carnahan in [CM].

Many vertex algebras depend continuously on a parameter k such as the universal
affine vertex algebra V k(g) associated to a simple, finite-dimensional Lie algebra g. An-
other example is the W-algebra Wk(g, f) associated to g together with a nilpotent element
f ∈ g. Typically, if Vk is such a vertex algebra depending on k, it is simple for generic val-
ues of k but has a nontrivial maximal proper graded ideal Ik for special values. Often,
one is interested in the structure and representation theory of the simple graded quo-
tient Vk/Ik at these points. This is illustrated by Frenkel and Zhu in [FZ] to prove the
C2-cofiniteness and rationality of simple affine vertex algebras at positive integer level,
and by Arakawa in [A] to prove the C2-cofiniteness and rationality of several families of
W-algebras.

Let Vk be such a vertex algebra and let G ⊂ Aut(Vk) be a reductive group of auto-
morphisms. In addition to determining the generic structure of (Vk)G, it is important to
determine the nongeneric set, where the strong generating set does not work. By a general
result of [CL], this set is always finite and consists at most of the poles of the structure
constants of the OPE algebra among the generators. Determining this set explicitly is not
an easy problem even using a computer, although examples where it has been worked
out appear in [ACL, ACKL, AL].

The primary objective of finding the nongeneric points is that it allows us to study
orbifolds of the simple quotient Vk of Vk, provided that k is generic in the above sense.
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The quotient homomorphism Vk → Vk always restricts to a surjective homomorphism

(Vk)G → (Vk)
G,

so a strong generating set for (Vk)G descends to a strong generating set for (Vk)
G. In the

examples we consider, the most interesting values of k, for which (V)G is highly reducible,
turn out to be generic, so we obtain strong generators for (Vk)

G as well.

In this paper, we study V k(g)Z2 . Here g is a simple, finite-dimensional Lie algebra and
V k(g) denotes the universal affine vertex algebra of g at level k. There is an involution
of g known as the Cartan involution, and it gives rise to the action of Z2 on V k(g). Let
l = rank(g) and let m be the number of positive roots, so that dim(g) = 2m+ l. Our main
result is that for any g with dim(g) > 3, V k(g)Z2 is of type

W
(

1m, 2d+(
d

2), 3(
d

2), 4
)

,

for generic values of k. Here d = m+ l. In this notation, we say that a vertex algebra is of
type W((d1)

n1 , . . . (dr)
nr) if it has a minimal strong generating set consisting of ni fields in

weight di, for i = 1, . . . , r. In the case g = sl2, there is one extra field in weight 4, so that
V k(g)Z2 is of type W(1, 23, 3, 42) for generic values of k.

The proof of this result can be done by using a deformation argument [LII, CL] in the
sense that,

lim
k→∞

V k(g)Z2 ∼= H(m)⊗
(

H(d)Z2
)

.

Here H(k) denotes the rank k Heisenberg vertex algebra, and Z2 acts on the generators by
multiplication by −1. Moreover, the limiting structure has a minimal strong generating
set of the same type as V k(g)Z2 for generic values of k. So the problem of finding a minimal
strong generating set for V k(g)Z2 is reduced to finding the minimal strong generating set
for H(d)Z2 for all d. In the case d = 1, H(1)Z2 is of type W(2, 4) by a celebrated theorem of
Dong and Nagatomo [DNI]. We will show that for d = 2, H(2)Z2 is of type W(23, 3, 42) and

for d ≥ 3, H(d)Z2 is of type W(2d+(
d

2), 3(
d

2), 4). To the best of our knowledge, the minimal
strong generating set for H(d)Z2 does not appear previously in the literature. However, in
[DNII], the representation theory H(d)Z2 was studied and the irreducible, positive-energy
modules of H(d)Z2 were classified.

Finally, in the case g = sl2 we determine the set of nongeneric values; it consists only
of {0, 16

51
, 16

9
,−32

3
}. It follows that for all other values of k, the strong generating set for

V k(sl2)
Z2 will descend to a strong generating set for the simple orbifold Lk(sl2)

Z2 . Here
Lk(sl2) denotes the simple quotient of V k(sl2).

2. PRELIMINARIES

Vertex algebras. The notion of vertex algebra was introduced by Borcherds [B] back in
the eighties. Since then, it has been in a remarkable progress of study (see for example
[B, FLM, K, FBZ]). We will use the formalism developed in [LZ] and [LiI]. Roughly
speaking, a vertex algebra is a quantum operator algebra A in which any two elements
a, b are local. By local, we mean that there exists some positive integer N such that (z −
w)N [a(z), b(w)] = 0. Here A is assumed to be a Z2-graded, and [a(z), b(w)] is the super
bracket, that is [a(z), b(w)] = a(z)b(w) − (−1)|a||b|b(w)a(z). There are many definitions for
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vertex algebra, and this is an equivalent definition in [FLM]. Each a ∈ A has a unique
representation by the following formal distribution:

a = a(z) :=
∑

n∈Z

a(n)z−n−1 ∈ End(V )[[z, z−1]].

The normally ordered product of fields in a vertex algebra A is called the Wick product,
and is defined by

: a(z)b(w) : = a(z)−b(z) + (−1)|a||b|b(z)a(z)+,

where a(z), b(w) ∈ A, and

a(z)− =
∑

n<0

a(n)z−n−1 a(z)+ =
∑

n≥0

a(n)z−n−1.

The k-fold iterated Wick product is defined inductively as follows:

: a1(z) · · · an(z) : = : a1(z)(: a2(z) · · · an(z) :) :,

for a1(z), . . . , an(z) ∈ A. The operators product expansion (OPE) formula for a, b ∈ A is
defined by

(2.1) a(z)b(w) ∼
∑

n≥0

a(w) ◦n b(w)(z − w)−n−1,

where ∼ means equal modulo terms that are regular at z = w. Here ◦n denotes the nth

circle product, which is defined by

a(w) ◦n b(w) = Resza(z)b(w)ı|z|>|w|(z − w)n − (−1)|a||b|Reszb(w)a(z)ı|w|>|z|(z − w)n,

where ı|z|>|w|f(z, w) ∈ C[[z, z−1, w, w−1]] denotes the power series expansion of a rational
function f which converges in the domain |z| > |w|, while Resza(z) denotes the coeffi-
cient of z−1. The ∂za(z) is the formal derivative ∂z =

d
dz
.

A subset S = {ai|i ∈ I} ⊂ A is said to generate A if every a ∈ A is a linear combination
of words in ai, ◦n for i ∈ I and n ∈ Z. Moreover, we say that S strongly generates A if every
a ∈ A is a linear combination of words in ai, ◦n for n < 0. Equivalently, A is spanned by
the ordered monomials

(2.2) {: ∂k1ai1 · · ·∂
kmaim : |i1, . . . , im ∈ I, 0 ≤ k1 ≤ · · · ≤ km}.

If I can be chosen to be finite, then A is called strongly finitely generated.
We say that S freely generates A if there are no nontrivial normally ordered polynomial

relations among the generators and their derivatives.

Our work hinges mainly on the universal affine vertex algebras. Let g be a finite-dimensional
Lie algebra over C, furnished with a nondegenerate, symmetric, invariant bilinear form
B. The affine Kac-Moody algebra ĝ = g[t, t−1]⊕Cκ, determined by B, is the one-dimensional
central extension of the loop algebra g[t, t−1] = g⊗C[t, t−1], where a generator κ is the cen-
tral charge. The Lie algebra ĝ is spanned by 〈ζ ⊗ tn, ζ ∈ g, n ∈ Z, κ〉, and these generators
satisfy the following Lie bracket:

(2.3) [ζ ⊗ tn, η ⊗ tm] = [ζ, η]⊗ tn+m + nB(ζ, η)δn+m,0κ, [κ, ζ ⊗ tn] = 0,

and Z-gradation deg(ζ ⊗ tn) = n, and deg(κ) = 0.
Let ĝ+ =

∑

n≥0 ĝn where ĝn denotes the subspace of degree n. For k ∈ C, let Ck be the

3



one-dimensional ĝ+-module on which ζ⊗ tn acts trivially for n ≥ 0, and κ as a multiplica-
tion by scalar k. Define Vk = U(ĝ)⊗U(ĝ+)Ck, and let Xζ(n) ∈ End(Vk) be the linear operator
representing ζ⊗ tn on Vk. Define Xζ(z) =

∑

n∈Z X
ζ(n)z−n−1 to be an even generating field

of conformal weight 1, and satisfies the OPE relation

(2.4) Xζ(z)Xη(w) ∼ kB(ζ, η)(z − w)−2 +X [ζ,η](w)(z − w)−1.

The vertex algebra V k(g, B) generated by {Xζi|ζi ∈ g} is called the universal affine
vertex algebra associated to g and B at level k. It has a PBW basis

(2.5) : ∂k11Xζ1 . . . ∂k1s1Xζ1 . . . ∂km1 Xζm . . . ∂kmsmXζm :, si ≥ 0, ki
1 ≥ · · · ≥ ki

si
≥ 0.

A special case is when g is a simple Lie algebra, the bilinear form B is then defined to
be the normalized Killing form. Then (2.3) can be defined in this case as follows:

[ζ ⊗ tn, η ⊗ tm] = [ζ, η]⊗ tn+m + n(ζ |η)δn+m,0κ, [κ, ζ ⊗ tn] = 0,

for ζ, η ∈ g, n,m ∈ Z. Here (.|.) is the normalized Killing form, and is defined as

(.|.) =
1

2h∨
(., .)κg

,

where h∨ is the dual Coxeter number of g. In this case, we denote V k(g, B) by V k(g).

According to the Cartan-Killing classification, we have the following list for the simple,
finite-dimensinal Lie algebras over C.

Classical Lie Algebras:

(1) sln+1, n ≥ 1, and it has Cartan notation An,
(2) so2n+1, n ≥ 2, and it has Cartan notation Bn,
(3) sp2n, n ≥ 3, and it has Cartan notation Cn,
(4) so2n, n ≥ 4, and it has Cartan notation Dn.

Exceptional Lie Algebras:

(1) G2,
(2) F4,
(3) E6, E7, or E8.

Let {ζ1, . . . , ζn} be an orthonormal basis for g relative to (.|.). There is a natural con-

formal structure of central charge k·dim(g)
k+h∨ on V k(g) with the Virasoro element L(z), that

is

(2.6) L(z) =
1

2(k + h∨)

n
∑

i=1

: Xζi(z)Xζi(z) :,

where k 6= −h∨. In this case, the Virasoro element is called the Sugawara conformal vector.
For k = −h∨, the Virasoro element L(z) does not exist.

For the case where g is an abelian Lie algebra. Since B is nondegenerate, V k(g, B) is just
the rank n Heisenberg vertex algebra H(n). If we choose an orthonormal basis {ζ1, . . . , ζn}
for g, then H(n) is generated by {αi = Xζi|i = 1, . . . , n}.
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Good increasing filtrations. [LiII] A good increasing filtration on a vertex algebra A is
a Z≥0-filtration

(2.7) A(0) ⊂ A(1) ⊂ A(2) · · · , A =
⋃

d≥0

A(d)

satisfying that A(0) = C, and for all a ∈ A(r), b ∈ A(s) we have

(2.8) a ◦n b ∈ A(r+s), for n < 0,

(2.9) a ◦n b ∈ A(r+s−1), for n ≥ 0.

Let A−1 = {0}. An element a(z) ∈ A has at most degree d if a(z) ∈ A(d).

The associated graded algebra gr(A) =
⊕

d≥0A(d)/A(d−1) is a Z≥0-graded associative,
(super)commutative algebra with a unit 1 under a product induced by the Wick product
on A. It has a derivation ∂ of degree zero.
For each r ≥ 1, we have the projections

(2.10) ϕr : A(r) → A(r)/A(r−1) ⊂ gr(A).

Let R be the category of vertex algebras associated with a Z≥0-filtration. For any vertex
algebra A ∈ R, the ∂-ring, namely gr(A) is an abelian vertex algebra. The following
reconstruction property is the key peculiarity of R [LL]:

Lemma 2.1. Given a vertex algebra A ∈ R. Consider the collection {ai|i ∈ I} that generates
gr(A) as a ∂-ring, where ai is homogenous of degree di. Then A is strongly generated by the
collection {ai(z)|i ∈ I}, where ai(z) ∈ A(di) such that ϕdi(ai(z)) = ai.

We define an increasing filtration on V k(g) for any simple Lie algebra g as follows:

(2.11) V k(g)(0) ⊂ V k(g)(1) ⊂ · · · , V k(g) =
⋃

r≥0

V k(g)(r),

where V k(g)(−1) = {0}, and V k(g)(r) is spanned by the iterated Wick products of the gener-
ators Xζi and their derivatives, such that at most r of the generators and their derivatives
appear.

So, V k(g) equipped with this filtration lies in the category R. The Z≥0-associated graded
algebra

gr(V k(g)) =
⊕

d≥0

V k(g)(d)/V
k(g)(d−1)

is now an abelian vertex algebra freely generated by Xζi . Then, V k(g) ∼= gr(V k(g)) as
linear spaces, and as commutative algebras we have

gr(V k(g)) ∼= C[Xζi, ∂Xζi , ∂2Xζi, . . . ].

3. THE Z2-ORBIFOLD OF H(n)

The rank n Heisenberg vertex algebra H(n) is the tensor product of n copies of rank
1 Heisenberg vertex algebra H with even generating fields α1, . . . , αn. These satisfy the
OPE relations

(3.1) αi(z)αj(w) ∼ δi,j(z − w)−2.
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There is a conformal structure of central charge n on H(n) with the Virasoro element L(z)

(3.2) L(z) =
1

2

n
∑

i=1

: αi(z)αi(z) :,

where each αi is primary of weight 1.

H(n) is freely generated by α1, . . . , αn and has a PBW basis as follows

(3.3) : ∂k1
1α1 . . . ∂k1s1α1 . . . ∂kn

1αn . . . ∂knsnαn :, si ≥ 0, ki
1 ≥ · · · ≥ ki

si
≥ 0.

Filtrations on H(n). Define an increasing filtration on H(n) as follows:

(3.4) H(n)(0) ⊂ H(n)(1) ⊂ H(n)(2) ⊂ · · · , H(n) =
⋃

d≥0

H(n)(d),

where H(n)(−1) = {0}, and H(n)(r) is spanned by the iterated Wick products of the gener-
ators αi and their derivatives such that at most r of αi and their derivatives appear.

From defining the OPE relation (3.1), this is a good increasing filtration, and so, H(n)
equipped with such a good filtration lies in the category R. The OPE relation will be
replaced with αi(z)αj(w) ∼ 0. The Z≥0-associated graded algebra

gr(H(n)) =
⊕

d≥0

H(n)(d)/H(n)(d−1)

is now an abelian vertex algebra freely generated by αi. The rank n Heisenberg vertex
algebra H(n) equipped with such filtrations lies in the category R. Then, H(n) ∼= gr(H(n))
as linear spaces, and as commutative algebras, we have

gr(H(n)) ∼= C[∂aαi|a ≥ 0, i = 1, . . . , n].

The subgroup Z2 of the automorphism group of H(n) generated by the nontrivial invo-
lution θ which acts on the generators as follows:

(3.5) θ(αi) = −αi.

The OPE relations (3.1) will be preserved by this action on H(n), that is

αi ◦m αj = θ(αi) ◦m θ(αj)

for all m as well as the filtration (3.4), and induces an action of Z2 on gr(H(n)).

Going back to H(n)Z2 , it is also spanned by all normally ordered monomials of the form
(3.3), where the length s1 + · · · + sn is even. Since H(n) is freely generated by αi, these
monomials form a basis for H(n)Z2 , and the normal form is unique.

The filtration on H(n)Z2 is obtained from the filtration (3.4) after restriction as follows:

(H(n)Z2)(0) ⊂ (H(n)Z2)(1) ⊂ · · · , H(n)Z2 =
⋃

d≥0

(H(n)Z2)(d),

where (H(n)Z2)(r) = H(n)Z2 ∩ H(n)(r).

The action of Z2 on H(n) descends to an action on gr(H(n)), and so we have a linear
isomorphism H(n)Z2 ∼= gr(H(n)Z2) as linear spaces. Similarly, Z2 acts on gr(H(n)) ∼=
C[∂aαi|a ≥ 0, i = 1, . . . , n], and so we have a linear isomorphism

(3.6) gr(H(n)Z2) ∼= gr(H(n))Z2 ∼= C[∂aαi|a ≥ 0, i = 1, . . . , n]Z2

6



as commutative algebras. The weight and degree are preserved by (3.6) where wt(∂aαi) =
a+ 1.

Recall, the gr(H(n))Z2 is a commutative algebra of even degree with a differential ∂ of
degree zero, and it extends to gr(H(n))Z2 by the product rule, that is

∂(αi
aα

j
b) = αi

a+1α
j
b + αi

aα
j
b+1.

Define

qi,ia,b = αi
aα

i
b, qi,ja,b = αi

aα
j
b,

as generators for gr(H(n))Z2 . The action of ∂ on these generators is defined as follows:

(3.7) ∂(qi,ia,b) = qi,ia+1,b + qi,ia,b+1, ∂(qi,ja,b) = qi,ja+1,b + qi,ja,b+1.

The action of Z2 on the gr(H(n)) which is given by θ(αi
a) = −αi

a guarantees that gr(H(n))Z2

is generated by the subset {qi,ia,b, q
i,j
a,b|a, b ≥ 0, 1 ≤ i, j ≤ n}. Since qi,ia,b = qi,ib,a, and qi,ja,b = qj,ib,a,

so gr(H(n))Z2 is generated by the subset

(3.8) {qi,ia,b|0 ≤ a ≤ b, i = 1, . . . , n}
⋃

{qi,ja,b|0 ≤ a, b, 1 ≤ i < j ≤ n}.

Among these generators, the ideal of relations is generated by

(3.9) qi,jr,sq
k,l
t,u − qi,lr,uq

j,k
s,t , i, j, k, l = 1, . . . , n, 0 ≤ r, s, t, u.

Under the projection

ϕ2 : (H(n)Z2)(2) → (H(n)Z2)(2)/(H(n)Z2)(1) ⊂ gr(H(n)Z2),

the generators qi,ia,b, q
i,j
a,b of gr(H(n))Z2 correspond to fields ωi,i

a,b, ω
i,j
a,b, respectively defined by

(3.10) ωi,i
a,b = : ∂aαi(z)∂bαi(z) : ∈ (H(n)Z2)(2), 0 ≤ a ≤ b, i = 1, . . . , n,

(3.11) ωi,j
a,b = : ∂aαi(z)∂bαj(z) : ∈ (H(n)Z2)(2), a, b ≥ 0, 1 ≤ i < j ≤ n.

The fields ωi,i
a,b, ω

i,j
a,b satisfy ϕ2(ω

i,i
a,b) = qi,ia,b, ϕ2(ω

i,j
a,b) = qi,ja,b, respectively and have weight

a + b + 2. Note that
∑n

i=1 ω
i,i
0,0 = 2L, where L is the Virasoro element. The subspace

(H(n)Z2)(2) has degree at most 2, and has a basis {1} ∪ {ωi,i
a,b, ω

i,j
a,b}. Moreover, for m ≥ 0,

the operators ωi,j
a,b◦m preserve this vector space [LI]. For a, b, c ≥ 0, 0 ≤ m ≤ a+ b+ c+ 1,

and i < j, we have

(3.12) ωi,j
a,b ◦m ∂cαi = (−1)a

(a+ c + 1)!

(a+ c+ 1−m)!
∂a+b+c+1−mαj ,

(3.13) ωi,j
a,b ◦m ∂cαj = (−1)b

(b+ c+ 1)!

(b+ c+ 1−m)!
∂a+b+c+1−mαi.

(3.14) ωi,i
a,b ◦m ∂cαi = λa,b,c,m∂

a+b+c+1−mαi,

where

λa,b,c,m = (−1)b
(b+ c+ 1)!

(b+ c+ 1−m)!
+ (−1)a

(a+ c + 1)!

(a+ c+ 1−m)!
.
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It follows that for m ≤ a+ b+ c+ 1, and i < j < k we have

ωi,j
a,b ◦m ωi,j

c,d = (−1)a
(a+ c+ 1)!

(a + c+ 1−m)!
ωj,j
a+b+c+1−m,d

+ (−1)b
(b+ d+ 1)!

(b+ d+ 1−m)!
ωi,i
a+b+d+1−m,c,(3.15)

(3.16) ωi,j
a,b ◦m ωj,k

c,d = (−1)b
(b+ c+ 1)!

(b+ c+ 1−m)!
ωi,k
a+b+c+1−m,d,

(3.17) ωi,i
a,b ◦m ωi,j

c,d = λa,b,c,mω
i,j
a+b+c+1−m,d,

(3.18) ωj,j
a,b ◦m ωi,j

c,d = λa,b,d,mω
i,j
c,a+b+d+1−m,

(3.19) ωi,i
a,b ◦m ωi,i

c,d = λa,b,c,mω
i,i
a+b+c+1−m,d + λa,b,d,mω

i,i
c,a+b+d+1−m.

As a differential algebra with derivation ∂, some of the generators in the generating set
(3.8) for gr(H(n))Z2 can be eliminated due to (3.7). For m ≥ 0, let

Am = span{ωi,i
a,b|a+ b = m}

be the vector space which is homogenous of weight m + 2. Using the relation ∂ωi,i
a,b =

ωi,i
a+1,b + ωi,i

a,b+1, we see that dim(A2m) = m + 1 = dim(A2m+1), for m ≥ 0. Moreover,
∂(Am) ⊂ Am+1, and

(3.20) dim(A2m/∂(A2m−1)) = 1, dim(A2m+1/∂(A2m)) = 0.

Thus, A2m has a decomposition

(3.21) A2m = ∂(A2m−1)⊕ 〈ωi,i
0,2m〉 = ∂2(A2m−2)⊕ 〈ωi,i

0,2m〉,

where 〈ωi,i
0,2m〉 is the linear span of ωi,i

0,2m. Similarly, A2m+1 has a decomposition

(3.22) A2m+1 = ∂2(A2m−1)⊕ 〈∂ωi,i
0,2m〉 = ∂3(A2m−2)⊕ 〈∂ωi,i

0,2m〉.

Therefore,
span{ωi,i

a,b|a+ b = 2m} = span{∂2kωi,i
0,2m−2k|0 ≤ k ≤ m}

and
span{ωi,i

a,b|a+ b = 2m+ 1} = span{∂2k+1ωi,i
0,2m−2k|0 ≤ k ≤ m}

are bases of A2m and A2m+1, respectively and so for each ωi,i
a,b ∈ A2m and ωi,i

c,d ∈ A2m+1 can
be written uniquely in the form

(3.23) ωi,i
a,b =

m
∑

k=0

λk∂
2kωi,i

0,2m−2k, ωi,i
c,d =

m
∑

k=0

µk∂
2k+1ωi,i

0,2m−2k,

for constants λk, µk.

Similarly, for m ≥ 0, let A′
m = span{ωi,j

a,b|a + b = m}, and use the relation ∂ωi,j
a,b =

ωi,j
a+1,b + ωi,j

a,b+1. We have dim(A′
m) = m+ 1, for m ≥ 0. Moreover, ∂(A′

m) ⊂ A′
m+1, and

(3.24) dim(A′
m/∂(A

′
m−1)) = 1.

Hence, A′
m has a decomposition

(3.25) A′
m = ∂(A′

m−1)⊕ 〈ωi,j
0,m〉

8



where 〈ωi,j
0,m〉 is the linear span of ωi,j

0,m. Therefore,

span{ωi,i
a,b|a+ b = m} = span{∂kωi,j

0,m−k|0 ≤ k ≤ m}

is a basis of A′
m. It follows that for each ωi,j

r,m−r ∈ A′
m can be written uniquely in the form

(3.26) ωi,j
r,m−r =

r
∑

k=0

(−1)r+k

(

r

k

)

∂kωi,j
0,m−k,

where r = 0, . . . , m.

The following lemma gives a strong generating set for H(n)Z2 , which as we shall see is
far from minimal.

Lemma 3.1. H(n)Z2 is strongly generated as a vertex algebra by the subset

(3.27) {ωi,i
0,2m|m ≥ 0, and i = 1, . . . , n}

⋃

{ωi,j
0,m|m ≥ 0, and 1 ≤ i < j ≤ n}.

Proof. Since gr(H(n))Z2 = gr(H(n)Z2) is generated by the subset

{qi,i0,2m|m ≥ 0, i = 1, . . . , n}
⋃

{qi,j0,m|m ≥ 0, and 1 ≤ i < j ≤ n}

as a ∂-ring, Lemma 2.1 shows that the corresponding set strongly generates H(n)Z2 as a
vertex algebra. �

4. MINIMAL STRONG GENERATING SET FOR H(n)Z2

In this section, we give a minimal strong generating set for H(n)Z2 . First, we recall the
case n = 1, which is due to Dong and Nagatomo [DNI]. For simplicity of notation, we

write ωa,b = ω1,1
a,b and qa,b = q1,1a,b in this case, and we include the proof for the benefit of the

reader.

Theorem 4.1. (Dong-Nagatomo) H(1)Z2 has a minimal strong generating set {ω0,0, ω0,2} and is
of type W(2, 4).

Proof. Among the generators {q0,2m| m ≥ 0} of gr(H(1))Z2 , the first relation of the form
(3.9) occurs of minimal weight 6, and has the form

(4.1) q0,0q1,1 − q0,1q0,1 = 0.

This relation is unique up to scalar. The corresponding element : ω0,0ω1,1 : − : ω0,1ω0,1 :
lies in (H(n)Z2)(2). This element does not vanish, but it has a correction of the form

(4.2) : ω0,0ω1,1 : − : ω0,1ω0,1 : = −
5

4
ω0,4 +

7

4
∂2ω0,2 −

7

24
∂4ω0,0.

Furthermore, we have

(4.3) ω0,1 =
1

2
∂ω0,0, ω1,1 = −ω0,2 +

1

2
∂2ω0,0.

Thus, (4.2) can be rewritten in the form

(4.4) ω0,4 = P4(ω0,0, ω0,2),

where P4(ω0,0, ω0,2) is a normally ordered polynomial in ω0,0, ω0,2, and their derivatives.
This is called a decoupling relation, as ω0,4 can then be expressed as a normally ordered
polynomial in ω0,0, ω0,2 and their derivatives.
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Next, we can construct decoupling relations

(4.5) ω0,2m = P2m(ω0,0, ω0,2),

expressing ω0,2m as a normally ordered polynomial in ω0,0, ω0,2 and their derivatives, for
all m > 2. We need the calculation

(4.6) ω0,2 ◦1 ω0,2k = (8 + 4k)ω0,2k+2 + ∂2µ,

where µ is a linear combination of ∂2rω0,2k−2r for r = 0, . . . , k. We can then construct the
relations (4.5) inductively by applying the operator ω0,2◦1 repeatedly to (4.4).

It follows that H(1)Z2 is strongly generated by {ω0,0, ω0,2}. To see that this is a minimal
strong generating set, it suffices to observe that no decoupling relations for ω0,0, ω0,2 can be
found since there are no relations of weight less than 6 in gr(H(1))Z2 of the form (3.9). �

The main result in this section is

Theorem 4.2. (1) For n = 2, H(2)Z2 has a minimal strong generating set

(4.7) {ω1,1
0,0, ω

1,2
0,0, ω

1,2
0,1, ω

1,2
0,2, ω

2,2
0,0, ω

2,2
0,2, },

and is of type W(23, 3, 42).

(2) For n ≥ 3, H(n)Z2 has a minimal strong generating set

(4.8) {ωi,i
0,0| i = 1, . . . , n}

⋃

{ωi,j
0,0, ω

i,j
0,1| 1 ≤ i < j ≤ n}

⋃

{ω1,1
0,2},

and is of type W(2n+(
n

2), 3(
n

2), 4).

Proof. First, we consider the case n = 2. By replacing ω0,2m with ωi,i
0,2m in (4.4) and (4.5) for

i = 1, 2, we obtain decoupling relations

ωi,i
0,2m = P2m(ω

i,i
0,0, ω

i,i
0,2)

for i = 1, 2 and all m ≥ 2. Then by Lemma 3.1, H(2)Z2 has a strong generating set

{ω1,1
0,0, ω

1,1
0,2, ω

2,2
0,0, ω

2,2
0,2}

⋃

{ω1,2
0,m, m ≥ 0}.

Next, we have the following relation at weight 5 among the generators of gr(H(2)Z2)

(4.9) q1,20,0q
2,2
0,1 − q1,20,1q

2,2
0,0 = 0.

The corresponding element : ω1,2
0,0ω

2,2
0,1 : − : ω1,2

0,1ω
2,2
0,0 : in (H(2)Z2)(2) has a correction of the

form

(4.10) : ω1,2
0,0ω

2,2
0,1 : − : ω1,2

0,1ω
2,2
0,0 : = −

1

2
ω1,2
0,3 + 2∂ω1,2

0,2 −
5

2
∂2ω1,2

0,1 + ∂3ω1,2
0,0.

This can be rewritten as follows:

(4.11) ω1,2
0,3 = Q3(ω

2,2
0,0, ω

1,2
0,0, ω

1,2
0,1, ω

1,2
0,2),

where Q(ω2,2
0,0, ω

1,2
0,0, ω

1,2
0,1, ω

1,2
0,2) is a normally ordered polynomial in ω2,2

0,0, ω
1,2
0,0, ω

1,2
0,1, ω

1,2
0,2 , and

their derivatives

Next, by applying the operator ω2,2
0,2◦1 repeatedly, we can get decoupling relations

(4.12) ω1,2
0,m = Qm(ω

2,2
0,0, ω

2,2
0,2, ω

1,2
0,0, ω

1,2
0,1, ω

1,2
0,2),
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for all m > 3. This follows from the calculation

(4.13) ω2,2
0,1 ◦1 ω

1,2
0,k = −ω1,2

0,k+1.

Therefore ω1,2
0,m for m ≥ 3 are not necessary. Finally, we have the relation

(4.14) : ω1,2
0,0ω

1,2
0,0 : =

1

2
ω1,1
0,2 +

1

2
ω2,2
0,2+ : ω1,1

0,0ω
2,2
0,0 : .

This shows that ω2,2
0,2 is unnecessary, hence the set (4.7) suffices to strongly generate H(2)Z2 .

The fact that this set is a minimal strong generating set is clear since there are no relations
of weight less than 5 of the form (3.9).

Finally, we consider the case n ≥ 3. As above, for i = 1, . . . , n and m ≥ 2 we have
relations

ωi,i
0,2m = Pm(ω

i,i
0,0, ω

i,i
0,2).

So ωi,i
0,2m can be eliminated for all m ≥ 2.

For n ≥ 3, we can do a bit better than the relations (4.11) and (4.12), since we have the
following relations at weight 4 in gr(H(n)Z2) for all i < j < k,

(4.15) qi,j0,0q
j,k
0,0 − qi,k0,0q

j,j
0,0 = 0.

The corresponding element : ωi,j
0,0ω

j,k
0,0 : − : ωi,k

0,0ω
j,j
0,0 : lies in (H(n)Z2)(2), and has a correction

of the form

(4.16) : ωi,j
0,0ω

j,k
0,0 : − : ωi,k

0,0ω
j,j
0,0 : =

1

2
ωi,k
0,2 − ∂ωi,k

0,1 +
1

2
∂2ωi,k

0,0.

We can clearly rewrite (4.16) in the form

(4.17) ωi,k
0,2 = T2(ω

j,j
0,0, ω

i,j
0,0, ω

j,k
0,0, ω

i,k
0,0, ω

i,k
0,1),

where T2(ω
j,j
0,0, ω

i,j
0,0, ω

j,k
0,0, ω

i,k
0,0, ω

i,k
0,1) is a normally ordered polynomial in ωj,j

0,0, ω
i,j
0,0, ω

j,k
0,0, ω

i,k
0,0, ω

i,k
0,1,

and their derivatives.

As above, by applying the operator ωk,k
0,2◦1 repeatedly, we can construct relations

(4.18) ωi,k
0,m = Tm(ω

j,j
0,0, ω

i,j
0,0, ω

j,k
0,0, ω

j,k
0,1, ω

i,k
0,0, ω

i,k
0,1)

for all m ≥ 2. This shows that ωi,k
0,m can be eliminated for all m ≥ 2.

Finally, for all j with 1 < j ≤ n, we have the relation

(4.19) : ω1,j
0,0ω

1,j
0,0 : =

1

2
ω1,1
0,2 +

1

2
ωj,j
0,2+ : ω1,1

0,0ω
j,j
0,0 : .

This shows that ωj,j
0,2 can be eliminated for 1 < j ≤ n. It follows that (4.8) strongly gen-

erates H(n)Z2 for n ≥ 3. The fact that it is a minimal strong generating set is again clear
since there are no more relations of weight less than 5 of the form (3.9). �

Notice that ωi,i
0,0, ω

i,i
0,2, ω

i,j
0,0, ω

i,j
0,1, ω

i,j
0,2 are not primary fields with respect to the Virasoro

field

L(z) =
1

2

n
∑

i=1

: ai(z)ai(z) :=

n
∑

i=1

ωi,i
0,0.

11



It is easy to correct them to be a primary ones by adding a normally ordered polynomial in
the previous set and their derivatives. By a computer calculation, we obtain the following
primary fields:

(4.20)

Ck =
1

2
(ω1,1

0,0 − ωk,k
0,0 ), where k = 2, . . . , n.

C i,i
0,2 = ωi,i

0,2 −
2

9
: ωi,i

0,0ω
i,i
0,0 : −

1

6
∂2ωi,i

0,0, where i = 1, . . . , n,

C i,j
0,0 = ωi,j

0,0,

C i,j
0,1 = ωi,j

0,1 −
1

2
∂ωi,j

0,0,

C i,j
0,2 = ωi,j

0,2 −
4

9
: ωi,j

0,0ω
j,j
0,0 : +

5

9
∂2ωi,j

0,0 −
13

9
∂ωi,j

0,1.

5. THE CARTAN INVOLUTION AND ITS EXTENSION TO V k(g)

Let us consider a simple Lie algebra g as above with l = rank(g) and m the number
of positive roots. With respect to a choice of base for the root system Φ, we have the
triangular decomposition

g = h⊕ n+ ⊕ n−,

where h is the Cartan subalgebra with basis hr, r = 1, . . . , l, and n+ has basis xβi
for

i = 1, . . . , m, and n− has basis yβi
for i = 1, . . . , m. The Cartan involution θ of g is defined

as follows:

θ(xβi
) = −yβi

, θ(yβi
) = −xβi

, θ(hr) = −hr.

Since θ preserves the Lie bracket as well as the normalized Killing form, it extends to an
automorphism of the vertex algebra V k(g) given by the same formula, where hr, xβi

, yβi

are now considered as the generating fields for V k(g).

To replace the generators hr, xβi
, yβi

of V k(g) with a set of eigenvectors for θ, it is suitable
to apply a linear change of variables as follows:

Eβi
= xβi

+ yβi
, Fβi

= xβi
− yβi

hr.

The action of θ on the new generators will be as follows:

θ(Eβi
) = −Eβi

, θ(Fβi
) = Fβi

, θ(hr) = −hr.

There is a PBW basis consisting of normally ordered monomials of the new generators
and their derivatives since the new generators are related to the old ones by a linear
change of variables.

Note that the fields Fβi
lie in the orbifold V k(g)Z2 . Define additional generators of

V k(g)Z2 as follows:

Q
βi,βj

a,b = : ∂aEβi
(z)∂bEβj

(z) :,

Qhr,βi

a,b = : ∂ahr(z)∂
bEβi

(z) :,

Qhr,hs

a,b = : ∂ahr(z)∂
bhs(z) :,

which each have weight a+ b+ 2.
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A special case when g = sl2, we have only one positive root β. An immediate conse-
quence that there is one element Fβ , one element Eβ , and one basis vector h for h. The
above elements can be given as follows:

Qβ,β
a,b = : ∂aEβ(z)∂

bEβ(z) :,

Qh,β
a,b = : ∂ah(z)∂bEβ(z) :,

Qh,h
a,b = : ∂ah(z)∂bh(z) : .

6. THE Z2-ORBIFOLD OF V k(g)

At this point, we are ready to state our main theorem which describes V k(g)Z2 for
generic values of k.

Theorem 6.1. Let g be a simple, finite-dimensional Lie algebra, and let l = rank(g), m the number
of positive roots, and set d = m+ l.

(1) For g 6= sl2, and k generic, V k(g)Z2 has a minimal strong generating set

{Fβi
, Qβa,βb

0,0 , Qβ1,β1

0,2 , Qhr ,hs

0,0 , Qht,βu

0,0 , Qht,βu

0,1 },

for 1 ≤ i ≤ m, 1 ≤ a ≤ b ≤ m, 1 ≤ r ≤ s ≤ l, 1 ≤ t ≤ l, and 1 ≤ u ≤ m. In particular,

V k(g)Z2 is of type W(1m, 2d+(
d

2), 3(
d

2), 4).
(2) For g = sl2 and k generic, V k(g)Z2 has a minimal strong generating set

{F,Qβ,β
0,0 , Q

h,h
0,0 , Q

h,h
0,2 , Q

β,h
0,0 , Q

β,h
0,1 , Q

β,h
0,2 },

and in particular, is of type W(1, 23, 3, 42).

Proof. Let n = 2m+ l = dim(g). By the deformation argument of [LII], we have

lim
k→∞

V k(g) ∼= H(n).

Here H(n) is the rank n Heisenberg algebra with generators Fβi
, Eβi

and hr. We shall use
the same symbols for the limits of these fields when no confusion may arise. Moreover,
Z2 acts trivially on the rank m Heisenberg subalgebra generated by {Fβi

| i = 1, . . . , m,
and it acts by −1 on the rank d = m + l Heisenberg algebra with generators {Eβi

, hr| i =
1, . . . , m, r = 1, . . . , l}. We get

lim
k→∞

V k(g)Z2 ∼= H(m)⊗
(

H(d)Z2
)

.

In the limit k → ∞, the fields Fβi
are the generators of H(m), and the remaining quadratic

fields are precisely the generators for H(d)Z2 . The claim in both cases then follows by
Theorem 4.2. �

For the reader’s convenience, the following table shows the dimension, rank l, and the
number of positive roots m, for each simple Lie algebra in the Cartan-Killing classifica-
tion.
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Lie algebra Dimension Rank l The number of positive roots m

sln+1 (n+ 1)2 − 1 n (n2+n)
2

so2n+1
2n(2n+1)

2
n n2

sp2n n(2n+ 1) n n2

so2n
2n(2n−1)

2
n n2 − n

G2 14 2 6
F4 52 4 24
E6 78 6 36
E7 133 7 63
E8 248 8 120

7. THE NONGENERIC SET FOR V k(sl2)
Z2

In this section we work in the usual root basis for sl2, so we shall change our nota-
tion here. Let {x, y, h} be an ordered basis of sl2 satisfying the following commutation
relations:

[x, y] = h, [h, x] = 2x, [h, y] = −2y.

Let Xx, Xy, Xh be generating fields for Vk(sl2), where each of conformal weight 1, and
satisfies the OPE relations

(7.1) Xx(z)Xy(w) ∼ k(z − w)−2 +Xh(w)(z − w)−1,

(7.2) Xh(z)Xx(w) ∼ 2Xx(w)(z − w)−1,

(7.3) Xh(z)Xy(w) ∼ −2Xy(w)(z − w)−1,

(7.4) Xh(z)Xh(w) ∼ 2k(z − w)−2.

The affine vertex algebra Vk(sl2) is freely generated by the even generators Xx, Xy, Xh

and in particular it has a PBW basis as follows

(7.5) : ∂k11Xx · · ·∂k1s1Xx∂k21Xy · · ·∂k2s2Xy∂k31Xh · · ·∂k3s3Xh :,

si ≥ 0, ki
1 ≥ · · · ≥ ki

si
≥ 0, for i = 1, 2, 3.

The action of θ is given by

θ(Xx) = −Xy, θ(Xy) = −Xx, θ(Xh) = −Xh.

Changing the basis to the basis of eigenvectors yields:

(7.6) G = Xx +Xy, F = Xx −Xy, H = Xh.

The nontrivial involution θ acts on the new generators as follows:

θ(G) = −G, θ(F ) = F, θ(H) = −H.
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Define
Qi,j = : ∂iG(z)∂jG(z) : ∈ (V k(sl2)

Z2)(2),

Ui,j = : ∂iH(z)∂jH(z) : ∈ (V k(sl2)
Z2)(2),

Vi,j = : ∂iH(z)∂jG(z) : ∈ (V k(sl2)
Z2)(2)

as new generators for V k(sl2), where each have weight i+ j + 2.

By Theorem 6.1, the strong generators for V k(sl2) are {F,Q0,0, U0,0, U0,2, V0,0, V0,1, V0,2}.
These fields close under OPE in the sense that for any α1, α2 in the above set, each term
in the OPE of α1(z)α2(w) can be expressed as a linear combination of normally ordered
monomials in these generators. The coefficients of these monomials are called the struc-
ture constants of the OPE algebra, and they are all rational functions of k. The set of non-
generic values of k where the strong finite generating set for V k(sl2)

Z2 does not work can
be determined here. By Theorem 5.3 of [CL], the only nongeneric values of k are the poles
of these structure constants. Clearly there are at most finitely many such poles. Using K.
Thielemans’ Mathematica package [T], the full OPE algebra among these generators was
calculated, and we find that the poles of the structure constants lie in the set

{0,
16

51
,
16

9
,−

32

3
}.

It follows that all other values of k are generic.

An immediate consequence is the following:

Corollary 7.1. For k 6= 0, 16
51
, 16

9
,−32

3
, V k(sl2)

Z2 is of type W(1, 23, 3, 42).
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