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RESONANT HAMILTONIAN SYSTEMS ASSOCIATED TO THE
ONE-DIMENSIONAL NONLINEAR SCHRODINGER EQUATION WITH
HARMONIC TRAPPING

JAMES FENNELL

ABsTrRACT. We study two resonant Hamiltonian systems on the phase space L2(R — C): the quintic
one-dimensional continuous resonant equation, and a cubic resonant system that has appeared in the
literature as a modified scattering limit for an NLS equation with cigar shaped trap. We prove that
these systems approximate the dynamics of the quintic and cubic one-dimensional NLS with harmonic
trapping in the small data regime on long times scales. We then pursue a thorough study of the dynamics
of the resonant systems themselves. Our central finding is that these resonant equations fit into a larger
class of Hamiltonian systems that have many striking dynamical features: non-trivial symmetries such
as invariance under the Fourier transform and the flow of the linear Schrodinger equation with harmonic
trapping, a robust wellposedness theory, including global wellposedness in L2 and all higher L? Sobolev
spaces, and an infinite family of orthogonal, explicit stationary wave solutions in the form of the Hermite
functions.

1. INTRODUCTION

In recent years resonant systems have emerged as extremely useful tools for studying nonlinear Schréodinger
equations (NLS). Resonant equations have been used to construct solutions of the cubic NLS on T? that
exhibit large growth of Sobolev norms [10]. They have appeared as modified scattering limits for a number
of equations, including the cubic NLS on R x Td [21], the cubic NLS on R? with 2 < d < 5 and harmonic
trapping in all but one direction [22], and a coupled cubic NLS system on R x T [26]. The continuous
resonant equation (CR) was originally shown to approximate the dynamics of small solutions of the two-
dimensional cubic NLS on a large torus T% over long times scales (longer than L?/€?, where € is the size
of the initial data) [12]. Recent work has extended this by showing that a whole family of CR equations
approximate the dynamics of NLS on 'H‘dL for arbitrary dimension and arbitrary analytic nonlinearity [8].
The original two-dimensional cubic CR equation is the same resonant system that appears in the modified
scattering limit in [22] for d = 3; it has also been shown to be a small data approximation for the cubic
NLS with harmonic trapping set on R? [18].

One of the principal reasons that resonant systems are useful is that they generally exhibit a large
amount of structure. They are often Hamiltonian and usually possess many symmetries, a good well-
posedness theory, and an infinite number of orthogonal, explicit solutions. Extensive work has been done
on studying such purely dynamical properties of the CR equations: starting in the paper that introduced
the original two-dimensional cubic equation [12], in subsequent works again on this cubic case [17, 18],
and a more recent paper on the general case [7]. This research fits into a larger program of studying the
dynamics of nonlocal Hamiltonian PDEs; we mention, for example, work on the Szegd equation [16] and
the lowest Landau level equation [15].

The two-dimensional cubic CR equation has, in particular, been found to have many remarkable dy-
namical properties. The PDE is symmetric under many non-trivial actions such as the Fourier transform
and the linear flow of the Schrodinger equation (with or without harmonic trapping); it is Hamiltonian,
and through these symmetries admits a number of conserved quantities. The equation is globally wellposed
in L? and all higher Sobolev spaces. It has many explicit stationary wave solutions, including all of the
Hermite functions and the function 1/|z|. All stationary waves that are in L? are automatically analytic
and exponentially decaying in physical space and Fourier space.

2000 Mathematics Subject Classification. 35Q55; 37KO05.


http://arxiv.org/abs/1804.08190v1

RESONANT HAMILTONIAN SYSTEMS 2

The present work was initiated by the question of whether these striking properties also hold for the only
other continuous resonant equation that scales like L?: the one-dimensional quintic continuous resonant
equation. Our investigation subsequently broadened to include another one-dimensional resonant equation
that is somewhat more physically relevent, and turns out to be the modified scattering limit in [22] for
d = 2. Our overall finding is that these Hamiltonian systems do display much of the remarkable dynamical
structure of the two-dimensional cubic CR. In fact, we are able to show that both systems belong to a
large class of Hamiltonian systems on the phase space L2(R — C), and that each system is this class bears
many of the features of L? critical CR: each has a strong symmetry structure, global wellposedness in L2
and all higher L? Sobolev spaces, and many explicit stationary wave solutions in the form of the Hermite
functions. Typical members of the class lack much of the structure of both cubic two-dimensional and
quintic one-dimensional CR — for example, it is not the case that all L? stationary waves are analytic —
but our findings do suggest that a number of the properties of the L? critical CR equations are generic.

1.1. Presentation of the equations. The two systems we study in this article are resonant systems
corresponding to the nonlinear Schrodinger equation with harmonic trapping,

(1.1) iug — Au+ 2%u = iug + Hu = |u|**u,

where the spatial variable is © € R and & = 1,2 is an integer, so that the nonlinearity is analytic. The
cubic k = 1 equation is physically relevant: in this case, (1.1) is the Gross—Pitaevskii equation and is a
model in the physical theory of Bose-Einstein condensates [20].

Let us first see how the resonant equations arise. Looking at the profile v(t) = e~ ®Hu(t) (where e
is the propagator of the linear equation iu; + Hu = 0), we find it satisfies,

iv = e~ (|gitH p|PheitHy)
Expressing v(t) in the basis of eigenfunctions of the operator H (namely the Hermite functions), the

equation on v can be written as,

k

(1.2) ()= Y eQ“LHanH (T, o) (T 000) ) T 0(2)

m=1

3

ny,...,Nog 2 €LY

where II,,v is the projection onto the eigenspace of H corresponding to eigenvalue 2n + 1. The phase L in
(1.2) isgiven by L =nq +...4+ng41 — (Mgt2+. ..+ nokr2). The resonant terms in the sum in (1.2) are the
terms that are not oscillating in time; that is, those satisfying L = 0. The resonant system corresponding
to (1.2) is obtained by considering only the resonant terms. We will show in Section 2 that this resonant
PDE may be written more compactly in terms of a certain time average of the nonlinearity,

9 [m/4 ) _ .
(1.3) wlt) = = / /4e*ZSH(|elus(t)|2ke“Hw(t)) ds.
—7
From this expression we are able to infer that the resonant system is, up to a rescaling of time, the
Hamiltonian flow on the phase space L?(R — C) corresponding to the Hamiltonian,

/4

(14) Hasalh) = - |

—m/4

/ (1) () P+ dacdr
R

The overall resonant program is to gain information on the dynamics of solutions to (1.1) by studying
the associated resonant system (1.3). This program has two, distinct components. The first is to establish
approximation results that rigorously demonstrate that solutions of the resonant system well approximate
solutions of the full system in certain function spaces and over certain timescales. In Section 2 we prove
such an approximation result that is valid for all positive integers k. The second component of the resonant
program is to understand the dynamics of the resonant equation itself. One then projects these dynamics
back to the original equation through the approximation results. Our analysis focuses on the resonant
system (1.3) in depth for the cubic case, when k = 1, and the quintic case, when k = 2. These two cases
are particularly significant for separate reasons.
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e The cubic case k = 1 is physically relevant, as previously mentioned. In addition, the resonant
equation here is exactly the resonant equation obtained in [22] as the modified scattering limit of
the NLS equation,

(1.5) MU — Ugg — Uy + |y|2u = |u|2u,

where the space variable is (x,y) € R2. Precisely, consider small initial data ug(z,y). Suppose
that u(z,y,t) solves (1.5) with initial data (x,y) — uo(z,y). For each fixed z, let w(z,y,t) be the
solution of the resonant equation (1.3) with initial data y — wug(z,y). Then,
; _ pit(—Oaz—0yy+1y[?) H _
Jim u(z,y,t) ~ e (e g, am@)| =0
where HY is the usual Sobolev space. (This holds for any N > 8 so long as the initial data is
sufficiently small.)
e In the quintic case, k = 2, we will prove that the resonant system (1.3) is precisely the one-
dimensional quintic continuous resonant equation. It is the only CR equation, other than the
original two-dimensional cubic CR equation, that scales like L2.

1.2. Obtained results.

1.2.1. An approzimation theorem. We begin, in Section 2, by proving the following theorem, which shows
that solutions of the resonant equation (1.3) well-approximate solutions of the full equation (1.1) on a
long time scale. This theorem is essentially a lower dimensional version of Theorem 3.1 in [18], and our
proof follows theirs closely.

Theorem (Theorem 2.3, page 8). Define the space H* by the norm || f||s = | H*/?f||12; this is equivalent
to the norm |[{x)*f||r2 + H<§>Sﬂ|L2 Fix s > 1/2 and initial data ug € H°. Let u be a solution of the
nonlinear Schrédinger equation with harmonic trapping (1.1) and w a solution of the resonant equation
(1.3), both corresponding to the initial data ug. Suppose that the bounds ||u(t)||xs, ||w(t)||xs < € hold for
all t € [0,T). Then for all t € [0,T],

[u(t) — ™ w(t)||2s < (2K + 1)e™™ ™ 4+ 1) exp ((2k + 1)te®) .
In particular if t < e~ 2% then ||[u(t) — e w(t)||ps < 2R

1.2.2. Representation formulas for the Hamiltonians. Following the approximation result, we focus on
studying the resonant system (1.3) in the cases kK = 2 and k = 1. In both cases the rights hand sides of
the resonant PDE (1.3) can be written in terms of the multilinear operators,

/4

92 . . _
7-2k+2(f7---7f): _/ e*lsH(lelst|2kestf)d8
T J_7/4
so that the resonant equation reads iw; = Togyo(w,...,w). The fact that Hamilton’s equation can be
expressed in terms of multilinear operators is a nontrivial structural property that guides much of the

analysis.

In the study of resonant equations, it has turned out to be fundamental to determine alternative
representations for the Hamiltonian H and the associated multilinear operator 7. These alternative rep-
resentations often reveal structure that is concealed by specific representations such as (1.4). In Sections
3.1 and 4.1 we derive numerous representations for Hg and H,4 respectively. First, for Hg, we find the two
formulas,

(1.6) Hg(f)Z%/R/Rkimﬂﬁdxdt

1
= 2 /Rﬁ f(yl)f(y2)f(y3)f(y4)f(y5)f(96)5y1+y2+y3:y4+ys+ye5y§+y§+y§:y§+y§+ygdya

where, in the first equation, e®*® denotes the propagator of the linear Schrédinger equation. These rep-
resentations both show that the quintic Hamiltonian system is the one-dimensional quintic continuous
resonant equation [8].
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To describe our next representations, we require some notation. For an isometry A : R? — R3, let E4
be the multilinear functional,

(1.7) Ea(f1, f2, f3, fa, f5, f6) = /R3 f1((Az)1) f2((Az)2) f3((Ax)3) fa(z1) f5(22) fo(w3)dz1dzadas,

where (Az)r = (Ax,ex). The functional E, is a special case of the type of functional that appears on
the left hand side in Brascamp-Lieb inequalities [6]. We then have the following representations: for the
quintic equation, we prove that,

1 2w

2/372

where R(f) is the rotation of R3 by 6 radians about the axis (1,1,1); while for the cubic equation, we
prove that,

(1.8) He(f) =

9)(f7f7f7f7f7f)d9

1 27
(1.9) Hall) = 35— /O Es0)(G. . 1.G. f, )b

where G(z) = e=**/2 and S(0) is the rotation of R?® by 6 radians about the axis (0,1, 1);

The two representations (1.8) and (1.9) are extremely useful for studying Hg and H,. They also place the
two Hamiltonians in a larger class of Hamiltonians that, we will find, share much of the same structure.
This is not obvious: a priori we might expect the Hamiltonians Hg and H4 to be quite unalike. The
differences in (1.8) and (1.9) are also of note. The functional E4 has many symmetries, and these are
inherited directly by Hg. The presence of the Gaussians G in ‘H,4 causes the symmetry group of the cubic
equation to be smaller. It also prevents the cubic Hamiltonian from inheriting the scaling law present in
E 4; this has consequences for the possible stationary waves we can construct.

1.2.3. Properties of the Hamiltonian systems. Using the representations (1.8) and (1.9) we begin our
analyses of the Hamiltonian properties of the resonant equations.

Theorem (Theorem 3.8, page 14, and Theorem 4.5, page 28). The Hamiltonians H¢ and H4 are invariant
under the following actions (for any \):

(i) Fourier Transform: fi > fy. (vii) Linear modulation: fy, — e fi,.
(i1) Modulation: fy — e fr. (viii) Translation: fr, — fi(- + A).
(vi) Schrédinger with harmonic trapping: fi, — e f;..
The Hamiltonian He is, in addition, invariant under the following actions (for any \):
(iv) Quadratic modulation: fi, — e’ fr (v) Schrédinger group: fi, — eMAfk.
(iii) L? scaling: fi(z) — A2 fu(Az).

We prove these symmetries by showing that the symmetries actually hold for the functional E4. The
symmetries are simply inherited by Hg, while for H4 the Gaussian terms in (1.9) prevent the inheritance
of some symmetries.

These symmetries of Hg and H4 lead directly, by Noether’s Theorem, to conserved quantities for the
associated resonant equations.

Corollary (Table 1, page 16, and Table 2, page 29). The following are conserved quantities of the resonant
equation (1.3) in the quintic (k =2) and cubic (k = 1) cases,

[u@ra. [adr@Pa, [ir@Teda [ lef@P 1P

In the quintic case k = 2, we have the additional conserved quantities,
[ lias' @)+ 1) T [ ler@pas, [ 1@
R R R

We next examine the L? boundedness of the Hamiltonians.
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Theorem (Theorem 3.10, page 16, and Theorem 4.7, page 29). There hold the sharp bounds,

Ho(f) = —lle Tl sre < —=IIflI%2, Ha(f) = —lle T fll7ars < ﬁ”f”%z-

T V37
We have equality in the bound for He if and only if f = yexp(—ax? + Bzx) for a, 3,7 € C and Rea > 0.
We have equality in the bound for Hy if and only if f = yexp(—(1/2)2® + Bx) for B, € C.

This bound is actually an example of a geometric Brascamp-Lieb inequality, and the classification of
the maximizers is already known [2]. We prove the inequality and classify the maximizers in the present
case in a way that appears to be original.

Using the representation Hg(f) = (2/7)||¢"® f|| o6, from (1.6), the L? bound on H reads,

. 1
e fllZere < s—=lf1,

Wi

which is the homogeneous Strichartz inequality in dimension one. Our work shows that the constant here
is the best possible, and that there is equality if and only if f is a Gaussian. These facts were previously
determined in [14].

1.2.4. Wellposedness of the resonant equations. We then turn to the PDE problem associated to Hg and
Hy; i.e., the resonant PDE.

Theorem (Theorem 3.12, page 17, and Theorem 4.9, page 29). The mutilinear operators Tg and Ty are
is bounded from X5 to X for (i) X = L?, (ii) X = L?° for any o >0, and (iii) X = H? for any o > 0.
(iv) L°3, for any s > 1/2. (v) LP®, for anyp > 2 and s > 1/2 —1/p.

These bounds lead directly to local wellposedness for the resonant equations in all of these spaces. By
pairing local wellposedness with the conservation of the L? norm, we get global wellposedness in L?. A
persistence of regularity argument then gives global wellposedness in every H? for o > 0.

Corollary (Theorems 3.12, page 17, and 4.9, page 29). Hamilton’s equations corresponding to He and
Ha are locally wellposed in X for (i) X = L?, (ii) X = L?° for any o > 0, and (ii) X = H° for any
o > 0. They are globally wellposed in L? and H®.

It is expected that item (i) here can be sharpened to show that 7g is bounded from (L°'/2)% to
L>*1/2 (here homogeneous weighted L> spaces). This is equivalent to 1/4/]z| being a stationary wave of
the quintic Hamiltonian system, which we conjecture.

1.2.5. Stationary waves. As with the cubic continuous resonant equation in dimension 2, the resonant
equations here admit many explicit stationary wave solutions.

Theorem (Theorem 3.18, page 21, and Theorem 4.13, page 32). For every n > 0, the Hermite function
on(x) is a stationary wave of the Hamiltonian systems He and Hy.

By letting the symmetries of each of the equations act on ¢, we can construct more stationary waves;
see (3.40) and (4.17).

Theorem (Theorem 3.18, page 21, and Theorem 4.13, page 32 ). Suppose that ¢ € L? is a stationary
wave solution of the quintic (k = 2) or cubic (k = 1) resonant equation (1.3). Then there is o, > 0
such that ¢e‘”2 € L* and éeﬁwz € L*°. In particular, ¢ can be extended to an analytic function on the
complex plane.

Our proofs of these results rely on a number of refined Strichartz estimates [3, 5, 24]. Using the
representations for the Hamiltonians we are able to provide original proofs of these estimates in an
elementary way. For example, in Proposition 3.16 we prove that if fl is supported in B(0, R)¢ and fg is
supported in B(0,r), for R > 4r, then,

_ . . 1
/}R2 |2 f1]2 (e fo 22 f5 |2 dadt < W||f1||%2|\f2”%2||f3||%2-
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1.2.6. Smoothing for the quintic resonant equation. For the quintic equation, we prove the following
smoothing result, which shows that the operator 7T increases the regularity of Sobolev data.

Theorem (Theorem 3.19, page 22). For any o > 0, there is a § > 0 such that Tg is bounded from (L?°)°
to L*°%0 and (H®)® to HOtO.

1.3. Plan of the article. In Section 2 we prove the main approximation result. In Section 3 we present
results concerning the quintic Hamiltonian system defined by Hg. Many of our proofs rely on studying the
functional E 4, and the needed properties of E4 are proved as required. The cubic Hamiltonian system is
treated in a similar fashion in Section 4.

1.4. Notations and conventions.

For x € R, the Japanese bracket is (z) = V1 + 22.

(f,9)2 = [p f(@)g(z)dz.

The Sobolev space HY is defined by the norm | f|ze = ||(x)7 f|| 2.

The weighted space L% is defined by the norm || f| p2.c = |[{x)° f]| z2-

H = —A + 2?2 is the operator corresponding to the quantum harmonic oscillator.

The Fourier transform of f is F(f)(€) = f(&) = (2m)~'/? [, e~ f(x)dz. With this convention,
the map f — f is an isometry of L?(R), and the identity F(F(f))(z) = f(—z) holds. We will
frequently use the Fourier inversion formula,

. (W) gy wx:; h(aw w:i
(1.10) o L L eeetuyuds = s [ dfawyan = o0).

2
o We set G(z) = e *"/2 For all a > 0, F (6_#) &) = a~/2e~ % and I e~ dz = \/7/a.
e A < B means there is an absolute constant C' such that A < CB. A ~ B means A < B and
B < A

2. AN APPROXIMATION THEOREM

We begin the article by treating more precisely the derivation of the resonant equation (1.3) and then
proving the approximation theorem described in the introduction.

Before studying the nonlinear problem, we recall some basic properties of the linear problem correspond-
ing to (1.1). These facts will be used extensively throughout the article. The linear equation corresponding
to (1.1) is simply the equation for the quantum harmonic oscillator,

(2.1) iug + Hu = iuy — Au+ z?u = 0,
where H = —A + 2. For any initial data ug € L? there is a unique solution to (2.1), which we denote
ey, An explicit representation of this solution is given by the Mehler formula,

(2.2) M o () = 1 /efi[(12/2+y2/2) cos(2t)7xy]/sin(2t)u0(y)dy'
27| sin(2t)| Jr

(This and other properties of the linear flow may be found in [9].) From this expression we see that the
solution is time-periodic with period 7.

An alternative representation of the solution of (2.1) may be found by examining the Hermite functions
{352y The Hermite functions are eigenfunctions of H — they satisfy He, = (2n + 1)¢,, — and they
form an orthonormal basis of L2. Each of these functions is a polynomial multiplied by the Gaussian
e=7°/2; for example, ¢o(z) = coe /2, ¢1(x) = cree /2, and ¢o(z) = co(1 — 222)e~*"/2, where the
constants ¢, are normalizing constants that ensure ||¢,| 2 = 1. Using the eigenfunction property one
finds that e®H ¢, = e*Cnth g Let I,uy = (uo, dn)n be the orthogonal projection onto the eigenspace
spanned by ¢,,. Given any uo € L? we may expand uo(z) = > - (Il,uo)(z), and then find, e ug(z) =
S, et (1T, u0) (2), so the flow has a simple description in the Hermite function coordinates. We
finally note that the Hermite functions satisfy ¢, (—z) = (=1)" ¢, (z); this may be infered from the formula
P (x) = cpe® /2(d" /dz™)e™*" from [9].
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We now turn to the nonlinear problem (1.1). The linear part of the equation may be absorbed into
the nonlinearity by changing variables to the profile v(z,t) = e~ u(x,t). The function v satisfies the
equation,

(2.3) ivy = e (|| PP y) = Ny(v, ..., v),

where N is the (2k + 1) multilinear operator,

k
(2.4) Ne(f1,-. ., farer) =7 [( H (eitHfm)(eitkaJer)) (eitkaH)] :
m=1
We expand each of the functions f,, in the basis of Hermite functions, e’ f,,, = e (32 _( 1l fim) =
S, et@rm I, f, . and then substitute into (2.4). This yields,

Nm =

k
(25) Nt(fl7 R f2k+1) = Z €2iLtHn2k+2 [( H (Hnm fm)(nnk+1+m fk+1+m)> an+1 fk+1‘| )

n1,..;N2k2>0 m=1

E+1
where L =" Ny, — Ngpme1-
In (2.5), when L # 0 the associated term in the sum is oscillating, while when L = 0 the associated term
is not. The resonant equation arises simply from neglecting the oscillatory terms. Define the multilinear
functional T by

k
(26) T(fh sy f2/€+1) = Z Hﬂ2k+2 l( H (Hnm fm)(nnk+1+m fk+1+m)> an+1 fk+1] .

N1,.eny nok4+2>0 m=1

L=0
The resonant PDE is then given by,
(2.7) iw, =T (w,...,w).
Lemma 2.1. The resonant functional T is the time average of the functionals N, over the interval
[—7/4,7/4]; that is,
/4

(28) T(fl,. ..7f2k+1) = % Nr(fl;- ..,f2k+1)d7”.

—m/4
Proof. We integrate the sum in (2.5) over [—m/4, 7/4] term by term. If L = 0 nothing changes and we get
the associated term in (2.6). If L is even then f:/ril e?'Lrdr = 0, and the term in (2.5) is 0. Finally if L is

odd, then either ngg42 is even and L — ngg42 is odd, or ngg4o is odd and L — nogyo is even. In the first
case we have, using the Hermite function property (IL,,f)(—z) = (—=1)"(IL, f)(x), that,

k
< [T (T, fon) (o) (@1 fk+1+m)(—fr))> (W1 fra1) (=)

m=1

k

= (_1)L_n2k+2 ( H ((Hnm fm)(x))((]:[nk+l+m fk+1+m)(‘r))> (an+1 fk-l—l)(x)v
m=1

and hence the function here is odd. Projecting onto the eigenspace spanned by the even function ¢, .,

gives the 0 vector. The associated term in the sum (2.5) is thus 0. In the case when noj2 is even and

L — nog4o is odd a similar analysis shows that the term in the sum is again 0. In conclusion, all of terms

corresponding to L # 0 vanish, while those corresponding to L = 0 are unchanged. O

By virtue of the lemma the resonant equation can be written as,

/4 /4 ) ) )
(2.9) dw=T(w,...,w) = 2 Ny(w(t),...,w(t))dr = 2 / e (| (t) PR e P (t)) dr,

T™J_x/4 ™ J_x/4

which is precisely (1.3). One can show that the resonant equation is the flow corresponding the Hamilton-
ian, Hopi2(f) = 2 :ﬁ% Jg | f(x)|***2dadr, up to a rescaling of time. The details of this Hamiltonian

correspondence are presented in Theorem 3.1 below.
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We now prove the approximation theorem. The theorem is essentially a lower dimensional analog of
Theorem 3.1 in [18], and our proof follows theirs closely. The function space in our theorem is,

H® ={ue L*: H/?u e L?},

with the norm |lu||%s = ||[H*/?u| 2. From [27], we have the norm equivalence ||u|l3s ~ |[{z)%/?ul|z2 +
|(€)*/24]| 2. This space H* is useful for two reasons: first, if s > 1/2, then the space is an algebra
(as a direct consequence of the norm equivalence); and, second, the space interacts well with the linear

propagator e | as seen in the following Lemma.
Lemma 2.2. Fiz s > 0. For all u € H® and t € R we have |[e"™ 3= < [Jul/3s.

A general LP version of this lemma appears in [4]; for L?, there is the following short proof.

Proof. First let s be an even non-negative integer. Then s/2 is an integer, and it is clear that H*/?

commutes with e**7. By conservation of the L? norm by e, we have,
e ullge = [ H 2" ul 12 = [l H ?ul| 12 = | H?ul| 12 = || u]| -
The result for general s follows from interpolation. O

Theorem 2.3. Fiz s > 1/2 and initial data ug € H®. Let u be a solution of the nonlinear Schrédinger
equation with harmonic trapping (1.1) and w a solution of the resonant equation (2.7), both corresponding
to the same initial data ug. Suppose that the bounds ||u(t)||xs, |w(t)||ws < € hold for all t € [0,T]. Then
for allt €10,T],

[u(t) — ™ w(t)||2s < (2K + 1)e™™ ™ 4+ 1) exp ((2k + 1)te*) .
In particular if t < e~ 2% then ||u(t) — e " Hw(t)| s < 2FF1

Proof. Let v(z,t) = e~ *Huy(x,t), so that v satisfies the PDE (2.3). We note that v(x,0) = u(z,0) = ug(x).
Using the previous Lemma, we find that,

(2.10) lu(t) = e w()llae = lle"To(t) — e w(t)|re < Jv(t) = wt)lle-

To prove the theorem it therefore suffices to show that v and w are close in H?.
Therefore let v and w be solutions of the equations (2.3) and (2.7) respectively with the same initial
data ug,

(2.11) v (t) = Ny(v(t), ..., v(t)) = e ™ (|e"Hu(t)[PFe™ (1)) ,
9 [T/4 , )
(212) ) = T, w0 = 2 [ e (e (PR o) dr,
—m/4

and ug(z) = v(x,0) = u(x,0). Set,
(213)  Di(fr,- -5 fantr) = Ne(frs oo forgn) = T(f1s- -, fargn)

k
(214) = Z eQitLHn2k+2 l( H (Hnm fm)(an+1+mfk+1+m)> an+1 fk+1] .

N1,..ey nok42>0 m=1
L#0
From the expressions of the multilinear operators N, and 7 in (2.11) and (2.12) (or their multilinear
versions (2.4) and (2.8)), from Lemma 2.2, and from the fact that H® is an algebra, it follows that N; and
T are uniformly bounded from (H*)2**! to #*. The same holds for D, from (2.13).
Set ¢(t) = v(t) — w(t). Because ¢(0) = 0, the Duhamel form of the equation on ¢ is,

(2.15) io(t) = /0 [T(v(r),...,v(r)) = T(w(r),...,w(r)) + D.(v(r),...,v(r))] dr
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We will determine a priori bounds on ¢. For the first term in the integrand here, we can expand by
multilinearity to find,

IT(w(r), ..., v(r) = T (w(r),. )l < Z 17 (w( (1), 0(r) —w(r), w(r), ..., w(r) [lx
m times 2k—m times
(2.16) < (2k 4+ 1) ||u(r) — w(r)]| 3.

For the second term in the integrand in (2.15) we need to look more closely at the operator D,. We first
observe the identity, e*"L = d/dr [, 2| e?9Ldh, where |z is the smallest integer less that x. (Recall
2 ™

from the proof of the first lemma that only even values of L contribute to the sum in (2.14).) The interval
of integration here has length less than 1. We can then handle the second term in (2.15) as follows,

/O[Dr(v(r),...,v(r))]ds
: -
= Z / QZTLHn2k+2 [( H (Hnm’U(’f'))(an+l+mU(r))> an+1U(T)1 dr

N1, N2k+2>0 m=1
L#0

= 2 / = ( / " 22’“d€> HnwKﬁ(Hnmvxm)) n] dr.

N1,..yN2k42>0 2 L m=1
L#0

Using integration by parts, we have,

(left hand side)

t r k
- o2i0L d N .
= Z . /0 (/1 |2 | d6‘> drnm’““ [(H (I, 0) (Mg )) My, .,

m=1

dr

t k
2i0L -
+ Z </% LﬁJ € d9> Hn2k+2 [( Hl(HnmU)(an+l+m1})> an+1v

N1,..ny nok4+2>0 ™ m=
L#0
t 2k T
:—/ Z/ Do(v(r),...,v(r),v.(r),v(r),...,v(r))d0dr
[ —— QL%J SN——— ———

m times 2k—m times

: </ ) DO ,v<t>>d9> .

2L

Because the interval of integration [% L%J ,t} has length less than 1, we get,

/O (D, (w(r), ..., v(r))] ds

<t(2k+1) sup ()35 lor(r)ll3e) + 0@ 135
Hs rel0,t]

S t(2]€+ 1)€4k+1 + 62k+1,

(2.17) ’

where in the last line we have used [|v¢|[3: < |[v[|55t" < €¥*+1, coming from (2.3).
Combining the estimates (2.16) and (2.17) we get,

t
line < +1)e S)||usds | +t(2k + 1)e +e )
o0l < 2+ D ([ 10(6)leds ) + o2k + et 4 2451
0
Gronwell’s inequality then implies that,

[v(t) — w(t)|ls= = 6®)[|2e= < (E(2k + 1) T 4+ 1) exp ((2k + 1)te?*)
which, with (2.10), gives the result. O
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3. THE QUINTIC RESONANT EQUATION
We now turn to the resonant Hamiltonian corresponding the quintic equation,

2 71'/4 .
s =2 [ [ 1e (@) dade,
t x e _ R

/4

(31) Ho(f) = 2l ]

which has a corresponding multilinear functional,
/4

(3.2) 56(f17f2’f3’f4’f5’f6):%/,

/R (e fu) (e f2) (e f3) (e 1) (e f5)(e™H fo)dadt,

/4

related by He(f) = E(f, f, f, [ [, ). The functional & has a large number of permutation symmetries.
For any two permutations of three elements o, ¢’ € S3, we have,

(3.3) E6(f1, f2; f3, fas [5, f6) = E6(fo(1)s fo(2)s fo3)s for(ays for(5)s for(6))
as well as the symmetry,
(34) 56(f17f25f35f47f55f6) :56(f47f55f67f17f25f3)'

These symmetries are used to calculate Hamilton’s equation corresponding to Hg.

Theorem 3.1. Hamilton’s equation corresponding to Hg s,

/4 ) ) )
(3.5) iu(t) = Te(u(t), ..., u(t)) = 12 / e isH (|6”Hu(t)|4e”Hu(t)) ds,

™ J_n/4
which is precisely the resonant equation (1.3) up to rescaling of time.

Proof. In order to find Hamilton’s equation of motion corresponding to Hg, we first recall the Hamiltonian
phase space structure of L?(R — C). A symplectic form on L? is given by w(f, g) = —Im (f, g)r2. Given a
Hamiltonian H : L? — R, the symplectic gradient VA is defined as the unique solution of the equation
Ww(VWH(f),9) = d/de| _, H(f + eg). Hamilton’s equation is then u; = V ,H(u).

In the present case He(f) = E(f, ..., f), and we have, by multilinearity,
6

Hﬁ(f+eg):Zgﬁ(fa"'afvgvfa"'af):6R656(fafafafafag)a
— ——

k=1

d
3.6 —
(3.6) d| _,
k—1 times 6—k times
where in the last step we used the permutation symmetries (3.3) and (3.4). On the other hand, setting,
iVuHe(f) = Te(f,- -, f), we find, w(VoHe(f), 9) = —Im (iTs(f,..., [),9) = Re(Ts(f,..., f), g). By the
definition of the symplectic gradient, the right hand sides of this equation and (3.6) must match for all f
and g. By replacing g by i¢g and using conjugate linearity, we see that this equality condition holding for
all g actually implies that,

/4 ] ) -
B Talfei£)0) =08 S f0) =2 [ [ e e ) g dads

—m/4

/4 ) ] )
:/ <E/ e—st (|estf|4(estf))> gdiE,
R\T J_n/a

where we have used the fact that e is an isometry of L?(R — C) for all s. From this equation we
determine the formula for 7s(f,..., f) and hence (3.5). O

Our expression of Hamilton’s equation is in terms of the 5-linear map 75 : (L?)® — L? defined by
duality in (3.7). It is central to much of the analysis below that the equation can be expressed in terms
of such a multilinear operator.

Theorem 3.1 showed that the Hamiltonian flow corresponding to Hg is precisely the resonant equation
2.9 in the quintic case k = 2. By the approximation result, Theorem 2.3, solutions of (3.5) with initial
data of size € are close to solutions of iu; — Au + |z|? = |u|*u in the space H® for s > 1/2 and times
t<e .
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3.1. Representations of the Hamiltonian and the flow operator. A highly useful approach to the
study of Hamiltonians such as Hg is to determine alternative representation formulas for Hg, &, and Tg.
Functionals such as £ can have a large amount of structure that is concealed by a specific representations
such as (3.2). This is will be illustrated clearly below.

First, we show that &g is invariant under the Fourier transform.

Lemma 3.2. The functional E and operator Tg are invariant under the Fourier transform,

~ N N N~ o~

(3.8) E6(f1, f2; f3, [, [5, f6) = E6(f1, f2 [3, fas 5, f6),
(39) fdﬁ(fl;f2;f37f4;f5):%(ﬁaﬁvﬁaﬁvﬁ)'

Proof. First let fy = ¢,, be Hermite functions. Then ¢,, = (i)™ ¢y, , and so,

(310) 86 (q;’ﬂl I q;’ﬂg I q;’ﬂ3 9 (Z;’Ih;? q;’ﬂs I (lg’ﬂg) = (i)nl+n2+n37n4in57n6 56 (¢n1 ) ¢n2 ) ¢n3 ) ¢n4 ) ¢7l5 ) ¢7l6)'
On the other hand, using that e®H ¢,, = ¢*?"*tD 4, we have,
2 71’/4 .
56(¢n15 v ad)ne) = — / 62Zt(nl+n2+n37n47n57n6)dt

™

(3.11) /4
X/¢n1($)¢n1(x)¢n2($)¢n3(x)¢n4($)¢ns(@‘bm(*ﬂdw
R

If ny 4+ n2 + n3 — ng — ns — ng is a nonzero even integer, then the time integral in (3.11) is 0. If ny + ny +
ng —ng — ns — ne is an odd integer, then by the Hermite function property ¢, (—z) = (—1)" ¢, (z), the
integrand in the space integral in (3.11) is odd and hence the integral is 0. Therefore, using also (3.10), if
n1 +ng +ng —ng —ns — ng # 0, both E(énl, . ,énﬁ) and E(Pp,, ..., ¢ns) are 0 and in particular equal.
Moreover, if 7y + na + ns — ng — 15 — ng = 0, then by (3.10) E(nys- - -+ dng) = E(Dnys - -+ s Ong)-

Because the Hermite functions are a basis of L2, the formula (3.8) holds for all functions fi. The
statement for Tg follows from this and (3.7). O

Theorem 3.3. There holds the representations,

(3.12) se(fl,fQ,fg,f4,f5,f6>:% /R /R (" f1)(e™ S f2) (€™ fo) (€2 Fa) (2 f5) (€72 fo)darat,

/4 , , . -
(313) Tl fafufuf)@) = [ e @A) ) TR IR (@)t

T J—x/4

Proof. The lens transform [25] takes solutions u of the linear Schrédinger equation into solutions v of
the linear Schrédinger equation with harmonic trapping. If we let ug(z,t) = (e fi.)(x) and vk (z,t) =
(€™ f)(x), the lens transform reads,

B 1 T tan(2t) iz? tan(2t) /2
uk(@,t) = cos(2t)1/2 o (‘305(%)7 2 ) ‘ |

We substitute these expressions into (3.2) and perform two changes of variable. In the time variable,
we perform s = 1 tan(2t). This change of variables bijectively maps (—m/4,7/4) to (—oc0,00) and has
determinant cos(2t)~2. In the space variable we perform y = z/ cos(t); this has determinant | cos(2t)|~!.
Then,

/4 /2 1 x  tan(2t)
t)dxdt = —_ —_— t)dxdt
_F/4/R(u1uQu3U4U5u6)(:v, )dx /0 Teos(@)F /R(Ulvgv;;vwg,vﬁ) (cos(2t)’ 5 )(:v, )dx

:/ /@mwmmawﬁwﬁ@h
—o0 JR

which gives (3.12). The expression for Tg follows from this, (3.7), and the fact that e™*4 is an isometry of
L? for all t. O
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Theorem 3.4. Let Q1(z) =y1 +y2 +y3 —ys —ys — v and Qo (z) =y +y3 +vy3 —y? —y2 — 2. Then
there holds the representations,

(3.14) E6(f1, fa; f3, fa, f5, fo6) = / J1(y1) f2(y2) f3(y3) fa(ya) f5(y5) f6 (Y6 )00, (y6) 022 (vs) TYs

(3.15) To(f1, f2; f3, fa, f5) (2 / J1(y1) f2(y2) f3(y3) fa(ya) f5(Y5)00, ()00 ()

Proof. We evaluate (3.12) using the fundamental solution formula for the linear Schrédinger equation,
(€2 fi)(x) = (dmit) =12 [, eflz=url*/4t £ (4, )dyy,. This gives,
(3.16)  &(f1, f2, f3, fa, [5, f6)

- z//(e”Aftl)(eimftz)(eimfts)(eimfbl)(eimft5)(eimft6)dxdt
T JRJR
_ 32_17T4/Rt%/R/R6 e (o) 2 iQ2us) 48 ) (y)) o (y2) f3(y3) Fa(ya) s (ys) F o (w6 ) dydadt

- 4_7174 /R /R /Re e ve) e ¥isQ2we) £ (4)) o (yo) f3 (ys) Fa(ya) 5 (y5) s (ve ) dydads
(3.17) = 2—713/11«/11@6 et 0200) £, (y1) o (y2) f3(y3) 4 (y4) 5 (U5) F (y6) Sy (ye) Ayl
= % /RG Fr(y) f2(y2) f3(y3) Fa(ya) F5(ys) Fo(46) 002, (yo) 062 (ye) A5

which is (3.14). Equation (3.15) follows immediately from definition (3.7) with the L? inner product
integration in yg. ([

Theorem 3.5. There holds the Tepresentatz'ons

olfrofo S fouJo) = 505 [ S+ R0+ 000 +€ =30

(3.18) FAAB + T35+ Ay + € — AT (1) dBdndecy.
Tofrofo i oo F5)@) = 75 [ S8+ RO +2)fa(ha + €= X0

(3.19) Fo(M3 + 1T 5(8 + Az + € — \)dBdnde.

Proof. We start with formula (3.17). Introduce new variables a, 8,v,1m,€ by y1 = B+&, y2 = n+7, ys = «,
ys =n+ ¢ and y5 = a + B. We calculate yg = y1 +y2 + y3 —ya — y5 =7 and

Qo(ye) =5 + 3 + U3 — Uz — ¥z — ¥a = 2BE + 2yn — 2n€ — 20,

which gives the formula,
1 ] —né—a
E6(f1, fa; f3, fas [5, f6) = ﬁ/ eZtlBEtm=nE=aBl £ (B 4 €) fo(n +7) fa(e)
R6

Faln+8)fs(a+ B)fq(v)dadfdydndgdt.
Now change variables from 7 to A through n = AB. This gives dn = |B|d\ and therefore,

E(f1, f2, [35 fa, [5, f6) = / |Ble2tPletIA=EATl 11 (B 4 &) fo (AB + ) f3(cv)
FaAB + &) Fs(a+ B) fo(v)dadBdydndédt.

Next we use the Fourier inversion formula [; [ e ¢(x)dadt = 2n|a| 1 ¢(0), with a = 26 and 2(a) =
&+ v\ — &N — a. This gives,

Ealfr, fo, f3, fa, [5, f6) = /fl (B+E)f2(AB+ ) f3(6 + My — AE)
FaOB+E)f5(B+ &+ Xy — X&) fo(v)dBdndEdy,
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which is (3.18). The representation (3.19) follows from the definition of 7g in (3.7) with the L? inner
product integration in . O

Before starting the next result we recall the following notation from the introduction: for any matrix
A : R? = R3 the multilinear functional E4 is defined by,

(3:20)  Ea(f1, f2, f3, fa, f5, f6) = /RS f1((Az)1) f2((Az)2) f3((Ax)3) fa(z1) f5(22) fo (3 )dz1 dadrs,

and T4 is defined by duality using the formula,

(321) <TA(f17"'af5)7g>:EA(flv"'7f5ag)'

Theorem 3.6. There holds the representations,

(3.22) Eolfuofo i fiofoo19) = 573 [ 5r—5r g Baco o o o fo s FA
(3.23) To(f1, f2, f3, fa, f5)(x) = 2—;/Rv_;wTA(/\)(flvfz,f37f4,f5)($)d)\

where, for all A, A(N\) is an isometry and A(N)(1,1,1) = (1,1,1). (The matriz A(X) is given explicitly in
(3.24) below.)

Proof. In formula (3.18), let y1,y2,ys be the arguments of f1, fa, f5 respectively, and let x1, x2, 25 be the
arguments of f,, fs, f¢ respectively. We have,

(7} B+E 10 g
y=\w|=| M+r |[=]|r1 = K
Y3 Ay +E—= A 0 X 1-— )\ ¢
and,
z=|z2| =B+ +E-X | = 1 A 1-— /\ N |y
T3 Y 1 3
In equation (3.18) perform the linear change of variables ©z = [3 ~,€). We find that det C(\) =

M =A+1=(A—13)?+3 > 0; in particular C(\)~! is defined for all /\ Let A(\) = B(A\)C(\)~!. Changing
variables then establishes (3.22). The expression for Tg follows using the definition of T4 (3.21).
A calculation reveals that,

A I—X A=)
A2 — ) A 1—-A
1—XA A=) A
It remains to verify the two properties of A(\). These can, of course, be determined from the formula

(3.24); however it is more insightful to see how they arise naturally from the combinatorical structure of
the arguments to the functions in (3.18).

(3.24) AN = BNCWN ™ = 57

(i) By inspecting (3.18), we find that the squares of the arguments in f1, fa, f3 sum to the squares of
the arguments in fy, f5, f6,

(3.25) (B+E)?+ A8 +7)° + (M +E€=2)* = (A8)* + (B+ My + € = A)* + (7).

This gives, for all z € R3, that [B(A\)z|? = So_, (BO\),ex)]? = Sa_, (C(N), ex)|? = [C(N)z|?.
Setting z = C(\) "1y gives [A(N\)y|?> = |y|? for all y € R3, and hence A(]) is an isometry.
(ii) Again in (3.18), we see that the arguments in f1, fo, f3 sum to the arguments in fy4, f5, f6,

(3.26) BHE)+AB+)+ M +E=A) =A8) + B+ M +E— A+ ()
Setting e = (1,1,1), this means that for all z, (B(A)xz,e) = (C(N)z,e). Set y = C(A)z to give
(A(N)y,e) = (y,e). Because A is an isometry, A* = A~1, and so (y, A~'e) = (y,e) for all y, and
hence Ae =e.

We note that the expressions (3.25) and (3.26) arise naturally from the § arguments in (3.14). The
properties of A(A) in (i) and (ii) should be considered generic for continuous resonant type equations. [J
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Theorem 3.7. We have the representations,

2w
(3.27) E(f1, f2, 35 [, 5, f6) = Tzﬁ Ero)(f1, f2, f3, fa, f5, f6)dO
27
(3.28) T(f1, f2, f35 fa, f5)(x) = g/o Treo)(f1, f2, f3, fa, f5)(x)df

where R(0) is the rotation of 0 radians about the axis (1,1,1).

Proof. Because the matrix A()\) is an isometry, det A(A\) = +1, and A(N)(1,1,1) = (1,1, 1), the matrix
must, in fact, be a rotation about the axis (1,1,1). For any rotation A of R3, the angle of rotation
satisfies, 2 cos(f) + 1 = Trace(A). In the present case, this means,

1 1 3A
(3.29) cos(0) = p(N) = 5 (Trace(A(N\)) — 1) = 5 <)\2_7)\+1 _ 1> .
The formula (3.27) follows from performing the bijective change of variables A — 6. O

3.2. Symmetries of the Hamiltonian and conserved quantities of the flow.

Theorem 3.8. The functional E(f1, f2, f3, f4, [5, f6) is invariant under the following actions (for all A).

(i) Fourier transform, fi — .
(ii) Modulation, fi — e fy.
(iii) L? scaling, fr(x) Al/ka_()\x).
(iv) Linear modulation, fi — e fi.
(v) Translation, fr — fr(-+ A).
(vi) Quadratic modulation, fi — e £
(vii) Schrédinger group, fi — e f.
(viii) Schrédinger with harmonic trapping group, fi — e fi.

Proof. We will prove that if a matrix A : R® — R3 is an isometry and satisfies A(1,1,1) = (1,1,1) then
the functional E, as defined in (3.20) is invariant under all of these symmetries. By the representation
(3.27) for &, these symmetries are inherited by &.

(i) Because A is an isometry, we have (¢, Az) = (A71€, ) for all £, € R3. Now calculating,

3
Ealfioo o) = s [TL( [ e niands,) ([ e Toptmin ) do
k=1
3
emHAT ) H (€0) Fay (vi)dédvda,
R3 JR2x3

where in the last line we have used (¢, Az) + (v,z) = (A71¢ — v, x). We first change variables y(¢) =
AN — v, or £(y) = Ay + Av. The determinant of this change of variables is 1 because A is an isometry.
Performing the change of variables then gives the required identity,

3
f,..., / / “y,z) w(Avg + Ay) f v )dydvdz
( ! 27T R3 R2><3 1;[1 3+k( )

/R T () T = (o o).

k=1

where in the second equality we used the Fourier inversion identity (1.10) with a = 1.

(i) This is clear from the definition of E 4.

(iii) Let f)(z) = A2 fx(\z). Writing out E4 and performing the change of variables y = Az (with
dy = \3dx) gives the relation Eo(f7,..., ) = Ea(fi,---, f3)-
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(iv) Because A is an isometry, |Az|? = |z|? for all x € R3. Using this, we have,

3
EA(eiMmI?fl, o ,6M|m|2f6) = . H ei)\‘(Az)k‘sz((A‘T)k)eiiMzk‘273+k(xk)d:17
k=1

= ‘/]R3 e“"AMQe*D“z\Z H fk((Ax)k)Tg_,’_k(xk)dx = EA(fl, ey fﬁ)

k=1
(v) Using the previous part and the invariance of E4 under the Fourier transform from part (a), we
; ; . 2~ . 2~ -~ ~
ﬁnda EA(el)\Aflu e 7ez>\Af6) = EA(e_ZMII f17 ceey e_ZMII fG) = EA(f17 ceey fﬁ) = EA(f17 RS fG)
(vi) In this part we use t instead of A\, and show invariance of the functional under . First, we

note that if n is an integer then e!(™/24n™H f — ¥ (from, for instance, the Mehler formula (2.2)). The
t = /2 + n7 case thus follows from part (i). If ¢ # /2 + n7 then we may again represent e f in terms

of e**” ¢ using the lens transform. There holds,

; 1 ' T g
3.30 GHH £\ () = L (giltan(26)/2)A ( )ew tan(2)/2
(3:30) (e 1)) cos(2t)( Ti) cos(2t)

We substitute this expression into the functional. Using in turn the symmetries (iv) (with A = tan(2t)/2),
(iii) (with A =1/cos(2t)), and (v) (with A = tan(2t)/2), we determine that,

itH PH 1 i(tan(2t) /2)A x
Ea(e"™ f1,...,e"" f6) = Ea (7608(%)(6 /A £ (cos(2t))"">

= B (0G5 1) (@) .., (0D ) ) = Balf... fo).
(vii) Let e = (1,1,1) € R3. We have,

EA(ei)\wfl, s ei)‘mfzn) _ / H eik(Am)kfk((Ax)k)e—ikm7n+k (:Ck)dx
" k=1

= [ el T] (A0 Fr(on)do = Bl fon)
" k=1

where in the last step we used (Az,e) = (x, A~te) = (x,¢).
(viii) This follows immediately from the previous part and the invariance of the functional under
the Fourier transform, as in item (iv), noting that the Fourier transform takes x +— e%f(z) to &

o~

fE+A). O
Corollary 3.9. We have the following commuter equalities,
(3.31) eUTe(f1, fo, f3, fas f5) = To (€29 f1,e9 fo, €9 f3, M9 f4, €29 f),
Q7—6(f17 f27f37 f47 f5) = 7—6(Qf17 f27f37 f47f5) + %(flqu?u f37f47 f5) + 7-6(f17f27Qf37 f47f5)
(332) - %(fla f27f37Qf45 f5) - %(flvf?a f37f47Qf5)5

where Q are the operators: Q =1, Q =z, Q =id/dr, Q=12% Q=A, Q= H.
Proof. For each of the operators @, the flow map ¢*? is an isometry of L? for all \, and,
Ee(€™f1,...,efe) = E(fr,. .-, fo),
from Theorem 3.8. For each g € L?, we thus have,
(€ 9T6(f1,- -0 f5),9) 2 = (Ts(fr, - f5),€ 99 12 = E6(f1, -, f5, 67 g)
=& (1, €9 5,9) = (Te (€ fry. ., €9 fan1), g) 12,
which gives (3.31). To get (3.32), differentiate (3.31) with respect to A and set A = 0. O

Because each of the flows e™? can be realized as a Hamiltonian flow, Noether’s Theorem gives that the
Hamiltonian flow associated to Hg has conserved quantities associated to symmetries (ii) through (viii).
These symmetries and conserved quantities and summarized in Table 1.
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TABLE 1. Symmetries of Hg and conserved quantities of the quintic resonant equation.

Symmetry of Hg Conserved quantity Operator commuting with 7g
f e f fR|f(x)|2d:17 1
f= Je lizf'(x) + ()] f(z)dz
frseref S x| f(x)Pda x
fefe+A) Re [ ['(z)f(z)dx id/dx
fis ei/\\m\2f fR|~”Cf(=T)|2 22
fro S Je | f'(@)Pde A
e Jalaf @)+ @)Pde H

3.3. Boundedness of the functional and wellposedness of Hamilton’s equation.

Theorem 3.10. There holds the following sharp bound,

(3.33) €6 (f1, fas f3 fus fo: 1o \fﬂmm

which means in particular 0 < He(f) < 1/(mv/3)||f||S.. Equality holds in (3.33) if and only if each fy is
the same Gaussian ’ye*‘”z*ﬁx for some a, B,y € C and Rea: > 0.

Proof. First we let A :R3 — R? be a linear isometry. We have,

BaCh o foofos fo o)) € [ | 1F3(a0) tan) )| - |Fs((A)) (Ao ol (An)s) i i
1/2
< </}R3 |f1(«Il)f2(IQ)f3($3)|2dI1dx2dI3>

1/2
(3.34) </}R3 |f4((AI)l)f5((AI)2)f6((AI)3)|2dI1dI2dI3> :

In the second integral we perform the change of variables y = Ax. The change of variables has determinent
1, because A is an isometry, and hence the second term is transformed into a term identical in structure to
the first. In the first term and the second term we can integrate over each variable seperately, and hence

determine that [Eo(f1, f2, f3, 1, f5, f6)| < [ fullpz -+ || follr2-
Now turning to &, using representation (3.27) we have,

27
(3.35) |E6(f1, for f3, fa, f5, f6)| < W 2/ 0)(f1, f2, 3, fa, f5, f6)]dO < 7 H Il fellzz,

which is the inequality (3.33).

For equality to hold, we must have equality in (3.34) for almost every R(#); namely we must have
|Ereo)(f1, f2, f3, f4, f5, f6)| = H2:1 I fxllz2 for almost every 6 € [0,2x]. Our use of the Cauchy-Schwartz
inequality in (3.34) means that this happens if and only if,

(3.36) Si((R(0)z)1) f2((R(0)x)2) f3((R(0)x)3) = fa(x1)f5(x2)fe(xs),
for almost every 6 € [0,27] and (z1,72,23) € R3. Using the fact that R(0) is an isometry and that
R(0)(1,1,1) = R(#) one readily verifies that this equality does hold if the functions f; are the same
Gaussian e~ +5% for a, € C and Rea > 0. The inequality (3.35) is thus sharp.

The converse statement, that functions fi, ..., fe satisfy (3.36) only if each of the functions f is the
same Gaussian is more involved. A proof specifically adapted to the present circumstance is presented in
[13]. However the L? equality on E4 is in fact a special case of a geometric Brasscamp-Lieb inequality [1],
and hence the inequality being saturated by Gaussians is a special case of the general theorem in [2]. O
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Theorem 3.11. We have the operator bound || Te(f1, f2, f3, fa, f5)||x < Cx Hi:l I fxllx, for the following
spaces.
(i) X = L? with Cx = 2V/3/T,
(ii) X = L*°, for any o > 0.
(i1i)) X = H°, for any o > 0.
(iv) X = L>*, for any s > 1/2.
(v) X =LP*, for anyp>2 and s >1/2—1/p.

Proof. (i) Follows by duality (3.7) and the L? bound on & (3.33).

(ii) Let (z) = 1+ a? be the Japanese bracket. We will first show that & (f1,..., f5,(t)%¢g) <
Es((tY f1,..., ()7 f5,9), and then determine the bound on Tg by duality.

Let A :R3? — R? be an isometry. Fix z € R?. Because A is an isometry we have, |z3|> < |z|? = |Az|? =
S0 [(Az)|?. Therefore there is an integer I such that |z3]2 < 3|(Az);|?. With () denoting the Japanese

bracket, we then have (z3) < 3((Az);) and so, (z3) < 3 (HZ:LQ«A@,C»@@) ((Az)3), because in all

cases (t) > 1. In terms of the functional E 4, this gives,

(3'37) EA(|f1|7 AR |f5|7 <t>0|fﬁ|) < 3UEA(<t>U|f1|7 EER) <t>0|f5|7 |f6|)7

and the same inequality is inherited by & by (3.27).
Now applying this to Tg, we have,

(T6(f1s-- s fon1), @) 2w = (T6(f1s- s fone1), (£)*79) 2 = 6 E(f1,- -, f5, (£)*79)

2n—1
<637 E((1)7 fro o ()7 5, ()79) < (20-3“ I1 |fk||L2,a> Iz,

k=1

which gives the result for X = L7,

(iii) This follows from (ii) and using the invariance of the operator 7 under the Fourier transform as
given in Theorem 3.2.

The bound (iv) is proved in Theorem 3.20 below.

The bound (v) comes from interpolating between the bounds in (iv) and (ii). O

Theorem 3.12. Consider the Cauchy problem,
Uy = 76(’11,, u,u, u, ’U,),

(3:38) u(t = 0) = uo,

which is Hamilton’s equation corresponding to He and the resonant equation (1.3) in the quintic k = 2
case up to rescaling by time.

(i) The Cauchy problem (3.38) is locally wellposed in X for any of the spaces X in Theorem 3.11.
(ii) The Cauchy problem (3.38) is globally wellposed in L?.
(iii) Propagation of regularity: the equation is globaly wellposed in H for every o > 0.

Proof. (i) The Duhamel formulation of the Cauchy problem (3.38) is,

u(t) = R[u(t)] = uo +/0 To(u(s), u(s), u(s), u(s), u(s))ds

Using multilineariy of 7g and the bounds in Theorem 3.11 it is easy to show that for any 7" > 0 there is
an € ball around 0 in the space Cy([0,T], X) on which R is a contraction mapping. Local wellposedness
then follows from Banach’s Fixed Point Theorem.

(ii) By Banach’s Fixed Point Theorem, the local time of existence of a solution to (3.38) in L? depends
only on |lug| 2. Because ||u| 2 is conserved by the flow (3.38), by the usual argument the L? solution is
global.

(iif) This is classical. We have (d/dt)||ul|ge < ||ul| e ||ul|2 2. From this we see that the H° norm cannot
blow up, and hence the H? solution is global. (I
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3.4. Analysis of the stationary waves. Stationary wave solutions are solutions of the form e (x)
for some w € R and a function . By substitution into (3.5), we find that ¢ must satisfy,

(3.39) —wip(x) = To(¥, ¥, ¥, 9, %) (2).

Theorem 3.13. The Hermite functions are stationary waves. That is, for all n > 0 there is a number
Wy, € R such that u(z,t) = e™n ¢, (x) is an explicit solution of (3.5).

Proof. In the proof of Lemma 3.2 we found that for indices n1,...,ng we had E(dn,,. .., Pn,) = 0 unless
n1 + ng + n3 = ng + ns + ng. In particular, setting n = ny; = --- = ns and m = ng, we have

(Te(Dns -, bn)s dm) = E6(Dny - - -, bn, dm) = 0,
unless n = m. Because the Hermite functions are a basis of L? and Tg(¢n, - .., ¢n) € L? by Theorem 3.11,
this implies that , T6(¢n, ..., Pn) = wWnoy, for some w, € R. The result follows. O

By letting the symmetries of 75 act on ¢,,, we find that each of the functions
(3.40) aebrticr’ g (dx +e),

for a € C and b, ¢,d, e € R is a stationary wave solution of (3.5).

3.4.1. Regularity of stationary waves: introduction. All of the stationary waves (3.40) are analytic and
decay in space like e~*” for some a € R. The remainder of this section is devoted to a proof any function
Y € L? satisfying (3.39) is automatically analytic and exponentially decaying in space like e Our
proof follows closely the proof of the analogous result for the two-dimensional continuous resonant equation
in [18], which in turn is based on work in [23]; there are also similar results in [11, 19].

Our proof here has two main ingredients. Roughly speaking, once a multilinear functional can supply
these ingredients, the associated Hamiltonian system will satisfy a result like Theorem 3.17 below. The
first ingredient is an ability to transfer exponential weight from one input of the functional to the other
inputs. The second ingredient is a refined multilinear estimate.

3.4.2. Ezxponential weight transfer. For fixed p, e > 0, define,

GME(;E):exp( pa” )

1+ ex?

Lemma 3.14. If {f1,..., f¢} are positive functions, then
(3.41) E6(fis--y f5, [6Gue) < E([1Gues- -y [5G s fo)-

Proof. We will prove the result for the functional F4 where A is an isometry; the result for & then follows
from the representation (3.27).

Define F, . = plz|/(1 + €|z|), so that G, (z) = exp(F), (x?)). We record two properties of F), .. First,
for x > 0, F), . is increasing, as may be seen from a simple calculation of the derivative. Next, we have
Fe(z1 +22) < F,(x1) + Fj,e(x2). This may be seen from,

|z1] + |22
1+ 6|$1| + 6|$2|

Ele(@1) + Fye(22).

F (w1 +22) = Fye(Jon + 22]) < Fjye(|z1] + |22|) = 1

" |z1] lza|
1+ €laq] 1+ €|za|

Now because A is an isometry we have, for all z € R®, 23 = 35, (Az)? — >7_,(x)? and hence by
the sublinearity property of F, ,

3 2

2 3
Fye(23) = Flue <Z(A$)i +y —(xk)2> <D Fucl(Az)R) + Y Fuelad).
k=1

k=1 k=1 k=1
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Then, because z — €® is increasing, G, (z3) = exp(F), (23)) < Hk 1Gue((Ax)y) Hizl Gpe(xr). Ap-
plying this to E4, we have,

Ea(fiveosJoufiG) = [ (H fk<<Ax>k>73+k<xk>> Fa(Ax)a) Fo(2)Goc (wa)da

k=1

2
< /}R3 <H fk((A:v)k)GH,e((A:v)k)73%(%)(;%6(%))

k=1
f3((A2)3)Gu.e((Ax)s) fo (ws)da
(3.42) =FEa(fiGue, - [5Gpue, fo),
which is what we wanted to prove. ([
3.4.3. Refined multilinear Strichartz estimates. The second ingredient we need is a so-called refined mul-

tilinear Strichartz estimate. Such estimates are treated in a number of works [3, 5, 24]. Lemma 111 in [5]
is prototyplcal of the type of estimate we require here: it states that if functlons fi, f2 € L*(R? — C)

satisfy suppf1 C B(0,N) and suppfg C B(0, M)¢, with N < M, then,

. ; N 1/2
I e ol 5 (7)1l | flloge

The right hand side is decaying for large M and small N. In our case, under similar support assumptions
on functions f; and f;, we would like to have analogous control on,

E(f1, f2: f3, fas f5, fs) = // (€2 f1) ("2 f2) (€2 f3) (€A fa) (€2 f5) (€A fo)dud;

namely, we would like an L? bound that is decaying as the supports of fi and fj become further and
further apart. Using the representations (3.18) and (3.22) we are in fact able to determine the required
refined multilinear estimate in an elementary way.

Because we know that & is invariant under the Fourier transform, it is equivalent to state the support
assumptions in terms of f; and f; and not their Fourier transforms.

Proposition 3.15. Suppose that the support of fy is in B(0, R)C and the supports of f3, fs and fs are
in B(0,1), with R > 4r. Then

6
E6(f1, f2, [3, [4, [5, fo)] H [ frell 2
Proof. We use the representation of 56 given in (3.18),

E6(f1, for fo i fs o) = / 1B+ ) F2(M8 + ) fa(hy + € — 2€)

FaQAB+E[5(B+ Xy + € = AE) fe(v)dBdndEdy.

We identify a large set in A on which the integrand is 0. We will then use the representation (3.22) to
obtain L? bounds, recalling that the integrand as a function of A is the same in both representations.

Under the assumptions of the proposition, the integrand is non-zero only when |3] < [+ Ay +&— AE|+
|Ay + & — A¢| < 2, and only when, [AS| > [AB+ 7| —|y| > R —2r > R/2. It follows that the integrand is
non-zero only when |A| > R/4. Then, using the representation (3.22),

1 /
Ry 7E fvfafvfafaf dA
271'2 ‘)\|>R/4)\ _)\+1| A}x)( 1,J2,J3,J4,J5 6)|

6 6
1 / 1
< — Ilfk 2§—||fk 2,
2 < A[>R/4 AQ )\ +1 ) P || HL R P || HL

using the L? bound on E,4 from Theorem 3.10. O

\E6(f1s f25 f35 fu, f5, f6)| <
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Proposition 3.16. Suppose that for some i and some j, the support of f; is in B(0, R)¢ and the support
of fj is in B(0,r), with R > 4r. Then

6
(3.43) (E6(F1sfor i s Fon Jo)| < s LT el
k=1

Proof. We assume, by rescaling, that || fx||z2 = 1 for all k. We have the crude bound He(f) = [|"2 fi[%6 <
1. Then,

9 , , , , , ,
\E6(f1s f25 f35 fas [5, f6)| < p /11&2 |72 f1] - [€2 fo] - €72 f5] - |2 fa| - [€72 f5] - |2 fo|dadt,

— % H(eitAfl)(eitAfz)(eitAf3)(eitAf4)(eitAf5)(eitAfﬁ)HLI

2 % % 2 4 %
< ZIE A A ) s = Sl f)* 2 )P
2 i i i i
= [ B[y A0 [ (G AR G Al
2 2/3 s 1
S (;) gG(fjufiufjufi7fj7fj) / S R1/67
which is (3.43). O

3.4.4. Regularity of stationary waves. Using the weight transfer property (3.41) and the refined multilinear
Strichartz estimate (3.43), we prove that stationary waves are necessarily analytic. We begin with an
integrability result.

Theorem 3.17. Suppose ¢ € L? satisfies
(3.44) lwllg()] < T4l 9], |91, |9l, [¢]) ().

Then there exists o > 0 such that © — ¢(z)e®® € L2.

Proof of Theorem 3.17. For the proof, we will find p so that we have the bound ||¢G,, c||r2 < 1 indepen-
dently of e. Taking the limit ¢ — 0 will the yield the result.
We can clearly assume that ¢(x) > 0, and will do so throughout. For any M > 0 define,

$< () = ¢(x)X|a|<ns (2), O~ (@) = O(T)X M < |2y < a2 (), ¢ () = O(x) X2 <[ (€)-
We have the decomposition ¢ = ¢~ + ¢~ + ¢, and the supports are all disjoint, which gives,
160G uclli = 10<Guellts + [0~ Gl + 165 Gclle.
The first two terms are trivial to deal with. If |z| < M?, we have,
Gue() < exp(ulz[?) < exp(pM?),

so setting u < M~* gives [|[¢<G.cllr2 < ||p<ellrz < e||@|| 2, uniformly in e. The same bound holds for
¢~. It remains then to bound ||¢~ G, |2 uniformly in e.
Starting with equation (3.44), we multiply both sides by ¢~ (2)G,.c(z)?,

wp(2)Gpe(@)” < T (9, .., 9)(2)d(2)G e ().

Now integrating over R, using the relationship between & and Ts in (3.7), and passing the exponential
weight using (3.41), we determine the bound,

w”gbG,u.,e”%R S 686 (¢a ¢a ¢a ¢7 ¢7 ¢> G,LL,E2) 5 56 ((beG“’éa ceey (beG“’é ) ¢>6G“’e)'
For convenience, let ¢ = ¢G/, . The bound then reads,

(3.45) wl[Y]F2 S E6(¥, 1,0, ¥, 9, ¥s).

Now write each ¢ = 1)~ + ¥ + 1~ and expand the multinear functional. We will get many terms, which
we bound in one of two ways.
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e If there are three or more ¢~ terms, bound by [[¢>||¥, (where k > 3 is the number of ¢ terms
appearing) using the standard L? bound (3.33). In this case the other terms are ¥~ or v, which
we know are uniformly bounded.

e If there are one or two 1~ terms, then there is either a ¥~ term or a ¥ term. We may assume
M > 4. Then in the former case we can use the refined multilinear estimate (3.43) (with r = M
and R = M?) and bound by (1/M/3)||[¢s |5, (where k = 1 or k = 2). If there are no < terms,
we bound by [ |2 (165 2 < 6l r2l165 £

Using these, we find,
wlls (|72 < 6E6(w, ¥, b, 1, 1, 1)

o 1
(3.46) <C <Z s + <W + |¢~IIL2> (NP |¢>|L2)> ;
k=3

for some constant C' independent of ¢ and e. Set §(M) = M~/ 4 ||~ ||z> and

z(e, M) = [[9> |22 = [[0X|a|<ar2Gpcll L2
Note that §(M) — 0 as M — oco. Choose M sufficiently large so that C6(M) < w/2. This gives,

%x(e,M)Q <" a(e, MYF + 5(M)a(e, M).
k=3
Dividing through by x(e, M) > 0 and rearranging terms gives,

m—1
(3.47) 0 < pscary(x(e, M)), where ps(z):= xk — %x + 0.

k=2

Observe that po(0) = 0, p((0) = —w/2C < 0 and po(x) — 0o as © — oo. This shows that py has another

0 in (0,00); call the smallest such zero xg. The zeroes of a polynomial are continuous functions of the
coefficients. Hence if we choose M sufficiently large we can assume that ps(as) has one zero in (—oo,xo/3)
(coming from po(0) = 0) and one zero (2z0/3,00) (coming from po(zo) = 0) and that psar(z) < 0 in
(x0/3,2x0/3). This shows that for all M sufficiently large,

Zs(my = pg(lM)([O, 00)) C (=00, x0/3) U (220/3, 00).
Now we know from the inequality (3.47) that x(e, M) € Zspr) for all €. If we set € = 1 we get,

2 2
2(1, M) = |[¢s ]2 = [[d=e"™ /OT || 12 < |6 || 2e.

Recall that we set p = M™% so that 4 < 1 and so (1, M) < |l¢s|p2. As M — oo, ||¢=]lre =
léXar2<|zfllz> — 0, and hence if we take M sufficiently large we will have x(1, M) < x0/3. But now
because x(e, M) depends continuously on ¢, and x(e, M) € Zsy) for all €, we have,

z(e, M) = [[¢> |2 < xo/3,

for all e. Taking € — 0 yields (0, M) = ||¢>e*"|| < 29/3 < 0o, which is what we wanted to prove.  [J

Corollary 3.18. Suppose that ¢ € L? is a stationary wave solution of the Hamiltonian flow associated
to He; that is, ¢ satisfies,

(3.48) wo(z) = Ts(9, ¢, ¢, b, ) (),

for some w. Then there exists « > 0 and 8 > 0 such that (beo‘””2 € L™ and qASeﬁ””z € L*™. As a result, ¢
can be extended to an entire function on the complex plane.

Proof. The condition (3.48) implies the condition (3.44) in the previous theorem, and hence there exists
a > 0 such that qSeQO“z € L. Because Tg commutes with the Fourier transform, condition (3.48) also holds
with ¢ replaced by ¢. Then, again by the previous theorem, there exists 3 > 0 such that ¢e2%*” € L2.
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To turn these L? bounds into L™ bounds, we first assume ¢ is Schwartz and compute,

ooy = et [T Lopar— et [Tasweoa <2 [ o

2 2 ~ _ at? 2 A
<202 ¢() 216/ |2 = 201 D (D) | 2[1€D] 2 < B[ p(1)] L2 (1€ B 12,

which gives ¢(x)e‘”2 € L. Because Schwartz functions are dense in L2, this holds for arbitrary ¢ € L2.
The L*>° bound for ¢ follows similarly.
Finally, using the L> bound |¢(&)| < e~P€ | and the inverse Fourier transform formula,

o) = 7= [ eitee
V2T
we can extend ¢ to an entire function on the complex plane. (|

3.5. Smoothing and further boundedness properties. In this section we prove two further bound-
edness results for the operator 7g. Unlike our previous boundedness results, which were simply inherited
from the analogous results for T4, the present results rely on additional structure in 7g.

We first strengthen items (ii) and (iii) in Theorem 3.11. Item (ii) says that Tg is bounded from (L?7)°
to L??. Our first theorem here improves this by showing that 7g in fact maps (L?7)° to L>°*9 for some
§ > 0. By Fourier transform invariance, 7g maps (H?)° to H%?.

The second result here establishes boundedness of Tg from (L°*)® to L°* for any s > 1/2. (The
analogous result for s < 1/2 is false, by scaling.)

Theorem 3.19. For any o > 0, Tg is bounded from (L*7)° to L*°F° with § = /(1 + o) > 0.
Proof. By duality we need to prove that for all fi,..., f5,9 € L? with | fx|lzz = ||g|lzz = 1, we have,

(Ts ({&) " fr,- o @)~ f5) o (2)7H09) 10 S 1.
Unpacking this using (3.19), we see that this is the same as

1
| [ K@z Nhe -y o n0:+ 0 00—y + o)

(3.49) faOz —y+ ) f5(z+ Ay — y + 2)g(2)dydzdzd) < 1,

where
<(E>U+5

(z—y+a)Ae+a)? Ay —y+2)7(Az—y+2)7(z + Ay —y + )7
(The integration in A here is over [—1, 1]. The integral in A for (—oo, —1)U(1, c0) can be transformed into
this integral by the change of variables A — 1/A.)

The overall strategy is to identify a large set on which K is bounded, where controlling the integral is
easy, and use a dyadic decomposition and finer bounds on 7g to control the integral on the set where K
is not bounded. On the set where K is bounded the boundedness property,

K(x7 y’ Z’ A) =

(Te(f1: fo. f3, [, [5), g <H ||fk|L2> lgllr2,

deals with the integral automatically. So we only need to worry about the set where K is unbounded. On
the unbounded piece the refined estimate,

5
(Ts)r—al<e(fs s f)y9) < ¢ (H ||fk||i2> lgllze,
k=1

will be used to gain control. This refined bound is a clear consequence of representation (3.22).
Fix e small. We observe first that if e|z| < 1 then K < 1. So we assume that €|z > 1.
Now the relation,

z—y+aP+Xe+af + My —y+af=Nz—y+af + 2+ y—y+ ]+ |z,



RESONANT HAMILTONIAN SYSTEMS 23

gives that,
|| < max{|z —y + x|, [Az + 2, [\y —y + x[},
and hence,
) (z)?
T e—yt )ty -yt o)
Now if,

Az —y+z| >e€lz] or |z4+ My —y+ x| > €|z,
then we automatically get K < 1 as § < 0. Hence we assume that,
Az —y+z| <elx| and |z + Ay —y + 2| < €zl
We now make some observations about how the sizes of |y| and |z| affect K. There are four cases.
(1) First, suppose |z| is large or comparable to |z|, so |z| > 2¢|z|. Then,
2ela| < |z| < Py —y+al+ e+ My —y+ o] < My —y+ | + e,

and hence €|z| < [A\y —y + z|.
(2) Next, suppose |y| is large or comparable to |z|, so |y| > 2¢|x|. Then,

2efa| <[yl < Az 42|+ Az —y + 2] <Ay —y + 2] + €],

and hence €|z| < [z 4 z|.
(3) Next, suppose |z is small compared to |z|, so |z| < 2¢|z|. Then,

Az 42| = || = |Az| = |z = |2] = (1 = 2€)|x],

and so (by the smallness of €) we have e|z| < |Az + z|.
(4) Finally, suppose |y| is small compared to |y|, so |y| < 2¢|x|. Then,

Ay =y +al >zl = |(A =Dyl > |z] = 2[y| > (1~ de)|a],
and so (by the smallness of €) we have €|z| < |A\y —y + z|.
From these observations we see that if |z| and |y| are both large we get,
(@7 S Azt 2)7 Oy —y + )7,

and hence K < 1. If |z| and |y| are both small then we have the same bound on (x) and the same
conclusion.

There are thus two regimes to consider: when |y| is large and |z| small, and when |z| is large and |y
small. For these regimes we will use a dyadic decomposition:

() ~21, Nz—y+x)~2" and (24 y —y+ ) ~ 2"

Regime One: |y| large, |z| small.
From the observations above we have that |\z + 2| > €27. We have,

€ .
2=y +af 2 Myl = |z + Ay —y + 2] 2 Slha] Z A,
if we assume in addition that |27 > €|\||z|/2 > |z + Ay — y + 2| = 2'. Under this assumption we have,

(2j)a+6
K2 my ey )

which is bounded if 27(%/7=1)2=1 < |\|. Hence in Regime One, K is bounded unless,

5 2j(67cr)27lcr|)\|fcr7

[A] < max{?l_j,2j(6/g_1)2_l} =:a.

By the bound,
P |2j|a+6 7 936
~ |2k|a|2l|a|2j|o’ - 2ka2la’
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we then have,

27°
T on Regime One set < Z Z Z W(('ﬁ;)wga(ﬁ,fz,fg,f47f5),g>

€27 >1 €29 >2k €27 >21
E E E 2J6 l—7 1Q 1 l
5 Wmax{? 7J,2J( /o= )27 }51
€27 >1 €27 >2k €27 >21

Regime Two: |z| large, |y| small.
From the observations above we have that |\y — y + x| > €27.
We have,

2 —y+al 2 |(1= Nz = Az —y+al = 5|01 - Val 2 1= N,
if we assume in addition that |1 — A\|27 < €|l — A||z|/2 > |[Az — y + x| = 2F. Under this assumptions we
have, ‘
K S (2])04_5‘ ,
™R = Al27)(27)
which is bounded if 27(/7=1)2=k < |1 — )|. Hence in Regime Two, K is bounded unless,

11— A < max {2’“‘]‘, 2j<5/“—1>2—’f} — a

— 2j(6—o’)2—]€0’|1 _ )\|—(T,

By the bound,
P |2j|a+6 7 976
~ |2k|a|2l|a|2j|o’ - 2ka2la’

we then have

Te on Regime Two set < Z Z Z W<T\1—>\\ga(f,-..,f),g>

€27>1 €27 >2F €27 >21

S Z Z Z —2,3:;0 maX{Zk_j,2j(6/"_1)2_k}§1.

€23 >1 €20 >2k €27 >21

The bound (3.49) is thus established. O
Theorem 3.20. For all s > 1/2, there is a constant C such that,
5
(3.50) [ T6(frs fo, f3, fa F5)lloee < C T I falloe s
k=1

Lemma 3.21. Suppose that v3 + v3 + v = 1. Then,
(3.51) (0191 + vays + vsys) < V2 [Jurl(y1) + [val (y2) + Jvs| (ys)] -
Proof. We have,
1+ (v1y1 + vaya + v3y3)® < 2 (1 + viyf + v3y3 + v3y3)
(vf (1 + 1) + o3 (1 +93) +v3(1+43))

NN

2
<2 (Joul(L+ 592 + Jual (1 +93)V2 + fosl(1 + 93)/2)
Taking square roots then gives (3.51). O

Proof of Theorem 3.20. We may assume by rescaling that || fx||fs.« = 1, which means |fx(¢)| < (t)~*. Set
yr = (A(\)2)g. Then, for x = (z1, 22, 73) € R3,

176(f1, f2, f3, fa, f5) || oo < sup ((w1)*To ((8)7%, (6) 7=, (8) 7, ()™, () ™°) (21))

x1ER
(z1)°

1 X
- “p/ / N2 A+ 1 (g0)*(y2)* (ys)* (wa)* (xa)

3 dxgdxgd)\
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We will show that the integral of the Japanese bracket terms over zo and z3 can be bounded by an
absolute constant independent of . Because (A2 — A+ 1)~ is integrable over R, this will prove the bound.
By Cauchy—Schwarz, we have,

/ (21)°
r2 (Y1)%(y2)®(ys)®(z2)* (w3

>s
2128 /
: </]R? <y1>252y2§25<y3>25 szdI3>l 2 </Rz mmd%)m'

The second integral here splits as [p (x2) 2*dxy [, (23) **dxs, and is thus finite as s > 1/2.
To bound the first integral we must use some structure of A(\), which is given by,

d/xgdxg
(3.52)

1 A 1—X A2 - a1 a2 Q13
AN =5—— [N =X A 1= ] = an am asx
A=A 0 2o asy asy ass

First we observe that the matrix has the following property. If we fix a row k& and column j, then the
determinent of the matrix obtained by deleting row k£ and column j is precisely ay; — the element in row
k and column j. This means that,

B # B I A 1=\ _ a2 a23
(353) ayl = )\2_/\+1 _det |:)\2_/\+1 ()\2—/\ )\ >:| _det (a32 as3 ’

with similar formulas for a9, and asq.

Next, because A is an isometry, the inverse matrix is just the transpose. Since x = A~y we have the
formula, 11 = a11y1+a21y2+a31ys. Ais an isometry, so a?, +a3; +a3; = 1. We can therefore use (3.51), from
the previous lemma, raised to to the power s; it reads, (z1)2® < |a11|?*(y1)2* + |a21|**(y2)2® + |as1]?* (y3)?°.
Applying this to bound the first integral in (3.52), we then have,

/ <$1 >2S d,TQ d$3
Rz (1) (y2)?* (y3)*°

|a11| / |6L21| / |6L31|
< | — Y dpsdrs 4+ | —at daodas + | —or——dxadas.
/]R? o) (y)2 2 0 Jee (2 sy T Jpe ()2 ()2 2

We will show how the first integral may be bounded; the other two are bounded by an identical argument.
We perform the change of variables zo = yo = (Az)2 and z3 = y3 = (Ax)3. Expressed as a matrix, this

change of variables is,
zZ2\ _ [G22 az23 Z2
z3 az2 as3z) \Z3

The determinent of this change of variables is, by (3.53), simply |ai1|. Therefore, using that |ai1] < 1
because A is an isometry,

/ &d@dmg—/ Mdz2d23</ ! dzz/ 1 dzs
Rz (y2)°° (ys3)*® Rz (22)%(23)%° T Jr (22)% T SR (2)%

and the right hand side is finite because s > 1/2. (]

4. THE CUBIC RESONANT EQUATION

In this final section we study the system defined by the Hamiltonian,

2. . 2 [m/? ,
(4.1) Ha(f) = Zlle™ flldsy. = = / / | f ()| dedt,
T e T Jo R

which has an associated multilinear functional,

9 [7/2 _ . : -
42 lfdatafd =2 [ [ @ @) o) T R i) dedr
0 R
The functional has a large number of permutation symmetries,

(4.3) Ea(f1, f2, 3, 1) = Ealfo, f1, f3, 1) = Ea(f1, f2, fa, [3) = Ealf3, fu, f1, f2)-
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As in the case of quintic resonant system, Hamilton’s equation is iu; = T4(u, u, u) where 7Ty is defined by,

(44) <7Zl(fluf27f3)7g>:454(f17f27f3ug)'
By an identical computation to the derivation of (3.5), we find that the operator Ty is given explictely by,

/4 _ _ -
(45) Talfi o o)) = 2 [ et [ )@ )T )| (o).

T J_x/4

This shows that the flow corresponding to the Hamiltonian #4 is the resonant equation (2.9) in the case
k =1, up to rescaling time. As discussed in the introduction, it was shown in [22] that this system is also
the modified scattering limit of the NLS equation (1.5).

4.1. Representations of the Hamiltonian and the flow operator. As for the quintic case, we devote
a significant amount of work to determining alternative representations of &4, H4 and 7. In contrast to
the quintic case, we do not have representations for H4 of the form,

/]R4 f1(yl)fz(yz)fs(ys)f4(y4)5y1+yz:y3+y45yf+y§:y§+y§dy or HeimeigLé-

These representations are inconsistent with the scaling of the inequality Ha(f) < (1/v8m)]|| f||7: which
we prove in Theorem 4.7.

Theorem 4.1. There holds the representations,

1 1 wo)2 402
Ea(fr, fo, f3, fa) = ﬁ/w e~ 2w vl g (Ayy 4 3) fo (02 + v3)
(4.6) fg()\’vl + v + ’U3)f4 (’U3)dU1 dvodvsdA,

(4.7) Ta(f1, f2, f3)(x) = % / e_%[()\vz)2+v%]fl(/\vl + ) fa(vz + ) f3(Avi + v2 + z)dvydvadA,

R4

(Compare with Theorem 3.5.) To prove this theorem we need a lemma.

Lemma 4.2. Let ¢(z) = (14 22)~/2. Then (€) = ¢(€) := \/%_ ﬁe—%[(ﬁ/v)2+”21dv.
T Jr |V

Proof. Tt is clear that 1 is in L?. We will calculate the Fourier transform of ¢(£) and find that it equals
1. The lemma then follows from Fourier inversion and the fact that ¢ is even.
We have,

i(z) = — / gint [ L o=3le/mP 0 gy g
R v

27

1/1_12/'5_1(5/)2 1/_;2_;22
= — e 32V e 2(8/v dgd’l): e 3V T3V d’U,

21 Jg [v] R V2T Jr

where in the last equality we used the explicit Fourier transform of the Gaussian e~**" with @ = 1/(2v?).
In this last integral we perform the change of variables u = v(1 + x2)_1/ 2, which gives the result. (I

Proof of Theorem 4.1. We evaluate (4.2) using the Mehler formula (2.2), which reads,

. 1 (22 /2492 /2) cos(2t) —zy
iwH - - - Sin(2%) du.
) = e /e fely)dy

For notational convenience, let A(x,t) = (e f1)(e®™H fy) (e f3)(ei*H f4) be the integrand in (4.2). Using
the Mehler formula, we have,

Az, 1) 1 / SRR TS £ (40) o (0) T () Tl Ay dya dysd
€T e e sin(2t e sin(2t
) A72[sin(26)2 s 1\Y1)J2\Y2) )3 Y3)J4\Y4)AY10Y20Y30Y4,
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where = y? + 33 — y2 — y3. Changing variables w(y3) = —y1 — y2 + y3 + y4 and integrating over x yields,

1 jQeos(2t)
A Ndr= ——— ¥ 2 sin(2t) 51n(2t)
o0t = o [, e S 5 ) ot
f3(w 4+ y1 + y2 — ya) fa(ya)dwdy, dyz dysdz

1 jQcos(2t)

- - " 2sin(2t) — dyadysd
2 s (20)] R36 1) f2(y2) f3(y1 + y2 — ya) fa(ya)dy2dysdya,

where to get the second equality we used the Fourier inversion formula (1.10) with @ = 1/sin(2t).

We now integrate ¢ on the interval [—m/4,7/4] and change of variables u = — cos(2t)/sin(2t). This
change of variables bijectively maps (—/4,0) U (0,7/4] to (—oo, +00) and satisfies du = 2dt/ sin?(2t).
Moreover, u? = cos?(2t)/sin?(2t) = (1/sin?(2t)) — 1, which gives sin(2t) = (u? + 1)~/2. Using these, we
find,

/4 1 o 1
/W/4 /RA(Lt)dIdt =1 s </R ezf“mdU) Ji() f2(y2) f3(y1 + y2 — ya) fa(ya)dy2dysdys.

1 1
= —/ (/ —6%[(9/2”1)2“?]@1) Ji() f2(y2) f3(y1 + yo — ya) fa(ya)dy2dysdya,
4m Jps R V1]

where in the second inequality we used Lemma 4.2.
At this point ©/2 = [(y1)* + (y2)* — (y1 + y2 — ¥4)* — (¥4)?]/2 = (y1 — ya)(y2 — ya). For fixed v;, we
perform the linear change of variables,

A (Y1 — ya)/v1 Ijvi 0 —1/u; i
vy | = Y2 — Y4 = 0 1 -1 Y2 |
U3 Ya O O 1 Ya

which has determinent 1/|v;|. The inverse is given by,

Y1 Avy + v3 vy 0 1 A
Yo = Vg + U3 = 0 11 (%) 5
Ya U3 0 0 1 V3

and we note specifically that Q/2v1 = [(y1 — y4)/v1](y2 — ya) = Ava. Performing this change of variables
gives (4.6). To get (4.7), we simply use the relation (71(f1, f2, f3), 9) = 4€4(f1, f2, f3, f4)- d

Theorem 4.3. Let G(x) = e~2*" . There holds the representations,

(48) (f17f27f37f4 )\)(G7f17f27G7f37f4)d)\

\/i 2/ 1+A2
(4.9) Ta(f1, fa, f3) = Tor 2/ e Tex) (G, f1, f2, G, f3)dA
where for every A, B(X) is an isometry and B(\)(0,1,1) = (0,1,1).

Proof. We observe that, (A\v2)? + (v1)? = ((Ava — vl)/\/§)2 + ((\2 + vl)/\/§)2 which gives,

1 2 2 AUy — v g + v
—2[(Qw2)"+(v1)’] = #) G (#) )
¢ ( V2 V2

We substitute this expression into (4.6). Using the fact that G(x) = G(z), this gives,

/\1)2 + V1

it funaf) = 55 [ 6 (P25 ) SO0 +va)flon + 00

& (o Y e
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By looking at the arguments of the functions in the integrand, we are led to define the matrices C(\) and
D(A) by,

V1 1/\/5 )\/\/i 0 (%1} V1 —1/\/§ /\/\/5 0 U1
A 0 1 Vg and D(A) | v2 | = A 1 1 Vg
U3 0 1 1 U3 U3 0 0 1 V3
We perform the change of variables w = D(A)v, and set B(\) = C(A\)D(A)~!. An identical process to the
proof of Theorem (3.5) then gives (4.8). A calculation reveals that B()\) is given explicitly by,

) —14+X2 A2 W2
“MW2 A2 1

(4.10) B(A)=CNDN) ' = —
L+ A 3 ) \2

Theorem 4.4. There holds the representations,

27
(4.11) E4(f1, for fis f1) = /0 Es@)(Gy f1. f2.Go fa. f2)d0),

L

2/272
2

(412) 721(.flaf27f3)(lﬂ) = gA TS(@)(Gv flanva f3)('r)d97

where S(0) is the rotation of R® by 0 radians about the axis (0,1,1).

Proof. Because the matrix B(\) is an isometry, det(B()A)) = +1, and B(\)(0,1,1) = (0, 1,1), it must, in
fact, be a rotation about the axis (0,1,1). An identical process to the proof of Theorem 3.7 then gives the
formulae. O

4.2. Symmetries of the Hamiltonian and conserved quantities of the flow.

Theorem 4.5. The function E4(f1, f2, f3, fa) is invariant under the following actions:

(i) Fourier transform, fi — Fr.
(ii) Modulation, fi, +— e fi..
(i4) Linear modulation, fi v+ e f.
(iv) Translation, fi — fe(-+ A).
(v) Schrédinger with harmonic trapping group, fi — e fi.

Proof. Because S(0) is an isometry for all , the properties of E4 determined in the proof of Theorem 3.8
apply here too. Because G is invariant under the Fourier transform and the action G — e G = @G,
the symmetries of Egg) carry are carried over to &. (|

Corollary 4.6. We have the following commuter equalities,

(4.13) PUTa(f1, for f3) = Ta(eP D fr, eV fo, €9 f)

(4.14) QTa(f1, fo, f3) = Ta(Q f1, f2, f3) + Ta(f1, Qf2, f3) — T (f1, f2, Qf).
where Q) are the operators: Q =1, Q =z, Q =id/dz, and Q = H.

The Corollary follows immediately from Theorem 4.5 in the same way as Corollary 3.9. By Noether’s
Theorem, we determine four conserved quantities for the Hamiltonian flow corresponding to H4. These
are summarized in Table 2.

4.3. Boundedness of the functional and wellposedness of Hamilton’s equation.

Proposition 4.7. We have the following sharp bound,

(4.15) |E4(f1, fo, f3, fa)] < | frll L2,

1 4
a1

with equality if and only if the functions fi are the same Gaussian fr(x) = e~ 3T +BT for some B € C.
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TABLE 2. Symmetries of H4 and conserved quantities of the cubic resonant equation.

Symmetry of Hy Conserved quantity Operator commuting with 74
fro e f Jo |1 (@) 2dz 1
f e fualf(@)de -
f=fl+AN Re [; f/(x)f(x)dx d/dx
foef  lef@)P +]f (@) de H

1

In particular there holds Ha(f) < (1/v2m)||f|]2 with equality if and only if f(z) = e~ 27 BT for some
6 e C.

The equality case here is a little different to the analogous result for & in Theorem 3.10. For &, the
set of saturating functions is all Gaussians of the form e~ 8% with Rea > 0. In the case of Ea, We
necessarily have o = 1/2.

Proof. Using the representation (4.11), we find that,
1 271' 1 2 4
Ealhiofosfan S0 < s [ B (G .G fa fo)ld0. < —— G T] fuloe
27z f, Ps@ wor el kl;[1 L

We calculate ||G||2, = fR(e_m2/2)2d:v =/, which yields the inequality.
The analysis of the equality case is similar to that of Theorem 3.10. The only difference is that while in

Theorem 3.10, the condition was that fi,..., f¢ must be the same Gaussian, here f1,..., f4 must be the
same Gaussian and equal to G up to linear modulation. This accounts for the restriction that a = 1/2 in
the saturating Gaussian. O

Theorem 4.8. We have the operator bound ||Ta(f1, fz, f3)||x < Cx szl Il fellx, for the spaces:
(i) X = L? with Cx = /8/.
(ii) X = L>°, for any o > 0.
(i1i)) X = H?, for any o > 0.
(iv) X = L>*, for any s > 1/2.
(v) X =LP*, for anyp>2 and s >1/2—1/p.

Proof. The bounds (i) through (iii) follow as in the proof of Theorem 3.11, noting that in all cases
1G]l x < oo

For (iv), we need to show sup,cp |Ta({t) =%, (t) =%, (t)~*)(z)(z)®| < co. As in the proof of Theorem 3.20,
it is sufficient to show that,

sup T ) (2,7 (1) %, ™2 ()% (2) () > < €,
AS

for some C independent of A. We observe that we have e’/2 < (t)~*°, which means it is sufficient to show
that,

iZETB(A)«t)_Sa (&) ()7 ()7, (1)) (@)(x)” < C,

for some C independent of A\. The proof of this bound is identical to the proof of the analogous bound in
Theorem 3.20.
Item (v) follows from interpolating between L?° and L%, O
Theorem 4.9. Consider the Cauchy problem,
iUt = 721(”7 u, ’LL),

f(t=0)= fo,

which is Hamilton’s equation corresponding to Hy and the resonant equation (1.3) in the cubic case k = 1.

(4.16)
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(i) The Cauchy problem (4.16) is locally wellposed in X for any of the spaces in the previous theorem.
(ii) The Cauchy problem (4.16) is globally wellposed in L?
(iii) Persistance of reqularity: for H® initial data the L? global solution is in H for all time.

The proof is identical to that of Theorem 3.12.

4.4. Analysis of the stationary waves. Stationary waves 1 for the cubic equation are solutions of
the equation wyp = Ty(v,v,1) for some w € R. As for the quintic equation, one may show that
Es(Dnys Prys Prgs Gny) = 0 unless ny + ny = n3 + ng. From the definition of 74 by duality in (4.4), we
then see that ¢,, is a stationary wave of the cubic resonant equation for all n > 0.

By applying the symmetries of H4, we find that all functions of the form,

(4.17) ae® ¢, (z + c),

are stationary waves for a € C and b, ¢ € R. The set of stationary waves we can construct for the cubic
case is smaller than the set we can construct for the quintic case in (3.40), because the cubic equation has
fewer symmetries.

4.4.1. Regularity of stationary waves: technical issues. All of the stationary waves constructed in the
previous subsection are analytic and exponentially decaying in space. In the remainder of this section we
prove that all stationary waves that are in L? are automatically analytic and decay in space like e for
some « > 0. This is analogous to Corollary 3.18 for the quintic resonant equation. Recall that the proof of
that result relied on two ingredients: a refined multilinear Strichartz estimate (3.43) and a weight transfer
property (3.41).

The weight transfer property for the quintic equation used the analogous property for the functionals
E 4 given in (3.42). In the present case we encounter a problem when trying to replicate this: when we
try to transfer weight in the functional £ in the same way, the weight also hits the Gaussians,

(4.18) Epn (G, f1, f2, G, f3, faGpe) < Epn)(GGue, [1Gue, [2Gue; GGpue, [3Ghe, fa),
and the right hand side here can’t be related back to £;. To get around this, we observe that,
(4.19) G(2)Ge(x) = e~ 307 ena®/(ea®) < (= dtu)o®

which, if p < 1/2, is still decaying exponentially fast, and should be possible to handle in estimates.
Because of this consideration, we are led to define,

(420) 55(f15f25f37f4) = ﬁ /]R ?1)\2EB()\) (e(_%'f‘ﬂ)mz,fl,f27e(_%+ﬂ)127f3,f4) dAv

and we note that £) = £;. We now proceed to develop the two ingredients for the stationary wave result,
noting that both ingredients need to be developed for £} and not just &;.

4.4.2. The weight transfer property.
Lemma 4.10. (i) If u < % and functions fi are positive then there holds,

(421) 84 (fla f27 f37 f4G,LL,€) < er (flG,u,é(I)a fQG,uﬁé(I)a f3G,LL1€(I)a f4) .
(ii) If p < & then there holds the bound,

T 1
(4.22) |EL (f1. f2, f3, fa)] < \/g\/T—Zu”fﬂL2|f2||L2||f3|L2|f4”L2-

Proof. (i) This is immediate from the computations in (4.18) and (4.19).
(ii) Boundedness is proved in the usual way,

1 1 1 22
|git(f17f25f37f4)|SE/}RH—VHG( 2+,u)

1 1 2
<— | [ ——zdA —(=2mty ) 2 2 2 2.
< ([w®) ([ o) Wl ol fll

Evaluating the integrals appearing here yields the result. O

2
Lo Iflzzll foll 2l fsll ozl fall L2
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4.4.3. Refined multilinear estimates. As for the quintic resonant equation, the refined multilinear estimates
we need can be determined in an elementary way using the representations (4.6) and (4.8) for &,.

Lemma 4.11. There is an absolute constant C such that if fi and f3 are supported in B(0, R)® and f,
and fy are supported in B(0,r), with R > 4r, then,

(4.23) |E4(f1, f2, 3, [4)] < %HfﬂL2|J“‘2||L2||f?>|L2|f4||L2

Proof. From (4.6) we have,

1 _ 1 v 2 ’U2
Ea(f1, fo, f3, fa) = ﬁ/we 2[Ow2)™ 400l £ (Avy 4 v3) fa(va + v3)

(424) fg(AUl + v + Ug)f4 (Ug)dvldvgdvgd)\.

If the integrand here is non-zero, we necessarily have |vsz| < r, |vg + v3] < 7, and [Av; + v3| > R. This
gives,

R
(4.25) [Avi] > | Ao + g — |Jus| > = and  |uo| < |vg + vs| + |vg| < 7.
2

We will use these inequalities to impose constraints on |Ave + v1| and |Ave — v1], which are the inputs to
the Gaussians in representation (4.8). If we can ensure that these are large, the fast decay of the Gaussians
will imply that &, is small. By inspection, we see that large values of |A| pose a problem, but such large
values can be dealt with separately by using the decay of 1/(1 + A\?) in (4.8).

Regime One: |\| < v/R/4. Observe that, |\vy 4+ v1| > |v1| — [Ava| > R/(2|A]) — 2|A|, in the last step
using (4.25). Because the function x — R/(2x) — 2z is decreasing for positive x, we have,

R R
|Ava + vy | > DS 20| > T 2(VR/4) > VR.

An identical argument shows that |Avy — v1| > V/R. It follows that,

1
A= E/,\Q/_M 1 +,\2|EB<A ) (G, f1, f2, G fs, fa) ldA
1 1
" Vor ~/|A<\/_/4 T2 ZB0 (CXjap > v f1 2. GXjapz v fo0 fa)ldA

1
< — ——d 2 2 2 2 2.
<o ([ 155 ®) 16 vl Uil el ol |l

We estimate,

° 2 [ 2
G 2 — 2/ eizzd.’lj < _/ .’L'eim dw -~ ¢ < -,
19tz Rl VE ~ VR Jur VR~ VR

and hence, A < (C/vVR)||fillz2||f2|lz2|| f3ll 22 || f4ll 2, for some absolute constant C.
Regime Two: |A| > \/§/4 This is easier: we have,

B: g G ’ 7G ) d/\
Ton /k|>f/4 1+)\2| B (G, f1, f2, G, f3, fa)

V2 1 )
< 2 2 2 2 2.
< /f/ Ted IGIZ: 1 full 2l fall o2l fsll o2 Ml fall 2

We estimate

o 1 © 1 4
——_dr< / —d\ <= —,
/\/E/4 1422 VE/4 A? VR

which then gives, B < (C/VR)||f1]| 2l fal| 2| f3l| 2| fal| L2
Then, because E4(f1, f2, f3, f1) = A + B, equation (4.23) is established. O
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Theorem 4.12. There is an absolute constant C such that if p € [0,1/2), fi is supported in B(0,r) and
f; is supported in B(0, R)°, with R > 4r, then

c
(4.26) €4 (fr, for f3, fa)l < (1_2‘u)—5/8R1/4”f1”L2Hf2HL2||f3||L2Hf4HL2

Proof. For fixed p € [0,1/2), let a = \/(1/2) — p. We will again adopt the notation f*(z) = AY/2f(\z).
With this notation we have,

e~ (zmma® = o=(am)* Glazx) = o~ V2G%(z).
Using the scaling property of Ep(y), we have,

1 1 — « — «
EV(f1, f2, f3, fa) = E/]RWEB(A) (0‘ 2G Ji, fa, 12G ,f37f4)

11 1 1/a ,l/« 1/a ,l/«
= ——— [ s (G116, )
Of\/iTr/Rl'i‘)\2 B(}\) fl 2 3 4

1 1/ /o ,pl/a 1/
2554(.](‘1/ 5 2/73/ 5 4/)

Now assume that f, is supported in B(0, R)“ and fy, is supported in B(0, 7). We then have that f;l/a

is supported in B(0,aR)® and f,ga is supported in B(0, ar). Then, using representation (4.2), we have,

1 @ @ «a «
|g£(f17f27f37f4)|:}ag4( 11/ 3 21/ ) 31/ 7fi/ )

Nl T p—
a;‘/0 /R(ethfll/ )(6 tHf21/ )(ethf;/ )(eltHfi/ )d:vdt

1/2 1/2
1(2 ~/2 itH pl/ay, itH p1/ay2 2 ~/2 itH pl/ay, itH pl/ay 2
<—-1|= 1™ frr )™ frn I - (€™ fra )™ frn )
a \T Jo R ™ Jo R

1 1/ /o ,l/a 1/ 1/ 1/ /o ,l/c
2584(fk1/ ) k2/ 7fk1/ ) k2/ )1/254(fk3/ 9 k4/ 7fk3/ 7fk4/ )1/2'

Using (4.23), we get,

1/ l/a pl/a 1/ C 1/ 1/ C
EA I I Y < o a1 e = iz e el e

while for the other £ term we can use the usual L? boundedness. This gives,
C
EX (f1, f2, f3, fa)] < W||f1”L2Hf2”L2||f3HL2Hf4||L2-

Substituting back in a = /(1/2) — p gives the result. O

4.4.4. Stationary waves are analytic.
Theorem 4.13. Suppose that ¢ € L? is a stationary wave solution of iuy = Ty(u,u,u); that is, ¢ satisfies,

(4.27) wo(x) = Ta(9, ¢, ) (),

for some w. Then there exists « > 0 and 8 > 0 such that (;560“2 € L*>® and (;Aﬁeﬂ””2 € L>. As a result, ¢
can be extended to an entire function on the complex plane.

Using the proof of Corollary 3.18, this theorem is an immediate consequence of the following proposition.

Proposition 4.14. Suppose that ¢ € L? satisfies
(4.28) wlo(z)| < Ta(lol 9], [4]) (),

for some w > 0. Then there exists o > 0 such that x — ¢(x)e®® € L2.
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Proof of proposition. For the proof, we will find x so that we have the bound ||¢G,, | 2 < 1 independently
of e. Taking the limit ¢ — 0 will the yield the result. The structure of proof here is extremely similar to
that of Theorem 3.17. For brevity, we will only describe the start of the proof here, which is the only part
that is essentially different to the proof of Theorem 3.17.

First, we fix throughout p < 1/4. Using formulas (4.21), (4.22) and (4.26), there are constants C
independent of u, such that,

(4.29) Es(f1s for f3, faGue) < EF(F1Gpe, f2Gpues 3G pues fa)
(4.30) E4(f1, o for f)| < ClLFlz2 | ol e ol el fall 2
(4.31) E5(f1. o for F)] < Cmne [ fullze | ol | sl 1 Fal o

R1/4
where in the last inequality, f; is supported in B(0,7) and f; is supported in B(0, R)¢ for R > 4r.
Now consider a function ¢ satisfying (4.28). We may assume ¢ is non-negative. For any M > 0 define,
< (v) = ¢(I)X|w|§M($)v O~ () = ¢($)XM<|m|§M2 (), ¢ () = ¢($)X\m\gz\/ﬂ ().
We have the decomposition ¢ = ¢~ + ¢~ + ¢, and the supports are all disjoint, which gives,

160G ellZs = 16<Guellz + I~ GuellZz + 16> Gpellzo-

The first two terms are trivial to to bound uniformly in M. If |z| < M?, we have,
Gpe(x) < ehe’ < oM

so setting p = M~ gives |[¢<G.ellr2 < ||p<€'|z2 < e'l|¢]|z2 < 1, with the same bound for ¢~. In order
to prove the theorem, it remains then to bound ||¢~e%nen || 2.
Starting with the equation (4.28) of the theorem, we multiply both sides by ¢~ (z)G,, (x)? which gives,

wos (:E)QGu,E(fE)Q < ﬁ(d); s ;¢)($)¢> (‘T)G,u,e(x)2

Now integrating over R and using (4.29) gives,

w||¢> G,u,e”%? S 84(¢7 (bv (bv ¢> G,u,e2) S 55 ((bG,u,ev (bG,u,ea d)G,u,ea ¢>G,u,e)'

For convenience, let ¢ = ¢G/, . The bound then reads,

wlls (132 S EX (W, ¥, 9, 5).

Now write each ¢ = ¢~ + 1 + 1> and expand the multinear functional. We will get many terms, which
we bound in one of two ways.

e If there are three or more v~ terms, bound by ||1/)>||’z2 where k is the number of s terms
appearing, using (4.30). In this case the other terms are 1)« or 9., which are uniformly bounded.

e If there are one or two 1~ terms, then there is either a 1)~ term or a 1. term. In the former case
we can use the refined multilinear estimate (4.31), with R = M?, and bound by M~1/2|[¢ ||*
(where k = 1 or k = 2). In the latter case we can bound by ||t~ z2]|¥> |52 < o~ z2llvs]%.
using (4.29).

In total, we get,

W||’l/}>||%2 S 55(1/)7 s 7U)71/)>)
< O (s lds + s I3 + (072 4 oo l2) (s I3 + 10 122))

for a constant C' independent of u. This formula has the same structure as equation (3.46) in the proof of
Theorem 3.17. Replicating the same argument there, we find that if we choose M sufficiently large there
is a constant independent of € such that ||¢~ ||z < C. Letting e — 0 then gives the result. O
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