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ABSTRACT. In this paper we are interested in the following question: Given an arbitrary
Steiner triple system S on m vertices and any 3-uniform hypertree T' on n vertices, is it
necessary that S contains T as a subgraph provided m = (1 + p)n? We show the answer

is positive for a class of hypertrees and conjecture that the answer is always positive.

§1. INTRODUCTION

The well-known Tree Packing Conjecture of Gyarfds and Lehel ([5]) states that any
arbitrary set of trees 15,73, --,T,, where tree T; has order i can be packed into the
complete graph K,,. This conjecture remains open despite many partial results since its
statement in 1976. One such result by Bollobas ([2]) shows that any arbitrary set of trees
T, Ts,--- , T can be packing into K,, when 3 < s < %

Inspired by this conjecture, Peter Frankl (personal communication) asked a similar
question regarding hypertrees and Steiner triple systems. A hypertree is a connected,
simple 3-uniform hypergraph in which every two vertices are joined by a unique path. Note
that any hypertree must have odd order, and in particular any hypertree with size s has
order 2s + 1. A Steiner triple system is a 3-uniform hypergraph in which every pair of

vertices is contained in exactly one edge.

Question 1.1 (Frankl). What is the largest value of s so that any s hypertrees T3, 75, T7, - - -,

can be packed into any Steiner triple system S on m vertices?

7=, since no hypertree can have order greater than that of S. A greedy

m+

Clearly s <
argument easily ylelds that any hypertree with at most m+1 edges (and thus ™ vertices)
can be embedded into any S. Following from this, Frankl showed using a method similar
to [2] that if s = mTH, then any s hypertrees 13,715,717, - ,T>,,1 can be packed into any
S on m vertices. It is however less clear how to embed larger trees.

This paper then is motivated by the following question:

Key words and phrases. hypergraph, tree, Steiner Triple System.

The second author was supported by NSF grant DMS 1764385.
1



2 BRADLEY ELLIOTT AND VOJTECH RODL

Question 1.2. Given a Steiner triple system S on m vertices and a hypertree T on 2s + 1

vertices with 2s + 1 < m vertices, can one find 7" in S as a subhypergraph?

For convenience let n = 2s + 1 be the order of 7. One can find examples of pairs T and
S showing that if n equals m then the answer is negative. For example, for s > 3 let T be
the hypertree with edges {u, v;, w;} for 1 <i < s — 1 and also the edge {wy,x,y}. One can
easily observe that 7" is not in any Steiner triple system S on 2s + 1 vertices. In fact even
assuming only that n < m may likely not be sufficient to guarantee the embedding of any
hypertree on n vertices into any Steiner triple system with m vertices. Consequently we

start with the following more modest conjecture.

Conjecture 1.3. Given > 0, there exists ng = no(p) such that if n > ng, T is any
hypertree on n vertices, and S is any Steiner triple system on m = n(1 + p) vertices, then

T is a subhypergraph of S.

Note that if hypertree T is replaced by a matching the analogous result is true — in
other words, every Steiner triple system contains an almost perfect matching. Various
generalizations of this fact are known and we mention some in Section 5.

Unfortunately we are unable to resolve even this Conjecture 1.3 and will address a

specific case only. Here we consider a special class of trees.

Definition 1.4. A subdivision tree T is a hypertree in which each edge contains a vertex

of degree one.

Equivalently, T' can be obtained from a graph tree T” by subdividing each edge {x,y} of

T" by a vertex z,, and setting
V(T) =V (T") U {zay, {z,y} € E(T")}

E(T) = {{z,y, 2y}, {z, y} € E(T")}.
We say that a hypertree T" has bounded degree d if no vertex of T" has degree greater
than d.

Theorem 1.5 (Main Theorem). For any d € Z* and any p > 0 such that é > 1, there
exists ng = no(d, u) such that for all odd n > ng, any subdivistion tree T on n vertices
with bounded degree d is a subhypergraph of any Steiner triple system S on m = (1 + u)n

vertices.

We will divide the proof into four parts. First, we will decompose the hypertree T into
smaller subhypertrees by removing some edges in the shape of stars and some isolated

vertices. The vast majority of V(T) will be contained in the subhypertrees after the
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decomposition. We will keep track of which stars we remove while decomposing 7" so that
we can restore them later. Second, we will show that given a set of at most d vertices
in the Steiner triple system S, we can find many stars in .S that all contain the vertices
but that are otherwise pairwise disjoint. These stars in S are the candidates for where to
eventually embed the stars we removed from 7" in part 1. Third, we will fix a subset of the
vertices of S, called the reservoir. The reservoir is where the isolated vertices from part
one will eventually be embedded. Lastly, we will embed the subhypertrees from part one
into the Steiner triple system S, though we will avoid using the reservoir. Then we will
use the reservoir to embed the isolated vertices and stars removed in part one.
The constants used in the proof of Theorem 1.5 follow the following hierarchy.
1>}>>M>>€>>l>>1>i>>1>>l>l, (1.1)
d kK-t k37 1 " n m
where d, i, n, and m are as stated in the theorem and the others are defined when needed.
The reader may think about the constants d, u, €, k, and t as being fixed while [, n, and

m are tending together to infinity.

§2. DECOMPOSING THE HYPERTREE

We will decompose T into a set P of subhypertrees because the smaller hypertrees will be
simpler to embed into S. In the proof of Theorem 1.5 we will describe how the embedded
subhypertrees can be reassembled to form a copy of 7" in S.

We will need the following definition throughout this paper.

Definition 2.1. A star S in a 3-uniform hypergraph G is a set of edges {v;, w;, u} € E(G),
1 <i<c=degg(u). All vertices v;, w;,u, 1 < i < ¢ must be distinct, so that any two

edges intersect precisely at u, which we call the center of the star.
The following lemma describes the result of the decomposition process.

Lemma 2.2. Let T be any subdivison tree on n vertices with bounded degree d « n,
and let k be any integer with d <« k « n. Then there exists a system £ of e stars
E; = {{vji,w;i,u},1 < i <deg(uj)} < E(T), for j =1,... e, such that by removing all
of the edges of the stars from T, T is decomposed into

e a set I of isolated vertices, and

e a set P of I subhypertrees
with the following properties.
(1) k= |V(P)|, for any P € P.
(2) (%) n = |
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(3) U] =[P| =1
(4) 1= €] =e
(5) 1= s

(6) I =Uj_i{wjn, wia, s Wjdeg(uy), Us}, and vy, & I for all i, j.

Note 2.3. Some of the subhypertrees in P may contain just a single vertex, but for technical

reasons they will still be considered as elements of P and not of I.

Before we prove Lemma 2.2, we introduce some terminology. We fix some vertex of
degree at least 2 to be the root of T. We say two vertices are adjacent if they belong to the
same edge of T'. Define a leaf on T to be any degree-one vertex that is adjacent to another
degree-one vertex. Borrowing the terminology of a family tree, for a vertex v of T, we say
that the father of v is the neighbor of v that lies on the path from v to the root. Likewise,
we say that a son of v is any neighbor of v whose path to the root passes through v. Note
that the root has no father and leaf vertices have no sons. Define a branch of T' to be a
sequence {bh}ﬁzl of vertices in T" where b; is the root, b, 1 is a son of by, and by, is a leaf.
We say that the progeny of a vertex v is the set of all vertices whose paths to the root
must pass through v. That is, the progeny of v is the set of all of v’s sons, their sons, their
sons, etc. We say v is included in the set of its own progeny. Lastly, we say that a vertex
is celibate if it is the only degree-one vertex in its edge. If an edge has two degree-one
vertices, we choose exactly one of them to call celibate. In this way, every edge has exactly
one celibate vertex. During the decomposition, we will use the distinction between celibate
and non-celibate vertices to decide whether a single vertex should be added to P (as a

subhypertree) or to I (as an isolated vertex).

Proof of Lemma 2.2. Choose any vertex with degree at least two to be the root of T" and
decide which vertices to call celibate. Create empty sets I, P, and &, which will be used to
store isolated vertices, subhypertrees, and stars (respectively) as 7" is decomposed.

We assign a proper coloring to V(T') in the following way. Color all celibate vertices
blue. Color the root red. For every remaining uncolored vertex, color it red if its father is
blue, and blue if its father is red. In this coloring, every edge has exactly one red and two
blue vertices. A necessary (but not sufficient) condition for a star to belong to £ will be
that its center is red. This ensures that the centers of two stars are never adjacent vertices,
which will be important as we reassemble 7" in S.

To construct £, and with it P and I, repeat the following "sawing' procedure, each
iteration of which will remove one or more stars, subhypertrees, and isolated vertices from
T. What remains of T at the beginning of the j™ iteration is called H;, where H, = T.
To simplify the notation throughout the proof, we will drop the index j and will write
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v; = Vj;, w; = w;j,;, and u = u;, as well as b, = b;;,, whenever it is clear from the context
that j is fixed.

(a) Let {by} be a branch of H;, where by is the son of b, that has the most vertices in
its progeny. Let b, be the last vertex in this sequence that has more than k vertices
in its progeny. If b, is red, let u = b,. If b, is blue, let u = b, 1. In either case, u is
red and has at least Z%f vertices in its progeny. We will "saw" around the vertex u.

(b) Let E; = {{vi, w;,u}, 1 <1< deg(u)} be the star centered at u. Label the vertices
adjacent to u such that w; is the celibate vertex in each edge and v, is the father of
u. Figure 1 shows how all of the vertices around u should be labeled. Add Ej to £
and let H; = H; \ Ej. Figure 2 shows as dotted triangles which edges are removed
to form H.

(c) Removal of Fj from Hj results in some vertices and subhypergraphs in H} not
being connected to the root, as shown in Figure 3. Specifically, u is now isolated,
as are the celibate vertices w;, 1 < i < deg(u) (because all celibate vertices of T
are originally contained in just one edge). Add these vertices u and w; to I.

(d) For i > 2, the vertices v; are not connected to the root in Hj. (Note that v; is the
father of u;, so there is still a path from v to the root.) Let P;; be the connected
component containing v; for ¢ > 2, and add each P;; (even if it is just a single
vertex) to P.

(e) Define

Hyr = Hy~ {ud ~ {wid 9 < (P g™,

That is, Hj is the connected component of H} that contains the root. Figure 4
shows that after the isolated vertices and disconnected subhypergraphs are removed
from H}, we are left with a smaller hypertree still containing v;. This smaller

hypertree is H;;.

There are two cases that can cause this procedure to end. First, at some point the root
could be the only vertex with more than k vertices in its progeny, so the root becomes u. By
"'sawing' around u and removing all of the isolated vertices and components not connected
to the root, we remove every vertex and edge. This completes the decomposition. In this
case, notice that the number of complete iterations performed of the sawing procedure is
e = |&], since exactly one star is added to £ with each iteration. Second, at some point
there could be no vertex with more than k£ vertices in its progeny. If this occurs, add the
entire remaining tree H; to P. In this case, notice again that the number of complete

iterations performed of the sawing procedure is e = |£|. This implies the following fact.
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Fact 2.4. Fither H.,, does not exist, or H..1 is a hypertree with at most k vertices and

is a member of P.

toward root
toward root

FIGURE 2. H;, where the

FiGURE 1. H; with -
j Wi ver edges of star E; are the

' f label
tices of star labeled dashed triangles

toward root

toward root

w1 x XU

V:
w2 X 2 ’Lgfg ’3 W?1< V4

FIGURE 4. H;,,, which is

/ the connected component of
FIGURE 3. H;. The ver-

tices marked with an x will
be added to I. The subhy-
pertrees containing vy, vs,

and vy will be added to P

H containing the root

To prove (1) of Lemma 2.2, we recall that our choice of u in step (a) for j < e implies
that all sons of u have at most k vertices in their progeny. These sons and their progeny

make up the vertex sets of the subhypergraphs that we add to P in step (d). This, along
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with Fact 2.4, represents the only two ways that subhypergraphs can be added to P. We
know then that

k = |V(P)|, for any € P
which proves (1) of Lemma 2.2.

To prove (2), we need to show that very few of the vertices of 7" end up in I (and

therefore, most of the vertices of T will be in subhypertrees in P). For all j < e,

k—d
V(Hj) N V(Hj1)| > -
d—1
This is because in H;, u has more than % vertices in its progeny, and none of the progeny

are in V(H,1). With each iteration of the sawing procedure, at most d + 1 vertices are
added to I: one for u and at most d for the celibate neighbors of u. The remaining vertices
in V(H;) \ V(H,41) must therefore be in an element of P (by step (d)), meaning that
> pep |V (P)| increases by at least 2= — (d + 1) with each iteration.

By Fact 2.4, if H.,, exists, one subhypertree is added to P and no vertices are added to
I. This implies that at the end of the decomposition,

2per |V (P)] S %_(dle) — k—d —1
1] - d+1 2—-1 7

and since |I| + > pep |V(P)| = [V(T)| = n, we have that

1] < d*>—1 _ 2d?
S\k=a)" Sk )"
which is (2) of Lemma 2.2.

Now we establish (3) of the lemma. As described in step (d), for every subhypergraph

P e P, P contains at least one vertex v;. Each of these v; has a corresponding isolated

vertex w; that was placed into [ in step (c). Therefore
1] = [P,

proving (3).
Proving (4) is similarly clear. For every iteration of the sawing procedure, one star
is added to & (in step (b)), and at least one subhypertree is added to P (in step (d)).

Therefore

Pl = [€].

To find the minimum cardinality of P over all hypertrees on n vertices (and show (5)),
consider how many vertices of T" are removed during a single iteration of the sawing
procedure. By step (c), 1 + deg(u) vertices are put into /. By step (d), Z?i%(“) \V(Pj)|
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vertices are put into P. These vertices are divided between deg(u) — 1 subhypertrees.

Therefore the number of vertices removed per subhypertree added to P is at most

Lt deglu) + A V(P _ 1+ deglu) + 34 k
deg(u) — 1 h deg(u) — 1

Summing over all iterations of the sawing procedure, we get that

<k+3.

’;' <k+3,
proving (5).

In order to verify (6), recall that by step (c), the only vertices added to I are of the form
w;,; and u;, for some i, j. For some vertex v;; to be in I, v;; would need to be the same
vertex as some uy. (v;; is not celibate so it cannot be some wy,;.) By the coloring of V(T'),
uy, is red. However, v;; is blue, since it is adjacent to the center (red) vertex u; of star Fj;,
and in the coloring no two red vertices are adjacent. Therefore v;; ¢ I. This completes the
proof of (6) and of Lemma 2.2.

O

§3. SEARCHING FOR DISJOINT STARS

Lemma 3.1. Let S be a Steiner triple system on m vertices. Then for any set of vertices
V1,02, ..., 0. € V(S), c < d, there are s(c) = F5 stars Si,..., Sy so that
(1) S, = {{vi,w 2 D1 < i < ¢} < E(9) is a star centered at u®, for 1 =1,... s(c).
(2) The sets W, = {w(l) cwD w1 =1, s(c), are pairwise disjoint subsets of
V(S).

Proof. Fix any vy, vs,...,0. € V(S). We prove the lemma by induction, in each step

constructing a new star. As a base case, we construct a set V(1) < V(S) of vertices that

may serve as the center u(") of the first star S;. Let
Q = {ue V(S) : Ju;,v; such that {u,v;,v;} € E(S)}.
The vertices of @ cannot be used as u"). Set
VO = V(8)\ vy, vg, ..., 0} N Q
and observe that

VWO =m—c— (;) >m — (c* +1).

Select any vertex in V) and call it u®. The vertex uV

and each vertex v;, 1 <1 < ¢,
share an edge with some vertex w ) e V(S). Each w(l) is distinct from each v;, because

otherwise u") would be in Q. The edges {v;,w; ’,uM}, 1 <i < ¢, form a star S; in S.
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Now we consider the set

= {ug) e V(S) : I, w ( )i # j such that {v;,w ] ), Z(jl)} e E(S)}.
Note that [QM| < ¢(c — 1). If we attempted usmg u )€ QU as the center of some other

(1)

w; m
Excluding these vertices u ) from the center of any future star S;,1 > 2,

star, that star would contain the edge {vl, } so two different stars would use the

vertex wj(l).
ensures that

V(S1) nV(S) = {v1,..., 0.}
and so

WlﬂVVl:

Set
V@ — @) Wi~ Q(l).

It follows that

VO = VO —(c+1)—c(c—1) >m—2( + 1).
Thus we have constructed one star S; and the set V) such that any star S; whose center
u® is in V® will have W, disjoint from W}.

Having completed the base case, we assume by induction that the stars Si,...,S;_1 have
been constructed. We assume the set V) has the property that for any star S; whose
center is in V®, W, will be disjoint from Wy, Wy, ..., W;_1. We also assume inductively
that [V > m —I(c® + 1). Choose any vertex u) € V¥ to be the center of star S, For
each i, 1 <1 < ¢, let wEZ) be the unique vertex with {v;, wz@, uD} e E(S). Observe that by

induction,
Ve | V(S
k<l
The edges {v;,w; ,u}, 1 <i < ¢, form a star S; in S, and
Wi N (U Wk> =2
k<l
Let
{ul) e V(S) : Ju;,w () ,i # j such that {v;, w ] ), Z]}eE( )}

and set

vED =y O QW

For the same reason as in the base case, a star centered at any w1 e VU+1 will intersect

each of Sy,...,S; precisely at vy,...,v.. By the inductive hypothesis,

VED = VO] — (c+1) —clc—1) >m— (I + 1)(* + 1). (3.1)
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This completes the induction.
We can continue forming new stars S; from sets V) in this way as long as V® has at

least one vertex in it to become u¥). Therefore, by equation (3.1), we can construct at least

=7 stars. The same process can be conducted for any c-tuple, where ¢ < d, completing
the proof. O

§4. SELECTING THE RESERVOIR

Let P = {P, P,,..., P} be an enumerated collection of hypertrees as formed by the
decomposition of T in Lemma 2.2, and [ the set of independent vertices formed by the

decomposition. Consider

l
P=\/P (4.1)
j=1
as a forest consisting of (vertex-disjoint) members of P. Then

V(T) =10 V(P).

Next we are going to randomly select a set R < V(S) and show that its properties allow
us to find T in S in such a way that I ¢ R and V(P) < V(S) ~ R. We will call the set R
the reservoir.

Let a ~ b mean that lim,, ., 7 = 1.

Lemma 4.1. Let S = (V, E) be a Steiner triple system on m vertices, and let € > 0 be
small. Then there exists a subset R < 'V and a hypergraph S = S[V ~\ R] induced on the
set V . R that have the following properties.

(1) |R| ~ em
(2) V(S)| ~ (1 —e)m

(3) Any vertex v e V(S) has deg(v) ~ (1 —€)*Z in S.

2

(4) For any c-tuple of vertices in V(S), where ¢ < d, at least r(c) = 25(2;1"1‘) of the

disjoint sets W, guaranteed by Lemma 3.1 lie entirely in R.

Proof. Consider a set R < V such that each vertex is chosen randomly and independently
with probability e. We will use the following form of Chernoff bound (inequality (2.9)
in [7]). We will then fix an R that has all of the desired properties.

Theorem 4.2 ([7]). For § < 3/2 and binomially distributed random variable X,

P(|X —E(X)| = dE(X)) <2exp (—(;QE(X)) .
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For a reservoir R selected randomly as described above, the expected number of vertices
in R is em. Since vertices are selected independently in R, we can apply Theorem 4.2.

Almost surely the number of vertices chosen will be close to the expectation, so
|R| ~ em and V(S)| ~ (1 —e)m,

showing that (1) and (2) of the lemma hold with probability 1 — o(1).

Considering (3), note that any vertex v € V(S) has degree

m—1
2

containing v in S, the edge contains two other vertices. The probability that each of these

in S. For every edge

vertices is in S is 1 — €, so the expected number of edges incident to v contained totally in

S is (1— e)2mT_1. Again by Theorem 4.2, the degree of v in S is close to the expectation, so

m
degs(v) ~ (1 — P2

Finally we consider (4) of the lemma and fix any c-tuple {vy,...,v.} of vertices in S

for some ¢ < d. By Lemma 3.1, there are s(c) = zi5 sets W, [ = 1,...,s(c), that are

pairwise disjoint. We need to show that 26(;71”}) = r(c) of these sets W, are subsets of R.

Let X; be the event that all ¢ + 1 vertices of 1 are in R. Clearly P(X;) = €“™!, and if
s(c)

X =>1(X))

=1

(where 1(X;) is an indicator random variable), then
€c+1m

IE:'<X)202+1:

are disjoint, the events X; are independent, so we may

2r(c).

Since the sets W, 1 < < 777,
apply Theorem 4.2 with § = 1/2. Then

6

Soif Y =Y (vy,...,v.) is the event that for a fixed vy, ..., v., there are fewer than r(c)

P (X < r(c)) < 2exp (_T(C)) .

sets W in R, then the probability of Y is exponentially small in m (since r(c¢) grows with
m).
Consequently the probability of Y (vq,...,v.) happening for any choice of vy, ..., v,

where ¢ can be any integer between 1 and d is bounded by

i <”§) exp (‘ifc)) — o(1).

Thus with probability 1 — o(1), for every c-tuple in V' (S), there are at least r(c) pairwise-

disjoint sets W, contained in R.
Since with probability 1 — o(1), R has each of the four properties listed by Lemma 4.1,

we can fix a set R that has all four properties, completing the proof.
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§5. EMBEDDING THE SUBHYPERTREES

Let P be as defined in Equation 4.1.

Lemma 5.1. Let S be an induced subhypergraph of a Steiner triple system S on m = (1+
p)n vertices, such that |V (S)| ~ (1—€)m and every vertez v € V(S) has deg(v) ~ (1—e)*2.
Then S contains a copy of P.

Recall that
|P| = 1.

For the proof of Lemma 5.1, we find it convenient for [/k3* to be an integer, where k is as
in Lemma 2.2. If not, add isolated vertices to P (and to P), increasing [, until £3* divides
I. If we can find a copy of this larger P in S, then surely we can find a copy of the original
Pin S.

Consider a partition of P with each partition class C; consisting of those members of P

that are pairwise isomorphic hypertrees. Let
T; = isomorphism type of C;

and let
L = |Cil.

Denoting the number of isomorphism classes by t, then

t
dli=|Pl =1L
=1

Pélya (see [8] and [10]) showed an upperbound on the number of isomorphism classes of a

tree on k vertices. Specifically,
t < 3k,

Recall that by assumption k3% « n. Since i3 <1 (cf. Lemma 2.2), we see that ¢ « [, and

in fact

t < k3F «1

for n large. In order to find the desired embedding of P in S, we will first consider a "small"
(with size independent of n) forest consisting of trees which form a "statistical sample" of
P. Next, we will find an almost perfect packing of vertex-disjoint copies of the small forest
in S. Finally, we will show that among the union of the copies of the small forest in S,

there is a copy of P, meaning P is a subhypergraph of S.
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Proof. We want to select a sampling of hypertrees from P that has representatives from
each partition class in proportion with the size of the class.
We first construct a forest consisting of about k3 hypertrees from P. Let

Ai = [kgzkli]’

so that if we were to choose k3* hypertrees randomly and independently from P, we would

expect about A; hypertrees of type T;. Consider the forest

F:

<=

)\icriu
i=1

containing \; vertex-disjoint hypertrees from class T;, ¢ = 1,...,t. Let
t
DA =A> k3
=1

be the number of connected components in the forest F. In the remaining part of the proof

we will show the following.
Claim 5.2. The hypergraph S contains kl? vertez-disjoint copies of F.

Before we establish the claim, observe that the claim immediately implies Lemma 5.1.
Indeed by Claim 5.2, the number of vertex-disjoint copies of T} in S is
l I 1k3*,
= f[ ] >,
k3k K3kl 1
for each 7 = 1,...,t. Since P contains exactly [; vertex-disjoint copies of T;, P is contained
in S. ]

Proof of Claim 5.2. We look for vertex-disjoint embeddings of F in S. First, we establish
two upper bounds on the size of |V (F)|, which we denote by r.

Proposition 5.3. For |V(F)| = r, the following holds.
(1) r < k(k +4)3%, and
(2) r< B (148,

Proof of Proposition 5.3. Recall that t < 3*. By Lemma 2.2, |V(T})| < k,i=1,...,t, and
l=1|P| = Also, |V(P)] < n. Then

k+3
t k l k t t
r:Zw( =25 v I < T2 WV + RV
] =1 =1 =1
\k%E]V H%¢<\V(ﬂ+kﬁ<nﬂf:$n+mk

< k(k + 4)3
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which proves (1) of the proposition.

For the proof of (2), we will first observe that [ < & or equivalently that k3F < k3;’m

This follows from (2) and (3) of Lemma 2.2, which implies that [ < %n and from the

hierarchy Inequality 1.1 by which
2
24
k 2
for k = ko(p, d). Now applying in part our estimate from the proof of (1) above, we infer

that

~

k3t k3¢ k3Fun k3
r<?|V(P)|+k3k<?n+ 3zf”< 3l”<1+g).

Now consider an auxiliary hypergraph A so that

V(A) = V(S), and

E(A) = {Re (V?)) : S[R] contains a copy of F}. ()

In order to find vertex-disjoint copies of F' in S, we look for a matching in A. To that end,
we wish to apply the following theorem, where the co-degree dega(z,y) of any z,y € V(A)
is the number of edges shared by both x and y.

Theorem 5.4 ([4]). Suppose A is an r-uniform hypergraph on V' which, for some D > 1,

has the following two properties:

(1) dega(x) = D(1+ o(1)) for all x € V, where o(1) — 0 as |V| — oo.
(2) dega(x,y) < D/(log|V|)* for all x,y € V.

(1—o(1))

Then A contains at least V. pairwise disjoint edges.

Note 5.5. This theorem was subsequently extended and improved in a number of papers

(e.g. [1], [6], [9]), but for the purposes here, it is sufficient to use this form.
We will show the following result (which is proved on the next page), where
f=1EF).
Claim 5.6. There ezists a constant ¢ = c¢(F') such that
D = c|[V(A)MI!

satisfies (1) and (2) of Theorem 5.4 for the auxiliary hypergraph A defined in ().
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Thus by Theorem 5.4, there is a nearly perfect matching in A, implying a nearly perfect
packing of vertex-disjoint copies of F' in S. Specifically Theorem 5.4 says one can pack at

least

V(A = o(1))

vertex-disjoint copies of F into S.
To prove Claim 5.2, it remains to show that
VI -o(1) _ I
r = g3k
Recall that € « g and |V(A)| = (1 —€)(1 + p)n. By part (2) of Proposition 5.3, it follows
that

VAIA=-0o1) (=60 +pnl-o)  (A+5Hn I
= kn = kn — .
; B (] 4 6 B (14 ) k3F
Therefore there are ﬁ vertex-disjoint copies of F'in S. U

For the proof of Claim 5.6, we formalize the definition of an embedding.

Definition 5.7. Let V(F) = {1,2,...,r} and let R < V(S) be a subset of V(S) with
labeled vertices {vy, vy, ...,v,}. We say a function ¢ : F' — S is an embedding of F into S
if (i) = v; for i = 1,...,r and if for all {i,,h} € BE(F), {vi,vj, v} € E(S).

Proof of Claim 5.6. To count deg,(z) for any x € V(A), we first count the number of
embeddings from F to S that map some vertex in V(F) to z. Fix a labeling {1,2,...,7}

of V(F) and fix any x € V(S). Then let
E, = {¢: F — S such that there is some i € V(F) with (i) = x}

be the set of all embeddings of F into S where  is in the image of ¥. Let

D, ={Re <V(S)

r

) . there exist ¢ € E, with ¢(V(F)) = R} (5.1)
and see that
degA(x) = |DJ:|
In order to determine |D,|, we will find the cardinality of E,. With i fixed, consider all

embeddings ¢ : F — S with ¢ — x. For simplicity, first consider the case that F consists

of a single tree. Consider an ordering of the edges e; € E(F), t = 1,..., f, satisfying

e1 = {1, j, h} for some vertices j and h, and

lere1 N (Usst 68) | =1
Recall that by assumption, for all v € V(F),

(5.2)

VS|

degs(v) ~ (1= ~ (1—¢)
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For edge ey, there are (1 — e)@ edges incident to z in S onto which to map e;. Choosing
one of these edges, say {x,y;,y2}, there are two ways to map {1, j, h} to {x,y1,y2} with
i — 2. Therefore there are (1 — €)[V(S)| ways to map e, into S. For ¢ > 1, one vertex of
e; has already been mapped into S. Consequently, similarly as in the ¢ = 1 case, there
are (1 —o(1))(1 — €)|V(S)| ways to embed e, for t = 2,..., f into S. Therefore we have
(1 —o0(1))(1 — €)f|V(S)[f embeddings with i — x. Since i can be chosen in r = |V (F)|
ways, if F'is a simple tree,
|Bo| ~r(1 = o) [V(S)). (5.3)
Now consider F' as a forest of A disjoint trees. As above, map some vertex i to x and
embed all of the edges in the same component of i into S. For each of the other A — 1

components of F', embed one of its vertices to some unused vertex in S. There are
(1= o)V (S (5.4)

ways to choose these vertices. As with the first component, map the rest of the edges of F

into S to form an embedding of V(F) to some subset R < V(S). Combining 5.3 and 5.4,
we infer that

|Bo| ~ (1= )T [V (S)[7H (5.5)

Some embeddings 1) in E, may map onto the same vertex sets but different edge sets in

S. In order to find dega(z), we make sure that each vertex set R with € R inducing a

copy of F'is counted precisely once. To this end, let
R, = {¢ € E, : there exists ¢’ € E, with ¢(V(F)) = ¢'(V(F)) but ¢(E(F)) # ¢'(E(F))}.

For any 1,1 € R,, there must be some edge in S[t)(V(F))] not in ¢ (E(F)), because this
edge is in ¢/ (E(F)). In the following claim, we show that R, makes up a small portion of
E, by counting how many embeddings in F, induce no extra edge in S. This implies that

the number of embeddings v for which there is a ¢’ with the property above is negligible.

Claim 5.8.
|Ey N Ry| ~ |E,|

Proof. The argument will be similar to that of the proof of 5.5 with one additional constraint.
In order to determine |E, \ R,|, fix ¢ and consider all ¥ € E, \ R, with i — x. First
consider the case that I’ consists of a single tree. As before, consider an ordering of the
edges e, € E(F) as in 5.2. For edge ey, there are (1 — €)|V(S)| ways to map e; into S
with ¢ — z. For t > 1, similarly as before, one vertex of e; has already been mapped into
S. To choose which two vertices in S to map the other two vertices of e; to, we have

to avoid creating an unwanted triple in the image of F': i.e. a triple {ay, as,a3} < V(F)
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with {ay, as, as} ¢ E(F) while {¢)(a1),¥(as),¥(as)} € E(S). By avoiding unwanted edges,
S[y(V(F))] will equal ¢(E(F)). For any two vertices a, a; with

t—1
ap,az € U €s,
s=1

these two vertices have already been mapped into S with the first ¢ — 1 edges. We need to
select the image of the remaining two vertices of ¢, different from the vertex b e V/(S) for
which {1(a1), 9 (az), b} € E(S). Since there are at most (}) pairs a1, az, at most (}) vertices
bin S are forbidden to be selected. Since by Proposition 5.3 7 < k(k + 4)3* « |[V(S)],
there are still (1 — o0(1))(1 — €)|V(S)| ways to embed e, for t = 2,..., f into S. As before,

since ¢ can be chosen in r ways, if F' is a tree,
1B, N Ry| ~r(1—€)f|V(9)|.

If F' is a forest, then again proceed as before. When mapping the first vertex of each
component into S, we still must avoid creating unwanted edges in S. The number of
vertices that are forbidden to be selected here is still small though, because the number of

components A < [V(S)|. Then as before, if F is a forest,
[Bo N Ro| ~ (1= e [V(S)TFAT! ~ | By,
U

It still may be that for two distinct embeddings 1, ¢’ € E, \ R, the images ¢(V (F)) =
' (V(F)) and ¢(E(F)) = /(E(F)). Fix any copy of F in S. For each labeling of V(F)
that gives an automorphism of F', there is a distinct embedding ¢ € F, onto the copy of F.
Let the number of hypergraph automorphisms of F' be called |Aut(F')|. Then there are
| Aut(F)| distinct embeddings in E, onto any fixed copy of F. Since D, counts unlabeled
sets containing x that induce a copy of F', we infer that

|Ba  Ro| _ D,| < Bl
|Aut (F)| |Aut(F)|
This along with Claim 5.8 and Equation 5.5 implies that

r(1= V(S

dega(z) = |Dy| ~

| Aut(F)| ’
proving (1) of Claim 5.6 with
B r(1—e)f
- [Aut(F)

To find dega(z,y) for any x,y € V(A), proceed as before. Let

E,, = {1: F — S such that there are some 4, j € V(F) with ¢(i) = x and ¥(j) = y}
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be the set of all embeddings of F into S with i — x and j — y. Let
V(S) : :
D,,={Re . there exist ¢ € E,, with ¢ (V(F')) = R} (5.6)

and see that

dega(x,y) = [Dayl.
To find the cardinality of E, ,, we follow the same procedure as for F,, except that some
vertex in F' must be mapped to y by all ¢ € E, . Fix some 7,7 € V(F') and first count the

embeddings ¢ € E, , with ¢ — 2 and j — y. Consider two possible cases.

Case 1) Suppose j is in the same component of F' as i. Call the component C;. As before,

give an ordering to the edges e; € E(C;) such that

ey = {i, g, h} for some vertices g and h, and

|et+1 N (U es> ‘ = 1.
s<t

Let e; be the first edge in the order that contains j as a vertex, so e; = {a, b, j} for
some vertices a and b. For edge ey, as before, there are (1—€)|V(S)| ways to map e;
into S with i — 2. For 2 <t < j, similarly as before, there are (1—o(1)(1—¢)|V/(S)|
ways to map e, into S. For ej, either a or b has already been assigned an image
in S, and since j — y, there is only one way to map e;j into S. For e;, t > j, once
again there are (1 — o(1)(1 — €)|V(S)| ways to map e¢; into S. Embed the other
A — 1 components of F into S as before, so all f edges are mapped into S. Then
there are (1 —o0(1))(1 — €)'V (S)|/**~2 embeddings with i — z and j — . Since

i and 7 can be chosen in 7(r — 1) ways,
| Bay| ~ (1= )T V(S)H72,

Case 2) Suppose j is not in the same component of F' as i. Map the component containing
1 as before, with ¢ — x. Next map the component containing j in the same way;,
with j — x. For each of the other A — 2 components of F', embed one of its vertices

to some unused vertex in S. There are
(1—o(1)|V(S)* (5.7)

ways to choose these vertices. As with the first two components, map the rest of
the edges of F into S to form an embedding of F. Since each edge of F can be
mapped to S in (1 — o(1))(1 — €)|V(S)| ways, and since there are 7(r — 1) ways to
choose 7 and 7, applying 5.7 we infer that

|Bo| ~ 72(1 = &) [V ()42, (5-8)
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In either case,
|Boyl S 721 = ) HV(S)PHA2 (5.9)
By the same argument that showed

(1= 9/ |V(S)| !
Aut(F)

|Da¢| ~

it can be shown that

(1 - o V(52
L

d =D, <
egA(Jf,y) | w,y| ~ |AUt(F)

Since [V(S)| = [V(A)| ~ (1 — €)m by assumption, and since r is bounded by a fixed value
by Proposition 5.3,

C|V(A)|f+>‘+1

(log [V(A)])*

for the same value of ¢ as above. This proves (2) of Claim 5.6. O

dega(z,y) <

§6. PROOF OF THEOREM 1.5

Proof. Let T by any subdivision tree on n vertices of bounded degree d and let S be any

Steiner triple system on m = n(1 + u) vertices, where n is large. Fix constants € and k so

that they fit in the hierarchy described in Inequality 1.1. Specifically, choose k so that
8d°

> —.
cd+1

(6.1)

First, recall that Lemma 2.2 guarantees a decomposition of 7" into families with certain
properties. Namely, T" is decomposed into a set P of subhypertrees, a set £ of stars, and a
set I of independent vertices.

Second, recall that Lemma 4.1 guarantees a subset R < V(5) called the reservoir with

certain properties. Let
S = S[V(S)\ R].

Third, let P be as defined in Equation 4.1. Lemma 5.1 guarantees that there is a copy
of Pin S, so that the hypergraph embedding

f:P—258

exists.
Finally, it remains to show that £ and I can be embedded in S in such a way that the

original configuration of T is restored. Recall that a star E; € £ has the form

E; = {vj;,wj;,u;} where 1 <i < ¢; = deg(u;).
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To simplify the notation throughout the rest of the proof, we will drop the index j and
will write v; = v;;, w; = wj;, v = u;, and ¢ = ¢; when referring to vertices of F;, whenever
it is clear from the context that j is fixed.

To embed the stars belonging to &, first take the star E; = {v;,w;,u}, 1 < i < c.

Referring to Figure 5, recall how the vertices of a star are labeled. By (6) of Lemma 2.2,
Wy, Wa, ..., We,u € I, and

v, ..., 0. € V(P),

so the vertices v; already have an image in S by f. Specifically, all f(v;) are in S. By

m

241 stars

Lemma 3.1, for the c-tuple of vertices f(vy),..., f(v.), there are at least s(c) =
of the form

Sl:{{f(vi)vwz(l)7u(l)}7 1<Z<C}7 [ = 17"'75(6)
in S such that the sets

W, = {wy), LwP WOy, =1, s(e)

[

are pairwise disjoint subsets of V(S). Further, Lemma 4.1 guarantees that at least
r(c) = ;(;71”;) of the sets I, lie in the reservoir R. As an example, Figure 6 shows just two
such sets Wy and W5, where a dashed line segment represents a hyperedge in S.

Choose the star S; to be the image of ;. Specifically, extend the homomorphism f by
letting

f(u) =u, and
flw) =", 1<i<e

Now the subhypertrees in S containing f(v1), ..., f(v.) are connected by f(F1) in the same
way they were connected originally in 7.

Repeat the above procedure for each F;. Instead of mapping E; to S; each time, choose
a star S; such that no vertex of W, is already in the image of f. (We show below in
Claim 6.1 that it is always possible to find such a star S;.) Extend f so that it maps Ej to
Si. Now the subhypertrees in S containing f(v1), ..., f(v.) are connected by f(E;) in the
same way they were connected originally in 7.

After this process has been completed for all F; € £, all stars of £ have an image in S
by f. Consequently, by (6) of Lemma 2.2, all vertices of I have also been embedded into S.
Then

f(T) =5,

completing the proof.
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(va)

FIGURE
5. The dashed
edges of star
E; are removed
during de-
composition
FIGURE 6. The dashed edges of each

star S; are where E; can be mapped to.

Note that all vertex sets W, are disjoint

Claim 6.1. There exists some star S; in S onto which to embed E;, such that none of the

vertices of Wi has been used yet.

Proof of Claim 6.1. By Lemma 3.1, there are r(c) stars S, in S onto which to embed E;.
If for any @ < j,

f(V(E)) n W, # @,
then S, cannot be the image of L.
f(V(E:)) "Rl <d+1,

so there are at most (d 4 1)(j — 1) stars S, that cannot be the image of E;, because one of

their vertices is already used in the image of some E;.



22 BRADLEY ELLIOTT AND VOJTECH RODL
ch+1m
2(c5+1)
d>=c, |E| = j, and m = n. Also, combining several parts of Lemma 2.2,

2
(2;5) n=|E|

Using these facts, Inequality 1.1, and 6.1,

r(c) =

Still, there were originally r(c) = stars S, from which to choose. Recall that

d+1 2

n>(d+ 1)2;% S 4 1)(E]=1) = (d+1)(j—1).

€Cj+1m €

>
2(c5+1) ~ 2(d*+1)

So there will always be at least one set W; such that for all 7 < j,
FV(E)) "W, = 2.

Map E; onto the star S; containing W;. U

§7. CONCLUDING REMARKS

Note that problems of finding large matchings in Steiner systems has been extensively
studied. For some of these results, see Chapter 19 of [3]. The best current bound on
the size of such a matching is due to Alon, Kim, and Spencer [1], who proved a more
general result implying that any Steiner triple system on m vertices contains a matching of
size (m/3) — em?(Inm)*? where ¢ > 0 is an absolute constant. Likely one could extend
Theorem 1.5 along similar lines giving a better numerical bound on parameter u as a
function of m.

As another possible extension one could study a problem of embedding hypertrees into
other designs. In our opinion the most interesting question is whether Conjecture 1.3 is
true. In other words, does any Steiner triple system on m vertices contain all hypertrees
with m — o(m) vertices? Note that the main evidence for stating Conjecture 1.3 is our
inability to find a counterexample. We close with the following likely easier variant of

Conjecture 1.3

Conjecture 7.1. Let d be a fized constant. Then any Steiner triple system on n vertices

contains all hypertrees with mazimum degree < d and n — o(n) vertices.
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