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Abstract

It is an important task to construct quantum maximum-distance-separable
(MDS) codes with good parameters. In the present paper, we provide six
new classes of g-ary quantum MDS codes by using generalized Reed-Solomon
(GRS) codes and Hermitian construction. The minimum distances of our
quantum MDS codes can be larger than 2 4 1. Three of these six classes
of quantum MDS codes have longer lengths than the ones constructed in [1]
and [2], hence some of their results can be easily derived from ours via the
propagation rule. Moreover, some known quantum MDS codes of specific
lengths can be seen as special cases of ours and the minimum distances of
some known quantum MDS codes are also improved as well.

Keywords: Quantum codes, quantum Singleton bound, quantum MDS codes, gener-
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1 Introduction

Quantum error-correcting codes play an important role in quantum computing and quan-
tum communication. Just as in classical coding theory, one central theme in quantum
error-correction is the construction of quantum codes that have good parameters. In [3],
Calderbank et al. presented an effective method to construct nice quantum codes by using
some mathematical techniques which made it possible to construct quantum codes from
classical codes over Fy or Fy. Rains [4], Ashikhmin and Knill [5] then generalized their re-
sults to the nonbinary cases. In particular, one can construct quantum codes via classical
codes with Euclidean or Hermitian self-orthogonality properties.

Let ¢ be a prime power. A g-ary quantum code is just a vector subspace of the Hilbert
space (Cq)®" = C?", where C is the field of complex numbers and n is called the length
of the quantum code. We use ((n, K, d)), or [[n, k,d]], to denote a g-ary quantum code of
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length n, dimension K and minimum distance d, where k = log, K. An [[n, k, d]], quantum
code can detect up to d —1 quantum errors and correct up to L%J quantum errors. Thus
for fixed n and k, it is desirable to construct [[n,k,d]];-quantum codes with minimum
distance d as large as possible. However, similar to the classical Singleton bound, the
parameters of an [[n, k, d]], quantum code have to satisfy the quantum Singleton bound:

Lemma 1. ([4, 3, [7] Quantum Singleton Bound) For any [[n,k,d]]; quantum code, we
have
2d <n—k-+2.

A quantum code achieving this quantum Singleton bound is called a quantum mazimum-
distance-separable (MDS) code. Just as in the classical case, it is desirable to find more
constructions of quantum MDS codes.

In 2001, Ashikhmin and Knill [5] gave the following useful theorem for constructing
quantum stabilizer codes from classical codes.

Theorem 1. (Hermitian Construction) If there exists an [n,k,d],.-linear code C with
Cru C C, where C+H is the Hermitian dual code of C, then there exists an [[n,2k —n, >
d)]q-quantum code.

Note that the Hermitian dual code of an MDS code is still an MDS code. So we replace
the code C by its Hermitian dual C+# in Theorem [ and obtain the following corollary
for the quantum MDS codes.

Corollary 1. (Hermitian Construction for Quantum MDS Codes) If there exists an
[n,k,n — k +1],2-MDS code C with C' C CH, then there exists an [[n,n — 2k, k + 1]]4-
quantum MDS code.

Given a quantum MDS code, we can obtain a new quantum code with smaller length
and minimum distance by the following lemma.

Lemma 2. ([6] Propagation Rule) If there exists an [[n,n — 2d + 2, d]|,-quantum MDS
code, then there exists an [[n — 1,n — 2d + 3,d — 1]]4-quantum MDS code.

In the past decade, a lot of research work has been done for construction of quantum
MDS codes and several new families of quantum MDS codes have been found by employing
different methods. If the classical MDS conjecture is true, then there are no ¢g-ary quantum
MDS codes of length n exceeding ¢? + 1 except when ¢ is even and d = 4 or d = ¢? in
which case n < ¢® + 2 (see [7]). Quantum MDS codes of length up to ¢ + 1 have been
constructed for all possible dimensions through classical Euclidean self-orthogonal codes
(see [8,[9,[10]). Since the constraint of Euclidean self-orthogonality, the minimum distance
of these quantum MDS codes is less than or equal to 2 4-1. Thus Hermitian self-orthogonal
codes are applied to construct quantum MDS codes with larger minimum distance. Some
quantum MDS codes of length n with specific values n = ¢ + 1, ¢, L;l and minimum
distance d > q/2+1 are obtained (see [9,[11,12]). Due to their elegant algebraic structures,
constacyclic codes, pseudo-cyclic codes and generalized Reed-Muller codes are also used

to construct some quantum MDS codes of length n with ¢4+ 1 < n < ¢?> + 1 and relatively



large minimum distance (see [12, [13| [14] 15, 16, 17} [18, 19, 20]). In [21], Li et al. first
presented a unified framework for constructing quantum MDS codes by employing the
classical generalized Reed-Solomon (GRS) codes. Jin et al. [22], Jin and Xing [10} 23]
generalized and developed the method in [21], and constructed several new families of
quantum MDS codes with flexible parameters. Since then, GRS codes have been widely
applied for constructing quantum MDS codes with minimum distance larger than £ 4 1
in recent years (see [24] 11 2| 25]).

In this paper, we will construct some new quantum MDS codes with relatively large
minimum distance through classical Hermitian self-orthogonal GRS codes. The key point
of constructing Hermitian self-orthogonal GRS codes is to find suitable evaluation points
ai,as,...,an € Fyp2, such that a certain system of homogenous equations over F 2 related
to these evaluation points has solutions over Fy (see Lemma [3] and Remark [I]). In [23],
Jin and Xing first chose a class of multiplicative subgroups of IF'ZQ as the evaluation points
to construct Hermitian self-orthogonal GRS codes. In [1I 2], the authors generalized the
method of [23] and considered some multiplicative subgroups of IF:;2 and their cosets as
the evaluation points. In the present paper, we consider some multiplicative subgroups of
IF:;2 and their cosets with more general parameters. Moreover, we add the zero element
into them so that we can provide more constructions of new quantum MDS codes with
longer lengths. Consequently, some known results can be easily derived from ours by the
propagation rule of Lemmalf2l More precisely, we provide some [[n, n—2k, k+1]],-quantum
MDS codes with the following parameters:

(i) n=1 —1—7“127_1, and 1 <k < r%, where s | (¢ — 1) and 1 < r < s (See Theorem [2));

(ii)) n = 1—1—7“32_:, and 1 < k < (s—l—l)% — 1, where ¢ > 2, 2s+1) | (¢+ 1) and
1 <r<2s+1 (See Theorem B (i));

(iii) n =1+ 2t + 1) i3 _1 aund1</<;<(s—i—t—kl)z‘ﬁjrl1 1, where ¢ > 2, (2s+1) | (¢ +1)
and0§t§8—1 (See Theorem [ (ii));

(iv) n = 1—1—7’%, and 1 < k < (s+1)q+1 1, where 2s | (¢4 1) and 2 < r < 2s (See
Theorem [ (i));

(v) n=1+(2t+2)5~ 1 oand1<k< (s+t+1)q+1 1, where 2s | (¢+1) and 0 <t < s—2
(See TheoremIZI (11))

(vi) n= (2t +1)L—= ;1, and 1 < k < (s+t)q+1 2, where 2s | (¢+1)and 1 <t <s—1
(See Theorem [f)).

We make some remarks as follows:

1. The minimum distances of quantum MDS codes of cases (i)-(vi) can be larger than
or equal to 2 4 1 (for case (i), we let £ > ﬁ);

2. Applying the propagation rule (see Lemma [2]) for cases (i), (iv) and (v), we obtain
the results presented in [2, Theorem 4.12], [I, Theorem 4.2] and [2] Theorem 4.8],
respectively;



3. The case (ii) extends the result of [24] Theorem 3.2 (i)] where a stricter condition
ged(r, q) = 1 is required;

4. When r = 2t + 1 (resp. r = 2t +2) and t > 0, the codes from case (iii) (resp.
(v)) have the same length but larger minimum distance than that of case (ii) (resp.

(iv));

5. When t > 2, the quantum MDS codes from case (vi) have larger minimum distance
than that of [I, Theorem 4.2].

We list some examples of [[n, n—2k, k+1]];-quantum MDS codes from our constructions
as follows.

(i) 5[(@-1),n=1+5(*-1),1 <k <35(g—1)
(i) 5](g+1),n=14+2%(2-1),1<k<

(iii) 7[(qg+1),n=14+2(¢>-1),1<k<$

(iv) 4| (g+1),n=1+3"-1),1<k<3(+1) -1
(v) 6|(g+1),n=1+3("—-1),1<k<Zq¢+1) -1
(vi) 8| (g+1),n=L(¢F-1),1<k<I(g+1)-2

To the best of our knowledge, all the above quantum MDS codes are new.

The rest of this paper is organized as follows. In Section 2, we recall some basic results
about Hermitian self-orthogonality and generalized Reed-Solomon codes. In Sections 3, 4,
5 and 6, we present six new classes of quantum MDS codes from generalized Reed-Solomon
codes. We conclude this paper in Section 7.

2 Preliminaries

In this section, we briefly review some basic results about Hermitian self-orthogonality and
generalized Reed-Solomon (GRS for short) codes. In addition, some technical lemmas for
our constructions are also presented.

Let g be a prime power. Let F, be the finite field with ¢ elements and Fj be the
multiplicative group of nonzero elements of F,. A g-ary [n, k, d]-linear code is just a vector
subspace of Fy' with dimension & and minimum Hamming distance d, and n is called the
length of the code. It is well known that n, k and d have to satisfy the Singleton bound:
d < n—k+1. A code achieving the Singleton bound is called a mazimum distance
separable (MDS) code.

Throughout this paper, we denote the all zero vector by 0. For a vector ¢ = (¢1,...,¢,) €
IFZZ, we denote by ¢ the vector (ci,...,c%). And 0° is set to be 1. For any two vectors
x = (z1,...,2,) € FZQ andy = (y1,...,Yn) € FZQ, the usual Euclidean product of x and



y is defined as (x,y) = Yoi, ;y;. For alinear code C' of length n over 2, the Euclidean
dual code of C is defined as

ct={xe Fle o (x,¢) =0, for all c € C},
and the Hermitian dual code of C' is defined as
cti = {x ¢ Fio: (x,¢) =0, forallc € C}.
The code C is called Hermitian self-orthogonal if C C C+#. It is easy to show that
Cti = (CO)L where C@ = {c?: ¢ € C}. For a matrix A = (a;;) over F,2, we denote

by A9 the matrix (agj). Let C be a linear code over FF 2 with a generator matrix G, then
G is a generator matrix of C'?) hence a parity-check matrix of C-# .

Choose n distinct elements ay, ..., a, of F; and n nonzero elements vy, ..., v, of F;z.
Put a = (ay,...,a,) and v = (v1,...,v,). Then the generalized Reed-Solomon code over
F 2 associated to a and v is defined as follows.

GRSk(a,v) = {(Ulf(a1)7 e 7Unf(an))
: f(z) € Fpelz], and deg(f(x)) <k —1}.

It is well known that the code GRSk(a,v) is a ¢*-ary [n,k,n — k + 1]-MDS code. A
generator matrix of GRSk(a, v) is given by

Ul ’L)2 PR ’L)n
vi1a1 v2az - UnQn
Gr(a,v) =
vlalf_l vgag_l vnaﬁ_l

From the above discussion, we can easily obtain the following useful lemma, which was
also given in [11 2, 23].

Lemma 3. ([1, 2, [23]) Let ai,...,a, be n pairwise distinct elements of F and let
v1,...,0, ben nonzero elements ofIF‘Zz. Put a = (ai,...,ay) and v= (v1,...,v,). Then
the GRS code GRSy (a,v) is Hermitian self-orthogonal if and only if (a?*7 v4+1) =0, for
all0<i,j<k—1.

Remark 1. If we set uw= (uy,us, ..., u,) = v, then u € (F;)". Thus from Lemmal3,
to construct a Hermitian self-orthogonal MDS code, it is sufficient to make sure that the
system of homogenous equations (a?7, u) = 0 (for all 0 < i,5 < k—1) over Fo2 has a
solution u € (IF)".

Before giving our constructions, we need two technical lemmas. The first lemma
provides a sufficient condition under which a certain system of homogenous equations
over > has solutions over F.

Lemma 4. Suppose r > 0. Let A be an r x (r + 1) matriz over Fp2 and satisfy the
following two properties: 1) any r columns of A are linearly independent; 2) AD s row
equivalent to A. Then the following system of homogenous equations Au’ = 07 has a
solution w= (ug,uy,...,uy) € (Fr) 1.



Proof. From Property 1), the rank of A is equal to r. By Property 2) and [23] Theorem
2.2], the system of homogenous equations Au” = 07 has a nonzero solution u € (F,)" .
Let C be the linear code over FF > with generator matrix A. Then C is an [r + 1,7,2]-
MDS code from Property 1) and u is a nonzero codeword of C+. Note that C* is an
[r4+1,1,r+1]-MDS code, thus u € (FZQ)T+1, hence u € (F})"*!. The lemma is proved. [

The second lemma is given as follows.

Lemma 5. (i) Suppose (2s+1) | (¢+1) and m = gi;} Let 1 <k <(s+1+t) 2‘1;5_11 -1,
where 0 <t < s—1. Then for any 0 < i,5 < k—1, m | (gi + j) if and only if

gi+je{0,(s—t+1)m,(s—t+2)m,...,(s+t)m}.

(ii) Suppose 2s | (q¢+1) and m = %. Let1 <k < (s+1+t)LE—1, where 0 <t < s—2.
Then for any 0 <i,j <k—1, m | (qi+7) if and only if gi + j € {0, (s — t)m, (s —
t+1)m,...,(s+t)m}.

Proof. We only need to prove Part (i) since the proof of Part (ii) is completely similar.
According to the conditions, it is easy to see that k < ¢— 1. Hence, forany 0 <i,5 < k—1
, we have ¢i +j < (¢4 1)k < ¢®> — 1. Suppose (i,7) # (0,0). If ¢i +j = tm = E%Z—:, then
0 < ¢ < 2s+ 1. Note that

qiﬂ.:eqz—l _q(ﬁ(q+1)_1>+<q_€(q+1)>_

2s+1 2s + 1 25+ 1
Thus
_ M+l o Mgt
2541 A 25 +1°
If¢>s+1+t, then
. lg+1) g+1
= —1> 1+¢ —1>k
YT s > (s+1+t)y 712k

which contradicts to the assumption that ¢ < k — 1;
If £ <s—t, then

lg+1) qg+1
— > 1+¢ —-1>k
25+ 1 = (s+ +)28+1 -
which contradicts to the assumption that j < k — 1.
Thus s —t+1 < ¥ < s+ t. The conclusion follows. O

3 Quantum MDS codes of length n = 1+ rq28_1,
where s | (¢ — 1)

In this section, we construct a class of quantum MDS codes of length n = 1 +TLS_1, where
s|(g—1)and 1 <r <s. We first prove the following lemma.



Lemma 6. Let xq,...,x, be r pairwise distinct nonzero elements of F,. Then the system
of equations
ugt+uy+ -+ u =0
iUl + Tou2 + -+ + xpuy, =0

(1)

1 -1 _
r] ur +xy ug 44 x u, =0

has a solution u = (ug,uy,...,u.) € (F;)TH-
Proof. Let
1 1 1 1
A 0 1 1:2 Ty
0 xrl’—l x;—l $17:—1

Then the system (I]) of equations is equivalent to the following equation

Au” =07,
Note that any r columns of A form a Vandermonde matrix, which is invertible. Thus any
r columns of A are linearly independent. Since z1,...,z, € F, A = A. The conclusion
then follows from Lemma [ O

Set m = q28_1. Let 6 € Fj2 be an m-th primitive root of unity, and let (f) be the

cyclic subgroup of IE‘;Z generated by 0. Let 81,...,08, € IE‘;Z such that {3;(6)}/_; represent
distinct cosets of F7, /(0). Put

a=(0,81,60,....000" ..., B, B0, 50" ") € Fp.

Set
V = (00, U1y + s UlyenyUpyene,Up),
N—— N——
m times m times
where vg, v1,...,v, € FZQ' Then
1 +1 +1 1
(a0, vy = o W o . (2)

And for any (i,7) # (0,0), we have
r m—1
<aqi+j7 vq+1> _ Zﬁgiﬂvfl Z 9u(qz’+j)7
/=1 v=0

thus o
(@?t7 vty = 0, when m 1 (¢i + j),

and

T
(@I vy = m > " BII when m | (qi + j). (3)
=1
Now, our first construction is given as follows.
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Theorem 2. Let q be aprzme power. Suppose s | (q—1) and1 <r <s. Putn = 1+ri— o1

Then for any 1 < k < ri=, there exists an [[n,n — 2k, k + 1]]4-quantum MDS code.

Proof. Keep the notations as above. Let z, = 3, for £ = 1,...,7. Then z1,..., 2,
are pairwise distinct. Indeed, if 7, = xp for some 1 < £ # ¢/ < r, then (%‘;)qzjl =1
hence B‘% € (). This is impossible since 3, and f§y lie in two distinct cosets of F2/(6).
Note that (¢ + 1) | m, so zy € F,. Then, according to Lemma [6] there exists a vector
u = (ug,u1,...,u) € (F:) ! which is a solution of the system () of equations.

For i = 1,2,...,r, we let v; € Fzz such that ’U;H_l = wu; and let vy € IE‘;Z such that

g“ = ugm. Then from Eq. ([2)),
@, vty = oIt it m
= u0m+(u1+"'+ur)m:0.
Since 1 < k gr%, ¢i+j<(q+1)(k-1) <T’L8_1 = rm. Thus, for any 0 < i,5 < k—1,

m | (gi+j) only if gi+j = pum for some 0 < p < r—1. Thus by Eq. @), when gi+j = um
(1<p<r-—1), we have

T
. 1
<aQZ+],VKI+1 2 : um q+ _ m} :xgw =0.

In summary, o
(@9 vty =0, forall 0 <4,j < k — 1.

By Lemma B GRSk(a,v) is a Hermitian self-orthogonal MDS code with parameters
[n,k,n — k + 1]. The conclusion then follows from Corollary [II O

Remark 2. When > 2( T the quantum codes constructed in Theorem[2 have minimum
distance qu +1>44+1

Applying the propagation rule (see Lemma [2)) for Theorem 2] we immediately obtain
the following corollary which is one of main results in [2].

Corollary 2. ([2, Theorem 4.12]) Let q be a prime power. Let s | (¢g—1) and1 <r <s.

Putn = r‘fT_l. Then for any 1 < k < ri=—1, there exists an [[n,n—2k, k+1]],-quantum

MDS code.
On the other hand, taking » = s in Theorem [2] we obtain the following known result.

Corollary 3. ([9]) Let q be a prime power. Then for any 1 < k < q — 1, there exists a
[[¢%, ¢* — 2k, k + 1]],-quantum MDS code.

In the following example, a new family of quantum MDS codes is given by Theorem

2l

Example 1. Let (r s) = (4,5) in Theorem [ Then when 5 | (¢ — 1), there exists an
[1+2(¢* —1),14 2(¢*> — 1) — 2k, k + 1]]; quantum MDS code for any 1 < k < 3(q — 1).
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4 Quantum MDS codes of length n = 1 + Tgi:,
where (2s+1) | (¢ +1)

In this section, we construct quantum MDS codes of length n = 1 —H‘gi—;}, where (2s+1) |
(g+1). If r = 25+ 1, then n = ¢%. The g-ary quantum MDS codes of length ¢ have been
already constructed in [9] (see also Corollary [B]). To simplify the following discussion, we

assume that 1 <r < 2s+ 1. Set m = ‘218:. Before giving our construction, we need the
following lemmas.

Lemma 7. Suppose that ¢ > 2 and r > 1. Then there exist ug,u1,...,u, € Fy such that

1=0

Proof. We prove this lemma by induction on r. If » = 1, this is trivial. For r > 2, by
induction, the equation ZZZO u; = 0 has solutions ug, ..., ur—2, (Ur—1 + uy) := u € IF;;.
Now, take u,—1 € F;\{u} and u, = u — u,_1 # 0. The desired conclusion follows. O

Lemma 8. Suppose (2s+1) | (¢+1) and m = gz;i Let w be a primitive element of F 2

and r =2t + 1, where 0 <t < s— 1. Then the following system of equations

T
ZUE =0
(=0
I8
wamwzo, forpy=s—t+1,...,s+t,
(=1
has a solution u = (ug,u1,...,u,) € (FZ)HI.

Proof. Let a = w™ be a primitive (2s+ 1)-th root of unity and let a = s —t+ 1. It is easy
to verify that o # o £ 1 for any 0 < v # 1/ <r —2. Let

1 1 1 e 1

0 a® a2a . a’®
A= 0 ot o2la+1) . orlat1)

6 aa—l—.r—Z a2(a-;—r—2) . ar(a—;-r—2)

be an r x (r + 1) matrix over Fg2. Then the system () of equations is equivalent to the
following equation
Au® =07,

For any 1 < i < r+ 1, let A; be the r x r matrix obtained from A by deleting the i-th
column. Then



det(Ar) = (aDat 2y qoe(By) £ 0,

where
1 1 1 e 1
1 al o2 . a(r—l)a
Bl = . . . . . )
i aa—i:r—2 a2(a—;-r—2) . a(r—l)(.a+r—2)

and for 2<¢<r+1
det(Ai) = bz det(Bi) 75 0,

Where bZ = aa’ e a(z_l)aa(z+1)a e ara and

1 - 1 1 1
o oi—1 i+l o ar
B 02 o 26D Q264D L g2r
;=
o2 Q(i=D(r=2) o (i+1)(r—2) o —2)

Hence any r columns of A are linearly independent. On the other hand, since (2s + 1) |
(¢ + 1), we have

ailatia — —ils—t+145) _ i(s+t—j) — ai(a+r—2—j)7

forany 1 <i<rand 0 <j <r—2 Thus A is row equivalent to A@ . The conclusion
then follows from Lemma [l

O
Let w be a primitive element of F 2 and 6 = w?T! be a primitive m-th root of unity
(m = giﬁ) It is easy to verify that

wll 9]1 ?é w7«29]2

for any 1 < i1 #is <rand 0 < j; # jo <m — 1. Put

a=(0,w,wh,...,wd™ 1 W W, W e IE‘ZE.
Set
V = (00, U1y v ey Ulyevy Upyeeny Up),
—— S——
m times m times
where vg,v1,...,0, € IF'ZQ. Similar to the discussion before Theorem 2] we have
1 1
(@°% vIty = of T (I et . (5)

For any (4,7) # (0,0),
(2?7 vit1y = 0, when m 1 (i + §),
and

T
(a9t yatly = meE(qu)ng, when m | (¢i + j). (6)
=1
Now, we present our second construction as follows.
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Theorem 3. Let ¢ > 2 be a prime power, (2s+1) | (¢+ 1) and 1 < r < 2s+ 1. Put

2
_ g —1
n—1+7’25+1.

(i) For any1 <k < (s+ 1)% — 1, there ezists an [[n,n — 2k, k + 1]]4-quantum MDS
code.

(i) Ifr=2t+1, where 0 <t < s—1, then for any 1 <k < (s+1+ t);:jrll — 1, there
exists an [[n,n — 2k, k + 1]],-quantum MDS code.

Proof. Keep the notations as above.
(i): Suppose 1 < k < (s + 1)‘1—Jrl — 1. By Lemma[7, there exist ug,u1,...,u, € F

2s+1
such that .
Z Uy = 0.
i=0

Fori=1,2,...,r, let v; € F}; such that ,U;z+l = u; and let vy € F7, such that U8+1 = ugm.
Then by Eq. (@),
(@°% vIty = wom + (ug 4 -+ - 4+ up)ym = 0.

Taking ¢t = 0 in Lemma [5] (i), we obtain that m | (gi+ j) if and only if (,j) = (0,0). Thus
from the above discussion,

(a2t vit1y =0, for all 0 <i,j <k — 1.

By Lemma B GRSk(a,v) is a Hermitian self-orthogonal MDS code with parameters
[n,k,n —k + 1]. Part (i) then follows from Corollary [

(ii): Suppose r =2t + 1, where 0 <t <s—1land 1 <k < (s+1t+ 1)2‘{9—:11 —1. By
Lemma | there exist ug,uq,...,u, € [F; which satisfy the system @) of equations. For
1=1,2,...,r, let v; € F;g such that v;ﬁl = u; and let vy € IE‘Z2 such that U8+1 = upm.
Then by Eq. (@),

(@% vi) = ugm 4 (ug + -+ + up)m = 0.
By Lemmal[l (i), m | (¢i+j) if and only if gi+j € {0, (s—t+1)m, (s—t+2)m, ..., (s+t)m}.
Thus by Eq. (@), when gi +j =pum (s —t+1 < pu < s+1t), we have

T T
(@97 vty —m g we”mvgﬂ =m g WMy, = 0.
/=1 (=1
Hence

<aqi—i-j7 Vq—|—1> — 0,

for all 0 <i,7 < k—1. By Lemmaf3l GRSk (a,v) is a Hermitian self-orthogonal MDS code
with parameters [n, k,n — k + 1]. Part (ii) then also follows from Corollary [l
The proof of this theorem is completed. O

Remark 3. i) The minimum distance of the quantum codes constructed in Theorem
can be larger than % 4 1.
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ii) Part (i) of Theorem [3 extends the result of [2], Theorem 3.2 (i)] where a stricter
condition ged(r, q) = 1 is required.

iii) Whenr=2t+1 and 1 <t < s— 1, the quantum codes from Part (ii) of Theorem
have larger minimum distance than that of Part (i).

Shi et al. [2, Theorem 4.2] constructed a family of quantum MDS codes of length

n = rg;_r}, where r = 2t + 2 is even. For » = 2t + 1 odd, applying the propagation rule

(see Lemma [2) for Theorem [3] (ii), we can immediately obtain the following result.

Corollary 4. Let ¢ > 2 be a prime power, (2s +1) | (¢+ 1) and 0 <t < s—1. Put

n= (2t+1)g§:. Then for any 1 < k < (s+1+t) 2‘1;;11 —2, there exists an [[n,n—2k, k+1]],-

quantum MDS code.

Remark 4. Jin et al. [24, Theorem 3.2 (ii)] constructed a family of q-ary quantum MDS

codes with parameters [[rgz;},rgz—;} — 2k, k + 1]], for any k < (s + 1)%4_11 — 1, where

+1
(2s+1) [ (¢+1) and ged(r,q) > 1. Ift > 1 and 25 +1# q+1, then (s +1+t)glg —1>

(s + 1)2‘1;;11 and hence the quantum codes of Corollary [§] have larger minimum distance.

Example 2. In this example, we give some new quantum MDS codes from Theorem [3.

(i) Let (r,s) = (2,2) in TheoremI[3 (i). Then, when 5| (q+ 1), there exists a [[1 + %(q2 -
1),1+4 2(¢* = 1) — 2k, k + 1]} quantum MDS code for any 1 <k < 2(q+1) —1;

(ii) Let (r,s) = (5,3) in Theorem(3 (ii). Then, when 7| (q+1), there exists a [[1+2(q*—
1),1+4 2(¢> = 1) — 2k, k + 1)), quantum MDS code for any 1 <k < &(g+1) — 1.

5 Quantum MDS codes of length n = 1+ rngl,
where 2s | (¢+ 1)

In this section, we construct quantum MDS codes of length n = 1—1—7‘422—;1, where1 <r < 2s
and 2s | (g +1). If r = 2s, then n = ¢* If r = s = 1, then n = L;l. The g-ary

quantum MDS codes of lengths ¢* and qQTH have been already constructed in [9] and [12],

respectively. To simplify the following discussion, we assume that r < 2s and s > 1. In

2
this section, we denote m := qz—gl. We first provide two technical lemmas as follows.

Lemma 9. Suppose that q is odd and r > 2. Then the following system of equations

has a solution u = (ug, g, ..., u.) € (FZ)TH-



Proof. Note that the system (7)) of equations is equivalent to
ug + Z (2u;) = up + Z (2u;) =
i=1,7 odd J=2,j even

The conclusion then follows from Lemma [7l O

According to Lemma Ml we can prove the following lemma similarly as Lemma [8
Hence, we omit the details of the proof.

Lemma 10. Suppose 2s | (¢ +1). Let w be a primitive element of Fp and r = 2t + 2,
where 0 <t < s — 2. Then the following system of equations

iue =0
=0

T
wa“muzzo, u=s—t,s—t+1,...,s+1t,
/=1

has a solution u 2= (ug,u1,...,u,) € (FZ)TH-

Let w be a primitive element of Fy2 and 6 = w?® be a primitive m-th root of unity.
Put
a=(0,w,wh,...,wd™ 1 W Wh,. . wem e IE‘ZE.

Now, we give our third construction as follows.

q—l

Theorem 4. Let q be a prime power, 2s | (¢ + 1)

(i) Forany1 <k < (s+ 1)qul 1, there exists an [[n,n — 2k, k + 1]];-quantum MDS
code.

(i) If r =2t + 2, where 0 <t < s — 2, then for any 1 < k < (s+t+1)q+1 1, there
exists an [[n,n — 2k, k + 1]],-quantum MDS code.

Proof. By employing Lemmas[3], 8and [I0] the theorem can be proved similarly as Theorem
Bl We omit the details. O

Remark 5. i) The minimum distance of quantum codes constructed in Theorem [J) can
be larger than 4 + 1.

ii) Whenr=2t+2 and 1 <t < s—2, the quantum codes from Part (ii) of Theorem
have larger minimum distance than that of Part (i).

Applying the propagation rule (see Lemma [2)) for Theorem M (i) and (ii), we immedi-
ately obtain the following corollaries which were given in [I] and [2], respectively.

Corollary 5. ([1, Theorem 4.2]) Let q be a prime power, 2s | (¢+1) and 2 < r < 2s. Put

n= rqzsl. Then for any 1 < k < (s+1)4L 2, there exists an [[n, n—2k, k+1]]4-quantum
MDS code.
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Corollary 6. ([2, Theorem 4.8]) Let q be a prime power, 2s | (¢+1) and0 <t < s—2. Put
n= (2t+2)qz2—;1. Then for any 1 < k < (s+t+1)%—2, there exists an [[n,n—2k, k+1]]4-
quantum MDS code.

Example 3. In this ezample, we give some new quantum MDS codes from Theorem [4).
(i) Let (r,s) = (3,2) in Theorem[]] (i). Then, when 4 | (q+1), there exists a [[1+ 3 (q* —
1),1+4 3(¢> = 1) — 2k, k + 1]}, quantum MDS code for any 1 <k < 2(qg+1) —1;

(ii) Let (r,s) = (4,3) in Theorem[] (ii). Then, when 6| (q+1), there exists a [[1+ 3(q*—
1),1+4 2(¢> = 1) — 2k, k + 1]]; quantum MDS code for any 1 <k < 2(¢+1) — 1.

6 Quantum MDS codes of length n = (2t + 1)‘122—;1,
where 2s | (¢ + 1)

Suppose 2s | (¢+ 1) and 0 <t < s — 1. In [2| Theorem 4.8], Shi et al. constructed a
family of quantum MDS codes of length (2¢ + 2)% (see Corollary [@). In t2his section,
we contribute to construct a family of quantum MDS codes of length (2t + 1)‘12—;1. Before
giving our construction, we need the following lemmas.

Lemma 11. Suppose that 3 <7 < q+1. Let M be a (1—2) x T matriz over F > and satisfy
the following two properties: 1) M and M @ are row equivalent; 2) any T — 2 columns of
M are linearly independent. Then the following equation

Mz" = 0"
has a solution = (z1,72,...,7,) € (F)".

Proof. Let My (resp. M;) be the (7 — 2) x (7 — 1) matrix obtained from M by deleting
the first (resp. the last) column. From the conditions, we obtain that M; and M, satisfy
the properties in Lemma [ (let » = 7 — 1). Thus the following two equations

MluT = OT, MTVT =07

have nonzero solutions u = (ug, us,...,u;) € (IF“:;)T_1 and v = (v1,v2,...,0,_1) € (FZ)T_I,
respectively. Since 7 < ¢ + 1, we may choose an element o € FZ\{Z—;, e %} Let

x = (0,u) — a(v,0), then x € (F})" and

T 0 M~T N p
Mx _<M1uT + 0 =0".

The lemma, is proved. O

Lemma 12. Suppose 2s | (¢+ 1) and m = %. Let w be a primitive element of F 2 and

r=2t+1, where 1 <t <s—1. Then the following system of equations

T
Zwaﬂm—q—%g:o, fory=s—t+1,...,s+t—1, (8)
=1

has a solution u = (u1,us, ..., u,) € (F})".

14



Proof. Denote @ = w™, n=w 9 anda=s—t+1. Then a® =1 andn € F,. Let

aan 0420’?’]2 . aranr
v O[a-i-l,’7 a2(a+1)772 . ar(a-ﬁ-l)nr
aa+;’—3,’7 a2(a+7'“—3) 772 .. ar(a-i—r"—?:),r}r

be an (r —2) x r matrix over Fy2. Then the system (8) of equations is equivalent to the
following equation

MuT =0T, 9)
Since 2s | (¢ + 1), we have
(@i@+Dgiya = q@ilati) pai — o =ils—t14)) i
ai(s—i—t—l—j),’,}i _ ai(a+7’—3—j)ni,

forany 1 < ¢ < rand 0 < j <r—3. Thus M is row equivalent to M@, Let M;;
(1 <i#j<r)bethe (r—2)x (r—2) matrix obtained from M by deleting the i-th and
J-th columns. It is not hard to verify that det(M;;) # 0. Thus by Lemma [l Eq. (@) has
a solution u € (F7)". The lemma is proved.

O
Set m = %. Let w be a primitive element of F . and 6 = w?® be a primitive m-th
root of unity. Put
a=(w,wh,.. . wdm W we, .. Wi € FZQ.
Set
v =(v,v10, ..., 00" v, 00T,
where vy,...,v, € FZ2' Then
r m—1
<aqi+j’vq+1> _ wa(qi-l-j),ug-i-l Z Hy(qi—l—j-i-q-l-l)‘
(=1 v=0
Thus o
(%% vat1y =0, when m{ (¢i +j + ¢+ 1),
and .
(a9t vty — meé(qu)ng, when m | (¢i +j+q+1). (10)

/=1

Now, we give our last construction as follows.

Theorem 5. Let q be a prime power. Suppose 2s | (¢ + 1) and r = 2t + 1, where
1<t<s—1. Putn = r%. Then for any 1 < k < (S—l—t)% — 2, there ewists an
[[n,n — 2k, k + 1]]4-quantum MDS code.

15



Proof. Keep the notations as above. By Lemma [I2] there exist u1,...,u, € F} such that
T
Ezwf(um—q—l)W =0,
=1

forall s—t+1 < pu<s+t—1. Forl <i<r, weletv € IE‘;Z such that v?“ = u;.
Note that gi+j+qg+1=¢q(i+1)+ (j+1). We can prove similarly as Lemmad (ii) that
m | (¢i+j+q+1)if and only if gi+j+q+1 € {(s—t+1)m, (s—t+2)m,...,(s+t—1)m}.
Hence from Eq. (I0), when qgi +j+qg+1=pum (s—t+1<pu<s+t—1), we have

T
<aqz’+j7 Vq+1> - m Zwé(um—q—l)vg-i-l
/=1
T
= meg(“m_q_l)ug =0.
/=1

Thus o
(a9 vIt1y =0, forall 0 <4,j < k — 1.

By Lemma B GRSi(a,v) is a Hermitian self-orthogonal MDS code with parameters
[n, k,n — k + 1]. Theorem [l then follows from Corollary [l O

According to Theorem [l and Corollary [6] we obtain the following corollary.

. 21
Corollary 7. Let q be a prime power. Suppose 2s | (q+1) and 3 <r < 2s. Putn =ri_—.
Then for any 1 < k < (s + V—;W)% — 2, there exists an [[n,n — 2k, k + 1]]4-quantum

MDS code.

Remark 6. Zhang and Ge [, Theorem 4.2] (see also Corollary[d) constructed a family of
2 2

g-ary quantum MDS codes with parameters [[r%, r%—%‘, k+1]], k < (s+1)2q8111—2,

where 2s | (¢ +1). If r > 4, then (s + (%D% —1> (s+ 1)% — 1 and hence the

quantum codes of Corollary[7 have larger minimum distance.

In the following example, a new family of quantum MDS codes is given from Theorem

Bl

Example 4. Let (r,s) = (7,4) in Theorem [4. Then, when 8 | (

q
[[Z(q* — 1), L(¢® — 1) — 2k, k + 1]], quantum MDS code for any 1 < k

+ 1), there exists a
7 <7
8 '8 >3

(g+1)—2.

7 Conclusion

In this paper, we have constructed six new classes of g-ary quantum MDS codes by using
Hermitian self-orthogonal GRS codes. Most of our quantum MDS codes have minimum
distance larger than £ + 1. Some quantum MDS codes presented in [I] and [2] can be
easily derived from ours via the propagation rule. We also generalize and improve some
results in [1],[2], and [24].

16



Acknowledgment

This work was supported in part by the 973 Program of China under Grant 2013CB834204,
in part by the National Natural Science Foundation of China under Grant 61571243 and
Grant 61771273, in part by the Nankai Zhide Foundation, and in part by the Fundamental
Research Funds for the Central Universities of China.

References

1]

T. Zhang and G. Ge, “Quantum MDS codes with large minimum distance,” Des.
Codes Cryptogr., vol. 83, no. 3, pp. 503-517, Jun. 2017.

X. Shi, Q. Yue, and X. Zhu, “Construction of some new quantum MDS codes,” Finite
Fields Appl., vol. 46, pp. 347-362, Jul. 2017.

A. R. Calderbank, E. M. Rains, P. W. Shor, and N. J. A. Sloane, “Quantum error
correction via codes over GF(4),” IEEE Trans. Inf. Theory, vol. 44, no. 4, pp. 1369-
1387, Jul. 1998.

E. M. Rains, “Nonbinary quantum codes,” IFEFE Trans. Inf. Theory, vol. 45, no. 6,
pp- 1827-1832, Sep. 1999.

A. Ashikhmin and E. Knill, “Nonbinary quantum stabilizer codes,” IEEE Trans. Inf.
Theory, vol. 47, no. 7, pp. 3065-3072, Nov. 2001.

M. Grassl and M. Rotteler, “Quantum MDS codes over small fields,” in Proc. Int.
Symp. Inf. Theory (ISIT), pp. 1104-1108, 2015.

A. Ketkar, A. Klappenecker, S. Kumar, and P. K. Sarvepalli, “Nonbinary stablizer
codes over finite fields,” IFEE Trans. Inf. Theory, vol. 52, no. 11, pp. 4892-4914, Nov.
2006.

M. Rottler, M. Grassl, and T. Beth, “On quantum MDS codes,” in Proc. Int. Symp.
Inf. Theory (ISIT), pp. 356, 2004.

M. Grassl, T. Beth, and M. Rottler, “On optimal quantum codes,” Int. J. Quantum
Inf., vol. 2, no. 1, pp. 757-775, Nov. 2004.

L. Jin and C. Xing, “Euclidean and Hermitian self-orthogonal algebraic geometry
codes and their application to quantum codes,” IEEE Trans. Inf. Theory, vol. 58, no.
8, pp. 5484-5489, Aug. 2012.

17



[11]

[20]

[21]

[22]

G. G. L. Guardia, “New quantum MDS codes,” IEEFE Trans. Inf. Theory, vol. 57,
no. 8, pp. 5551-5554, Aug. 2011.

X. Kai and S. Zhu, “New quantum MDS codes from negacyclic codes,” IEEE Trans.
Inf. Theory, vol. 59, no. 2, pp. 1193-1197, Feb. 2012.

S. A. Aly, A. Klappenecker, and P. K. Sarvepalli, “On quantum and classical BCH
codes,” IEEE Trans. Inf. Theory, vol. 53, no. 3, pp. 1183-1188, Mar. 2007.

X. Kai, S. Zhu, and P. Li, “Constacyclic codes and some new quantum MDS codes,”

IEEE Trans. Inf. Theory, vol. 60, no. 4, pp. 2080-2086, Apr. 2014.

L. Wang and S. Zhu, “New quantum MDS codes derived from constacyclic codes,”
Quantum Inf. Process., vol. 14, no. 3, pp. 881-889, Mar. 2015.

T. Zhang and G. Ge, “Some new classes of quantum MDS codes from constacyclic
codes,” IEEE Trans. Inf. Theory, vol. 61, no. 9, pp. 5224-5228, Sep. 2015.

G. Zhang and B. Chen, “New quantum MDS codes,” Int. J. Quantum Inf., vol. 12,
no. 4, pp. 1450019, 2014.

B. Chen, S. Ling, and G. Zhang, “Application of constacyclic codes to quantum MDS
codes,” IEEFE Trans. Inf. Theory, vol. 61, no. 3, pp. 1474-1484, Mar. 2015.

S. Li, M. Xiong, and G. Ge, “Pseudo-cyclic codes and the construction of quantum

MDS codes,” IEEE Trans. Inf. Theory, vol. 62, no. 4, pp. 1703-1710, Apr. 2016.

P. K. Sarvepalli and A. Klappenecker, “Nonbinary quantum Reed-Muller codes,” in
Proc. Int. Symp. Inf. Theory (ISIT), pp. 1023-1027, 2005.

Z. Li, L.-J. Xing, and X.-M. Wang, “Quantum generalized ReedSolomon codes: Uni-
fied framework for quantum maximum-distance-separable codes,” Phys. Rev. A, vol.

77, pp. 012308-1-012308-4, Jan. 2008.

L. Jin, S. Ling, J. Luo, and C. Xing, “Application of classical Hermitian self-
orthogonal MDS codes to quantum MDS codes,” IEEE Trans. Inf. Theory, vol. 56,
no. 9, pp. 4735-4740, Sep. 2010.

L. Jin and C. Xing, “A construction of new quantum MDS codes,” IEEE Trans. Inf.
Theory, vol. 60, no. 5, pp. 2921-2925, May 2014.

18



[24] L. Jin, H. Kan, and J. Wen, “Quantum MDS codes with relatively large minimum
distance from Hermitian self-orthogonal codes,” Des. Codes Cryptogr., vol. 84, no. 3,

pp. 463-471, Sep. 2017.

[25] W. Fang, F.-W. Fu, “T'wo new classes of quantum MDS codes,” Finite Fields Appl.,
vol. 53, pp. 85-98, Sep. 2018.

19



	1 Introduction
	2 Preliminaries
	3 Quantum MDS codes of length n=1+rq2-1s, where s (q-1)
	4 Quantum MDS codes of length n=1+rq2-12s+1, where (2s+1) (q+1)
	5 Quantum MDS codes of length n=1+rq2-12s, where 2s (q+1)
	6 Quantum MDS codes of length n=(2t+1)q2-12s, where 2s (q+1)
	7 Conclusion

