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SIMPLE CURRENT EXTENSIONS OF TENSOR PRODUCTS OF
VERTEX OPERATOR ALGEBRAS

HIROMICHI YAMADA AND HIROSHI YAMAUCHI

ABSTRACT. We study simple current extensions of tensor products of two vertex oper-
ator algebras satisfying certain conditions. We establish the relationship between the
fusion rule for the simple current extension and the fusion rule for a tensor factor. In
a special case, we construct a chain of simple current extensions. We discuss certain
irreducible twisted modules for the simple current extension as well.

1. INTRODUCTION

Simple current extensions of vertex operator algebras have been studied extensively,
see [{, @, [[9, and the references therein. Extensions of vertex operator algebras in
more general settings were also investigated, see for example [0, B3, P§]. In this paper,
we consider simple current extensions of tensor products of two vertex operator algebras
with suitable properties.

We argue under the following setting (Hypothesis B-])). Let W and V' be simple, self-
dual, rational, and Cs-cofinite vertex operator algebras of CFT-type. Assume that all
irreducible V-modules are simple currents. This means that the set of equivalence classes
Irr(V) of irreducible V-modules is a C-graded set {V* | a € C} of simple current V-
modules for a finite abelian group C' with V? =V and V* Xy, V# = Ve+P for a, 8 € C.
Let D be a subgroup of C'and {W” | 8 € D} a D-graded set of simple current W-modules
with W0 = W and WXy, WP = W8 for o, 8 € D. Assume further that the conformal
weight of WP ® V7 is an integer for 3 € D and that the direct sum U = @ seD Whe Vs
has a structure of a simple vertex operator algebra which extends the W ® V-module
structure on U. The vertex operator algebra U is simple, self-dual, rational, Cs-cofinite,
and of CFT type.

Such a triple (U, V, W) appears when we consider the commutant of a subalgebra in a
vertex operator algebra. In fact, the commutant of V' in U is W, and the commutant of
Wiin U is V in our setting.

One of the important examples is the parafermion vertex operator algebra K(g,k)
associated with a finite dimensional simple Lie algebra g and a positive integer k. Let
L;(k,0) be a simple affine vertex operator algebra for the affine Kac-Moody Lie algebra
g at level k, and let @ be the sublattice of the root lattice of g spanned by the long
roots. Then Lg(k,0) contains a lattice vertex operator algebra V 7, , and K(g, k) is
the commutant of V7, in Lg(k,0). Moreover, Lg(k,0) is a simple current extension of
K(g,k) @ Vg, Thus W = K(g,k), V =V g5, , and U = L5(k,0) satisfy the above
conditions. As to the properties of parafermion vertex operator algebras, see for example
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A, B, [, [7]. Another important example of such a triple (U, V, W) is known in a certain
We-algebras, see for example [f], [1]].

The representation theory of simple current extensions was developed in [BJ]. Since any
irreducible U-module is a direct sum of inequivalent irreducible W @ V-modules by our
assumption on the vertex operator algebras W and V', the argument for the representations
of U is much simpler than that for a general one.

In this paper, we classify the irreducible U-modules (Theorem B.7), and establish the
relationship between the fusion rules for U and W (Theorem B.13) under the above setting.
The relationship between the fusion algebras of U and W is considered as well, see Section
B.3. The argument for the classification of irreducible U-modules is standard [BJ]. Our
treatment of the relationship between the fusion rules for U and W is slightly different
from the proofs of [[, Theorem 5.2] and [I§, Theorem 4.2]. In fact, the quantum dimension
in the sense of [[J] plays a role in those papers, whereas we use a braided tensor functor
[[0, Theorem 2.67], see Theorem R.13 below.

One of the features of a D-graded simple current extension is that an irreducible twisted
module associated with an automorphism induced by an element of the character group
D* of D is constructed explicitly B3, Theorem 3.2]. We are concerned with not only
irreducible U-modules but also those irreducible twisted U-modules (Theorem B.7).

In Section B.J, we discuss a duality between the fusion algebras of U and W. Since
Irr(V) = {V® | a € C} is a C-graded set of simple current V-modules, the group C has a
structure of a quadratic space with a quadratic form ¢y and its associated bilinear form
by [[9, Theorem 3.4], see Proposition P.J below. The bilinear form by is non-degenerate
[[9, Proposition 3.5]. It turns out that U has a D*-graded set {U7 | v € D*} of simple
current U-modules, where D+ = {a € C' | by (a, D) = 0}. We consider an action of D on
Irr(W) (resp. D+ on Irr(U)) defined by X — WP Ky X for 8 € D, X € Irr(W) (resp.
X — UKy X for v € D+, X € Trr(U)). We show that the set of D-orbits in Irr(TW) and
the set of D*-orbits in Irr(U) are in one to one correspondence. The fusion algebras of
W and U are related to each other through the correspondence.

In the case W = K(g, k), V =V 50, , and U = Lg(k,0), Corollary and Theorem
correspond to [fl, Theorem 5.1] and [, Theorem 5.2], respectively. Furthermore,
Remark is related to [, Theorem 4.7].

This paper is organized as follows. Section P is devoted to preliminaries. We recall
basic properties of fusion rules for vertex operator algebras. We also review simple current
extensions of vertex operator algebras. Moreover, we introduce a chain of simple current
extensions of special type. In Section [, we study a simple current extension U of a tensor
product W ® V' of vertex operator algebras W and V' in the above-mentioned setting. We
discuss irreducible U-modules as well as irreducible twisted U-modules. We establish the
relationship between the fusion rules for U and W and discuss the fusion algebras of U
and W.

Our notations for vertex operator algebras and their modules are standard [P0}, B(]. We
write Xy for the P(z)-tensor product Mp(.) of [Bd] for a vertex operator algebra V' with
z = 1, and call it the fusion product. We use ® to denote the tensor product of vertex
operator algebras and their modules as in [P{].
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2. PRELIMINARIES

In this section, we collect some basic properties of fusion rules and simple currents
of vertex operator algebras. Moreover, we review simple current extensions of vertex
operator algebras and their representations, including irreducible twisted modules. We
consider a chain of simple current extensions as well. We assume that the vertex operator
algebras discussed in this paper satisfy the following hypothesis, unless otherwise specified.

Hypothesis 2.1. V is a simple, self-dual, rational, and Cs-cofinite vertex operator algebra

of CFT-type.

2.1. Fusion rules. Let V be a vertex operator algebra satisfying Hypothesis P.1]. Then for
3N .

MJIVI MQ) is a

finite dlmensmnal vector space [, Corollary 5.10]. The dimension NM e =N (V)i

V-modules M, i = 1,2, 3, the set Iy, ( il M2) of intertwining operators of type (

M1, M?
of I, ( il 13‘/[2) is called the fusion rule. A fusion product M Xy N over V of any V-modules
M and N exists [7, BI]. The fusion product is commutative and associative [P, Theorem
3.7]. Denote by Irr(V') the set of equivalence classes of irreducible V-modules. Then
M'Ry M? = > Nip M (2.1)

M1 M2
M3elrr(V)

for M*', M? € Trr(V'). A vector space R(V') with basis Irr(V') equipped with multiplication
Xy, is called the fusion algebra of V.

An irreducible V-module A is called a simple current if A X, X is an irreducible V-
module for any X € Irr(V). We denote by Irr(V),. the set of equivalence classes of simple
current V-modules. A set {A* | @ € D} of simple current V-modules indexed by an
abelian group D is said to be D-graded if A%, @ € D, are inequivalent to each other with
A = V and A* Ky AP = AP for o, 8 € D. It was shown in [B9, Corollary 1] that
Irr(V)g is graded by a finite abelian group. The inverse of A € Trr(V )y with respect to
the fusion product is its contragredient module A’.

Lemma 2.2. Let V be a vertex operator algebra satisfying Hypothesis [2.1. Then
3 3 3

dim Iy (A élv&]\;lM Mz) = dim Iy (MIA %{xj\f M2) = dim Iy <M1M Mz)
for A € Trr(V)ge and M*', M?, M3 € Trr(V).
Proof. Since the fusion product is commutative and associative, we have

(ARy M) Ry M* = M'By (ARy M*) = Y Nyt ARy M
M3€eTrr(V)

by (B). Thus the assertion holds. O

The following proposition will be used later.

Proposition 2.3. ([J, Theorem 2.10]) Let V! and V? be rational and Cy-cofinite vertex
operator algebras, and let M* and N*, i = 1,2, 3, be modules for V' and V?, respectively.

Then
M3 @ N® N M3 N3
Ivl®v2 Ml ® Nl M2 ® N2 = Ivl Ml M2 ® Iv2 Nl N2

as vector Spaces.
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2.2. Simple currents. Let V' be a vertex operator algebra satisfying Hypothesis B.]].
We denote by Cy the category of V-modules. It is known that Cy is a modular tensor
category [B9], see also [, B3, B3, B7] and references therein. In fact, let

Cx)y = Cp(l) - X &V Y =»Y &V X (22)
be as in [B4), Section 1], and let
Oy = VO X 5 X (2.3)

be as in [B4, Section 4], where L(0) is the Virasoro zero-mode. Recall also that X' is the
contragredient module of a V-module X.

Theorem 2.4. ([P4, Theorem 4.5|) Let V' be a vertex operator algebra satisfying Hypoth-
esis[2.0. Then the category Cy of V-modules is a modular tensor category with the tensor
product Xy, the dual X', the braiding c, the twist 0, and the unit object being the ajoint
module V.

The twist 0 is a family x : X — X of natural isomorphisms such that
9XIEVY = (9X Xy 9Y) OCy,x ©Cx)y-
By the naturality of cx y, we have
9XIEVY = Cy,x © (9Y Xy 9)() OCxy = Cy,x ©Cxy © (9X Xy QY)-
Let Mxy =cyxocxy : XNy Y — X Ky Y be the monodromy isomorphism. Then
Oxm,y = Mxy o (0x Xy Oy). (2.4)

For a V-module X, we denote its conformal weight by h(X). It was shown in [[4,
Theorem 11.3] that h(X) is a rational number. We define Q/Z-valued maps on Irr(V)
and Irr(V)se x Irr(V') by

qv(X) = h(X) +Z,
by(A, X)=h(AXy X) — h(A) — h(X)+Z
for A € Irr(V)s. and X € Irr(V). Then
by (A, X) = qv(ARy X) — gv(A) — qv(X). (2.6)

The maps gy and by were introduced in [[[9, Section 3] in the case where Irr(V')s. = Irr(V),
see also [B2, Section 2].
It follows from (2-3) that

(2.5)

QX _ 627r\/—_1h(X) ldX

Y

if X € Irr(V'). Moreover, we have
MA,X = 627r\/__1bV(A’X) idA&yX (27)
for A € Irr(V)s and X € Irr(V) by (4).

Proposition 2.5. Let V' be a vertex operator algebra satisfying Hypothesis[2.1. Then for
A, B € Irr(V)s and X € Irr(V), the following assertions hold.

(1) by (ARy B, X) =by (A, X) + by (B, X).

(2) by (A, BKy X) =by (A, B) + by (A, X).

(3) qv(A™") = n’qy(A) forn € Z.
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Proof. Let axyz : (X Xy Y) Xy Z — X Ky (Y Ky Z) be the associativity isomorphism.
For simplicity, we write X for the fusion product Xy. By the hexagon axioms for the
braided tensor category structure on Cy, we have

agxA©capux ©0apx = (ldpNeca x)oapaxo(capMidy), (2.8)

a)},lAB O CAmB.X © aZ}RX = (cax XWidg) o aZ}X’B o (ida Mep x). (2.9)
Replace A, B, and X with X, A, and B, repectively in (B.§). Then

aapx 0Cxaxp 0 ax.ap = (idaMex p)oaaxpo(cxaXidp). (2.10)
Similarly, replace A, B, and X with B, X, and A, respectively in (£.9). Then

aAf’lB,X O CpmX.A O ag’lXA = (cpaNidy) o a;AX o (idg Mex 4). (2.11)

The composition of the left hand side of (R.9) and the left hand side of (B.10) is
443X O CXARB O AX.AB O a}(,lAB O CARB,X © aZ}B,X
=aapx © Maxp x © a;x,lB,X
= 2TV ARBX) i e -
The composition of the right hand side of (R.9) and the right hand side of (R.I0) is
(ida Mex p) 0 aa x5 o (cx,a Widp) o (cax Widp) o a;llevB o (idaBdep x)
= (idaXex p) oaaxpo (Max Kidg) o aZ,lX,B o (ida Mep x)
= 2VIAX) (1d, Rey ) o (idy Kep x)
_ 62W\/—_15V(A7X)(idA XMp x)

— 2V —1(by (A, X)+by (B, X)) 1d sm(BRX) -

Thus the assertion (1) holds.
The composition of the left hand side of (R.§) and the left hand side of (R.11)) is
02}37)( O CBRX,A © GE;}XA © (B, x,A © CA,BRX © AA,BX

—1
=aypx ©Maprx©oaapx

_ 627r\/—_le(A,B@X) id(AIXB)&X )

The composition of the right hand side of (P-§) and the right hand side of (:I7)) is
(cgaMidy)o a;AX o (idpMex ) o (idpXKea x) o apax o (capXidy)
= (cpaMidy) o a;}AX o(idg M4 x)oapax o (capXidy)
= eQWV__le(A’X)(cB,A Xidx) o (capXidy)
= 2VTIVAX) (£ 5 Ridy)

— 2™V =1(by (A,B)+by (4,X)) idaxB)Rx -

Thus the assertion (2) holds.

The above results imply that the restriction of by to Irr(V)g. x Irr(V) is a symmetric
Z-bilinear form. Since ¢y (V) = 0, and since qy (A®™) = q,(A®") as the contragredient
module of A" is A¥(=™) the assertion (3) holds for all n € Z by (B.0). O
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The assertion (3) of the above proposition implies the following corollary, see [[9, The-
orem 3.4].

Corollary 2.6. Irr(V)s. carries a structure of a finite quadratic space with quadratic form
qv and associated bilinear form by .

We also have the next proposition.

Proposition 2.7. Let V' be a vertex operator algebra satisfying Hypothesis 1. If A €
Irr(V)ge satisfies the condition that by (A, X) = by (V, X) for all X € Irr(V), then A=V

Proof. Consider the categorical trace tre, (M4 x) of M4 x associated with the twist 6. We
have

tre, (My x) = e2™V"IVAX) tr (idy) tre, (idx)
by (7). Since the category Cy of V-modules is a modular tensor category by Theorem
B4, the S-matrix S = (sxv)xyem(v) With sxy = tre, (Mxy) is non-degenerate. If
by (A, X) = by (V,X) for all X € Irr(V), then the A-th row of S is a constant multiple of
the V-th row of S. Hence A = V. ]

In the case Irr(V)s. = Irr(V'), we have the following corollary, see [[d, Proposition 3.5].

Corollary 2.8. The map by is a non-degenerate symmetric Z-bilinear form on Irr(V') if
Irr(V)ge = Irr(V).

Suppose Irr(V),. = {V® | a € C} is graded by a finite abelian group C' with V = V?
and Vo Xy, VP = Votb for a, B € C. We regard qy as a quadratic form on C' by setting
qv (@) = qv(V¥). Likewise, we set by (a, ) = by (V, V#). For any subgroup D of C, we
obtain a D-graded set {V* | a € D} of simple current V-modules. Set

D+ ={a € C|by(a,D) = 0}.

Then D7 is a subgroup of C. We say that a € C is isotropic if ¢y (a) = 0, and that
D is totally isotropic if gy (D) = 0. Note that D C D+ if D is totally isotropic, but the
converse is not generally true as by (o, @) = 2qy(«). If Irr(V)g. = Irr(V'), then we have
|C| = |D||D*| as by is non-degenerate by Corollary P-§.

Let D be a totally isotropic subgroup of C. Then the direct sum

Vp=Epve
aeD
is closed under the fusion product, and Vp is of integral weight. The algebraic structure
of Vp has been studied for many years, see for example [§, B, [0, [9, BJ| and references

therein. Here we cite [, Theorem 3.12], see also [[l, Theorem 3.9].

Theorem 2.9. ([A, Theorem 3.12]) Let V' be a vertex operator algebra satisfying Hy-
pothesis P.  Suppose Irr(V)se = {V* | a € C} is graded by a finite abelian group
C. Let Vp = @,cpV* for a totally isotropic subgroup D of C. Then the direct sum
Vp = @.cp V' has either a simple vertex operator algebra structure or a simple vertex
operator superalgebra structure, which extends the V-module structure on Vp.

Remark 2.10. Let V' be a vertex operator algebra satisfying Hypothesis .. Assume
further that the conformal weight of any irreducible V-module is positive except for the
adjoint module V. Then for any irreducible V-module X, the categorical dimension
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dime, X = tre, (idyx) of X coincides with the quantum dimension qdim X of X in the
sense of [[J, Definition 3.1] by [[J, Eq. (4.1)], see also [[3J, Proposition 3.11]. This in
particular implies that dime, X > 1. In this case, the direct sum Vp = @, cp V' has a
vertex operator algebra structure, which extends the V-module structure on Vp, see also
B, Theorem 3.2.12] and [[J, Theorem 4.2].

If the direct sum Vp = @, V' associated with a totally isotropic subgroup D of C'
has a structure of a vertex operator algebra which extends the V-module structure on
Vp, then such a vertex operator algebra structure on Vp is unique [[[d, Proposition 5.3].
The vertex operator algebra Vp is called a D-graded simple current extension of V = V°.
It is known that V), also satisfies Hypothesis B], see [BJ, Theorem 2.14]. Indeed, since
the contragredient V-module (V)" of V* is V=2, the contragredient Vp-module of the
adjoint module Vp is @,., V™ = Vp by the uniqueness of simple current extension.
Thus Vp is self-dual.

The character group D* = Hom(D,C*) of D naturally acts on Vp = @,V In
fact, for x € D* a scalar multiplication by y(a) on V¢ a € D, is an automorphism of the
vertex oerator algebra Vp. Thus we can regard D* as a subgroup of Aut(Vp). The fixed
point subalgebra of Vp by D* is (Vp)P" = V. If an automorphism g of Vp acts trivially
on V', then g agrees with some y € D*.

The group D acts on the set Irr(V) by X — V* Xy X for « € D and X € Irr(V). Let
O C Irr(V) be a D-orbit, and take X € O. It follows from (1) of Proposition B.§ that the
map

{x D —Q/Z; awby(VYX)
is a group homomorphism. Since D C D, it follows from (2) of Proposition 2.3 that this
map is independent of the choice of X € O, and we can denote {x by £p.

By exponentiation we obtain a linear character

Ex(a) = exp(2mv/—1 Ex(a)) € C
of D. Therefore, each X € Irr(V), as well as a D-orbit O in Irr(V'), defines an automor-
phism &x = £ of the vertex operator algebra Vp. If D acts on O freely, it is known that

the D-orbit O uniquely defines an irreducible twisted Vp-module by [B3, Theorem 3.3].
In fact, the following theorem holds.

Theorem 2.11. Let V' be a vertex operator algebra satisfying Hypothesis 24, and let
Irr(V)se = {V® | a € C} be the set of equivalence classes of simple current V-modules
graded by C. Let Vp be a simple current extension of V' associated with a totally isotropic
subgroup D of C. Let X € Irr(V), and let O = {V*Ky X | a € D} be its D-orbit in
Irr (V). Suppose D acts on O freely. Then there exists a unique structure of an irreducible
EX-twisted Vp-module on the direct sum Vp Ky X = @ Ve Xy X of irreducible V -
modules which extends the V -module structure on X.

aeD

As to the notion of a g-twisted module for a vertex operator algebra with respect to its
automorphism g, we adopt the definition in [[[4]. Thus a g-twisted module in [BJ] means
a ¢~ '-twisted module in this paper.

The theory of vertex operator algebra extensions has been developed in more general
contexts than here, see for exmple [, [0, B9, B§]. We apply the general theory of vertex
operator algebra extensions to our case as follows: V' is a vertex operator algebra satisfying
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Hypothesis .0, C = Cy is the category of V-modules, A = V, is the simple current
extension Vp of V associated with a totally isotropic subgroup D of C, and Rep® Vp is
the category of Vp-modules, see [, Section 3], [[0, Section 3|, [BF, Section 3|, and [P,
Section 5.

Indeed, the simple current extension Vp of V' is a commutative associative algebra
A =V, defined as in [P§, Definition 1.1] (see also [T, Definition 2.2], [B3, Definition
3.1]) in the braided tensor category Cy of V-modules 29, Theorem 3.2, Remark 3.3]. A
category Rep A = Rep Vp is introduced in [BY, Definition 1.2], which a C-linear abelian
monoidal category [P§, Lemma 1.4, Theorem 1.5], see also [[[], Theorems 2.9 and 2.53 |.
A functor

F:CV—>RepVD; X =V Ry X

is defined, and it is shown that F' is a tensor functor B§, Theorem 1.6], see also [[[(,
Theorem 2.59]. A full subcategory Rep” A of Rep A is introduced in [2§, Definition 1.8].
Its properties in the general theory are studied in [[[0, B]. In our case Rep” A = Rep” Vp
is the braided tensor category of Vp-modules in Cy [BH, Theorem 3.4].

As in [[0, Definition 2.66], we denote by C{. the full subcategory of Cy consisting of
the objects X of Cy such that F(X) is an object of Rep’ V. A necessary and sufficient
condition on an object X of Cy for which F(X) is an object of Rep’ Vp can be found in
[T, Proposition 2.65]. We will use [T, Theorem 2.67] in the following form later.

Theorem 2.12. ([I0, Theorem 2.67]) The category CY is a C-linear additive braided
monoidal category with structures induced from Cy, and the restriction F : C) — Rep® Vp
of the functor F to CY. is a braided tensor functor.

A stronger assertion in a more general context can be found in [I0, Theorem 3.68].

2.3. A chain of simple current extensions. Let k,m € Z-(, and let Zvy be a rank
one lattice spanned by an element v with square norm (v, ~) = 2km. Let W be a vertex
operator algebra satisfying Hypothesis P21, and let {W7 | j € Z;} be a Zi-graded set
of simple current W-modules with W° = W. We also recall the fusion rule for V7, [[3,
Chapter 12]. Assume that U = @?;& W7 @ Vz,—jyk is a vertex operator algebra which is
a Zy-graded simple current extension of W ® Vz,.

Let s € Z with m + sk > 0, and let 7 be an element with square norm (v, v') =
2k(m + sk). Then both the conformal weight of Vz,_j,/ and the conformal weight of
V2 —jy /i are congruent to j*m/k modulo Z. Thus W/ ® Viy—jy i, 0 < j < k, are of
integral weight, and the direct sum U= @;:é WI®Vz_ iy k has a unique vertex operator
algebra structure as an extension of W ® Vz,,. Hence the following theorem holds.

Theorem 2.13. Let k,m € Z-q, and let v be an element with (y,~v) = 2km. Let W
be a vertex operator algebra satisfying Hypothesis B4, and let {W7 | j € Zy} be a Zy-
graded set of simple current W-modules with W° = W. IfU = @?;S W7 @ Vi i 1S
a Zy-graded simple current extension of W @ Vg, then for s € Z with m + sk > 0 and
an element v with (v',7') = 2k(m + sk), we have a Zi-graded simple current extension

U= @?;S W7 @V i of W@V The vertex operator algebra U satisfies Hypothesis
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An important example is that W is the parafermion vertex operator algebra K(sls, k)
with m =1 and U = Lg_(k,0) is the simple affine vertex operator algebra at level k. In

this case, U was studied in [I] and [[T, Section 4.4].

3. IRREDUCIBLE U-MODULES AND FUSION RULES FOR W AND U
In this section, we assume the following hypothesis.

Hypothesis 3.1. (1) W and V' are vertex operator algebras satisfying Hypothesis [2-1.

(2) All the irreducible V-modules are simple currents, and Irr(V) = {V* | a € C} is
C-graded by a finite abelian group C with VO =V and VoK, VP = Vet? fora, B € C.

(3) D is a subgroup of C, and {W* | a € D} is a D-graded set of simple current
W -modules with W° = W and W* Ky, W# = W8 for a, B € D.

(4) The direct sum

Uv=Ppwiev’
BeD

has a structure of a simple vertex operator algebra which extends the W & V-module
structure on U.

We discuss representations of U, and establish the relationship between the fusion rules
for U and W under Hypothesis 1. Note that the tensor product W ® V' also satisfies
Hypothesis .. Condition (2) of Hypothesis B.] implies that by is a non-degenerate
symmetric Z-bilinear form on C by Corollary B§ with by (a, 8) = by (V*,VF) for a,
g e C. Let

D+ ={a € C|by(a,D) = 0}.
Then |C| = |D||D*| as by is non-degenerate.
The following lemma is a direct consequence of Hypothesis B.].

Lemma 3.2. The commutant of W in U is V, and the commutant of V in U is W.
3.1. Irr(W) and Irr(U). The group D acts on the set Irr(W) by

X = WPRy X (3.1)
for € D and X € Irr(IW). Let
(W) = O}y (3.2)
il

be the D-orbit decomposition. For i € I, let
D;={BeD | WKy X =X for X € O} }.
Since D is abelian, D; is the stabilizer of X for any X € Oi. Therefore, the length of
the orbit Oy, is [D : D,].
Lemma 3.3. D; C D+ foric 1.
Proof. Let v € D;, B € D, and X € Oj;,. Then by (2) of Proposition B3,
b (WP, X) = by (WP W Ry X) = by (WP, W) + by (WP, X),

so by (WP W) = 0. Since qyey (WP @ VF) =0 for f € D by Hypothesis -], we have
qw(WP) = —qy(V?). Thus by (W?, W) = —by(3,7). Hence v € D*. O
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For each i € I, we pick W% € O}, and fix it. Here we assume that 0 € I, and assign
WO =W so that O%, = {W” | 3 € D}. We set

WP = Wh Ky, Wio (3.3)
fori € I and 8 € D. Then O}, = {W"? | 3 € D}. The next lemma holds.

Lemma 3.4. Leti, i € I and 3, ' € D. Then Wi# = W5 a5 W-modules if and only
ifi=1 and B = (mod D;).

For i, € I and (3, 5’ € D, we write
(1, 8) ~ (i, 8') (3.4)

if Wi# =~ W¥# as W-modules. This is an equivalence relation on I x D, and every
element of Irr(W) is uniquely indexed by an element of I x D/~ as W5,

Irr(W) = {W* | (i, 8) € (I x D)/~}. (3.5)

Here and further we identify (i, 3) € I x D with its equivalence class in (I x D)/~ by
abuse of notation.
We define an action of D on Irr(WW ® V') by

X = (WP V) Ryey X (3.6)
for € Dand X € Ir(W @ V).
Lemma 3.5. D acts on Irr(W @ V') freely by (B-G).

Proof. Let f € D and X € Irr(W ® V). By (B.H), X is isomorphic to W7 ® V* for some
(i,7) € I x D and @ € C. Then

(WP VA Ryer X = (WP Ry W) @ (VPR V) = Wth g yeth,
Since V* 22 Vo8 as V-modules if and only if 3 = 0, the group action in (B.4) is free. O

By Theorem R.11], every irreducible W ® V-module can be uniquely extended to an
irreducible y-twisted U-module for some y € D*. To describe irreducible twisted U-
modules precisely, we introduce two Q/Z-valued maps on D by

7704(5) = bV(vﬁv Va)v
Eia(B) = bwev (WP @ VI, W @ V) = by (WF, W) +14(8)

fori € I, a« € C, and 8 € D, where by and by are defined as in (R.3). It follows
from Proposition .5 that 7, and &, are Z-linear maps on D. Thus we can define linear

(3.7)

characters 7, and Em of D by

Ma(B) = exp(2rv=11.(8)),  &.a(B) = exp(2mv/~1&a(B)) (3.8)
for § € D.
Lemma 3.6. Leti € I.
(1) The map 7 : C — D*; a v+ 0, is an epimorphism with kernel D+,
(2) &iavs = Sia+ 5 and &iars = &l fora, § € C.
(3) & = & if and only if a = o/ (mod D*).
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Proof. The assertion (1) holds by Corollary P.§. The assertion (2) is clear by the definitions

in (B7) and (B-§). The assertion (3) follows from (1) and (2). O
Let ' . '
U =URygy WPV =W vt (3.9)
BeD

for i € I and o € C. The index a of U*® depends on the choice of a representative W°
of the D-orbit Of,. In fact, U Kyygy (W @ V) = Ube=h,

Theorem 3.7. (1) U is an irreducible @,a-twisted U-module for (i,a) € I x C.

(2) For (i,a), (i,a') € I x C, we have U* = U"" as y-twisted U-modules for some
X € D* if and only if i =1 and o = o' (mod D).

(3) For x € D* and i € I, there exists a € C' such that U>* is an irreducible x-twisted
U-module.

(4) Let x € D*. Then any irreducible x-twisted U-module is isomorphic to U for
some (i,a) € I x C.

Proof. Since U is a D-graded simple current extension of W ® V', the assertion (1) follows
from Lemma B.J and Theorem P.T]].

The uniqueness in Theorem .1 implies that U»® = U" as y-twisted U-modules for
some y € D* if and only if U»® = U"* as W @ V-modules. Hence U** and U"*" are
isomorphic y-twisted U-modules if and only if W @ V@ and W#* @ V¢ belong to the
same D-orbit. Thus the assertion (2) holds.

As for (3), let x € D* and 7 € I. By Lemma B.G, there exists a € C such that x = gm
Then U>* is an irreducible x-twisted U-module by (1).

Let x € D* and let M be an irreducible y-twisted U-module. Since W ® V' is rational,
we can take an irreducible W ® V-submodule X = W% @ V< of M for some i € I,y € D,
and o € C by (B.J). Since the action (B.G) of D on Irr(WW @ V) is free, the W @ V-modules
(WP @ VP) Ryey X, B € D, are all inequivalent. Therefore, by the irreducibility, M is
isomorphic to

U ®W®V X = @ Wi,'y+ﬁ ® Va—l—ﬁ — Ui,a—'y

BeD
as W @ V-modules. Then the uniqueness in Theorem P.I]] implies that M = U“*~7 as
x-twisted U-modules. This completes the proof of the assertion (4). O

For i € I and x € D*, we set
Ci,x) ={a € C'| &a = x}-

Lemma 3.8. (1) C(i,x) is a coset of D+ in C fori € I and x € D*. In particular,
C(0,1) = D+, where 1 is the principal character of D.
(2) C(i,70) = a+C(i,1) fora e C.

Proof. Let i € I. By (1) and (2) of Lemma B.G, we see that D* = {Em | « € C}. Then
the assertion (1) follows from (3) of Lemma B.§. The assertion (2) follows from (2) of
Lemma B.G. O

For y € D*, let
R(x)={(i,a) |iel,ae C(i,x)} (3.10)
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Then any irreducible y-twisted U-module is isomorphic to U for some (i, ) € R() by
Theorem B.7. For (i, ), (i',a') € R(x), we write

(i,) = (i, &) (3.11)

if U = " as y-twisted U-modules. We have (i,a) ~ (i, /) if and only if i = 4 and
a =« (mod D;) by Theorem B7. The relation (i, ) =~ (i, ') is an equivalence relation
on R(x), and the equivalence classes of irreducible y-twisted U-modules are indexed by

R(x)/~. In particular, '
Ier(U) ={U"" | (i,) € R(1)/~}.

Theorem 3.9. For x € D*, the number of inequivalent irreducible x-twisted U-modules
is |C||Ier(W)|/| D|?.

Proof. The number of inequivalent irreducible x-twisted U-modules is | R(x)/~|, which is
equal to

D-| _
D*: D) _ I [D: Dy Oy Irr(W
by Lemmas B.3 and B.§, and () O

Corollary 3.10. |Irr(U)| = |C||Trr(W)|/| D|?.

Remark 3.11. Since every irreducible U-module is x-stable for x € D*, one can also
show Corollary by using the modular invariance of twisted modules [I4, Theorem
10.2].

3.2. Fusion rules. We consider the relationship between the fusion rule of W-modules
and that of U-modules. For x € D*, let

T(x) ={G,a,p) | iel,aeCi,x),B €D},
that is, T'(x) = R(x) x D by (BI0). For (4, «, 8), (¢, &/, ) € T'(x), we write
(i,a, ) ~ (@', 0/, B)
if WiP @ Veth = Wis @ Ve'+F as W @ V-modules. We have (i, a, 8) ~ (i, o/, ) if
and only if 7 =4/, 8 = ' (mod D;), and a + 8 = o + ' by Lemma B.4 The relation
(1,a,8) ~ (¢,a/, ") is an equivalence relation on T'(x), and Irr(W ® V) is indexed by
T(x)/~, x € D*.
(W@ V) = {W" @V | (i,a,8) € T(x)/~,x € D'}.

For (i,a, 3) € T(x), we have U My gy (W @ Vath) = Ui is an irreducible y-twisted

U-module. Hence for (i',o/, ") € T(x), we see that
URyey (WP @Vt =2 U Ry (W @ V)

as x-twisted U-modules if and only if (i, a) =~ (¢, /). Note also that (i,a, 3) ~ (7, &, 5')
implies (i, ) = (i, ).

Now, recall the notation in Section R.3. Let Cyysy be the category of W & V-modules.

We denote by Cy oy the full subcategory of Cygy consisting of the objects X of Cwegy
such that U Ky gy X is an ordinary U-module, see [[0, Definition 2.66]. Let

I’ (W V) = {W @ Veth | (i,a,B) € T(1)/~},
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which constitutes the simple objects of Cf} -, see also [[T, Proposition 2.65]. Let Cy be
the category of U-modules. Then Theorem .19 implies the following theorem.

Theorem 3.12. The category Cly oy is a C-linear additive braided monoidal category with
structures induced from Cywgy, and the functor F' : 68[,@‘/ — Cy; X = UNyey X s a
braided tensor functor.

Since the category Cg[/@v is closed under the fusion product My gy, we have
(Wi1,61 ® Va1+51) &W@)V (Wiz,ﬁz ® Vaz-i-ﬁz)

Sl )W g e
(i3,a3,83)€T(1)/~

for (il, o1, ﬁl), (ig, OéQ,BQ) S T(l), where

. ) Wi3,63 ® V03+B3
n(l?,, asg, 53) = dim IW®V( ) .

Wbt @ Vart+b  Wizb2 @ |/ ae+p2
Since Verth K, Vazthz = Yertbiterth e actually have
(Wilﬁl ® Val-l-ﬁl) Moy (WiQ,ﬁQ ® Vaz-i-ﬁz)

_ Z n(is, a, B3) WP @ Vasths, (3.12)

(i3,03,83)€T(1)/~
az+B3=a1+B1+az+p2

In fact,

Wz’g,ﬁg ® Va3+53
Iwev (Wil,ﬁl ® Voerthr  Wizhe @ V”‘2+52)

TV @3:03 V/@s+03
=1Iw (Wilﬁl Wizﬁz) ® Iy (Vaﬁ-ﬁl Va2+ﬁ2)

by Proposition B.3. Let

» ' Wisﬁs
n(Z37 53) = dim ]W <Wi1,51 Wizﬁz)

Then n(is, as, 83) = n(is, f3) if ag+ s = a1+ 1+ as+ B2, and n(is, az, f3) = 0 otherwise.
We fix (i1, 1, 1), (i2, 0, 82) € T(1). For given i3 € I and 3 € D, there exists an
element ag € C(i3, 1) which satisfies the conditions

(ig, Qas, 53) S T(l)/N and agz+f3=a;+ 01+ as+ P (3.13)
if and only if oy + B1 + g + B2 — B3 € C(i3, 1). Set
P = {(13,53) el xD | o1+ ﬁl + ao + 52 — 53 € C(ig, 1)} (314)

Since C(i3, 1) = a3+ D* by Lemma B.§, the condition oy + 31 + as + B2 — B3 € C(iz, 1)
is equivalent to the condition oy + 31 + ag + B2 — a3 — B3 € D*. Since D;, C D+ by
Lemma B.3, P is a union of equivalence classes with respect to the equivalence relation ~
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defined in (B.4). We also note that (i,a, ) ~ (', ¢/, ') in T'(1) implies (i, 3) ~ (i, ') in
I x D. Therefore, (B-IJ) can be written as

(Wil,ﬁl ® Va1+51) e (Wz'z,ﬁz ® Vaz-i-ﬁz)
= D nlis, Wi g yertitarti,
(i3,83)€P/~
which implies that

i i - Wi i
Wb Ky, Wiz = Z dim Iy (Wh,ﬁl Wizﬁz) WisBs (3.15)
(i3,83)€P/~

Since U My gy (W @ VotF) = U it follows from Theorem B3 and (B13) that

Uvil’a1 IXU Uiz,OlZ = Z n(ii’n Qag, 63)U1'370l3. (316)

(i3,03,83)€T(1)/~
az+PB3=a1+B1+az+B2

For given i3 € I and a3 € C(i3, 1), there exists an element f3 € D which satisfies the
conditions (BI3) if and only if oy + as — a3 € D. Set

Q = {(ig,ag) clxC | o3 € C(ig, 1), a1+ o — g € D} (317)
Then @ is a union of equivalence classes of the equivalence relation &~ defined in (B.11]).
Since (i, , 8) ~ (i',a/, ") in T(1) implies (¢, ) = (¢, ') in R(1), we can write (B.14) as
U™ Ry U2 = Y iz, 00 + Bi + az + o — ag) U™, (3.18)
(i3,a3)6Q/z
For fixed (i1, a1, 1), (i2, o, 52) € T(1), define a map v by

VP —=Q; (i3, 03) = (3,00 + B+ ag + B2 — B3). (3.19)
The map ) is a bijection, and its inverse is
@D_l Q — P (ig, Oég) — (ig, a1+ B+ as + [y — 043). (320)

Since (i, ) ~ (¢, ') if and only if ¥(i, B) ~ (¢, ') for (i, 3), (¢, B') € P, the map ¢
induces a bijection between P/~ and @)/~. Then we see from (B.1§) that

11,00 12,000 : Uig,ag 13,00
U gU U292 — . E)E:Q/ dim IU (Uil,al Uiz,az)U 3,03 (3'21)
13,03 ~

with

‘ [Ji3:a3 ) W@ﬁ*l(i:’,,as)
dim Iy (Uz'1,a1 Uiz,az) = dim Iy, (Wil,ﬁl Wizﬁz) (3.22)

for (i3, a3) € Q/~. Using the bijection v, we also have
. W is:Bs ' [ (i3,83)
dim Iy, (Wil,ﬁl Wz‘z,ﬁz) = dim Iy (UihOZl Ui27a2) (3.23)

for (i3, f3) € P/~. Therefore, we obtain the following theorem from (B-I7) and (B-21)) by
the bijection 1 between P/~ and Q/~.
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Theorem 3.13. Let (iy, oy, 31), (iz, a0, 32) € T(1). Then the fusion product W5t Ky,
WPz gnd the fusion product U™ Ky U222 are related as follows.

. ) U323 .
? 76 ? 76 o 1 w (Z & )
WP Ry, WPz = E dim Iy (Uil,Oq Uiz’az)m/ 5.03)
(i37a3)€Q/z

) ) |UIAEREE! )
Q1,0 Q2,00 __ : ¥(i3,83)
U K, U = ( % / dim Iy (Wiuﬁl Wizﬁz) U ,
i3,83)EP/~

where P, Q, 1, and ¢¥~" are defined as in (B14), (B-17), (B-19) and (B2q), respectively.
Corollary 3.14. Let I, ={i € [ | W*? € Trr(W)s.}. Then

Irr(U)ge = {U | i € I, a € C(i, 1)},
and |Trr(U)se| = |C[Trr(W)se| /| D]

Proof. Any simple current W-module is isomorphic to W% for some i € I, and 3 € D.
Thus any simple current U-module is isomorphic to U>* for some i € I, and o € C(i, 1)
by Theorem B.13. We have D; = 0 for i € I,.. Therefore, |Irr(W)s| = |I||D| and

TIrr(U)ge| = ||| D*]. Thus the assertion holds. O
Let
U =0 =Pwl eV’ (3.24)
BeD

for v € D+ = C(0,1).

Corollary 3.15. {U" | v € Dt} is a Dt-graded set of simple current U-modules. Fur-
thermore, U? Wy U = U™ fori € I and a € C(i,1).

Proof. AlUY, v € D™ are inequivalent simple current U-modules by Corollary B.14. Since
Wh Ry W = Wi+8  the assertion holds by Theorem [B.13. O

Remark 3.16. Let X € Irt(W) and M, N € Irr(U). Suppose X C M. Then it follows
from Corollary [7.1] that N contains an irreducible W -submodule isomorphic to X if and
only if N =< UY Xy M for some v € D+,

The next lemma follows from Lemma -3, (B-3), and Corollary B.I7.

Lemma 3.17. Leti, € I, p=1,2,3.
(1) For 8y, 0, € D, p=1,2,3, we have

W/ @3,83+03 TV 3:83—81—02+03
WinBi+é1 T}/ i2,B2+02 WiV} i2,82

(2) For a,, € Cliy, 1) and y, € D+, p=1,2,3, we have

[Ji3:03473 Uisa3=71—72+73
dim 7/, , . = dim / . . :
v Uw,aitm [Jiz,e2+72 v Ui, [Ji2,a2

For later use, we rewrite (B.23) and (B:23) in the following form.
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Theorem 3.18. Let X? € Irr(W) and MP € Irr(U), and suppose XP @ Ve C MP for
some o, € C, p=1,2,3. Let v = ay + g — 3.
(1) If v € D then

) M3 . W7 Ky, X3
dlIIl]U<M1 M2) :dlmfw< X1 X2 ),

M3

and otherwise
MY M2
(2) If v € D* then

. X3 ) U Xy M3
dlm[W (Xl X2) = dim IU< M M2 ),

X3

and otherwise

Indeed, since WY is an arbitrary chosen representative of the D-orbit O, in Irr(1V),
we may take X? = W for some i, € I. Then M?P = U»°r p=1,23. Apply (B23)
and (B-Z3) with 8; = 2 = 3 = 0. Then Theorem B-I§ follows from (B-3), Corollary B-17,
and Lemma B.17.

3.3. R(U) versus R(W). In this subsection, we discuss the relationship between the
fusion algebras R(U) and R(W). In view of Corollary B-I5 we define an action of D+ on
Irr(U) by

M s U Ry M (3.25)
for v € D+ and M € Trr(U). Then for each i € I, the set
O ={U" | aeC(i,1)} (3.26)
forms a D*-orbit by Lemma B.8, and we obtain the D-+-orbit decomposition
e(U) = | Oy (3.27)
iel

That is, we can use the same index set I as in the D-orbit decomposition (B.2) of Trr(W).
Note that OY = {U7 | v € D*} as C(0,1) = D*.

We consider another description of the D*-orbit O}; in Irr(U). For each i € I, we pick
M0 € Of and fix it, where we choose M®? = U. Moreover, we set

M = U7 By M
for v € D+. Then O}, = {M"7 | v € D*}. Let
(DH)y={ye D | UKy M = M for M € O};}.

Since D™ is abelian, (D*); is the stabilizer of M for any M € . Therefore, the
length of the orbit Of; is [D+ : (D4),], and

Irr(U) = {M*" | i €I,y € D+/(D*),}.
Lemma 3.19. (D*); =D, fori e I.
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Proof. The asserton follows from Lemma B.3, (2) of Theorem B.7, Corollary B.13, and
(B-29). O

Next, we describe Irr(1W). By (3) of Theorem B.7], any irreducible W-module appears as
a submodule of an irreducible U-module. Let M%7 € Of with v € D+. Then M*7 = Ui
for some o € C(i,1), and this « is uniquely determined modulo D; = (D1);. By the
structure (B-9) of irreducible U-modules, there exists a coset A(i,7)+ D € C'/D such that
M%7 has a decomposition of the form

MY= fH X eV (3.28)
deN(i,y)+D

as a W ® V-module, where X% € Irr(W) is the multiplicity of V° in M%7. The set
{X#9 | § € A(i,y) + D} is independent of v € D+, and it coincides with the D-
orbit Of, = {W%* | 3 € D} in Irr(W) in (B3). In other words, the D-orbit O, is
uniquely determined by the D*-orbit O} as we mentioned in Remark 16 Moreover,
since D; = (D*);, we have X9 22 X7 as JW-modules if and only if § = & (mod (D*),).
Therefore, we obtain another description of Irr(1V) as follows.

Theorem 3.20. Define a D*-graded set of simple currents {U7 | v € D+} C Irr(U)se as
in (B24), and consider the D*-orbit decomposition of rr(U) as in (B27). Pick M™° € O}
for each i € I, and collect X*%° € Irr(W) in the decomposition (B:28) of M*°. Then
Ter(W) = { X9 | i € 1,6 € \(i,0) + D/(DL); ).

The above theorem and (2) of Theorem B.I§ imply that the structure of R(W) is
determined by those of R(U) and R(V').

We summarize the outcomes of Hypothesis B.]] as follows. Let V, W, C, D, and U be as
in Hypothesis B-J. We have a D-graded set of simple current W-modules {W” | 8 € D}
as in Hypothesis B0}, and a D*-graded set of simple current U-modules {U” | v € D*}
as in (B:24). Consider an action of D on Irr(WW) and an action of D+ on Irr(U) as in
(B) and (B:23), respectively. Let Oy be the set of D-orbits in Irr(WW), and let Oy be
the set of Dt-orbits in Irr(U), respectively. Then |Qw| = |Qy| = |I]. We define a map
® : Oy — Oy as follows. Let O € Oy and M € O. Define ®(O) to be the set of
equivalence classes of irreducible W-submodules of M. Then ®(0O) is independent of the
choice of M € O, and the map ® is well-defined. Moreover, O — ®(O) is a bijection
between Oy and Oy .

The inverse ¥ : Oy — Oy of ® is described as follows. Let O € Oy and X € O'. Then
the Q/Z-valued map S + by (W#, X) is linear on D by Proposition B-J. Since by is non-
degenerate on C' by Corollary B.§, we can find A € C such that by (W#, X)+by (VP V) =
0 for all 8 € D. Such a ) is unique modulo D+. By (1) of Theorem B, UKy gy (X @ V<)
is an irreducible untwisted U-module for a € A\ + D+. We define ¥(0’) to be the set of
equivalence classes of U Rygy (X @ V), a € A+ D+, Although A depends on the choice
of X € (0, the resulting D*-orbit U(Q') is independent of the choice of X, and it is
uniquely determined by @', see the comment just after (B.9) and Remark B-1G. Thus the
map ¥ is well-defined, and O = ¥(QO') if O’ = ¢(0O).

For O € Oy and O € Oy, set

(DHo ={ye D" | UKy M = M for M € O},
Do ={B€D| WKy X =X for X € O'}.
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Then Dgoy = (D)o and (Dl)q,(@/) = Do by Lemma B.19, and we have

0] [w(o)] _ D4
@)~ o] ~ D"

This equation essentially explains Corollary B.10.

The equivalence classes Irr(U) and Irr(IV) are mutually described by Theorems B.7]
and B:20, and their fusion rules are mutually described by Theorem B.I§. Thus we can
completely describe the structures of R(U) and R(W) each other based on the duality
between D and D in the quadratic space (C, qy) associated with R(V).

Remark 3.21. Let Irr(U; x) be the set of equivalence classes of irreducible x-twisted U -
modules for x € D*. If x = 1o for a € C, then by Theorem [3.7] and (2) of Lemma B-§
there is a bijection between Irr(U) and Irr(U; x) given by

Ou : Irt(U) — Irr(Us x); Ou(M) = M Rygy (W@ V)

for M € Trr(U). We can similarly consider an action of D+ on Irr(U;x) and obtain a
D*-orbit decomposition of Irr(U;x). Then the map ©, induces a bijection between Qy
and the set of D*-orbits in Irr(U; x). Hence we have a bijective correspondence between
Ow and the set of D*-orbits in Irr(U; x) for any x € D* as well.
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