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STRONG MULTIPLICITY ONE THEOREMS FOR LOCALLY

HOMOGENEOUS SPACES OF COMPACT TYPE

EMILIO A. LAURET AND ROBERTO J. MIATELLO

Abstract. Let G be a compact connected semisimple Lie group, let K be a closed subgroup
of G, let Γ be a finite subgroup of G, and let τ be a finite dimensional representation of K. For

π in the unitary dual Ĝ of G, denote by nΓ(π) its multiplicity in L2(Γ\G).
We prove a strong multiplicity one theorem in the spirit of Bhagwat and Rajan, for the

nΓ(π) for π in the set Ĝτ of irreducible τ -spherical representations of G. More precisely, for Γ

and Γ′ finite subgroups of G, we prove that if nΓ(π) = nΓ′(π) for all but finitely many π ∈ Ĝτ ,

then Γ and Γ′ are τ -representation equivalent, that is, nΓ(π) = nΓ′(π) for all π ∈ Ĝτ .

Moreover, when Ĝτ can be written as a finite union of strings of representations, we prove a

finite version of the above result. For any finite subset F̂τ of Ĝτ verifying some mild conditions,

the values of the nΓ(π) for π ∈ F̂τ determine the nΓ(π)’s for all π ∈ Ĝτ . In particular, for two

finite subgroups Γ and Γ′ of G, if nΓ(π) = nΓ′(π) for all π ∈ F̂τ then the equality holds for

every π ∈ Ĝτ . We use algebraic methods involving generating functions and some facts from
the representation theory of G.

1. Introduction

Let G be a Lie group and Γ a discrete cocompact subgroup of G. The right regular rep-
resentation RΓ of G on L2(Γ\G) decomposes as a discrete direct sum of unitary irreducible
representations (π, Vπ) of G occurring with finite multiplicity. That is,

(1.1) L2(Γ\G) ≃
⊕

π∈Ĝ

nΓ(π) Vπ,

with nΓ(π) ∈ N0 := N ∪ {0} for any π in the unitary dual Ĝ of G.
Now, let K be a compact subgroup of G and let (τ, Vτ ) be a finite dimensional representation

of K. A unitary representation (π, Vπ) of G will be called τ -spherical if HomK(Vτ , Vπ) 6= 0. Let

Ĝτ denote the set of τ -spherical irreducible representations of G. The Hilbert space

(1.2) L2(Γ\G)τ :=
⊕

π∈Ĝτ

nΓ(π) Vπ

defines a unitary representation of G.
Two discrete cocompact subgroups Γ and Γ′ of G are said to be representation equivalent

(resp. τ -representation equivalent) in G if the representations L2(Γ\G) and L2(Γ′\G) (resp.

L2(Γ\G)τ and L2(Γ′\G)τ ) are unitarily equivalent, that is, if nΓ(π) = nΓ′(π) for every π ∈ Ĝ

(resp. π ∈ Ĝτ ).
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C. Bhagwat and C.S. Rajan [BR11] studied spectral analogues of the so called strong mul-
tiplicity one theorems. They showed that if Γ and Γ′ are discrete cocompact subgroups in a

semisimple Lie group G such that nΓ(π) = nΓ′(π) for all but finitely many π ∈ Ĝ, then Γ and Γ′

are representation equivalent in G. Furthermore, they proved a similar result for 1K-spherical
representations of G, when G/K is a non-compact symmetric space. D. Kelmer [Ke14] ob-
tained refinements of the last result when G/K has real rank one, for any finite-dimensional
representation τ of K. He replaced the finite set of exceptions by a possibly infinite set of suf-
ficiently small density. Both Bhagwat-Rajan and Kelmer used analytic methods, the Selberg
trace formula as a main tool.

The main goal of this article is to obtain strong multiplicity one type theorems in the case
when G is a compact semisimple Lie group. We will use only algebraic methods and facts
from the representation theory of compact Lie groups. Furthermore, we will not assume any
restriction on K nor that the discrete subgroups Γ and Γ′ act freely on G/K, so the quotient
spaces Γ\G/K and Γ′\G/K are compact good orbifolds. In this context, Γ is necessarily finite
and, by Frobenius reciprocity, nΓ(π) coincides with the dimension of the subspace of Γ-invariant
elements of Vπ. We will show that under certain conditions on G, K, τ , a finite subset of the

multiplicities nΓ(π) determines all multiplicities for π ∈ Ĝτ .
A main tool for us will be the notion of what we shall call a string of irreducible represen-

tations of G. Fix a maximal torus of G and a positive system in the associated root system.
By the highest weight theorem, the irreducible representations of G are in correspondence with
the elements in the set of G-integral dominant weights P+(G). For Λ ∈ P+(G), we denote
by πΛ the irreducible representation of G with highest weight Λ. A string is a sequence of
representations of the form {πΛ0+kω : k ∈ N0} with ω,Λ0 ∈ P+(G). We call ω the direction
and Λ0 the base of the string.

The usefulness of the notion of string of representations is that one can study the multiplicities
nΓ(πΛ0+kω) by means of the generating function

(1.3) Fω,Λ0,Γ(z) :=
∑

k≥0

nΓ(πΛ0+kω) z
k.

By using a version of the Weyl character formula, in Proposition 2.2 we prove that Fω,Λ0,Γ(z)

is a rational function with denominator (1 − z|Γ|)|Φ
+|+1, where |Φ+| stands for the number of

positive roots.
Let q be any positive integer divisible by |Γ|. As a consequence of the rational form of

Fω,Λ0,Γ(z), Proposition 3.1 shows that if a finite subset A ⊂ N0 satisfies that

(1.4) |A ∩ (j + qZ)| ≥ |Φ+|+ 1 for all 0 ≤ j ≤ q − 1,

then the coefficients nΓ(πΛ0+kω) for k ∈ A determine nΓ(πΛ0+kω) for all k ≥ 0. For instance,
(1.4) holds when A contains any interval of length q(|Φ+|+1). A bonus in the present context is
that the rationality of the generating function allows to obtain an expression for any nΓ(πΛ0+kω)
as a linear combination of the {nΓ(πΛ0+k′ω) : k

′ ∈ A}.
As a corollary of Proposition 3.1 we obtain a strong multiplicity one theorem for strings of

representations, valid with a possible infinite set of exceptions of sufficiently small density (see
Corollary 3.2). We also prove strong multiplicity one theorems for τ -spherical representations.

Theorem 1.1. Let G be a compact connected semisimple Lie group, let K be a closed subgroup
of G and let τ be a finite dimensional representation of K. If Γ and Γ′ are finite subgroups of

G such that nΓ(π) = nΓ′(π) for all but finitely many π ∈ Ĝτ then Γ and Γ′ are τ -representation

equivalent in G (i.e. nΓ(π) = nΓ′(π) for all π ∈ Ĝτ).
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A key point in the proof of the previous theorem is the fact that Ĝτ can be always written
as a (non-necessarily finite) union of strings (see Lemma 3.3). Under the stronger assumption

that Ĝτ can be written as a finite union of strings, we obtain the following stronger result.

Theorem 1.2. Let G be a compact connected semisimple Lie group, let K be a closed subgroup
of G, and let τ be a finite dimensional representation of K. Assume there are G-integral
dominant weights Λ0,i and ωi for 1 ≤ i ≤ m such that

(1.5) Ĝτ =
m⋃

i=1

{πΛ0,i+kωi
: k ≥ 0}.

Given an integer q > 0, let F̂τ be any finite subset of Ĝτ such that Ai := {k ∈ N0 : πΛ0,i+kωi
∈

F̂τ} satisfies (1.4) for each 1 ≤ i ≤ m. Then, for any finite subgroup Γ of G with q divisible

by |Γ|, the finite set of multiplicities nΓ(π) for π ∈ F̂τ determine the nΓ(π) for all π ∈ Ĝτ .
In particular, if Γ and Γ′ are finite subgroups of G with q divisible by |Γ| and |Γ′| such that

nΓ(π) = nΓ′(π) for all π ∈ F̂τ , then Γ and Γ′ are τ -representation equivalent in G.

Remark 1.3. The assumption in the previous theorem holds for Gelfand pairs of rank one, in
particular for compact symmetric spaces of real rank one (see Remark 3.4).

A motivation of the authors for the questions treated in this paper are the applications
to spectral geometry of locally homogeneous spaces. In fact, Theorem 1.2 is a main tool in
[LM18], where the authors study the strong multiplicity one property for the τ -spectrum of
a space covered by a compact symmetric space of real rank one and the connection between
τ -isospectrality and τ -representation equivalence.

The article is organized as follows. In Section 2 we show that the generating function
Fω,Λ0,Γ(z) is a rational function. The strong multiplicity one theorems, including Theorems 1.1
and 1.2, are proved in Section 3.

Acknowledgments. The authors wish to thank T.N. Venkataramana for very useful com-
ments (via MathOverflow) regarding the proof of Lemma 3.3.

2. Generating functions of strings

Let G be a compact connected semisimple Lie group, let T be a maximal torus in G and let
W = W (G, T ) denote the corresponding Weyl group. Let Φ = Φ(G, T ) be the associated root
system and let P(G) be the lattice of G-integral weights. We fix a system of positive roots
Φ+ = Φ+(G, T ) and we let P+(G) be the set of dominant G-integral weights. If (π, Vπ) is a
finite dimensional representation of G, denote by χπ the character of π, χπ(g) = tr π(g), for
any g ∈ G. If Λ ∈ P+(G), let πΛ be the irreducible representation of G with highest weight Λ.

Definition 2.1. For ω,Λ0 ∈ P+(G), we call the ordered set S(ω,Λ0) := {πΛ0+kω : k ∈ N0}
the string of representations associated to (ω,Λ0). The elements ω and Λ0 will be called the
direction and the base of the string respectively.

Let Γ be a discrete, hence finite, subgroup of G. By Frobenius reciprocity, one has nΓ(π) =

dim V Γ
π for any π ∈ Ĝ, where V Γ

π stands for the subspace of Vπ invariant by Γ. In order to
study these numbers, we will encode them in a generating function for representations lying in
a string. More precisely, given a (ω,Λ0)-string S(ω,Λ0), we define the generating function

(2.1) Fω,Λ0,Γ(z) =
∑

k∈N0

dimV Γ
πΛk

zk,

where Λk = Λ0 + kω for any k ≥ 0. From now on we will abbreviate FΓ(z) = Fω,Λ0,Γ(z).
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The next result is the main goal of this section. It will be a main tool in the sequel.

Proposition 2.2. Write q = |Γ|. In the notation above, there exists a complex polynomial
p(z) = pω,Λ0,Γ(z) of degree less than q(|Φ+|+ 1) such that

FΓ(z) =
p(z)

(1− zq)|Φ+|+1
.

The rest of this section will be devoted to give a proof of this result. One has that

(2.2) FΓ(z) =
1

|Γ|

∑

γ∈Γ

∑

k∈N0

χπΛk
(γ)zk,

since dimV Γ
πΛk

= 1
|Γ|

∑
γ∈Γ χπΛk

(γ). Our strategy will be to compute the terms χπΛk
(γ) for each

γ ∈ Γ by using a version of the Weyl character formula (see [CR15, §2.2]). To state this result
we need to introduce some more notation.

For fixed t ∈ T , we let Z = Zt = CG(t)
0 be the identity component of the centralizer of t in

G, that is a compact subgroup of G. Let Φ(Z, T ) be the root system associated to (Z, T ), and
let Φ+

Z = Φ+ ∩ Φ(Z, T ), WZ = {σ ∈ W : σ−1Φ+
Z ⊂ Φ+}, ρ = 1

2

∑
α∈Φ+ α, ρZ = 1

2

∑
α∈Φ+

Z
α, and

(2.3) pZ(v) =
∏

α∈Φ+
Z

〈α, v + ρZ〉

〈α, ρZ〉
.

If t = exp(H) ∈ T and µ is a weight, write tµ = eµ(H). Now, the Weyl character formula in
[CR15, Prop. 2.3] tells us that, for any Λ ∈ P+(G) and t ∈ T , one has

(2.4) χπΛ
(t) =

∑

σ∈WZ

ε(σ) tσ(Λ+ρ)−ρ pZ(σ(Λ + ρ)− ρZ)

∏

α∈Φ+rΦ+
Z

(1− t−α)
.

We now proceed with the proof of Proposition 2.2. For each γ ∈ Γ we fix tγ ∈ T , conjugate
to γ, and we abbreviate Φ+

γ = Φ+
Zγ
. By substituting (2.4) in (2.2), we obtain that

(2.5) FΓ(z) =
1

|Γ|

∑

γ∈Γ

( ∏

α∈Φ+rΦ+
Z

(1− t−α
γ )−1

) ∑

σ∈WZ

ε(σ) cγ,σ(z),

where

(2.6) cγ,σ(z) =
∑

k∈N0

tγ
σ(Λk+ρ)−ρ pZ(σ(Λk + ρ)− ρZ) z

k.

The next goal will be to show that cγ,σ(z) is a particular rational function.

Lemma 2.3. In the notation above, we have that

(2.7) cγ,σ(z) =
pγ,σ(z)

(
1− t

σ(ω)
γ z

)|Φ+
γ |+1

,

for some complex polynomial pγ,σ(z) of degree ≤ |Φ+
γ |.
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Proof. On the one hand,

pZ(σ(Λk + ρ)− ρZ) =
∏

α∈Φ+
Z

〈α, σ(Λk + ρ)〉

〈α, ρZ〉
=
∏

α∈Φ+
Z

〈σ(α), kω + Λ0 + ρ〉

〈α, ρZ〉
(2.8)

=
( ∏

α∈Φ+
Z

1

〈α, ρZ〉

)( ∏

α∈Φ+
Z

(
k〈σ(α), ω〉+ 〈σ(α),Λ0 + ρ〉

))
,

which is a polynomial in k of degree |Φ+
γ | with complex coefficients. We thus write

pZ(σ(Λk + ρ)− ρZ) =

|Φ+
γ |∑

j=0

bjk
j .

On the other hand, we have that t
σ(Λk+ρ)−ρ
γ = t

σ(Λ0+ρ)−ρ
γ t

kσ(ω)
γ . Hence

(2.9) cγ,σ(z) = tσ(Λ0+ρ)−ρ
γ

|Φ+
γ |∑

j=0

bj
∑

k∈N0

kj(tσ(ω)γ z)k.

We claim that for any 0 ≤ j ≤ |Φ+
γ |,

(2.10)
∑

k≥0

kjtkσ(ω)γ zk =
pj(z)

(
1− t

σ(ω)
γ z

)|Φ+
γ |+1

for some polynomial pj(z) of degree at most |Φ+
γ |. Once this is done, the lemma clearly follows.

We next prove our claim. The assertion is clear for j = 0, by using the geometric series.
Assume now that (2.10) holds for some j < |Φ+

γ |. Since j!
(
k+j
k

)
= kj +

∑j−1
l=0 clk

l for some
cl ∈ Z, we obtain that

∑

k≥0

kjyk = j!
∑

k≥0

(
k + j

k

)
yk −

j−1∑

l=0

cl
∑

k≥0

klyk =
j!

(1− y)j+1
−

j−1∑

l=0

cl
∑

k≥0

klyk.(2.11)

Now, since (1 − y)−(j+1) =
(1− y)|Φ

+
γ |−j

(1− y)|Φ
+
γ |+1

, by substituting y = t
σ(ω)
γ z, then (2.10) follows by

induction. �

Thus, since tqγ = γq = 1, t
σ(ω)
γ is a root of unity of order a divisor of q, then Lemma 2.3 yields

cγ,σ(z) =
pγ,σ(z)

(
1− t

σ(ω)
γ z

)|Φ+
γ |+1

=

pγ,σ(z) (1− zq)|Φ
+|−|Φ+

γ |
∏

ξq=1, ξ 6=t
σ(ω)
γ

(1− ξz)|Φ
+
γ |+1

(1− zq)|Φ
+|+1

.(2.12)

Since |Φ+| ≥ |Φ+
γ | for all γ ∈ Γ, the degree of the polynomial in the numerator is less than or

equal to

|Φ+
γ |+ q(|Φ+| − |Φ+

γ |) + (q − 1)(|Φ+
γ |+ 1) < q(|Φ+|+ 1),

hence Proposition 2.2 follows from (2.5) and (2.12).
In the expression for FΓ(z) as a rational function in Proposition 2.2, the numerator p(z) and

the denominator (1 − zq)|Φ
+|+1 usually share some factors. We next discuss a simple example

illustrating this situation.
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Example 2.4. Let G = SU(2), which has rank one. In this case, Φ+ = {α := ε1 − ε2},

Ĝ = {πk := παk/2 : k ∈ N0}, dimVπk
= k + 1, and every weight space in Vπk

is one-dimensional

having the form k−2h
2

α for some 0 ≤ h ≤ k. Fix an even positive integer q and set

(2.13) Γ =

{(
e2πih/q

e−2πih/q

)
: h ∈ Z

}
.

We claim that dimV Γ
πk

= 1 + 2⌊k
q
⌋ for any k ≥ 0. Indeed, since Γ acts by scalars in each

weight space and these scalars are q-th roots of unity, we have that dimV Γ
πk

is given by the

number of weights in Vπk
of the form k−2h

2
α for 0 ≤ h ≤ k divisible by q. Consequently,

FΓ(z) =
∑

k≥0

(1 + ⌊k
q
⌋) zk =

q−1∑

j=0

∑

m≥0

(1 + ⌊mq+j
q

⌋) zmq+j(2.14)

=
1− zq

1− z

∑

m≥0

(1 + 2m) zqm =
1 + zq

(1− z)(1 − zq)
=

1 + z + · · ·+ z2q−1

(1− zq)2
.

Then 1−z2q

1−z
and (1− zq)2 are the numerator and denominator of FΓ(z) respectively, as stated in

Proposition 2.2 and the polynomial 1−zq

1−z
= 1+ z + · · ·+ zq−1 is their greatest common divisor.

Kostant [Ko85] computed explicitly FΓ(z) for the (obvious) string {πk : k ≥ 0} in SU(2) as
in Example 2.4 for every finite subgroup Γ of SU(2).

3. Strong multiplicity one theorems

The goal of this section is to prove Theorems 1.1 and 1.2. We first recall the context: G is a
compact connected semisimple Lie group, K a closed subgroup of G, and Γ a finite subgroup
of G. Furthermore, we fix a maximal torus T in G and a positive system in the associated root
system. We denote by Φ+ the set of positive roots. By Frobenius reciprocity, we have that

(3.1) nΓ(π) = dimHomG(π, L
2(Γ\G)) = dimHomΓ(1Γ, π|K) = dimV Γ

π

for every π ∈ Ĝ.
The main tool in what follows will be the generating function associated to a string of

representations (see (2.1)) and the rational expression obtained in Proposition 2.2.

Proposition 3.1. Let Γ be a finite subgroup of G, let q be any positive integer divisible by |Γ|,
and let Λ0 and ω be G-integral dominant weights. If A ⊂ N0 satisfies that

(3.2) |A ∩ (j + qZ)| ≥ |Φ+|+ 1 for all 0 ≤ j ≤ q − 1,

then the set of multiplicities nΓ(πΛ0+kω) for k ∈ A determine the whole sequence nΓ(πΛ0+kω)
for k ∈ N0. Moreover, for any k ∈ N0, nΓ(πΛ0+kω) can be linearly expressed in terms of the
nΓ(πΛh

) for h ∈ A. In particular, if Γ and Γ′ are finite subgroups of G with q divisible by |Γ|
and |Γ′| such that nΓ(πΛ0+kω) = nΓ′(πΛ0+kω) for all k ∈ A, then this equality holds for every
k ≥ 0.

Proof. Set Λk = Λ0+kω for any k ≥ 0. By Proposition 2.2 and (3.1), there exists a polynomial
p(z) = pω,Λ0,Γ(z) of degree less than q(|Φ+|+ 1) such that

FΓ(z) =
∑

k≥0

nΓ(πΛk
)zk =

p(z)

(1− zq)|Φ+|+1
.
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We write p(z) =
∑q(|Φ+|+1)−1

k=0 bkz
k. We first show that one has an expression

(3.3) nΓ(πΛmq+j
) =

|Φ+|∑

h=0

bhq+j

(
m−h+|Φ+|

|Φ+|

)

for any 0 ≤ j < q and for any m ≥ 0. Here
(
m−h+|Φ+|

|Φ+|

)
= 0 for h > m, by convention, so the

sum actually runs over 0 ≤ h ≤ min(|Φ+|, m). To show (3.3), since 1
(1−y)j+1 =

∑
k≥0

(
k+j
k

)
yk for

any j ∈ N0, then

FΓ(z) = p(z)(1 − zq)−(|Φ+|+1) =




q−1∑

j=0

|Φ+|∑

h=0

bhq+jz
hq+j



(∑

k≥0

(
k+|Φ+|
|Φ+|

)
zkq

)

=

q−1∑

j=0

∑

m≥0




|Φ+|∑

h=0

bhq+j

(
m−h+|Φ+|

|Φ+|

)

 zmq+j .

We fix 0 ≤ j < q. Since |A ∩ (j + qZ)| ≥ |Φ+| + 1, there are m0, . . . , m|Φ+| different
non-negative integers such that miq + j ∈ A for all i. The square matrix

((
mi−h+|Φ+|

|Φ+|

))|Φ+|

i,h=0

is clearly non-singular, so the system of |Φ+| + 1 linear equations with |Φ+| + 1 unknowns
bj , . . . , bq|Φ+|+j ,

nΓ(πΛmiq+j
) =

|Φ+|∑

h=0

(
mi−h+|Φ+|

|Φ+|

)
bhq+j for i = 0, . . . , |Φ+|,

has a unique solution. Consequently, the coefficients bhq+j for 0 ≤ h ≤ |Φ+| can be linearly
expressed in terms of the multiplicities nΓ(πΛk

) for k ∈ A ∩ (j + qZ).
Since this holds for every j, we conclude that the bk for every 0 ≤ k < q(|Φ+| + 1) are

determined by the nΓ(πΛk
)’s for k ∈ A, and hence also p(z) as well as FΓ(z), are determined.

Therefore all the {nΓ(πk) : k ∈ N0} are linearly determined. �

Proposition 3.1 gives a finite strong multiplicity one result for a string of representations. In
the next result we show a refinement, by again proving strong multiplicity one, now valid with
a possible infinite set of exceptions of sufficiently small density.

Corollary 3.2. Let Γ,Γ′ be finite subgroups of G, let q be the least common multiple between
|Γ| and |Γ′|, and let Λ0 and ω be G-integral dominant weights. If

(3.4) lim sup
t→∞

|{0 ≤ k ≤ t : nΓ(πΛ0+kω) 6= nΓ′(πΛ0+kω)}|

t
<

1

q
,

then nΓ(πΛ0+kω) = nΓ′(πΛ0+kω) for all k ≥ 0. In particular, if nΓ(πΛ0+kω) = nΓ′(πΛ0+kω) for all
but finitely many k ≥ 0, then the equality holds for every k ≥ 0.

Proof. Set as usual Λk = Λ0 + kω for any k ≥ 0. We want to show that the subset of N0

A := {k ∈ N0 : nΓ(πΛk
) = nΓ′(πΛk

)} satisfies (3.2). This done, Proposition 3.1 ensures that
nΓ(πΛk

) = nΓ′(πΛk
) for all k ≥ 0 as required.
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By the assumption (3.4), lim inf
t→∞

|{0 ≤ k ≤ t : k ∈ A}|

t
>

q − 1

q
. This means that for every

ε > 0 there is r0 > 0 such that

(3.5)
|{k ∈ A : k < rq(|Φ+|+ 1)}|

rq(|Φ+|+ 1)
>

q − 1 + ε

q
for all r ≥ r0,

or equivalently,

(3.6) |{k ∈ A : k ≤ rq(|Φ+|+ 1)}| > r(q − 1 + ε)(|Φ+|+ 1) for all r ≥ r0.

Let r ≥ r0 and j0 ∈ Z satisfying 0 ≤ j0 < q. We have that

|{k ∈ A : k < rq(|Φ+|+ 1)}| =

q−1∑

j=0

|{k ∈ A : k < rq(|Φ+|+ 1)} ∩ (j + qZ)|(3.7)

≤ |A ∩ (j0 + qZ)|+ (q − 1)r(|Φ+|+ 1).

Hence, (3.6) implies that |A∩ (j0+ qZ)| > rε(|Φ+|+1) for every r ≥ r0. By taking any r ≥ 1/ε
we obtain that |A ∩ (j0 + qZ)| > |Φ+|+ 1, as required. �

We will need the following useful fact.

Lemma 3.3. For any τ ∈ K̂, the set Ĝτ can be written as a union of strings having a common

direction ω, that is, Ĝτ =
⋃

Λ∈Qτ
{πΛ+kω : k ∈ N0} for some subset Qτ of P+(G).

Proof. The left-regular representation of G on L2(G/K) decomposes

L2(G/K) ≃
⊕

π∈Ĝ1K

(dimV K
π ) Vπ,

where 1K denotes the trivial representation of K. Let ω be the highest weight of any non-trivial

representation in Ĝ1K . Then, for any πΛ ∈ Ĝτ , one has that πΛ+kω ∈ Ĝτ for all k ≥ 0 (see for

instance [Ko04, Thm. 3.9]). That is, S(ω,Λ) ⊂ Ĝτ , and consequently,

(3.8) Ĝτ =
⋃

Λ∈P+(G): πΛ∈Ĝτ

S(ω,Λ),

which completes the proof. �

We are now in a position to give the proofs of the main theorems.

Proof of Theorem 1.1. Let q be the least common multiple between |Γ| and |Γ′|. Since the set

of possible exceptions to equality of multiplicities in Ĝτ is finite, the set of exceptions is also
finite in any string associated to (Λ0, ω). Now, Corollary 3.2 implies that nΓ(π) = nΓ′(π) for

every π in each string, thus equality holds for all π ∈ Ĝτ by Lemma 3.3. �

Proof of Theorem 1.2. We first recall the assumptions. We have that

Ĝτ =

m⋃

i=1

{πΛ0,i+kωi
: k ≥ 0},

for some G-integral dominant weights Λ0,i and ωi, for 1 ≤ i ≤ m. Furthermore, nΓ(π) = nΓ′(π)

for all π ∈ F̂τ , where F̂τ is a finite subset of Ĝτ such that for each 1 ≤ i ≤ m the subset

Ai = {k ∈ N0 : πΛ0,i+kωi
∈ F̂τ} of N0 satisfies (3.2).

Fix 1 ≤ i ≤ m. From what has been assumed, it follows that nΓ(πΛ0,i+kωi
) = nΓ′(πΛ0,i+kωi

)
for all k ∈ Ai. Proposition 3.1 forces nΓ(πΛ0,i+kωi

) = nΓ′(πΛ0,i+kωi
) for all k ≥ 0. We conclude

that nΓ(π) = nΓ′(π) for all π ∈ Ĝτ , that is, Γ and Γ′ are τ -representation equivalent in G. �
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Remark 3.4. We end the article by giving some references in the literature of explicit expres-

sions of Ĝτ as a union of strings. Explicit descriptions of the set Ĝτ have been used for different
purposes, which makes the task of providing a complete list of references difficult.

We first assume that G/K is a compact Riemannian symmetric space with G and K con-
nected. Let G′/K be the non-compact dual space, let G′ = KAN be an Iwasawa decomposition
of G′, and let M be the centralizer of A in K. We denote by g′,m, a the Lie algebras of G′,M,A
respectively. Let b be a Cartan Subalgebra of m such that bC ⊕ aC is a Cartan subalgebra of
gC. Let 1K denote the trivial representation of K.

The Cartan–Helgason theorem (see for instance [Kn, Thm. 9.70]) ensures that πΛ ∈ Ĝ1K if
and only if Λ|b = 0 and 〈Λ, α〉/〈α, α〉 ∈ N0 for every positive restricted root α ∈ Φ+(g′, a). This

implies that Ĝ1K can be written as a disjoint union of strings of representations with the same

direction ω (there are several choices for ω). When G/K has real rank one, Ĝ1K is exactly one
string and furthermore, Camporesi [Ca05a, Thm. 2.4] proved (by using [Ko04]) that there is

Λσ,τ ∈ P+(G) for each (σ, τ) ∈ M̂ × K̂ such that

(3.9) Ĝτ =
⋃

σ∈M̂ : HomM (σ,τ |M )6=0

S(ω,Λσ,τ ),

for any τ ∈ K̂ (see also [Ca05b]). We note that the union in (3.9) is finite. Formula (3.9) can

be seen as a generalization of the Cartan–Helgason theorem for an arbitrary τ ∈ K̂.
Heckman and van Pruijssen [HvP16] extended the previous results to Gelfand pairs of rank

one. In addition to the compact symmetric spaces of real rank one, these spaces include
(G,K) = (G2, SU(3)) and (Spin(7),G2).

The authors do not expect there are many other situations where the condition (1.5) in
Theorem 1.2 holds than those given in Remark 3.4. We next give two simple instances where
this is not the case, i.e. Ĝτ cannot be written as a finite union of strings.

Remark 3.5. Let G be any compact connected semisimple Lie group. By setting K = {e},

one clearly has Ĝ1K = Ĝ. We claim that, if the rank n of G is at least 2 (i.e. any G aside of

SO(3) and SU(2)), then Ĝ cannot be written as a finite union of strings. Let ̟1, . . . , ̟n be the
fundamental weights of Φ+(gC, tC), thus any element in P+(G) is of the form a1̟1+ · · ·+an̟n

for some a1, . . . , an ∈ N0 := N ∪ {0}.

We consider the subset of Ĝ given by

G := Ĝ ∩ {πm1̟1+m2̟2 : m1, m2 ∈ N},

which clearly has infinitely many elements. One has that S(ω,Λ0) ∩ G is finite unless ω,Λ0 ∈
N0̟1⊕N0̟2. It is clear that we cannot cover G with finitely many strings of the form S(ω,Λ0)
with ω ∈ N̟2 and Λ0 ∈ N0̟1⊕N0̟2. Moreover, given a string S(a̟1+ b̟2, c̟1+ d̟2) with
a, b, c, d ∈ N0 and a > 0, the highest weight of an irreducible representation in it is of the form

k(a̟1 + b̟2) + (c̟1 + d̟2) = (ak + c)̟1 + (bk + d)̟2,

thus the quotient
bk + d

ak + c
≤

bk + d

ak
<

b

a
+ d

is bounded for all k ∈ N. Thus, this string cannot reach any element πm1̟1+m2̟2 ∈ G such that
m2/m1 > b/a + d. It follows that G cannot be covered by finitely many strings.

A similar situation holds for compact symmetric spaces G/K of real rank at least 2. For
instance, we set G = SO(n) and K = SO(n− 2)× SO(2) for some n ≥ 5. Under the standard
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choice of Φ+(G,K) (e.g. as in [Kn, §C.1]), we get

(3.10) Ĝ1K = {πa̟1+b̟2 : a, b ∈ N0},

where ̟1, ̟2, . . . denote the fundamental weights. Now, it is clear that the same argument as

above shows that Ĝ1K cannot be written as a finite union of strings.
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