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STRONG MULTIPLICITY ONE THEOREMS FOR LOCALLY
HOMOGENEOUS SPACES OF COMPACT TYPE

EMILIO A. LAURET AND ROBERTO J. MIATELLO

ABSTRACT. Let G be a compact connected semisimple Lie group, let K be a closed subgroup
of G, let I be a finite subgroup of GG, and let 7 be a finite dimensional representation of K. For
7 in the unitary dual G of G, denote by np(7) its multiplicity in L2(I\G).

We prove a strong multiplicity one theorem in the spirit of Bhagwat and Rajan, for the
np(m) for 7 in the set CA?T of irreducible 7T-spherical representations of G. More precisely, for T’
and T finite subgroups of G, we prove that if nr(r) = np () for all but finitely many 7 € G,
then I and I are 7- -representation equivalent, that is, np(r) = np(x) for all T € G,

Moreover, when G can be written as a finite union of strmgs of representations, we prove a
finite version of the above result. . For any finite subset F, of G verifying some mild conditions,
the values of the nr () for 7 € F, determine the nr(m)’s for all w € G,. In particular, for two
finite subgroups I' and I of @, if np(x) = np(x) for all 7 € F, then the equality holds for
every m € éT. We use algebraic methods involving generating functions and some facts from
the representation theory of G.

1. INTRODUCTION

Let G be a Lie group and I' a discrete cocompact subgroup of GG. The right regular rep-
resentation Rr of G on L*(I'\G) decomposes as a discrete direct sum of unitary irreducible
representations (7, Vy) of G occurring with finite multiplicity. That is,

(1.1) L*(T\G) ~ €D nr(7)

el

with nr(m) € Ng := NU {0} for any 7 in the unitary dual G of G.
Now, let K be a compact subgroup of G and let (7, V;) be a finite dimensional representation
of K. A unitary representation (m, V;) of G will be called 7-spherical if Homg (V;, V) # 0. Let

@T denote the set of 7-spherical irreducible representations of G. The Hilbert space

(1.2) L*(T\G), = P nr(7) Vs
en
defines a unitary representation of G.

Two discrete cocompact subgroups I' and I of G are said to be representation equivalent
(resp. T-representation equivalent) in G if the representations L*(T\G) and L*(T"\G) (resp.
L2(I\@), and L2(I"\@),) are unitarily equivalent, that is, if np(x) = np () for every 7 € G
(resp. 7 € G,).
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C. Bhagwat and C.S. Rajan [BR11] studied spectral analogues of the so called strong mul-
tiplicity one theorems. They showed that if I" and [ are discrete cocompact _subgroups in a
semisimple Lie group G such that np(m) = np/(7) for all but finitely many = € G, then I' and I
are representation equivalent in GG. Furthermore, they proved a similar result for 1x-spherical
representations of G, when G/K is a non-compact symmetric space. D. Kelmer [Keld] ob-
tained refinements of the last result when G/K has real rank one, for any finite-dimensional
representation 7 of K. He replaced the finite set of exceptions by a possibly infinite set of suf-
ficiently small density. Both Bhagwat-Rajan and Kelmer used analytic methods, the Selberg
trace formula as a main tool.

The main goal of this article is to obtain strong multiplicity one type theorems in the case
when G is a compact semisimple Lie group. We will use only algebraic methods and facts
from the representation theory of compact Lie groups. Furthermore, we will not assume any
restriction on K nor that the discrete subgroups I' and I act freely on G/K, so the quotient
spaces ['\G/K and I"\G/K are compact good orbifolds. In this context, I" is necessarily finite
and, by Frobenius reciprocity, nr(7) coincides with the dimension of the subspace of [-invariant
elements of V.. We will show that under certain conditigns on G, K, 7, a finite subset of the
multiplicities nr(7) determines all multiplicities for = € G..

A main tool for us will be the notion of what we shall call a string of irreducible represen-
tations of G. Fix a maximal torus of G and a positive system in the associated root system.
By the highest weight theorem, the irreducible representations of G are in correspondence with
the elements in the set of G-integral dominant weights P*(G). For A € PT(G), we denote
by ms the irreducible representation of G with highest weight A. A string is a sequence of
representations of the form {mp,.xo : K € No} with w, Ay € PT(G). We call w the direction
and Aj the base of the string.

The usefulness of the notion of string of representations is that one can study the multiplicities
nr(Tag+kw) Dy means of the generating function

(1.3) Founor(2) =Y nr(magsrs) 2

k>0

By using a version of the Weyl character formula, in Proposition we prove that F, o, r(2)

27141 where |®*| stands for the number of

is a rational function with denominator (1 — zI')
positive roots.
Let ¢ be any positive integer divisible by |['|. As a consequence of the rational form of

F, a,r(2), Proposition Bl shows that if a finite subset A C Ny satisfies that
(1.4) AN (j+qZ)| > |®F]|+1 forall0<j<q-—1,

then the coefficients nr(ma,44) for k € A determine np(mp,4x0) for all £ > 0. For instance,
(L4) holds when A contains any interval of length ¢(|]®*|41). A bonus in the present context is
that the rationality of the generating function allows to obtain an expression for any nr(ma,-+xw)
as a linear combination of the {nr(ma,+xw) : K € A}.

As a corollary of Proposition [B.I] we obtain a strong multiplicity one theorem for strings of
representations, valid with a possible infinite set of exceptions of sufficiently small density (see
Corollary B.2). We also prove strong multiplicity one theorems for T-spherical representations.

Theorem 1.1. Let G be a compact connected semisimple Lie group, let K be a closed subgroup
of G and let T be a finite dimensional representation of K. If I' and I are finite subgroups of
G such that np(m) = np () for all but finitely many © € G, thenT and I are T-representation
equivalent in G (i.e. np(r) = np(7) for all 7 € G,).
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A key point in the proof of the previous theorem is the fact that G. can be always written
as a (non-necessarily finite) union of strings (see Lemma B.3]). Under the stronger assumption

~

that G, can be written as a finite union of strings, we obtain the following stronger result.
Theorem 1.2. Let G be a compact connected semisimple Lie group, let K be a closed subgroup

of G, and let T be a finite dimensional representation of K. Assume there are G-integral
dominant weights Ao ; and w; for 1 < ¢ < m such that

(1.5) Gr = {mao,sh, + k> 0}
=1

Given an integer ¢ > 0, let 137 be any finite subset of @T such that A; == {k € Ny : T Ao +hw; €
137} satisfies (L4l for each 1 < i < m. Then, for any finite subgroup I' of G with q divisible
by |T|, the finite set of multiplicities ny(w) for © € F. determine the np(w) for all = € G,.
In particular, if T and I are finite subgroups of G with q divisible by |U'| and |I”| such that
nr(w) = np(x) for all @ € F,, then T and I' are T-representation equivalent in G.

Remark 1.3. The assumption in the previous theorem holds for Gelfand pairs of rank one, in
particular for compact symmetric spaces of real rank one (see Remark B.4)).

A motivation of the authors for the questions treated in this paper are the applications
to spectral geometry of locally homogeneous spaces. In fact, Theorem [I.2] is a main tool in
[LM18], where the authors study the strong multiplicity one property for the 7-spectrum of
a space covered by a compact symmetric space of real rank one and the connection between
T-isospectrality and 7-representation equivalence.

The article is organized as follows. In Section [2 we show that the generating function
F, A,r(2) is a rational function. The strong multiplicity one theorems, including Theorems [I.1]
and [[.2] are proved in Section [3l

Acknowledgments. The authors wish to thank T.N. Venkataramana for very useful com-
ments (via MathOverflow) regarding the proof of Lemma [3.3]

2. GENERATING FUNCTIONS OF STRINGS

Let G be a compact connected semisimple Lie group, let T' be a maximal torus in G and let
W = W(G,T) denote the corresponding Weyl group. Let & = ®(G,T') be the associated root
system and let P(G) be the lattice of G-integral weights. We fix a system of positive roots
¢t = OF(G,T) and we let PT(G) be the set of dominant G-integral weights. If (m,V;) is a
finite dimensional representation of GG, denote by y, the character of 7, x(g) = trm(g), for
any g € G. If A € PT(G), let mp be the irreducible representation of G with highest weight A.

Definition 2.1. For w, Ay € PT(G), we call the ordered set S(w,Ag) := {magtkw : kK € No}
the string of representations associated to (w, Ag). The elements w and Ay will be called the
direction and the base of the string respectively.

Let ' be a discrete, hence finite, subgroup of G. By Frobenius reciprocity, one has nr(m) =

dim VI for any 7 € G, where VI stands for the subspace of V, invariant by I'. In order to
study these numbers, we will encode them in a generating function for representations lying in
a string. More precisely, given a (w, Ag)-string S(w, Ag), we define the generating function

(2.1) Fyupor(z) =) dim ZANEA
keNy

where Ay = Ag + kw for any k£ > 0. From now on we will abbreviate F1(z) = F, a,.r(2).
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The next result is the main goal of this section. It will be a main tool in the sequel.

Proposition 2.2. Write ¢ = |I'|. In the notation above, there exists a complex polynomial
p(2) = punor(z) of degree less than q(|®*| + 1) such that

(2)
Fr(z) = Q_Z;W'

The rest of this section will be devoted to give a proof of this result. One has that

(2.2) Fr(z) = ﬁ S e ()5,

~eT keNg

since dim V’TFAk = ﬁ > er Xaa, (7). Our strategy will be to compute the terms xr, () for each

v € I" by using a version of the Weyl character formula (see [CR15, §2.2]). To state this result
we need to introduce some more notation.

For fixed t € T, we let Z = Z; = C(t)° be the identity component of the centralizer of ¢ in
G, that is a compact subgroup of G. Let ®(Z,T') be the root system associated to (Z,T), and
let @ =0T NOZ,T), WZ={ceW:07'®, COT}, p=13> o, pz= %Za@} «, and

(23 peto) = T 4020

ae@}

If t = exp(H) € T and p is a weight, write t* = ). Now, the Weyl character formula in
[CR15|, Prop. 2.3] tells us that, for any A € P*(G) and t € T, one has

Y~ (o) 7N pr(a(A+ p) — pz)
_ oeEWZ

+
acdT\ o),

We now proceed with the proof of Proposition For each v € I" we fix t, € T, conjugate
to 7, and we abbreviate ®F = @} . By substituting (2.4)) in ([22), we obtain that

(2.5) Fr(z) = ‘1?| Z ( H (1-— t;a)—1> Z £(0) ¢y.0(2),

V€L acdt\ o} oceW?
where
(2.6) Cyro(2) = Z ty"(A”p)_ppz(U(Ak + ) — pz) 2.
keNy

The next goal will be to show that ¢, ,(2) is a particular rational function.

Lemma 2.3. In the notation above, we have that

_ Pyo(2)
(1 — 1y z)

for some complex polynomial p, ,(2) of degree < |OF].
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Proof. On the one hand,

(2.8) pz(c(Ar+p) —pz) = ]
= (1 ) ( TI (kota) ) + (o), do+ 1)) ).

p <Oé, pZ> acd}

ac®y z

(o, 0(Ax+p)) _ H (o(a),kw + Ao+ p)

<a>pZ> a@b} <a>pZ>

which is a polynomial in k of degree |®F| with complex coefficients. We thus write

|27 |

pz(o(Ag + p) — Zbkf

On the other hand, we have that 577 = tf'y(AOer)_p ") Hence

&7 |
29) o) =TS 1y 3 )
j=0  keNp
We claim that for any 0 < j < |97,
Jjiko(w) Jk _ pj(Z>
(2.10) Zk e = ow) 12T+
(1-52)

for some polynomial p;(z) of degree at most |[®X|. Once this is done, the lemma clearly follows.
We next prove our claim. The assertion is clear for j = 0, by using the geometrlc series.

Assume now that (ZI0) holds for some j < |®F]. Since j! (kﬂ) = K + 377, ¢kt for some
¢ € 7, we obtain that

ERTTEND B VP> B i) [ Dith DY USRRES [ ) 003

k>0 k>0 =0 k>0 =0 k>0

Now, since (1 — y)~U+D = , by substituting y = 5“2, then [ZI0) follows by

induction. 0
“) is a root of unity of order a divisor of ¢, then Lemma 2.3 yields
Prolz) (1= )" T - g™

— p’Y,U(Z) o gq:Lg#tz(W)
e e P

|®5 [+1 _
(1 — tf‘y(w)z) ! (1

Since |®F| > |@F] for all v € T, the degree of the polynomial in the numerator is less than or
equal to

Thus, since t§ =~7 =1, t5

@71+ q(|27] = @7]) + (¢ — (27| + 1) < q(|27] + 1),
hence Proposition 2.2 follows from (Z3]) and (2.12]).
In the expression for Fr(z) as a rational function in Proposition 2.2 the numerator p(z) and

the denominator (1 — 2%)/®71+1 ysually share some factors. We next discuss a simple example
illustrating this situation.
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Example 2.4. Let G = SU(2), which has rank one. In this case, * = {a := 1 — &3},
G = {m := T2 : k € No}, dim V;, = k + 1, and every weight space in V, is one-dimensional
having the form %= zha for some 0 < h < k. Fix an even positive integer ¢ and set

2mih/q
(2.13) r= { (e e_m.h/q) L he Z} .

We claim that dim V] = 1+ QLSJ for any k£ > 0. Indeed, since I' acts by scalars in each
weight space and these scalars are g-th roots of unity, we have that dim VF is given by the
number of weights in V;, of the form %= 2h ==« for 0 < h < k divisible by gq. Consequently,

(2.14) Ir(z) = Z(1+ 15]) 2 —ZZ (1+ |t |) gt

k>0 7=0 m>0
1 -2 1+ 24 1424+ 221
== (1 + 2m) qu - =
1—z mz>0 (1 —=2)(1—29) (1 —29)2
Then 2= and (1 — 29)? are the numerator and denominator of Fr-(z) respectively, as stated in

Proposmon 2.2 and the polynomial 11__25 =142+ ---4 2971 is their greatest common divisor.
Kostant [Ko85] computed explicitly Fr(z) for the (obv1ous) string {m : kK > 0} in SU(2) as
in Example 2.4] for every finite subgroup I' of SU(2).

3. STRONG MULTIPLICITY ONE THEOREMS

The goal of this section is to prove Theorems [[.1] and We first recall the context: G is a
compact connected semisimple Lie group, K a closed subgroup of GG, and I' a finite subgroup
of GG. Furthermore, we fix a maximal torus 7" in G and a positive system in the associated root
system. We denote by ®* the set of positive roots. By Frobenius reciprocity, we have that

(3.1) nr(r) = dim Homg (7, L*(I'\G)) = dim Homp(1p, 7| x) = dim V'

for every m € G.
The main tool in what follows will be the generating function associated to a string of
representations (see (2.I])) and the rational expression obtained in Proposition

Proposition 3.1. Let " be a finite subgroup of G, let q be any positive integer divisible by |I'|,
and let Ag and w be G-integral dominant weights. If A C Ny satisfies that

(3.2) AN (j+qZ)| > |®F|+1 forall0<j<q-—1,

then the set of multiplicities nr(may+kw) for k € A determine the whole sequence np(mag+kw)
for k € Ng. Moreover, for any k € Ny, nr(may+r) can be linearly expressed in terms of the
nr(my,) for h € A. In particular, if I' and I are finite subgroups of G with q divisible by |I'|
and |I'| such that np(Tay+kw) = N (Tag+rw) for all k € A, then this equality holds for every
k> 0.

Proof. Set A, = Ag+ kw for any k > 0. By Proposition 22 and (B1]), there exists a polynomial
p(2) = Pun,r(z) of degree less than ¢(|]®T| + 1) such that

k (2)
= an(ﬁAk)z = W.

k>0
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We write p(z) = k(%ﬂﬂ)_l br2*. We first show that one has an expression

@]

m +
(33) mq+g Z bh‘]+] (&)—:‘rb |)

for any 0 < j < ¢ and for any m > 0. Here (m_(;ﬂrbﬂ) = 0 for h > m, by convention, so the

sum actually runs over 0 < h < min(|®*|,m). To show ([B.3]), since e 1)H1 > k>0 (k;’])yk for
any j € Ny, then

q—1 |F|

+

Fr(z) = p(2)(1 = 20) (7D = [ 3 7% T2t (Z ("l ))

h=

=0 h=0 k>0

q—1 |&F]

2 : (M2 ma-+j
bhg+ ( | ) |

=0 m>0 \ h=0

We fix 0 < j < ¢. Since [AN(j + ¢Z)| > || + 1, there are my, ..., mjp+ different
non-negative integers such that m;q + j € A for all <. The square matrix

()

i,h=0

is clearly non-singular, so the system of |®*| 4+ 1 linear equations with |®*| + 1 unknowns
b

ERERE) bq|<I>+|+j7

||

. + .
nr(Ta,, .0;) = Z (™ |:1L>J+r|\q) ‘) bhq+j fori=0,...,|®"|,
h=0

has a unique solution. Consequently, the coefficients by,.; for 0 < h < [@T]| can be linearly
expressed in terms of the multiplicities nr(my, ) for k € AN (j + ¢Z).

Since this holds for every j, we conclude that the b for every 0 < k < ¢(|®*| + 1) are
determined by the nr(ma,)’s for £ € A, and hence also p(z) as well as Fr(z), are determined.
Therefore all the {nr(m) : k € Ny} are linearly determined. O

Proposition Bl gives a finite strong multiplicity one result for a string of representations. In
the next result we show a refinement, by again proving strong multiplicity one, now valid with
a possible infinite set of exceptions of sufficiently small density.

Corollary 3.2. Let I', TV be finite subgroups of G, let q be the least common multiple between
IT| and |I"|, and let Ay and w be G-integral dominant weights. If

<k<t: ,
(3.4) lim sup {0 <k <t np(Tagthe) 7 N (Tag+ho) }H <

t—o00 t

Y

~— Q|

then np(Tag+kw) = N (Tag+kw) for all k > 0. In particular, if nr(may+kw
but finitely many k > 0, then the equality holds for every k > 0.

= np (Tag+hew) for all

Proof. Set as usual Ay = Ay + kw for any & > 0. We want to show that the subset of Nj
A = {k € Ny : np(ma,) = np/(ma,)} satisfies (3.2). This done, Proposition [B.1] ensures that
nr(ma,) = np(my, ) for all & > 0 as required.
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{o<k<t:heA} q-1
t q

By the assumption (3.4), lign inf . This means that for every
—00

¢ > 0 there is ry > 0 such that
H{ke A:k <rq(|®T|+ 1)} - g—1+¢

(3.5) for all r > rq,

rq(|2+] +1) q
or equivalently,
(3.6) Hke Ak <rq(|®"|+ 1D} >r(g—1+e)(|PF|+ 1) for all > rq.
Let r > rg and jg € Z satisfying 0 < j9 < ¢. We have that
q—1
(3.7) Hke A:k<rq(|®F|+ 1)} = Z Hke A:k<rq(|®T|+1)}N (5 + qZ)|
§=0

< AN (o + aZ)| + (g = Dr(|27] + 1).
Hence, (3.6) implies that [AN(jo+qZ)| > re(|®T|+1) for every r > ry. By taking any r > 1/¢
we obtain that [AN (jo + ¢Z)| > |®1| + 1, as required. O
We will need the following useful fact.

Lemma 3.3. Forany 7 € IA(, the set @T can be written as a union of strings having a common
direction w, that is, G+ = Jyco {Tatko : k € No} for some subset Q, of P*(G).

Proof. The left-regular representation of G on L?(G/K) decomposes
L*(G/K) ~ @ (dim V)V,
WE@lK
where 1x denotes the trivial representation of K. Let w be the highest weight of any non-trivial

representation in CA;lK. Then, for any my € éT, one has that mp g, € @T for all & > 0 (see for
instance [Ko04, Thm. 3.9]). That is, S(w,A) C G, and consequently,

(3.8) G, = U S(w, A),
AEPH(@):mpeCr
which completes the proof. O
We are now in a position to give the proofs of the main theorems.

Proof of Theorem[1.1. Let ¢ be the least common multiple between |I'| and |I”|. Since the set

of possible exceptions to equality of multiplicities in G, is finite, the set of exceptions is also
finite in any string associated to (Ag,w). Now, Corollary implies that np(7w) = np(m) for

every m in each string, thus equality holds for all 7 € G, by Lemma [3.3] d
Proof of Theorem[1.2. We first recall the assumptions. We have that

@T = U {ﬂ-AO,i‘kai k> 0}7
i=1

for some G-integral dominant weights Ay ; and w;, for 1 < i < m. Furthermore, np(7) = np ()
for all w € 137, where 137 is a finite subset of @T such that for each 1 < ¢ < m the subset
Ai = {k € Ny : T 4k, € F,} of Ny satisfies 2.

Fix 1 <4 < m. From what has been assumed, it follows that np(may,+rw;) = 20 (Tag +kew;)
for all k € A;. Proposition B.I] forces np(ma,,+kw;) = nr/(Tag +ke;) for all & > 0. We conclude
that np(7) = np () for all # € G, that is, I' and I" are 7-representation equivalent in G. [J
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Remark 3.4. We end the article by giving some references in the literature of explicit expres-
sions of GG, as a union of strings. Explicit descriptions of the set G, have been used for different
purposes, which makes the task of providing a complete list of references difficult.

We first assume that G/K is a compact Riemannian symmetric space with G and K con-
nected. Let G'/K be the non-compact dual space, let G' = K AN be an Iwasawa decomposition
of G', and let M be the centralizer of A in K. We denote by g’, m, a the Lie algebras of G', M, A
respectively. Let b be a Cartan Subalgebra of m such that bc @ a¢ is a Cartan subalgebra of
gc. Let 1x denote the trivial representation of K. R

The Cartan-Helgason theorem (see for instance [Kn, Thm. 9.70]) ensures that my € Gy, if
and only if A, = 0 and (A, a)/(«a, ) € Ny for every positive restricted root o € ®*(g’, a). This
implies that @1 . can be written as a disjoint union of strings of representations with the same
direction w (there are several choices for w). When G/K has real rank one, Gy « Is exactly one
string and furthermore, Camporesi [Ca05al Thm. 2.4] proved (by using [Ko04]) that there is

A, € PT(G) for each (0,7) € M x K such that
(3.9) G. = U S(w, Mor),

oeM: Hom s (o,7|ar)#0

for any 7 € K (see also [Ca05bh]). We note that the union in ([3.9) is finite. Formula (8:9) can
be seen as a generalization of the Cartan—Helgason theorem for an arbitrary 7 € K.

Heckman and van Pruijssen [HvP16] extended the previous results to Gelfand pairs of rank
one. In addition to the compact symmetric spaces of real rank one, these spaces include

(G, K) = (G2, SU(3)) and (Spin(7), Ga).

The authors do not expect there are many other situations where the condition (L) in
Theorem holds than those given in Remark [3.4l We next give two simple instances where
this is not the case, i.e. G, cannot be written as a finite union of strings.

Remark 3.5. Let G be any compact connected semisimple Lie group. By setting K = {e},
one clearly has G K = G. We claim that, if the rank n of G is at least 2 (i.e. any G aside of
SO(3) and SU(2)), then G cannot be written as a finite union of strings. Let w1, . .., @, be the
fundamental weights of ®*(gc, tc), thus any element in P*(G) is of the form a1y + - - - + a,w,
for some ay, ..., a, € Ny := NU{0}.

We consider the subset of G given by

G == G N Ty +mym, © M1, M2 € N},

which clearly has infinitely many elements. One has that S(w, Ag) N G is finite unless w, Ay €
Now; @ Nowy. It is clear that we cannot cover G with finitely many strings of the form S(w, Ay)
with w € Nwy and Ay € Ny @ Nyw,. Moreover, given a string S(aw; + bws, cooy + dws) with
a,b,c,d € Ny and a > 0, the highest weight of an irreducible representation in it is of the form

k(aw; 4 bws) + (cwy + dws) = (ak + ¢)wy + (bk + d)ws,

thus the quotient
bl{;+d§ bk +d <é+d
ak +c ak a
is bounded for all k£ € N. Thus, this string cannot reach any element 7, w, +msw, € G such that
msy/my > b/a + d. It follows that G cannot be covered by finitely many strings.
A similar situation holds for compact symmetric spaces G/K of real rank at least 2. For

instance, we set G = SO(n) and K = SO(n — 2) x SO(2) for some n > 5. Under the standard
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choice of &1 (G, K) (e.g. as in [Knl §C.1]), we get

(3.10)

GIK = {ﬂ-awl—l—bwz . CL, b € N0}7

where wy, ws, ... denote the fundamental weights. Now, it is clear that the same argument as
above shows that G, cannot be written as a finite union of strings.

[BR11]

[Ca05a]

[Ca05b)
[CR15]
[HvP16]
[Kel4]

[Kn]
[Ko85]

[Ko04]

[LM1§]
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