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INVARIANT GRAPHS FOR CHAOTICALLY DRIVEN MAPS

S. FADAEI G. KELLER, AND F. H. GHANE*

ABSTRACT. This paper investigates the geometrical structures of invariant
graphs of skew product systems of the form F' : © x I — O x I,(0,y) —
(S0, fo(y)) driven by a hyperbolic base map S : © — O (e.g. a baker map or
an Anosov surface diffeomorphism) and with monotone increasing fibre maps
(fo)oco having negative Schwartzian derivatives. We recall a classification,
with respect to the number and to the Lyapunov exponents of invariant graphs,
for this class of systems. Our major goal here is to describe the structure of
invariant graphs and study the properties of the pinching set, the set of points
where the values of all of the invariant graphs coincide. In [I8], the authors
studied skew product systems driven by a generalized Baker map S : T? — T2
with the restrictive assumption that fy depend on 6 = (&, z) only through the
stable coordinate x of . Our aim is to relax this assumption and construct a
fibre-wise conjugation between the original system and a new system for which
the fibre maps depend only on the stable coordinate of the derive.

1. INTRODUCTION

1.1. Motivation and related works. The main objective in this paper is to
describe the geometric structures of invariant graphs of a certain class of skew
products. The existence of invariant graphs considerably simplifies the dynamics
of the forced systems and they are currently object of intense study.
A skew product system is a dynamical system (© x Y, F') which can be written
as
F:0xY—=0xY, (0,y)— (59, fs(y)).

Here the dynamics on the fibre space Y may be interpreted as being driven by
another system (©,.5) since the transformations fy : Y — Y depend on 6. For
example, # can be used to induce an additive or multiplicative external noise, i.e.
fo is of the form

* fo(y) = h(y) +g(y), or

o foly) = g(0)h(y),
where g(0) represents the random noise. On the other hand, the space Y is princi-
pally considered as the fibre space over the basis dynamics (0, S), i.e. the fibre map
fo can be considered as a map from {6} x Y to {S0} x Y, where {6} x Y is the fibre
space over § € ©. In fact, this natural structure appears in innumerable examples
of the dynamics which are relevant theoretically or for applications. Furthermore,
an invariant graph ¢ : © — Y is a function that satisfies

F(0,9(0)) = (56, 9(50)),
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for all 6 € ©.

In [32, [33], Stark provided conditions for the existence and regularity of invari-
ant graphs and discussed a number of applications to the filtering of time series,
synchronization and quasiperiodically forced systems. Campbell and Davies [6]
proposed related results on the ergodic properties of attracting graphs and stability
results for such graphs under deterministic perturbations. Invariant graphs have a
wide variety of applications in many branches of nonlinear dynamics, some knowl-
edge of such applications is also available, through works of several authors (e.g.
[6l (7, @, 10, A1, A5, IR, 23] B34] etc.).

In this paper, we study geometrical structures of the invariant graphs in a simple
but important case where Y = I C R and fy is monotone increasing. Besides, we
focus on skew product systems whose monotone fibre maps (fg)gco possess negative
Schwarzian derivatives. Here the last condition means that

fo §<£)2 <0

fo 2\ 1 ’
is satisfied for all # € ©. Note that in our setting this condition guarantees that
there do not exist more than three invariant graphs, which especially allows us to
study the bounding graphs, i.e. the lower and upper outermost graphs ¢~ and ¢+.
In other words, with this technical tool, we can investigate the fine structure of all
of the invariant graphs that possibly appear. Moreover, we assume that the skew
product dynamic is in total compressing, in the sense that F(© x I) C © x I°.
Our major goal here is to describe the structure of invariant graphs and study
the properties of the pinching set, the set of points where the values of all of the
invariant graphs coincide, mainly, in the case that the basis dynamical system is an
Anosov diffeomorphism or a generalized Baker map on the two-dimensional torus
T? = R?/Z2.
If S : T2 — T2 is the Baker map and if instead of branches with negative Schwarzian
derivative one studies affine branches fy(y) = Ay+cos(2wz) with A € (1/2,1) (where
0 = (&, x)), it turns out that ¢ = ¢~ everywhere and that this is the graph of
a classical Weierstrass function - a Holder-continuous but nowhere differentiable
function. These functions and their generalizations have received much attention
during the last decades, culminating in the recent result that the graph of this
function has Hausdorff dimension 2 + ll‘c)é;‘ for all A € (1/2,1), i.e. in the range
of parameters for which the skew product system F' is partially hyperbolic [II, [28].
Related, but less complete results were also obtained for generalizations where the
cosine function is replaced by other suitable functions, where the Baker map is
replaced by some of its nonlinear variants, or where the slope A of the contracting
branches is also allowed to depend on x, see e.g. [24] 19, 22]. In all these cases,
however, the fibre maps remain affine. Other results deal with the local Hélder
exponents of these graphs [3, 2].
Let S : T' — T! be an irrational circle rotation. Such quasi-periodically forced
systems were studied by Jager in [I1},[13]. He gives the following result [I1] under the
additional assumption that (6,y) — f4(y) is continuous: There are three possible
cases:

(1) There exists only one Lebesgue equivalence class of invariant graphs ¢, and
A(¢) < 0. This equivalence class contains at least an upper and a lower semi-
continuous representative.
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(2) There exist two invariant graphs ¢ and ¢* with A(¢) < 0 and \(¢*) = 0. The
upper invariant graph is upper semi-continuous, the lower invariant graph lower
semi-continuous.

(3) There exist three invariant graphs ¢~ < ¢* < ¢+ with A\(¢T) < 0 and A\(¢*) >
0. ¢~ is lower semi-continuous and ¢ is upper semi-continuous. If ¢* is neither
upper nor lower semi-continuous, then supp(mg-) = supp(mg-)

— supp(my-).

All three cases occur. For case (iii) this was proved in [13]. In this note, we
replace the quasi-periodic base by a chaotic one, namely by an Anosov diffeomor-
phism or a Baker transformation. Roughly speaking, we shall assume that the
dynamic is in total compressing and investigate the pinching set of the outermost
graphs. Interestingly, it turns out that the separating graph ¢* plays also a key role
in our study. Also, A. Bonifant and J. Milnor studied in [4] skew product systems
fairly similar to ours, i.e. ones with a chaotic basis dynamical system whose fibre
maps have negative Schwarzian derivatives. In spite of the fact that the pictures of
their skew product dynamics are significantly different from what we study here,
there are some relations. Thus we give a brief remark on this point. Namely, they
assumed that the two outermost invariant graphs ¢~ and ¢+ are constant, say -1
and 1, and both of them are attracting simultaneously. More recently, G. Keller
and A. Otani studied in [I8] the hyperbolic case where S : T2 — T? is a general-
ized Baker map with the restrictive assumption that fy depend on 6 = (£, ) only
through the stable coordinate x, so that fy can be written as f,, and = — f; is
continuous on T!, where T* is the one-dimensional torus. Also f, > 0 and Sf, < 0.
In this paper we are going to get rid of this assumption that fibre dynamics depend
on # € O© only through the stable coordinate of the drive.

1.2. Contribution of this paper. We are interested in skew product systems with
chaotic basis dynamical systems. In this paper, we concentrate on skew product
systems which have a nice hyperbolic structure at the base.

In Section 2, Proposition and Theorem [2.12], we construct a fibre-wise conju-
gation between the original system and a new system which satisfies the restrictive
assumption that the fibre dynamics depend only on the stable direction of the drive.
By applying this technical tool and in the case that the basis dynamical system is
an Anosov diffeomorphism, we describe the structure of the pinching set which
consists of those points at which the global attractor is pinched to one point in
the fibre spaces (Theorem : it is a union of complete global stable fibers. In
Section 3, we focus on skew products driven by a generalized Baker transformation
and study the structure of pinching set in Theorem [3.9]

The construction of the fibre maps that depend only on the stable direction of
the drive is inspired by Sinai’s [31] construction of a function on a one-sided shift
space that is cohomologous to a given one on a two-sided shift space, see also [B]
Lemma 1.6].

1.3. General setting. We describe the general assumptions of this paper which
specify the basic concepts introduced in Subsection[I.I] Note that at the beginning,
we only restrict the fibre maps and leave the basis dynamical system arbitrary. After
several general facts are discussed, we shall consider more specific basis maps. More
precisely, we are interested in skew product dynamical systems F : © x I — © x I,
F(0,y) = (59, fo(y)), defined as below:
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Definition 1.1. F denotes the family of all skew product transformations F' on
© x I where

e (0,d) is a compact metric space and S : © — O is a Borel measurable
invertible map.

e I =[—M,M]is a compact interval and I° = (=M, M) where M € R.

e The fibre maps fy : I — I° are given by fyo(y) = m o F(0,y) with m
the natural projection from © x [—M, M] to [-M, M]. Its derivative with
respect to y € I will be denoted by fj. We will assume that the fiber maps
fo are uniformly bounded increasing C3-maps with negative Schwarzian
derivative, i.e.

(1.1) inf  fo(y) >0, and sup  Sfe(y) <0,
(0,y)eO©XI (0,y)€OXI

" 3 1

where Sfy 1= fié — 2(&)2.

Remark 1.2. By definition, the dynamic compresses the whole space, i.e. F(©xI) C
O x I°.
For the iterates F™ of F' we adopt the usual notation F"(0,y) = (S™0, f§(v))

where fg' = fon-1(9)0---0 fo . Hence k() = fowg(fE(y)). For n =1 and
k = —1 this includes the identity fa_l(y) = (fs-10)"(y).

1.4. Bounding graphs, Lyapunov exponents, and pinch points. In this sub-
section, we introduce the concepts and the notations which are basic for the study
in the following sections.

Invariant graphs are fundamental objects in the study of skew product systems,
and they are of major interest.

Definition 1.3 (Invariant graph). Let F' € F. A measurable function ¢ : © — I
is called an invariant graph (with respect to F') if for all § € O:

F(0,0(0)) = (56,9(50)), equivalently  fo(¢(0)) = ¢(S56).

The point set ® := {(0,$(#)) : 0 € ©} will be called invariant graph as well, but it
is labeled with the corresponding capital letter. Denote by cl(®) the closure of ®
in © x I, and by [®] its filled-in closure in © x I, i.e.

[¢] = {(97y) €O xI: HylayQ elst (95y1)7 (eay2) € CZ(q))7y1 < Yy < yQ}
Definition 1.4. Let ¢ () := fo_,.,(+M) for § € © and n € N. Define
¢=(0) = lim ¢ (0).
We call ¢, ¢~ the upper and the lower bounding invariant graph, respectively. In
order to simplify notations put: K, () := [¢;, (0), ¢;7(0)] and K(0) := [¢p~(0), T (0)].

The limit exists and is measurable, because ¢,, (0) ,/* ¢~ () and ¢,F(0) \, o7 (0)
in view of the monotonicity of fibre maps (the invariance follows from the mono-
tonicity and continuity of the fibre maps). If the fibre maps are not monotone one
can still define an upper and a lower bounding graph, but then these graphs no
longer have to be invariant (see [§] for details).
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Denote by Mg(0) the set of all S-invariant probability measures on O, and by
Es(0O) the ergodic ones among them. Let yu € Mg(0©). For any invariant graph ¢
denote g = p o (ide, ¢)~1. Since ¢ is an invariant graph, it is obvious that the
new measure Uy is an F-invariant measure.

In the investigation of skew product systems, attracting invariant graphs are
often useful characteristics, which we simply call attractors. Formally, we introduce
the following definition. Note that the effect of the attraction is observed only in
the fibre space I.

Definition 1.5. A point (6,y) € © x I is attracting, if there is a constant 6 > 0
such that

lim [fg'(y) — fg'(2)] = 0,

n—oo
for all z € (y — d,y + §). Furthermore, an invariant graph ¢ is called an attractor
with respect to the invariant probability p if y-almost every point is attracting.

Definition 1.6 (Global attractor). Let F € F. Then the global attractor of this
system is defined by
GA=[)F"(©xI).
neN

Remark 1.7. Note that the ¢~ and ¢ are the functions representing the lower and
upper bounding graphs of the set GA. In particular, these are the same objects as
what are called the bounding graphs in [I1]. Since any invariant graph can only
exist inside GA, the bounding graphs ¢~ and ¢ are the minimal and maximal
invariant graphs, respectively.

Remark 1.8. If © is a compact metric space and in case that S is a homeomorphism,
it is evident that ¢—,¢" are lower and upper semi-continuous, respectively, by
construction, and the global attractor GA is compact.

There is a third relevant invariant graph ¢* that satisfies ¢~ < ¢* < ¢+. To
see the existence of such an object, we start to consider the average Lyapunov
exponents in the fibre direction.

Definition 1.9 (Lyapunov exponent). Let F' € F and (0,y) € © x I . If the limit

AO.y) = Tim log(f7) (v)

exists, it is called the normal Lyapunov exponent of F in (#,y). Furthermore, if
€ Es(O) and ¢ is a p-a.e. invariant graph with log f4(¢(0)) € £}, then its (fibre)
Lyapunov exponent w.r.t. p is defined as

M(8) = /O log £3(6(6))dp(6).

Note that by the Birkhoff ergodic theorem

NO.6(0)) = lim L 1og(£)/(6(6) = Tim 3 10x £l (7£(60)
k=0

n—00 N

n—1
= Jim = dog 74, (0(5"0) = [ 10g 3(0(0))aut0)
k=0 ©

n—oo N

= )‘u(d))
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for p-a.e. 8 € ©. So the average Lyapunov exponent of an invariant graph equals
its point-wise Lyapunov exponent for y-a.e. § € © .

The following proposition is a slight modification of some results in [IT], which
describes all possible scenarios in our skew product system in terms of the invari-
ant graphs and the fibre Lyapunov exponents. Its proof is based on the striking
property of functions with negative Schwarzian derivatives that the cross ratio dis-
tortion increases, if they are applied, (see [2I] for the details of the cross ratio
distortion). In addition, the reason that the Lyapunov exponents of the lower and
the upper bounding graphs are always non-positive is our compressing assumption
(Remar .

Proposition 1.10. ¢—, ¢ are measurable invariant graphs defined everywhere as
pullback-limits and GA = {(0,y) € © x1: ¢~ (0) <y < ¢+ (0)}. Furthermore, there
is a measurable graph ¢* defined everywhere, satisfying ¢~ < ¢* < ¢ and such
that for p € E5(O©) exactly one of the following three cases occurs:
(1) ¢~ = ¢* = ¢+ p-a.s. and \,(¢F) <O0.
(2) ¢~ =¢* < ¢t pras. and N\y(¢T) <0 =N, (¢7) or ¢~ < ¢* = ¢t p-a.s. and
Au(7) <0 =Au(07).
(3) ¢~ < ¢* < ¢t pra.s., A\u(d7) < 0,A,(01) <0, A\u(¢*) > 0, and ¢* is p a.s.
tmoariant.
In all three cases hold:
e Each graph which is i—a.s. invariant equals ¢—, ¢ or ¢* p-a.s. In particu-
lar, pg—, pig+ and pg- are the only F-invariant ergodic probability measures
that project to .
e For p-a.e. 8 € © and every y € [¢~(0), 9T (0)]\ {¢*(6)}

Tim |7 )~ 67(5"0)| =0 if y < 6°(0),
T |7 )~ 67(5"0)| = 0 if y > 6°(6).
Corollary 1.11. For p-a.e. § € © and every y € 1,
. M(6T) ity <6'(0)
1 - ny/ _ % . _
A0 y) = lim S log(fg) (y) = (97) iy =07(0)
Au(9F) if y > ¢*(0).
The main goal of this paper is to investigate the properties of the pinch points set,

which consist of those base points, over which the system synchronizes trajectories
with different initial values on the same fibre.

Definition 1.12 (pinch points). Let
P:={0e€0©:¢7(0) =¢ (0)} ={0 € ©:(GA)y is a singleton set },
where (GA)g :={y €1:(0,y) € GA}.

(1.2)

2. CHAOTICALLY DRIVEN SKEW PRODUCT SYSTEMS WITH FIBRE MAPS WITH
NEGATIVE SCHWARZIAN DERIVATIVE

In this section we consider the case of a hyperbolic base transformation S : © —
O. We attempt to compare such a system with fibre maps depending locally on
both, stable and unstable coordinates to one with fibre maps depending locally only
on the stable coordinate, and to transfer knowledge about the latter system to the
original one.
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2.1. Preliminaries. As we will see later we need to measure how far compositions
of branches are from identity. In this regard, let D(I) be the space of all increasing
C' maps g: I, CI — I with ¢’ > 0. Let J, := g(I;). Then the maps g : I, — J,
are diffeomorphisms.

Definition 2.1. Let g, h € D(I) such that I}, C I,. Define:

d°(g,h) :==sup{lgoh™(y) —y| : y € Jn}
= sup{|g(z) — h(z)| : = € I},
and
d*(g,h) == d°(g,h) +|lg" — 1|
=d°(g,h) +sup{|g'(z) — W' (z)| : x € I),}.

Remark 2.2. It is easy to see that in general, d° is not symmetric but, if I, = I,
then d°(g,h) = d°(h,g). Also, d°(g,h) =d°(goh~1,id |, ).

We make the following general assumptions to keep the technicalities at a mod-
erate level.

Hypothesis 1. Define: f, : © — D(I), 6 — fy. Assume f, is Lipschitz w.r.t d*,
i.e there exists a real constant L such that for all 6,6’ € ©

d*(fo, for) < Ld(6,0").

Any such L is referred to as a Lipschitz constant for the function f,. In view
of (1.1)), this implies that sup,¢;|log f5(y) — log f (y)| < L'd(0,0") for constant
L' >0 and all 6,60’ € O©.

Hypothesis 2. Assume there is a piecewise expanding and piecewise C'* mixing
Markov ma S : T' — T! with finitely many branches which is a factor of S~
ie.
Soll=1IoS8"" for some measurable I : © — T".

More precisely we assume there is an injection ¢ : T! — © which is Holder con-
tinuous on monotonicity intervals of S , which satisfies Il o ¢ = id1 , and which is
such that each 6 € © belongs to the local stable fibre of oI w.r.t S~! in the sense
that:

(2.1) 3C>03a e (0,1)¥0 €O Yn>0: d(S™0,S "(o110)) < Ca™d(6, oT10).

Hypothesis 3. Let Q :=sup(g ,)cox1 f4(y) and Q'f 1= SUP(g,)coxI |(log f4(y))'|.
Assume

a-Qf <1 and Q'f<oo.

In the next example we describe how Anosov surface diffeomorphisms fit the
general framework of this paper.

Example 2.3 (Anosov surface diffeomorphism). Let © = T? and let S : T? — T?
be a C? Anosov diffeomorphism. Denote by Ty© = E*(0) + E*(0) the splitting of
the tangent bundle over 6 € O into its stable and unstable subbundles. Sinai [29] [30]
constructed Markov partitions for Anosov diffeomorphisms (a simpler treatment can
be found in [5]). As indicated in the proof of Lemma 3 in [25], one can construct

1Here and in the sequel C1* means ” C! with Holder continuous derivative” without specifying
the Holder exponent.
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a C'" expanding Markov interval map S : T' — T! that is a factor of S71, i.e.
Soll = IToS~! with the projection IT : T? — T! and the injection o : T — T?
(see section 6.3 of [I5] for more details).

Proposition 2.4. If S is continuous, the sets cl(®*) and [®*] are forward F-
muariant.

Proof. Let (0,y) € cl(®*), then there are 6,(n € N) such that 6, ~ 6 and
% (0,) — y. According to the continuity of S and Hypothesis

F(0,y) = (59, fo(y)) = lim (S0, fo, (67(0n))) = lim (S0, ¢ (50,))) € cl(@F).
The forward F-invariance of [®*] is an immediate consequence. O

Lemma 2.5. Suppose f,g,h € D(I) , I, C I}, I, C Iy and Jy C Iy. If, for given
e,€ >0, we have d°(h,id) < € and d°(f o g~*',id) < € then d°(f oho g™t id) <
¢ + Qe, where Q@ = sup,¢;, f'(y).

Proof. For every y € I, , |h(y) — y| < e. Let A(y) = h(y) — y, then, by the mean
value theorem, for every z € J, there is 0 € I such that

[fohog(z) =2l = f(g7"(2)) + f'(6) - Alg™1(2)) — 2| < € + Qe,
where @ = sup,¢;, f'(y). By Definition
d°(fohog tid) =sup{|fohog (z) —2|: 2z € J,} <€+ Qe.

O
Lemma 2.6. Suppose h,h;r,hir € D(),i = 1,--- k; In, n S Jn,_ 5t
ki Jhiy Slhyyy,i=1,- k=1 Ihl r C Ih and Jh, C Iy, . For given
€0,€1,€2, " , €k, if we have d° (h%L,hzyR) § €,i=1,---  k and d°(h,id) < e, then
d(hpp - ohypohohy ol hid) <e+ > ([] Qe
§=0 i=j+1
where Q; = supyeyr, I b (y) fori=1,--- k.
Proof. For k =1 the result is obvious according to the previous lemma:
d° (hlLOhOhl R,ld) <€+ Q€.
By induction we assume the result is correct for k£ — 1. Then for k£ we have:
d°(h“ohk_uo---oho.-.oh,;llRoh,;;,id)
k=2 k—1
< e+ Qrlex— 1+Z H Qi)ej) —@H‘Z H Qi)e
j=0 i=j+1 j=0 i=j+1
O

Lemma 2.7. Let 0 € © and 6 belong to the local stable fibre of 6 € O, in the sense
of . For arbitrary n, k we have

d°(f§-ng © (f§-ng) ", id) < C'a™*d(6,0'),
where C' = 2L

1704Qf :
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Proof. Since 8 — fy is Lipschitz,
d°(fo-ns1-0g, fg—ni1-ng) < Ld(S™F1=09, §=(H1=0g") for every i = 1,--- , k.
Since 6,60 are in the same local stable fibre, by Hypothesis
d(§—n+1=0g §—(nH1=Dg"y < 0o 17i(9,0') for every i =1,--- , k.
In order to apply Lemma for every i = 1,--- , k put:
h =1id,
hi,, = fs-m-i+1 (s
hi.r = fs-m-it1) (07,

¢ =C-L-d0,0) o™
€)p = 0.

On Ki(S~"10) = (¢ (S"=10"), ¢ (S 06")],
d°(f5-ng 0 (f5-ng)",1d)

=d°(fs-n-rt1g 0 0 fgngo (fs—ng) "t o 0 (fs-mring) ' id)

k k
<D Qg =C-L-d(6,0)-> o™ QT
j=0 j=1

<C-L-d6,0)-a" Y (aQy)
=0
=C"-d6,0) a"F,
where €' = -2¢L O

1—0{Qf :

2.2. Main results. In the following proposition we introduce a family of partial
diffeomorphisms Gy between subintervals of I. In Theorem [2.12] we prove that it
plays the role of a conjugacy between the old and the new system restricted to
their respective global attractors. Throughout we assume that Hypotheses 1-3 are
satisfied.

Proposition 2.8. For each § € © and each 0’ belonging to the local stable fibre of
0 € © in the sense of , let

(22) G&,e/,n : Kn(a) - Kn(el)a Y= fg—no' © (fg—ne)il(y)'
Then the limit
(23) G979/ := lim Ggyg/,n

n—oo

exists uniformly on K(0), where K,,(0) = [, (0), ¢;7(0)] and K(0) = [¢p~(0), T (0)].
Moreover, Gg .9 (K(0)) = K(0'), and there is a continuous function Hg g : K(0) — R
such that lim,,_, oo GIG,G/,n = Hy g uniformly on K(0), Glo,e/ = Hyp g on K(0)°, and
this equality extends to the one-sided derivatives of Gg g at the endpoints of K(0).
In this sense, Ggg : K(0) — K(0') is an orientation preserving diffeomorphism
whenever 0 € P.
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Proof. Recall that ¢,, (0) 7 ¢~ (0) and ¢,f(8) \y ¢T(6). Therefore, for k > 1,
K,1x(0) C K, (6).

Also for every k > 1,

d°(Go.0'.nyGo.or k) = d°(Go gm0 (Goprmin) id

Koy (67))-

For every y € K, 4x(0'),

Gy no G;é/7n+k<y>
_ k k _
= (fgfnel o (fgfne) o fgj_(nwc)g © (f§f<n+k>9/) 1)(1/)
= (fg—nef © (fgfne)il © fgwa © f’§-<n,+k>9 © (f§—<n+k>91)71 © (fgfnef)il)(y)

= (fg—nof © f§-<n+k>9 © (fg—(n%)of)il © (fgfnef)il)(y)
By Lemma [2.7]
A°(f&—tnimg © (fo—tning) 1 id) < C'a™d(0,6').

In order to apply Lemma [2.5( and Hypothesis |3| let

h=f& ing o (Fomine)
f = g = fg*nGH
€ =0,
e=C'a"d(6,6").
Then
d°(Go,or,n © G;é/,mk’ id) = d°(f§-ngr © f§-nirg © (f§-msmrg) " 0 (fi-ng)~"s1d)
<€+ Qe
=C'(aQy)™d(6,0").

Thus d°(Gg,g’ n © G;é,7n+k, id) < " (aQy)™ - d(6,6") uniformly for all k£ > 0 where

! : aCL _ fn n -1 :
(" is the constant ToaQ; " We proved the sequence Gg g/, = fs,ng, o (fs,ng) is

uniformly Cauchy and consequently uniformly convergent.
We turn to the uniform convergence of the derivatives. Observe first that

log Gy gr (1) =108 ((f&-0g)) (f&g) " (W) - (FE-0g) ™)' (1))

1

108 fn—ngr (fE-ng 0 (fong) ™ (W) —log(f&-rng) (f&-ng) " (¥))

3
|

3 =

=0
—1

log Sy (T5-np © (fg—ne)fl(y)).
k=0 fék*ne(flscfne o (f§-ng) ' (¥))
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Now let n > m . Then

IOgGlea n( ) — IOgGlee m(y)

_nz:l fSJ ng’ fs ng ((fs ne) 1(2/)
j=0 fS7 ﬂe(fS ﬂo((fs n@) (y))

) N o Totmm0 (TS (F5g) ™ ()
) 2 e Uy () )
(

fsj ng (fs ng ((fs ”9) ! y)))
= lo
Z: T AThena(Fen) )
— fé: ne( (fs ne ( i, sk mgr (fsf n g ((fgl mg) 1(9)))
lo log
+j:;m o8 fSJ ng( 5 ne((fs ”9) z:o fSk mg(fsf 9((fs— 9) Ly)))
=1+41I,
where
n—m—1 _
f57 ng (fs ngr ((fs—ne) l(y)))
I= 10 )
g S e g (Fg) )
n—1 — m—1 -
Fs—ngr (g (FE-0g) ™ (1)) Sy ([ (FE0ng) " (1))
II = lo — lo .
jfgm ¢ fSJ wg(fs ng((fs ne)_l(y))) ];0 ¢ fé"""”’@(f§*”L6((fAST'n;""0)_1<y)))

Consider z = (fi_.,) "' (y),
n—m—1 j j
f5i-ng (fg-ng(2)) fsi-ng/ (fg-ng(2))
= E 1 . +1 : .
@) By (Frag(2)

By Hypothesis[1} 6 — log f. is Lipschitz. Hence

1< > Ld(S70,87"0) + Qf - |f2-np(2) = fLong(2)].

1< L'Ca™d(0,0) + QC'a"~7d(0,6')

[
I
=)

3
|

1
C"a™7d(,60') where C"=L'C+Q;C’

n

IN

<.
o

D> C'ald(0,0)

l=m+1

> C"ald(9,0)

l=m

IN

m

=0 a —d(6.,9).
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Now consider (IT). If we change the index j to k +n — m then

m—1 k+n—m m—1 i k m —1
Pl (FEI= (1) (1)) P (P (F200) @)
II = lo — lo
kzzo e T (72 ) 1) ,;0 g U5 g (T2g) T ()

S o Lo (Fomg 0 S50 ) (UF5205) " 0 (f50) " (0))
fs’» me((fsk me) (ZU))

Foxmg (F§mo (F8mg) " (y)))
fsk mg((fsk mg) (y))

*110g Formg (FE g 0 FEZTN((F52) ™ 0 (famg) ™ (W)
Foimmg (P (F20g) " (1)) '

O )
Let t = (f&"..) ' (y) and ¢’ = (fG=5,) o (f§=75) " (t). According to Lemma
)

Eol
Il
= O

3
[

log

]

3

K‘

S5-ng’ (
[t—t|<C"-a™ d(e,e’ ,
and observing Hypothesis [3] this implies

| g (8) = Fhong (8) [ C7-a™ - Q% - d(9,6).

So by the same hypothesis we have
m—1 / m—1
mr mr (t
11_21ng’“ oS5y ))SZQ}~C’-am-Q’;~d(9,6')
k=0 fsk mgl(fs mg’(t)) k=0
L 9
- Qf

7(aQ)"d(6.9").

Hence
/ li

f m /
Qs — l(an) d(6,6'),

where aQy < 1 by Hypothe51s I This shows that {log Gfé),e',n} is a uniform Cauchy
sequence, so that Hg g := lim, Gle,a/,n exists uniformly on K(0) and Gge
converges in d*-distance to Gy g:. See e.g Theorem 7.17 of [27]. As f} > 0 for all 6,
we have Hg g > 0, so that Gy g is orientation preserving.

Finally, We prove that Gy ¢ (K(0)) = K(0'). Let = € K(#). According to (2.3),
Go g (x) = limy,_yo0 Yn, Where y,, := Go g n(x). On the other hand since K, (0)
Ky then,

I+II<C” (0 0') +

Yn S GO,QI,TL(K(H)) g GG,O/,n(Kn(G)) = Kn(al)
Hence
Gg’g/ (.’E) = le Yn S K(gl)
So Go,9-(K(0)) CK(6'). The inverse is obvious by interchanging the role of 6 and ¢’
and observing that G g = limy 00 Gor 9.0 = im0 Gy g, = G on K(0'). O

Definition 2.9. According to Hypothesis[2] 0110 and 0 are in the same local stable
fibre. In order to simplify the notations define:

)

= Go,on16,n, and Go := Gy o110-
Definition 2.10. Suppose ¢ is an invariant graph. Define :
¢:0 = 1,0 > Go(6(0)).
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Lemma 2.11. qgi : O — I depend on 6 only through 116.

Proof. By Proposition[2.8 Gy : K(6) — K(oT10) is an orientation preserving home-
omorphism for each 6 € O, so
ot

(2.5) ¢ (0) = Go(¢™(0)) = 6™ (o116).

For 0 € O denote K(0) := [$ (0),é (0)] = K(o110) and let

(2.6) f@ = fS*l(UHSO) © nge,sflgnse-
This is well defined, because
olI(S™'611S0) = 65(I1o)[1S0 = o STLSH = oI1S ™15 = o116 = o(11o)110
= oll(c110),
so that, by Hypothesis 2} oT1(S~10TLS6) and o116 are in the same local stable fibre.
Theorem 2.12. For each 6 € O,
(2.7) fo(K(6)) = K(S0),

(2.8) fo=Ggg 0 fy0Gs,
and the map fa depends on 6 only through T1(S0) € ©. (This is the point which

represents the local stable fibre through 0, see Hypothesis|3) If 0 ¢ P, then f@ :
K(0) — K(S0) is an orientation preserving diffeomorphism.

Proof. In view of ([2.6)

Fo(K(8)) = fs-1(o150) © Gonig,s-10m50(K(0T10)) = fs—1 o150y (K(S T 0ILSH))
= K(oT1560) = K(S6),
which is (2.7). If @ & P, then f, : K(c110) — K(oT1S0) is an orientation preserving
diffeomorphism by Proposition [2.8]

As oIl = oI1S~1(S0) = oS(I1S0), a look at (2.6) reveals that the map f,
depends on # only through II(S6) € ©.

Let f9n = fS 1(01156) © Go110,5-101156,n, and observe that lim,, o f9n fo
uniformly on K ). By . ) and . we have
fe,n 0 Gon = fs-1(0156) © Gonig,5-101150,n © Go.0110,n
= fS*I(UHSG) o Ge,sflanse,n
gi}(sflanse) o (f5-rg)”

= Gsg,n+1 0 fo-
Hence
d°(fg 0 Go,Gsg o fo) < d°(fg 0 Go, fgo Gon)+d°(fg 0 Gom, fon o Gon)

+ d°(Gsg,n+1 0 fo,Gse o fo).

According to Deﬁnition it f,g,h e D1),1, C Iy, J, C Iy, Jp C Iy, one can see
easily

(2.9)

d°(foh,goh) <d®(f,g).
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So the right hand side of (2.9)) is less than
d°(fg0 G, fg0 Gon) +d° (4, fon) +d°(Gso i1, Gso).

In view of Proposition and the continuity of fe, the last sum tends to zero as
n — co. This means

d°(fg 0 Go,Gsg o fo) =
and consequently
fo = G;g o f@ o Gy.
O

~t “
Lemma 2.13. ¢ : O — I are invariant graphs for the family (f)oco in the sense
that

Proof. By ,
Fo(67(0) = Fo(Gol6*(0))) = Gsofo(6*(0)) = Cso(6*(50)) = & (50).
|

Remark 2.14. Lyapunov exponents for the family ( f9)9€@ are defined as those for
the family (fp)oco in Definition

. 1,
A0,y) = lim —log(fy) (y)
whenever this limit exists, and

Au(d) = /@ log f3(3(8))du(0)

when pu € E5(O) w1th u(P) = 0 and ¢ is a graph invariant p-a.e. for the family

(f9)oco with log fe( 5(0)) € £1. The condition u(P) = 0 guarantees that f;(ng(ﬁ))
is well defined for p-a.a 6.

Lemma 2.15. The Lyapunov exponents of & coincide with those of ¢*, namely
M(67) = 2u(6%) = [ 1og f3(6*(0))duco).
Proof. The Lyapunov exponents of ¢ are equal to
767 = [og 1467 @) du(o)
— [ (o8 16570 0 656" (0))] + Jog 1 15(G5" (67 (0))
—log |G(Gy (6" (6))])dia(9)

= /(10g |Glso(¢7(50))] + log | f5(6™(0))| — log [(Gy(¢™(6))])du(6)
= )‘u(¢i>~
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Definition 2.16. Denote by cl(‘ii) the closure of the graph of (Jgi in © x I and by
[i)i] its filled-in closure in © x I. Let P:={ € O : (;A5+(9) =¢ (0)} be the set of
pinch points of the new system, and denote by C* C O the set of continuity points
of q@i.

Proposition 2.17. 1) P = p.

2) P is forward and backward S -invariant.

3) IIP is forward and backward S-invariant.

Proof. 1) According to Proposition 2.8 Gy : K() — K(cII6) is a homeomorphism.
So, the end points of K(0) are equal if and only if their images are equal, hence by
Lemma@ and definition of P and P it is clear that P = P.

2) fp is invertible so

be P foom(0)) = fal#" (6)) & 6 (50) = 6 (S0) & 50 € P.

3) Let u € S’il(HP), then there exist € P and 6’ € © such that Su = 116, u = T1¢'.
So

oll0 = oSu = oSTI0' = o11S 0.
On the other hand, 6 € P if and only if o116 € P. Indeed
fePoslcPod ()= (0) o ¢ (ollf) = ¢t (ol10) & ollf € P,
So according to part 2,
cPoollfc Peoll(S'0)cPeS 0 ecPed cP.
This shows that v € IIP and so S_ll_[P C ITP. Conversely, assume u € IIP. Then
there exists 8’ € P such that « =1I¢’. So
(2.10) Su=TI(S"1¢") e (S~ P) = TIP.
Hence S(ITP) C TIP. 0

We see in the next theorem how this idea can be applied when the base map is
an Anosov surface diffeomorphism.

Theorem 2.18. Let © = T? and let S : T? — T? be a C? Anosov diffeomorphism.
Then the set of pinch points consists of complete global stable fibre.

Proof. By Proposition 2.17(1), for the arbitrary Markov partition {Ry,--- , Ry},
the set P is a union of local stable fibres (i.e. of connected components of inter-
sections of global stable fibers with Markov rectangles). Hence, by part (2) of the
same proposition, the set P consists of complete global stable fibre. [

3. NEGATIVE SCHWARZIAN BRANCHES DRIVEN BY A BAKER MAP

In order to deal with the set of discontinuity points at the base, and keep the
technicalities at minimum, we consider Baker transformations. These maps are
bijective with discontinuity at a € (0, 1), i.e.

o) = J(7(6),az) if £ € [0, 0
S16) {(T(E),a+(1a)x) if ¢ €[a,1]’
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0.90

0.85 -

FIGURE 1. discontinuity of ¢, where the parameters are ¢ =
0.1,r=1.1

with

(I—a)'(—a) iHefal)’
Example 3.1. Let 7(z) = 22 mod 1, fy(y) = arctan(ry) + ecos(2m(x +£)) , where
r = 1.1 and € € [0,0.1]. Then, choosing M = 0.86 and I = [—M, M], one checks

that fa(I) C [—0.858,0.858] C I° for all § € © = T2. Figure 1 shows that in this
case we loose the continuity of upper and lower bounding graphs.

T(g):{aé if £ €10,a)

Remark 3.2. If S is Baker transformation with discontinuity at a, then the sets
cl(®*) and [®*] are nearly forward F-invariant from the measure-theoretic point
of view in the sense that F(cl(®%))\ cl(®*) C {(0,z,y) €O xT1:0<z < 1,y €1}.

We often will identify points x € T* = R/Z with points 2 € A := [0,1). In this
case we also identify (¢, z) € T? with (¢, z) € A%

Remark 3.3. Notice that an important point in the definition of S is its symmetry.
That is, if S(§,2) = (7(§), pr(e)(x)), then it is easily calculated that the inverse
map has a symmetric expression, i.e.

(3.1) STHE 2) = (pu() (€), T(2)).

Moreover, if we define IT : A2 — A by I1(¢, ) = x then Lemma states that ¢F
depend only on z, so that P is a union of fibers A x {z}.

Definition 3.4. Define L,, as the set of all discontinuity points of S™7,

n—1
Lo = S7"(A x {a}),
k=0
and

L:=|]JL,=]JS"Ax{a}).
k=0

n=1
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Also define
ot (0) := lim sup{o™(0') : d(0',0) < r},
T

o= (0) := lim inf{¢™(¢") : d(¢,0) <7}.

Denote by P = {0 € O: ¢t (0) = ¢~ ()} the set of pinch points and C* the set of
continuity points of ¢*.

Remark 3.5. (1) The sets L,, are finite unions of horizontal segments A x {z},
and L is a countable union of such segments.
(2) u(Ly) =0 for each n and each S-invariant probability measure pu.
(3) ¢ is continuous at all points § € O\L,, .
(4) $T is upper semi-continuous and ¢~ is lower semi-continuous and ¢~ <
¢~ < ¢t < ¢+. Thus, they are both Baire 1 functions. Consequently,
CN"‘} C~ and also their intersection is residual.

Lemma 3.6. For every 6 € O\L we have ¢*(0) = ¢=(0) .

Proof. By definition, ¢ (0) < ¢t(6) for all @ € ©. Let € > 0 and § € ©\L. There
exists n > 0 such that ¢ (0) > ¢;7(0) —e. As 6 ¢ L, there exists r > 0 such that

for every 6/ € © with d(0',0) < r, then |¢} (') — ¢t ()| < e. Hence for every
0" € B.(9) :
(3-2) ¢F(0) = ¢ (0) — €= o1 (0') — 2¢ > ¢F(0) — 2.
Hence
sup{ep™(0') : d(0',0) <1} < ¢T(0) + 2e.
And so

dT(0) < ¢T(0) + 2e.

Corollary 3.7. P CPC PUL.
Lemma 3.8. (CtNC™)\PC @\E

Proof. Let § € CTNC~ but § ¢ P . According to the definition of ®F there
exists > 0 such that for every 6’ € B,.(0), ¢*(0') > ¢~ (¢'). This means that

B,.(0) N P =0, and therefore § ¢ P. O

Theorem 3.9. Either PC L orCt*NC~ =P C P.

Proof. Recall from Proposition and Remark that P = P and P is a union
of segments A x {z}. Hence, if P Z L, there exists z € A such that (A x {z}) C P
but (A x {z}) N L = 0. Since P is S-invariant and P\L contains the dense set
Urey S*(A x {2}), so P\L is dense. As P\L C P in view of the last corollary, also

P is dense, i.e ~}5 = © . Then Lemma implies C* N C~ C P. _The converse
inclusion P € C* N C~ follows at once from the semi-continuity of ¢*. |

Corollary 3.10. Either P C L or P is residual.
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