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ALL SOLUTIONS TO AN OPERATOR NEVANLINNA-PICK
INTERPOLATION PROBLEM

A.E. FRAZHO, S. TER HORST, AND M.A. KAASHOEK

ABSTRACT. The main results presented in this paper provide a complete and
explicit description of all solutions to the left tangential operator Nevanlinna-
Pick interpolation problem assuming the associated Pick operator is strictly
positive. The complexity of the solutions is similar to that found in descrip-
tions of the sub-optimal Nehari problem and variation on the Nevanlinna-Pick
interpolation problem in the Wiener class that have been obtained through
the band method. The main techniques used to derive the formulas are based
on the theory of co-isometric realizations, and use the Douglas factorization
lemma and state space calculations. A new feature is that we do not assume
an additional stability assumption on our data, which allows us to view the
Leech problem and a large class of commutant lifting problems as special cases.
Although the paper has partly the character of a survey article, all results are
proved in detail and some background material has been added to make the
paper accessible to a large audience including engineers.

1. INTRODUCTION

Nevanlinna-Pick interpolation problems have a long and interesting history which
goes back to the papers of G. Pick [42] and R. Nevanlinna [41] for scalar func-
tions. Since then interpolation problems with metric constraints involving matrix
or operator-valued functions, in one or several variables, has been a topic of intense
study with rich applications to system and control theory, prediction theory and
geophysics. See, for example, the introductions of the books [18, [19], Chapter 7 in
the book [5], the papers [36] and [37], several variable papers [2] 3], and references
therein.

In the present paper we deal with the left tangential Hilbert space operator
Nevanlinna-Pick interpolation problem in one variable with the unkowns being
opeators. Our aim is to give a self-contained presentation combining the best
techniques from commutant lifting [I8, [19], the band method [27, 28] 29], state
space analysis [2], Bl [13], and other interpolation methods [T}, 16} [36], 37, 17, [45].
In particular, the technique of extending a partial isometry used in the present
paper goes back to work of Sz.-Nagy-Koranyi [45] and also appears in the so-called
“lurking Isometry” method of Ball and co-authors [I1] and Arov-Grossman [6], to
name only a few. In [§] this problem was considered in the more general setting of
the Drury-Arveson space and solved via a modification of the Potapov methodology.
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Our proofs are not based on the commutant lifting method, and the approach
taken here avoids the complications that arise in describing the solutions when
the isometric lifting is not minimal, as is typically the case in the commutant
lifting reformulation of the operator interpolation problem. As main tools we use
the theory of co-isometric realizations, the Douglas factorization lemma and state
space calculations, which are common in mathematical system theory.

As a by-product of our method we present in Subsection[A4]an alternative way to
construct co-isometric realizations of Schur class functions, which seems to be new
and could be of interest in the multi-variable case. In the appendix we also give an
alternative proof of the Beurling-Lax-Halmos theorem and present a new approach
to the maximum entropy principle. We made an effort for the paper to be readable
by someone whose has an elementary knowledge of Hilbert space operator theory
with state space techniques from systems and control theory. On the other hand
in order to achieve self-containedness, the appendix provides background material
that is used throughout the paper.

Let us now introduce the Hilbert space operator Nevanlinna-Pick interpolation
problem we shall be dealing with and review some of our main new results. The data
for the problem is a triplet of bounded linear Hilbert space operators {W¥, ﬁ//, Z},
where, for given Hilbert spaces Z, ) and U, we have

Z:ZZ, W) =2, W:02U) - Z,

with ¢ () (respectively % (U)) the Hilbert space of square summable unilateral
sequences of vectors from ) (respectively U), and where the following intertwining
relations are satisfied

(1.1) ZW =WSy and ZW =WSy,.

Here Sy and Sy are the unilateral forward shift operators on ¢2 (i) and 3 (),
respectively.
We say that F is a solution to the operator Nevanlinna-Pick (LTONP for short)

interpolation problem with data set {W, W, Z} if
(1.2) FeSU,Y) and WTp=W.

Here Tr is the Toeplitz operator with defining function F' mapping ¢% (i) into
(%(Y). Moreover, S(U,Y) is the Schur class of operator-valued functions whose
values map U into ), that is, the set of all operator-valued analytic functions F' in
the open unit disc D whose values map U into Y such that | F|/e = sup{||F (M| :
AebD} <.

Note that this class of Nevanlinna-Pick interpolation problems has the same
point evaluation interpolation condition as the one considered in Section 1.4 of
[19], but is larger in the sense that, unlike in [I9], we do not assume the spectral
radius of Z to be strictly less that one. To see that the point evaluation condition
coincides with that of [19], note that the fact that W and W satisfy (1) implies
that they are the controllability operators (cf., [19, page 20]) of the pairs {Z, B}
and {Z, E}, respectively, where B and B are the operators given by

(1.3) B=WEy:Y—> 2 and B=WEy :U— Z.

Here Ey and Ey are the operators embedding Y and U, respectively, into the first
component of £2 () and ¢2 (U), respectively; see the final paragraph of this section
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for more details. Then for F' € S(U,Y), the operator WTF is also a controllability
operator, namely for the pair {Z, (BF)(Z)iet }, where

(BF)(Z)iet = » | Z"BFy,
k=0

with Fy, Yy, Fs, ... being the Taylor coefficients of F' at zero. Then WTp = W is
equivalent to the left tangential operator argument condition (BF)(Z )i = B.

Although the LTONP interpolation problem has a simple formulation, it covers
two relevant special cases that will be discussed in Sections 8 and [@ below. In both
cases it is essential that we do not demand that the spectral radius is strictly less
than one. In Section [§ we discuss a large class of commutant lifting problems that
can be written in the form of a LTONP interpolation problem. Conversely, any
LTONP interpolation problem can be rewritten as a commutant lifting problem
from this specific class. Hence the problems are equivalent in this sense. In this
case, the operator Z will be a compression of a unilateral forward shift operator
and will typically not have spectral radius less than one. The connection with
commutant lifting is already observed in [I9] Section II.2] and also appears in the
more general setting of the Drury-Arveson space in [§].

The second special case, discussed in Section [ is the Leech problem. This
problem, and its solution, originates from a paper by R.B. Leech, which was written
in 1971-1972, but published only recently [40]; see [35] for an account of the history
behind this paper. The Leech problem is another nontrivial example of a LTONP
interpolation problem for which the operator Z need not have spectral radius less
than one, in fact, in this case, the operator Z is equal to a unilateral forward
shift operator and hence its spectral radius is equal to one. Our analysis of the
rational Leech problem [22] 23] 24] inspired us to study in detail the class of LTONP
interpolation problems. It led to new results and improvements on our earlier results
on the Leech problem.

Next we will present our main results. This requires some preparation. Let
{W,W, Z} be a LTONP data set. Set P = WW* and P = WW*. The intertwining
relations in (II)) imply that

(1.4) P—ZPZ* = BB*, where B=WEy:Y — Z,
(1.5) P — ZPZ* = BB*, where B=WEy :U — Z.

Here, as before (see ([3))), the maps Ey and Ey are the operators embedding Y
and U, respectively, into the first component of £ ()) and ¢2 (), respectively; see
the final paragraph of this section for more details. The operator A = P — Pis
called the Pick operator associated with the data set {W, W, Z}.

If the LTONP interpolation problem is solvable, then necessarily the Pick oper-
ator is non-negative. Indeed, assume there exists a function F in S(U,Y) satisfying
Wilp = W. Then Tr is a contraction so that

(Pz,z) = |W*z|]? = | TEW*|? < |W*z||®> = (Pz,z), z€ Z.

HenceA:P—f’zO.
The converse is also true. If the Pick operator is non-negative, then the LTONP
interpolation problem is solvable (see Theorem 2] in the next section). In this
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paper our aim is to describe all solutions, in particular for the case when A is
strictly positive.

To state our first main theorem we need two auxiliary operators. Assume P =
WW* is strictly positive, which is the case if A is strictly positive. Then there exist
a Hilbert space £ and a pair of operators C : Z — &£ and D : )Y — £ such that

(1.6) [g 2] [18’ 103} [g: gz]—ﬁf 12]’

o Al SR -l 2

' c* z*||o P |B Z 0 P
We shall call such a pair C' and D an admissible pair of complementary operators
determined by the data set {W, W, Z}. In ([L6) and (I7) the symbols I¢ and Iy
denote the identity operators on the spaces £ and ), respectively. In general, when
it is clear from the context on which space the identity operator is acting, the
subscript is omitted and we simply write I.

An application of Lemma XXVIIL.7.1 in [26] shows that admissible pairs exist
and that such a pair is unique up to multiplication by a unitary operator from the
left. There are various ways to construct admissible pairs in a concrete way, also
in a multivariable setting (see, e.g., [10]). In this introduction we mention only one
way to obtain such a pair of operators, namely as follows. Since ZW = W Sy, the
space Ker W is an invariant subspace for the forward shift Sy. But then, by the
Beurling-Lax-Halmos theorem, there exists an inner function © € S(&,U), for some
Hilbert space &£, such that Ker W = ImTg. Now put

(1.8) C=EiT5S8yW*P™ .2 and D=06(0)":Y €.

Then C' and D form an admissible pair of complementary operators. Another
method to construct admissible pairs of complementary operators, which has the
advantage that it can be readily used in Matlab in the finite dimensional case, is
given Section [A.3] We are now ready to state our first main result.

Theorem 1.1. Let {W,ﬁ//, Z} be a data set for a LTONP interpolation problem.
Assume A = WW* — WW* is strictly positive. Then P =WW™ s strictly positive
and the operator A=' — P~ is non-negative, the operator Z* is pointwise stable
and its spectral radius is less than or equal to one. Furthermore, all solutions to
the LTONP interpolation problem are given by

(19)  FO) = (TuMXM) + 120 (Ta XA + ng(/\)>71, AeD

where the free parameter X is an arbitrary Schur class function, X € S(U,E), and
the coefficients in ([L9) are the analytic functions on D given by

(1.10) T11(\) = D*Qo + AB*(I — \Z*)"'A~'PC*Q.,
(1.11) T12(A) = B*(I = A\Z*)"'A"'BR.,

(1.12) To1(A) = AB*(I — AZ*)"'A~'PC*Q.,

(1.13) Tas(A) = Ro + B*(I — AZ*)"'A"'BR,.

Here the operators B and B are given by ([L4) and (L3, respectively, the operators
C:Z—=E&and D :Y — & form an admissible pair of complementary operators,
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and Qo and R, are the strictly positive operators given by
_1
Qo= (Ie + CP(A™' =P MPC*) 2 : £ > €,

(1.14) - ~
Ro= Iy +B*A'B)y"z:U—~U.

The parameterization given by (L3)) is proper, that is, the map X — F is one-to-
one.

Note that (L)) implicitly contains the statement that the operator Ya1 (A) X (A)+
T22(A) is invertible for each A € D. In particular, taking X = 0 in (L), we see
that under the conditions of the above theorem, the operator Toz(\) is invertible
for each A € D.

Furthermore, setting X = 0 in (L9), we obtain the so-called central solution
F5(X) = T12(A\)Y22(X\) 71, which is introduced, in a different way, in Remark
See also Theorem and Proposition In Section [7] we show that the central
solution is the unique Schur class function that maximizes a notion of entropy
among all solutions; see Theorem [7.1] below.

By Theorem [L1] the set of all solutions is parameterised by the Schur class
S(U,E). Hence the LTONP interpolation problem has a single solution if and only
it £ = {0}; [we assume that U/ is non-trivial]. On the other hand we know that &£
can be chosen in such a way that Ker W = Im To, where © € S(£,U) is an inner
function. Thus & = {0} holds if and only if Ker W = {0}, i.e., W is one-to-one.
On the other hand, since we assume A to be strictly positive, WW™ is also strictly
positive. Thus there exists a single solution if and only if W is invertible.

In Section [ we specialize Theorem [I1] for the Leech problem case, yielding
Theorem below, which gives a generalization and a further improvement of the
description of all solutions of the rational Leech problem given in [24].

The explicit formulas for the functions Y5, 1 <4, j < 2, given in (L.I0)-(L.I3) are
new. The formulas are of the same complexity as the corresponding formulas for the
coeflicients appearing in the linear fractional representation of all solutions of the
sub-optimal Nehari problem presented in the classical Adamjan-Arov-Krein paper
[1]. See also Theorem XXXV.4.1 in [26] where the linear fractional representation
of all solutions of the sub-optimal Nehari problem in the Wiener class setting is
obtained as an application of the band method [27] and [28]. The variation of
the band method for solving extension problems presented in [34] and the related
unpublished manuscript [33] inspired us to derive the formulas in Theorem [[11

When the inner function © determined by Ker W = Im Tg is bi-inner, then the
LTONP interpolation problem is equivalent to a Nehari extension problem. But
even in this special case, it requires some work to derive the formulas (LI0) — (LI3);
cf., |26, Section XXXV.5].

The next theorem is an addition to Theorem [[LT] which will allow us to derive
further properties for the coefficients Y;;, 1 < ¢,7 < 2, in the linear fractional
representation (L9); see Proposition below and Section The theorem also
shows that the functions (LI0) — (LI3) are the natural analogs of the formulas
appearing [26], Theorem XXXV.4.1] for the Nehari problem.

Theorem 1.2. Let {W, W, Z} be a data set for a LTONP interpolation problem.
Assume A = WW* —WW™* is strictly positive. Then P = WW™* is strictly positive,
the operator

(1.15) A=W*P'W: 2. (U) — 2()
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is a strict contraction, and the functions defined by ([LI0) — (LI3) are also given
by

(1.16) T11(A) = D*Qo + AES(I — AS5) ™ H(I — AA*)T'W*C*Q.,
(1.17) T12(A) = B (I — AS3) TA(I — A*A) ' EyR.,

(1.18) Yo1(N) = AEJ, (I — AS;) " LA* (I — AA*) ' W*C*Q.,
(1.19) Toa(N) = By (I - AS;) ' (I — A*A) ' EyR..

Here, as in the preceding theorem, C' : Z — & and D : Y — & form an admissible
pair of complementary operators determined by the data. Furthermore, the strictly
positive operators Qo and R defined by (LI4) are also given by

_1
(1.20) Qo = (Ie + CWA(1 = a*4) " arwcr) 7,
1
(1.21) R, = (E;, (I- A*A)_lEu) .
In the following result we list a few properties of the coefficients of the linear
fractional transformation (L9).

Proposition 1.3. Let {W, ﬁ//, Z} be a data set for a LTONP interpolation problem.
Assume A = WW*—WW™ is strictly positive. Then the functions Y;;, 1 <1i,5 <2,
given by (LIO)~(LI3) are H2-functions. More precisely, we have

(1.22) Yi()z € H*(Y) and Yor()x € H*U), €&,
(1.23) Yio()u € H*(Y) and Too()u € H*U), uel.

Moreover, the functions T; ; form a 2 x 2 J-contractive operator function, that is,
for all A € D we have
(1 24) Tll()\)* Tgl()\)*] [ Iy 0 ] [ Tll()\) Tlg()\) ] < [ Ig 0 ]

) Tlg()\)* ng()\)* 0 —Iz,[ Tzl()\) ng()\) 0 —Iz,[ ’
with equality for each A in the intersection of the resolvent set of Z and the unit

circle T. Furthermore, Ta3(X) is invertible for each X € D and Yoo(\) ™t is a Schur
class function.

Here for any Hilbert space V the symbol H?()V) stands for the Hardy space of
V-valued measurable functions on the unit circle T that are square integrable and
whose negative Fourier coefficients are equal to zero. Equivalently, p € H2(V) if and
only if ¢ is an V-valued analytic function on the unit D and its Taylor coeflicients
©0,$1, 2, ... are square summable in norm. .

Assume that A = WW* — WW* is strictly positive. Then A = W*P~'W is
a strict contraction. Because P = WW™ is strictly positive, we see that Im W is
closed and Im A C Im W*. Furthermore, WA = W, and hence W(Tr — A) = 0
for any solution F' to the LTONP interpolation problem. In other words, if F'is a
solution to the LTONP interpolation problem, then necessarily

Al Im W™
1o [ a0 [
The converse is also true. This observation enables us to rephrase the LTONP
interpolation problem as a commutant lifting problem. On the other hand, as we
shall see in Section 8 a large class of commutant lifting problems can be viewed as
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LTONP interpolation problems, and hence Theorem [[.2] can be used to describe all
solutions of a large class commutant lifting problems. This will lead to a commutant
lifting version of Theorem [[.2} see Theorem B below.

CONTENTS. The paper consists of nine sections, including the present introduc-
tion, and an appendix. In Section 2] we develop our primary techniques that are
used to prove the main results, namely observable, co-isometric realizations from
system theory, and we show how solutions can be obtained from a specific class of
observable, co-isometric realizations, referred to as A-preferable. The main result,
Theorem 2.1 presents yet another description of the solutions to the LTONP in-
terpolation problem. This description is less explicit, but on the other hand only
requires the Pick operator to be non-negative. In SectionBlwe prove the main result
of Section 2] Theorem 211 Starting with Section F] we add the assumption that
the Pick operator is strictly positive. The main results, Theorems [[.1] and are
proven in Sections [ and [ respectively. The next section is devoted to the proof of
Proposition[[.3l Here we also show that the central solution, introduced in Remark
22 is indeed given by the quotient formula mentioned in the first paragraph after
Theorem [T} see Proposition[6.2l In Section [dwe introduce a notion of entropy as-
sociated with the LTONP interpolation problem and show that the central solution
is the unique solution that maximizes the entropy. This result is in correspondence
with similar results on metric constrained interpolation; cf., Section IV.7 in [I9].
The new feature in the present paper is that we can rephrase the entropy of a
solution in terms of its A-preferable, observable, co-isometric realizations. In the
last two sections, Sections [§] and @ we describe the connections with the commu-
tant lifting problem and the Leech problem, respectively. Finally, the appendix
consists of seven subsections containing various preliminary results that are used
throughout the paper, with proofs often added for the sake of completeness.

TERMINOLOGY AND NOTATION. We conclude this introduction with a few words on
terminology and notation. With the term operator we will always mean a bounded
linear operator. Moreover, we say that an operator is invertible when it is both
injective and surjective, and in that case its inverse is an operator, and hence
bounded. An operator T" on a Hilbert space H is called strictly positive whenever it
is non-negative (T > 0) and invertible; we denote this by 7' > 0. The unique non-
negative square root of a non-negative operator 7" is denoted by T=. Furthermore,
an operator T on H is said to be exponentially stable whenever its spectrum o(T)
is inside the open unit disc D, in other words, when the spectral radius rspec(T) of
T is strictly less than one. Moreover, we say that T is pointwise stable whenever
T™h — 0 for each h € H; by some authors (see, e.g., Definition 4.5 in [9]) this kind
of stability is referred to as strongly stable. Clearly, a exponentially stable operator
is also pointwise stable. A subspace M of a Hilbert space H is by definition a closed
linear manifold in H. Given a subspace M of H we write Py for the orthogonal
projection on H along M. We will also use the embedding operator 7oq : M — H,
which maps m € M to m € H. Its adjoint 74, : H — M will also be denoted
by Ilrq, and thus II,, is the embedding operator 7o4. Recall that Sy, denotes the
unilateral forward shift operator on €3 (i), for a given Hilbert space «. We will also
need the operator Ey : U — €% (U) which is the embedding operator that embeds

U into the first entry of ¢2 (i), that is, Byu=[u 0 0 - ]T € (2. (U). Here,
and in the sequel, the symbol T indicates the block transpose. Hence for a (finite
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or infinite) sequence C1, Cs, ... of vectors or operators we have
Cy a1’
[ Cl Cg ]T = C2 and C2 = [ Cl Cg ]

Finally, for any y = col [yj]jio in (2 (Y) we have
Yo
n >
(1.25) TN = By (I =AS5) ™" | =D Ay, A€D.
n=0

It follows that 7 belongs to the Hardy space H2())), and any function in the Hardy
space H?()) is obtained in this way. The map y + 7 is the Fourier transform
mapping ¢2 ()) onto the Hardy space H?(Y).

2. OPERATOR NEVANLINNA-PICK INTERPOLATION AND CO-ISOMETRIC
REALIZATIONS

Throughout this section {W,W7 Z} is a data set for a LTONP interpolation
problem, and A is the associate Pick operator. We assume that A is a non-negative
operator, but not necessarily strictly positive, and we define Z, to be the closure
of the range of A. Thus

(2.1) Z=2Z,®KerA.

The main result of this section, Theorem [Z.I] below, provides a Redheffer type
description of the set of all solutions of the LTONP interpolation problem with
data set {W, W, Z}. The proof of this result will be given in Section Bl but much
of the preparatory work is done in the current section.

From the definition of the Pick operator and the two identities (L)) and (L) it
follows that

(2.2) A — ZAZ* = BB* — BB*.
Since A > 0, the identity (22]) can be rewritten as K1 K7 = KoK, where

u y
Z Z

This allows to apply Lemma Let F and F’ be the subspaces defined by
(2.4) F=ImK; and F =ImKj.

Notice that F is a subspace of U & Z, while F’ is a subspace of ) & Z,, where Z,
is the subspace of Z given by ([2.1)). Applying Lemma [A3] we see that there exists
a unique operator w from F into F' such that

(2.5) (B ZA3] [ABZ} —[B zA3]w [f_] ~ B Al [f]

(2.3) K= |B A%}:{ }—>Z and K, = [B ZAﬂ:[ }—>Z.

Moreover, w is a unitary operator mapping F onto F’. We shall refer to w as the
unitary operator determined by the data set {W, W, Z}. Note that the two identities
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in (23) imply that

(2.6) w{é*} _{ B ] and B ZA}w=[B A]

Az| T [Az >

In fact each of the identities in ([26]) separately can be used as the definition of w.
In the sequel G and G’ will denote the orthogonal complements of 7 and F’ in

UDZ, and Y @ Z,, respectively, that is,

(2.7) G=UDZ,)O0F and G =(YdZ,)0F.

In particular, F&G =UD Z, and F' &G’ = Y@ Z,. The fact that G is perpendicular

to F and G’ is perpendicular to ' implies that

(2.8) K1G={0} and K,G = {0}.

The following result, which is the main theorem of this section, will be used in the
later sections to derive our main theorems.

Theorem 2.1. Let {W,ﬁ//, Z} be a data set for a LTONP interpolation problem
with Z* being pointwise stable, and assume that the Pick operator A is non-negative.
Furthermore, let w be the unitary operator determined by the data set. Then the
LTONP interpolation problem is solvable and its solutions are given by

(29)  F(A) = G11(\) + AG1a(A) (Iz, — AGaa(\) "' Gar(N), A eD,

where

(2.10) G = [G“ Gz

C7Y21 G22

Moreover, there is a one-to-one correspondence between the set of all solutions F
and the set of all Schur class functions G satisfying the two conditions in (2.10]).

] eESUDZ,,Y® Z,) and G(0)|F = w.

Remark 2.2. Let G, be the function identically equal to wPr. Then G, is a Schur
class function, Go € SU ® Z,,Y @ Z,), and Go(N)|F = w for each A € D. Thus
the two conditions in (2I0) are satisfied for G = G,. The corresponding solution
F is denoted by F;, and referred to as the central solution. Note that F, € S(U, D).

The following corollary is an immediate consequence of Theorem 2] using the
definition of the central solution given above.

Corollary 2.3. Let {W, W, Z} be a data set for a LTONP interpolation problem
with Z* being pointwise stable, and assume that the Pick operator A is non-negative.
Furthermore, let M, be the operator mapping U ® 2, into Y @ 2, defined by M, =
wPr, where w is the unitary operator determined by the data set. Write M, as a
2 x 2 operator matriz as follows:

e | (U N
-l n) 2] - 2]
Then the central solution Fy is given by
(2.11) Fo(A\) =60 + Mo(Iz, — o) Bo, A eD.

Since M, is a contraction, one calls the right side of (ZI1)) a contractive realiza-
tion. The next example is a trivial one to a certain extend, on the other hand it
tells us how one can construct a contractive realization for any Schur class function.
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Example 2.4. Let F' be a Schur class function, F' € S(U,Y), and let Tr be the
Toeplitz operator defined by F. Put Z; = (3 (), and consider the operators

(2.12) Wi=1Ig ), Wi=Tr Z =Sy

Then
ZiWy = Sy = WiSy, ZWi = SyTr = TpSy = W1 Sy.

Thus {Wh, Wl, Z1} is a data set for a LTONP interpolation problem. Moreover,
ZF = 5%, and hence Z7 is pointwise stable. Note that ¥ € S(U,)) is a solution
to the related LTONP interpolation problem if and only if WiTe = ﬁ//l. But
WiTe = ﬁ//l if and only if Tg = Tp. It follows that the LTONP interpolation
problem for the data set {7, Wl, Z1} is solvable, and the solution is unique, namely
® = F. But then F is the central solution of the LTONP interpolation problem for
the data set {7, Wl, Z1}, and Corollary 23] tells us that F' admits a representation
of the form

(2.13) F(\) =61+ Mi(Iz,, — ) !B, A e D.

Moreover, the operator matrix M; defined by

e o m| | U Yy
M= {51 al} ' |:Zl,o:| - |:Zl,o:| ’

is given by M; = wy Pr,, where w; is the unitary operator determined by the data
set {W71, ﬁ//l, Z1}. Since M7 is a contraction, the right hand side is a contractive real-
ization of F. Thus given any F' € S(U,)) Corollary 23] provides a way to construct
a contractive realization for F. Finally, it is noted that in this setting the corre-
sponding subspace Gf := G’ = {0}, and thus, M} = w; P, is in fact a co-isometry.
Indeed, to see that this is the case, note that 21 o := Z, = Im (I — T¢T})? and F]
is the closure of the range of

Byl ) _ [ Iy o ] [ E3 }
(I — TFT;,)ES;} 0 (I — TFT;)E Sff; ’

Since the block column operator on the right hand side is unitary it follows that
F7 is equal to the closure of the range of the 2 x 2 block operator on the right hand
side, which equals Y @ 21 ,. Therefore, Gi = (¥ ® Z1,) © F; = {0}, as claimed.
We shall come back to this construction in Subsection [A.4] of the appendix.

Describing the solution set of an interpolation problem with a map of the form
([29) with a restriction of G equal to a constant unitary operator is one of “standard”
methods of parameterizing all solutions of interpolation problems. For instance, this
type of formula is used in the description of all solutions to the commutant lifting
theorem; see Section VL5 in [19], where the unitary operator w is defined by formula
(2.2) on page 265, the analogs of the spaces F, F', G, G’ appear on page 266, and
the analog of the function G is referred to as a Schur contraction. Such maps are
also used to describe all solutions to the so-called abstract interpolation problem,
cf., [36, B7], and these are only a few of many instances. The operator w is also
closely related to the “lurking isometry” used in [I2], which has its roots in [45].

In the present paper the proof of Theorem 2] is based purely on state space
methods, using the theory of co-isometric realizations. Therefore we first review
some notation, terminology and standard facts from realization theory, including
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the main theorem about observable, co-isometric realizations of Schur class func-
tions. The reader familiar with system theory may skip this subsection.

2.1. Preliminaries from realization theory. We say that a quadruple of Hilbert
space operators ¥ = {«, 3,7,0},

a: X=X, p:U=X, v: X=>)Y, U=,
is a (state space) realization for a function F' with values in L(U, D) if
(2.14) FA) =6+ M —Xa)'p

for all A in some neighborhood of the origin. The space X is called the state space
while U is the input space and ) is the output space. In systems theory F is referred
to as the transfer function of the system ¥ = {a, 8,7, }. Note that {a, 8,v,d} is a
realization for F' implies that F is analytic in some neighborhood of the origin, and
in that case the coefficients {F), }52 of the Taylor expansion of F(\) = > ° /A" F,
at zero are given by

(2.15) Fo=F0)=6 and F,=~a""'3 (n>1).

The system ¥ = {a, 8,7, 0} or the pair {~, a} is said to be observable if N, >oKer ya™ =
{0}. Two systems {aq, 81,71,01} and {2, 82,72, 02} with state spaces X; and Xa,
respectively, are called unitarily equivalent if 1 = 2 and there exists a unitary
operator U mapping &} onto X such that

aU =Uar, B2=UpBi, 7U=m.

Clearly, two unitarily equivalent systems both realize the same transfer function F.
Given a system ¥ = {«, 3,7, 0} the 2 x 2 operator matrix My, defined by

0oy |U y
(2.16) My = {ﬁ a} . M S M
is called the system matriz defined by X. If the system matrix My is a contraction,
then its transfer function is a Schur class function, F € S(U,Y), that is, F is

analytic on the open unit disc D and sup,¢p || F'(A)|| < 1. The converse is also true.
More precisely, we have the following classical result.

Theorem 2.5. A function F is in S(U,Y) if and only if F' admits an observable,
co-isometric realization. Moreover, all observable, co-isometric realizations of F
are unitarily equivalent.

The ‘if part” of the above theorem is rather straight forward to prove, the “only
if part” is much less trivial and has a long and interesting history, for example
involving operator model theory (see [43] and the revised and enlarged edition [44])
or the theory of reproducing kernel Hilbert spaces (see, [I4] and [15]) . We also
mention Ando’s Lecture Notes [4] Theorem 3.9 and formulas (3.16), (3.17)], and
recent work in a multivariable setting due to J.A. Ball and co-authors [7]- [13].

An alternative new proof of Theorem is given in Subsection [A4] in the Ap-
pendix.

If the system X = {«, 3,7, 0} has a contractive system matrix, then

v

gle’

(2.17) I := col [vaj];io = |ya2| 1 X = (D)
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is a well defined operator and I' is a contraction. This classical result is Lemma
3.1 in [20]; see also Lemma in the Appendix where the proof is given for
completeness. We call I' the observability operator defined by X, or simply by the
pair {v,a}. Note that in this case X is observable if and only if T' is one-to-one.
We conclude with the following lemma.

Lemma 2.6. If F € S(U,Y) has a co-isometric realization, then F has an observ-
able, co-isometric realization.

Proof. Assume that ¥ = {«, 8,7,d} is a co-isometric realization of F. Let T be
the observability operator defined ([ZI7), and let Ay be the closure of the range
of T'*. Thus X = Ay & KerI', and relative to this Hilbert space direct sum the
operators «, B, v admit the following partitions:

CJao 0] [ X X 8] X
O‘_LO *]'{Kegl"]_){KegF}’ B_[*O]'”_’{Kefr]’
7:[70 O] : [KZ?F] - ).

Then the system X¢ = {«ag, 80,70, 0} is an observable realization of F'.
The system matrix My = My, for ¥y is also co-isometric. To see this notice
that My admits a matrix representation of the form

é Yo 0
M,
Ms= |80 ap O :{*0

ﬂ , and hence MyMs = [
* Kk %

MoMg  *
* x|

Since My is a co-isometry, Mx M5, is the identity operator on the space Y @
Xo @ KerI', and thus MM is the identity operator on Y @ Aj. Therefore,
o = {ao, Bo,Y0,9} is an observable, co-isometric realization of F. O

2.2. Solutions of the LTONP interpolation problem and A-preferable re-
alizations. As before {W, W, Z} is a data set for a LTONP interpolation problem,
and we assume that the Pick operator A is non-negative.

Let ¥ = {a,3,7,0} be a co-isometric realization of F' with state space X and
system matrix M = Myx. We call the realization A-preferable if X = Z, @V for
some Hilbert space V and M|F = w. As before, Z, equals the closure of the range
of A; see (1)), and w is the unitary operator from F onto F’ determined by the
data set {W, W, Z}. In particular, F and F' are the subspaces of UB Z, and Y& Z,
respectively, defined by (24]). Note that X = Z, @ V implies that F C U & X, and
thus M|F is well defined. Furthermore, M partitions as

b Mmoo u y
(218) M = 61 11 Q2| ¢ Zs| — | 2o R
B2 g1 a2 V V
and the constraint M|F = w is equivalent to
o M
2.19 = F
( ) “ [51 0411}

To see the latter, observe that M|F = w implies that MF = wF =F C Y P 2,
and hence [B2  am] |F = {0}. Conversely, if 2I9) holds, then the restriction of
the first two bock rows of M in ([ZI8) to F is equal to w. Since w is unitary, the
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restriction of the last block row to F must be zero, for otherwise M would not be
a contraction. Hence M|F = w.
The following theorem is the main result of the present subsection.

Theorem 2.7. Let {W,W, Z} be a data set for a LTONP interpolation problem
with Z* being pointwise stable, and assume that the Pick operator A is non-negative.
Then all solutions F of the LTONP interpolation problem are given by

(2.20) FA)=0+MI-X)"'3, XeD,

where 3 = {«, B,7,0} is an observable, co-isometric realization of F which is A-
preferable. Moreover,

(2.21) A=WIT*W*,

where I' is the observability operator mapping X into Ei (V) determined by {v,a}.
Finally, up to unitary equivalence of realizations this parameterization of all solu-
tions to the LTONP interpolation problem via A-preferable, observable, co-isometric
realizations ¥ = {a, 8,7, 0} is one-to-one and onto.

Remark 2.8. If one specifies Theorem 2.7 for the case when the data set is the
set {Wy,Wh,Z1}, where Wy, Wi and Z; are given by (2I2), then Theorem
is obtained. Note however that Theorem is used in the proof of Theorem 2.7,
and therefore Theorem does not appear as a corollary of Theorem 27l On the
other hand, if one uses the arguments in the proof of Theorem [2.7] for the data set
{Wh, Wl, Z1} only, then one obtains a new direct proof of the fact that any Schur
class function admits an observable co-isometric realization. This proof is given in
Subsection [A.4} cf., Example 2.4

The proof of Theorem 2.7 will be based on two lemmas.

Lemma 2.9. Let {W, W, Z} be a data set for a LTONP interpolation problem with
Z* being pointwise stable, and assume that the Pick operator A is non-negative. Let
FeSU,Y), and assume that ¥ = {«, 8,7,d} is a A-preferable, co-isometric real-
ization of F'. Then F is a solution to the LTONP interpolation problem. Moreover,

(2.22) ATz, = WT,
where T is the observability operator defined by {v,a} and Z, = Im A; see Z1)).
Proof. Using ZW = WSy and SI' = I'a, we obtain
WT — ZWTa =W (I — SyS3)T = WEyET = By.
In other words,
(2.23) WT — ZWTa = By.

Because Z* is pointwise stable, it follows that WT is the unique solution to the
Stein equation Q — ZQa = B«; see Lemma [A1lin the Appendix.

Since the system ¥ = {a, 8,7,d} is A-preferable, we know that the state space
X is equal to Z, @ V for some Hilbert space V, where Z, = ImA. Let IIz, be the
orthogonal projection from X = Z, @ V onto Z,. We shall prove that

(2.24) (B ZA*1z] {g ZJ =B adnz,].

Let M = Msx, be the system matrix of the realization ¥, i.e., the 2 x 2 operator
matrix appearing in the left hand side of ([224). To prove the identity (224) we
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first note that the second identity in (28] and M|F = w imply that the two sides of
[224) are equal when restricted to F. Next, consider the orthogonal complements
Fr=UaZ,dV)oF=0aV Fr=QPazZ aV)oF =¢aV.

Since M is a contraction with MF = F’ and M|F is unitary, we have M F+ C F'+.
Therefore it remains to show that the two sides of (224) are also equal when
restricted to F*. To do this, take f = [uo 20 vo] T in F+. Here uy € U,
20 € Zo, and vg € V. Then

ug
(2.25) (B Az r=[B Adz o] |2| =B Al [“O] .
Vo %0
But the vector [ug 20| " belongs to the space G. Thus the first identity in (Z38)
shows that [E A%HZO}f = 0. Now consider f' := Mf € F'*. Write f' =
[vo 2 vp] ", whereyg €Y, 2 € Z,, and vy € V. Then
1 1 Yo 1 Y
(B ZA:Tg, | Mf=[B ZA3|Z, 0] |z| =[B ZAz] [29] =0,
v 0

because [yo  z)] T belongs to G’ and using the second identity in ([ZJ). We conclude

that [B ZA%HZO} M f = 0. Hence when applied to f both sides of ([Z.24)) are equal
to zero, which completes the proof of ([2.24]).
Note that ([224]) is equivalent to the following two identities:

(2.26) A?Tlz, = ZA*lz,a+ By and B = ZA?Ilz, j + BS.

Because WT is the unique solution to the Stein equation ([2.:23]), as observed above,
the first identity in (Z26) shows that WT' = AzIlz,, i.e., the identity (Z22) holds
true.

By consulting the second equation in (2.26]), we have B = ZWTB + B6. Using
this we obtain

WTpEy = [WEy WSy { S;;ffgu] —[B 2ZW] [Féﬂ} - B

Therefore WTrEy = B= WEU. So for any integer n > 0, we have

WTeSyEy = WSS TrEy = Z"WTrEy = Z"W Ey = WSS Ey.
Because {7} EyU}22 spans (3 (U), we see that WTp = W. Hence, F is a solution
to the LTONP interpolation problem. (I

Lemma 2.10. Let F be a solution to the LTONP interpolation problem with data
set {W,W,Z}, and assume X = {a, 8,8} is a co-isometric realization of F. Then
up to unitary equivalence the realization Y. is A-preferable.

Proof. Throughout F(\) = & + My(I — Aa)~!f is a co-isometric realization of the

solution F' for the LTONP interpolation problem with data set {W,W, Z}. We
split the proof into three parts.

PART 1. In this part we show that

(2.27) (B ZWT] {g ZJ =B wr].
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To prove this equality, note that

(B ZWT| {g] =B6+ ZWIB = Bi+ WSyI'
= WEys + WSyI'8 =W (Eyd + SyI'8)
5
B
(2.28) W Wf = WTpEy = WEy = B.

ya= B3

Furthermore, we have
(B ZwT] m = By + ZWTa = WEyy + WSyTa
(2.29) =W (Eyy+ Syl'a) = WT.

Together the identities (Z28)) and (Z29) prove the identity (Z27]).

PART 2. In this part we show that WI'T*W™* is equal to the Pick operator A.
Since the realization {«, 8,v,d} is co-isometric, the corresponding system matrix
is a co-isometry, and hence ([2:27)) implies that

B wr] {FBW} —[B zZwT] {vai Z*] .
Now put 2 = WIT*W*. Then the preceding identity is equivalent to
Q- Z0Z* = BB* — BB".
Hence () is a solution to the Stein equation ([22)). Since Z* is pointwise stable, the
solution to this Stein equation is unique (see Lemma [AT]), and thus, Q = A.

PArT 3. In this part we show that up to unitary equivalence the system ¥ =
{a, B,7,0} is A-preferable. Let X be the state space of ¥, and decompose X as
X =X, ®YV, where V = Ker WTI'. Since

(WD)(WT)* = A= A2z, IT5 A2

by the second part of the proof, the Douglas factorization lemma shows that there
exists a unique unitary operator 7, mapping Z, onto X, such that

(2.30) (WT|X,)70 = A7 | Z,.

Now, put X=2Z,8 V, let U be the unitary operator from X onto X defined by
o 0| [Z Xo

o o= 23]~ 5]

and define the system Y= {a, B, ~, g} by setting

(2.32) a=U'taU, B=U"'B8, F=~U, =34

Note that the systems X and Y are unitarily equivalent. Thus ¥ is a co-isometric
realization of F'. Furthermore, the space Z, is a subspace of X. Therefore in order
to complete the proof it remains to show that the system matrix M of the system
¥ has the following property:

M |F = w.
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Here w is the unitary operator determined by the given data set {W, W,z }. In
particular, w : F — F’, with F and F’ being defined by (2.4).

Let M be the system matrix for ¥. Multiplying (Z.27) from the right by M*,
using the fact that M is a co-isometry, and taking adjoints, we see that

B* B*
2. M = .
) ovrr| = o]
Note that (WT)* maps Z into X,. Hence taking adjoints in (2.30]) and using that
T, IS a unitary operator, we see that

(WI)*z = ToA2z for each z € Z.

But then, using the definition of U in (2.31), we obtain
(2.34)

{Ig Uol} {(Wéli)*}:{fg and [13’ Uol] [(W%:ZJ:[A?;*]-

From ([232) it follows that

~[, 0] [Iy o
il 2)-[y L]

Using the later identity and the ones in ([233)) and ([2.34]) we see that
~[B*] —~[Iy O B [Iy 0 B
V=8 ] ] = (8 ot ey

-[8 o] - [i57)

Now recall that w is the unique operator satisfying the first identity in (2.6]). Thus
M and w coincide on F, that is, M|F = w. O

Corollary 2.11. If F € S(U,)) has a A-preferable, co-isometric realization, then
F has a A-preferable, observable, co-isometric realization.

Proof. The fact that F has A-preferable, co-isometric realization implies (use
Lemma [2Z0) that F is a solution to the LTONP interpolation problem. More-
over, from Lemma we know that F' has an observable, co-isometric realization.
Since observability is preserved under unitarily equivalence, Lemma tells us
that F' has a A-preferable, observable, co-isometric realization. O

Proof of Theorem 2.7l Let ¥ be an observable, co-isometric system which is A-
preferable, and let F' be its transfer function. Then Lemma tells is that F' is a
solution to the LTONP interpolation problem. Moreover, since Z, is the closure of
the range of A, the identity (2:22]) shows that
WIT*W* = A2Tl5 IT5 Az = A,

which proves (Z2I)). Conversely, by Theorem and Lemma 210, if F is a solu-
tion to the LTONP interpolation problem, then F' has a A-preferable, co-isometric
realization. But then F' also has a A-preferable, observable, co-isometric realization
by Corollary 211l Finally, by Theorem 2.5 two observable, co-isometric realiza-
tions have the same transfer function F' if and only if they are unitarily equivalent.

This proves that up to unitary equivalence the parametrization is one-to-one and
onto. 0
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For later purposes, namely the proof of Theorem [Z1] in the next section, we
conclude this subsection with the following corollary of Lemma

Corollary 2.12. Let F € S(U,Y), and let the systems X = {«, 8,7,0} and X' =
{o/,B8',7',6} be A-preferable, co-isometric realizations of F with state spaces X =
Zo®YV and X' = Z, V', respectively. If U : X — X' is a unitary operator such
that

(2.35) dU=Ua, B =UB8, ~U=nr.
Then U|Z, is the identity operator on Z, and UV =V'.

Proof. Let I" and IV be the observability operators of ¥ and ¥', respectively. From
239) it follows that I'U = T". Furthermore, using the identity (222)) for both ¥
and ¥/ we see that

ATz, = WD and A2Ilz, = WI'.
Taking adjoints, it follows that UIl% A% = UT*W* = I"*W* = I, A%. Since the
range of Az is dense in Z,, we conclude that the operator U acts as the identity

operator on Z,, i.e., U|Z, = Iz,. But then, using the fact that U is unitary, we
see that UV = V. O

3. PROOF OF THEOREM [2.1]

In this section we prove Theorem 21 Thus throughout {W, W, Z} is a data
set for a LTONP interpolation problem with Z* being pointwise stable, and we
assume that the Pick operator A is non-negative. Furthermore, we use freely the
notation and terminology introduced in the first three paragraphs of Section 2 In
particular, w is the unitary operator determined by the data set.

We begin with two lemmas. The first shows show how Schur class functions
F and G that satisfy ([Z.9) can be constructed from contractive realizations, and
hence, in particular, from co-isometric realizations.

Lemma 3.1. Let M be a contractive linear operator mapping U & Z, &V into
V& Z,®V, for some Hilbert space V, partitioned as in 2I8). Define

-1
(6% (6% ﬂ
FA)=6+A[m 7] <I— A {a; agD [ﬁj ’

=[G G ]
(3.1) :{ﬁi Jﬂ—k)\[(z;] (I—Aaz) "' [B2 ax].

Then F, G and the functions G;;, 1 < 14,5 <2, are Schur class functions, and
(3.2) F(A) = G11(A) + M\G12(N) (Iz, — /\Ggg()\))_l Ga1(N\), XeD.

Proof. Since M is contractive, the system matrices of the realizations of F' and G
in (3I) are also contractive, and hence F' and G are Schur class functions. Note
that the second identity in (BI)) tells us that

Gii(N) = 64+ Mo (I — Aaza) " B2, Gra(N) = 71 + Mya (I — Aaza) ™" o,
Ga1(N) = B1 + Aaia (I — )\0422)71 B2, Gaa(A) = a1 + Aara (I — )\0422)71 Qa1.
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Again using M is contractive, we see that the system matrices of the realizations
of Gyj, 1 < 14,7 < 2, are also contractive, and hence the functions G5, 1 <14,j5 < 2,
are also Schur class functions.

Now let F' be given by the first identity in (3). Fix A € D and v € Y. Put
y = F(M\u, and define

-1
b= (e 22) ]
Then the identity F(A\)u =y is equivalent to the following three identities:
(3.3) Yy = 0u + Ay1x1 + Myeua,
(3.4) 21 = Bru + Aa11T1 + Aa1oTa,  Xo = Pou + A1 11 + A xs.
The second identity in (4] implies that
(3.5) xo = (I — /\0422)_1 Bou+ A(I — /\0422)_1 91T .
Inserting this formula for 25 into the first identity in ([3.4]) yields
T = fru+ Az + Aoz (I — /\0422)71 Bou+ Nona (I — /\0422)71 Q2171
= Gar(A\)u + A1z + A(Gaz(N)z1 — o121)
= Ga1(N)u 4+ AG22(N)z1,
and thus
(3.6) 21 = (I — A\G22(\)) "' Gar (M.
Using the identity (33]) together with the identities (33 and (B6) we obtain
F(MNu = 0u+ My1x1 + Ayame
=du+ Iz + M2 (I — )\agz)_l Bots + N2yq (I — )\agz)_l Q911
=G (Nu+ A (71 + My (I — hagg) a21> x1
= G11(N)u + A\G12(\) (I = AG22(A) ! Gar (M.
Hence (3:2)) holds as claimed. O

Lemma 3.2. Let M be a contractive linear operator mapping U & Z, &V into
Y& Z, @V, for some Hilbert space V, partitioned as in [2I8). Consider the
systems

@) a={lan i fa) o)
a8 Be{omte el [T] |5 2]}

Then ¥ is observable if and only Zfi is observable and
(3.9) ) [O‘“ 0‘12} ﬂ =0 (n=0,1,2,...) = z=0.

Qo1 (22 v

Proof. We split the proof into two parts. In the first part we assume ¥ is observ-
able, and we prove that ¥ is observable and that (3.9) holds. The second part deals
with the reverse implication.
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PART 1. Let ¥ be observable. In that case the identities on the left side of the
arrow in ([3.9) imply that z = 0 and v = 0. In particular, the implication in ([B.9)
holds. To see that X is observable, fix a v € V, and assume that

2 n
as,v=0, n=0,1,2,....
e

In other words, we assume that
(3.10) Yeadv =0 and appafv =0, n=0,1,2,....

We want to show that v = 0. We first show that

(3.11) {o‘“ o‘urmz[ 0 ] n=0,1,2....

n
21 (29 v Qoo

For n = 0 the statement is trivially true. Assume that the identity in (311]) holds
for some integer n > 0. Then, using the second part of (BI1]), we obtain

n+1 n
a1 a2 0] |onn o2 0 | J|oazagw| | 0
Qo1 Q2 v Qo1 Q2| |Qpov agy v agy v’
By induction (B.IT) is proved. Using the second part of (811, we conclude that

[71 72] [au au] {O] = [71 72] {aiv} =yahv =0, n=0,1,2,....

Qo1 (22 v

Since the system ¥ is observable, we conclude that v = 0, and hence Y is observable.

PART 2. Assume that ¥ is observable and that (33) holds. Let ' be the observ-
ability operator defined by 3. Thus

v
Yo

I'=lya2]:X = (3(Y), where X = Z, &V and

-Zo Zo Zo
T I R ko] B A H A B

Since M is a contraction, the operator I' is a well defined contraction; see Lemma
[A. 100 We want to prove that I is one-to-one.

Let z = z&v € KerI'. Then condition (3.9) tells us that z = 0. Thus KerI' C V.
It remains to prove that v = 0.

Observe that S3T" = T'a. Thus "z € KerI' C V for each n = 0,1,2, ... which,
by induction, implies that

(3.12) o H:[ 0 } n=0,1,2....

n
v Qoo

We see that
n [0 0 n
0=« L] = [71 72} {0/2121)] =ya5v, n=01,2,....
Furthermore, again using (8:12), we have ajsal,v = 0 for each n > 0. Thus

(3.13) [72]a32v_0, n=0,1,2,....
a2
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But, by assumption, ¥ is observable. Thus (B13) implies that v = 0, as desired. O

Proof of Theorem 2.7l First assume F' € S(U,)) is a solution to the LTONP
interpolation problem. By Theorem 2.5 the function F' admits an observable co-
isometric realization ¥ = {«, 3,7,d}. Since F is a solution of the LTONP inter-
polation problem, by Lemma 210, the realization ¥ is A-preferable, up to unitary
equivalence. Hence, we may assume . is A-preferable. This implies that the system
matrix M of ¥ has a decomposition as in [2.I8) and M|F = w. Now define G as
in (3I). Then, by Lemma [B] the function F' is given by (29). Moreover, since
the constraint M|F = w is equivalent to (ZI9) the fact that M|F = w implies
G(0)|F = w.

Conversely, assume G € S(U S Z,,) & Z,) with G(0)|F = w. We show that
F given by (Z9) is a solution to the LTONP interpolation problem. Let % =
{a, 5 s g} be an observable co-isometric realization of G with state space V. Then
8|F = G(0)|F = w. Note that the system matrix M of ¥ admits a decomposition

as in (2.1I7)), that is,
N 5 x o m | 7 u Yy
M = 5 Z =| B ann|ae || Z | = | 2
@ B2 o | oo vV 1%

By Lemma [B] we obtain that the system

(3.14) Y= {[a” a”] : gj T ,5}

Q21 Q22

is a co-isometric realization for the function F' € SU,Y) given by ([29). Fur-
thermore, § |]-' = w together with the fact that w is unitary and M a co- isometry,
implies that M |F = w. Hence ¥ is a A-preferable realization. Then, by Lemma 29
it follows that F given by (Z9)) is a solution to the LTONP interpolation problem.

It remains to show that in the characterization of the solutions to the LTONP
interpolation problem given in Theorem [2.1] the functions F' and G determine each
other uniquely. Clearly, F' is uniquely determined by G via ([29). Thus the proof
is complete when we show that for each solution F' there exists a unique G as in
@I0) such that (Z9) holds.

As in the second paragraph of the present proof, let G be in the Schur class
SUD Z,,Y D Z,) with G(0)|F = w, and let the system

Y= {a227 (B2 am], {07122] ’ [551 07111}}

be an observable co-isometric realization of G. Define F' by (Z9). Then the system
BI4) is a A-preferable co-isometric realization of F'. We claim that this realization
is also observable. To see this, we use the identity ([2.22]). Taking adjoints in (2.22)
we see that Z, C ImI'*, where I' is the observability operator defined by the pair
{v,a}, ie., as in (2I7), and hence KerI' C V. In other words, condition (3.9)
in Lemma is satisfied. But then, since 3 is observable, using Lemma [3.2] we
conclude that the system 3 is also observable.

Now assume G’ € SU @ Z,,Y & Z,) with G'(0)|F = w is such that F is also
given by (Z3) with G replaced by G’. Let

/o ’ / ! '75 o' ’71
Y= {04227 [52 a21} ) [a/m] ) [ﬁi o)




ALL SOLUTIONS TO AN OPERATOR NEVANLINNA-PICK INTERPOLATION PROBLEM 21

be an observable co-isometric realization for G’. Then

! ! !
> = ay alz] , |:ﬁ1] , / / ,5/}
{eg o) 3] e

is a A-preferable co-isometric realization for F', which is observable by the same
argument as used for ¥. Since all observable, co-isometric realizations of F' are
unitarily equivalent, by Theorem [2.5] we obtain that there exists a unitary operator
U from the state space Z,®V of ¥ to the state space Z, @V’ of ¥’ such that ([2Z.35)
holds, where

a11 12 B1
o = y = 5 = 3
{ o1 g ] B [ 5y } y=[m 7]
/ / /
a/:[all 0‘12}7 /:[51}7 r_ P
Yo R 8 R R R

By Corollary [Z12] we obtain that U|Z, = Iz, and U maps V onto V'. Let U=
UlV:V — V. Then (Z30) takes the form
-]
2 UBs |’

ann o1y || oy apU
UCYQl UO&QQ

This yields

SR _ 2 | _| % |5
Uagy = aoU, U[ B2 ao | =] 2 an |, |:CY12 } N [ o ]U'
However, this shows that the realizations Y and ¥ of G and G’, respectively,
are unitarily equivalent. Hence G = G’. We conclude that there exists only one
GeSUDZ,,Y D 2Z,) with G(0)|F = w such that F is also given by (2.9)). O

We conclude this section with the construction of an observable co-isometric
realization of the central solution F, introduced in Remark Decompose wPr
as

_ % |, U Y
el 22
Then we know from (ZTI1]) in Corollary 23] that
(3.16) Fo(N) = 86 + Mo (I — o)1 Bo.

However, ([B.13]) does not provide an observable co-isometric realization of F.

Lemma 3.3. Assume that the Pick operator A is non-negative. Let wPr decompose

as in BI0), and define

5o~ do | Y IyEg u Yy
(317) M = |: ﬁ o :| = ﬂo (%) HZOE(E»/ : Zo — Zo
00 Sg 3.(g") 3.(g")

Here 11z, and 11y are the orthogonal projections of Y & Z, onto Z, and Y respec-
twely. Then {«, B,7,0} is a A-preferable observable co-isometric realization of F,.
Moreover, Ker M = G.
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Proof. Since FOG=UD Z, and F' &G =Y ® Z,, the system matrix M can be
rewritten as

w 0 0 F F!
(3.18) M=10 0 Eil:| 6 |—=]| ¢
00 55 2@ |ew)
The fact that
(3.19) w:F—=F and Eg | %G — g’
: : sz |5 2(g)

are both unitary maps, implies that M is a co-isometry. Moreover, we have
-1
* ao 1z, Eg Bo
ot (i 5 ]
=00 + Mol — Aao) ™ o = Fo(N).

Here Iz, is the orthogonal projection from Y @ Z, = F' @ G’ onto the subspace
Z,. Hence M is the system matrix of a co-isometric realization of F,. It is also
clear from (BI8)) that the realization ¥ = {«, 8,7, 6} of Fs is A-preferable.

To prove that X is observable, let I" be the observability operator for the pair
{7, a}. Note that

I = [’Y* Ayt (a*)%* } Ki(y) — [63_2(’7&,)] .

Furthermore, we have

7= o) Y= lae] @ = laote sl o |aten)

Eglg | (D] EgTlg  Sgr ()]

Here Ilg: is the orthogonal projection from Y & Z, = F' & G’ onto the subspace G'.

Let Xops be the closure of the range of I'*. We have to prove that Xps = 2, @éﬁ_(g’).
Next observe that Xyps is an invariant subspace for a*. By Lemma 2.9 we have

H*ZOA% = I"W*. From the latter identity together with the fact that the range of
A is dense in Z,, we conclude that Z, is a subspace of Xys. It follows that

Yoy € 2o C Xobs and 3y + Egllgy ="y € Aops, y €Y.

These inclusions show that Fg/Ilg/) is a subset of X,,s. Next we prove that
Egllg 2, is a subset of Ayps. To do this recall that Xps is invariant under the
operator . But then the relation Z, C X,ns implies that a* Z, is a subset of Xyps.
Hence

{0} o "
(3.20) |:Eg/Hg/ 2| ©Xons BTy | 2 C Xops \/ " Zo C Xops.

Here L£\/ K denotes the closure of the linear hull of the linear spaces £ and K.
We know now that both Eg/Ilg:Y and Eg/llg 2, are contained in X,ps. Hence
{0} & Eg/G' is a subspace for X,ps. But then

Xops O 5_7004*" { ;g?}g/] = 5_70 [Sg,g/g’} N 5_70 [ﬁ{?g}/)] '

So X,ps contains the whole state space Z, @ ¢2(G’). Therefore {7, a} is observable,
and M is a A-preferable observable co-isometric systems matrix.
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Finally, from ([BI8]) and the fact that the operators in (319) are unitary it follows
that Ker M = G. O

4. THE CASE WHEN THE PICK OPERATOR IS STRICTLY POSITIVE AND THE
PROOF OF THEOREM [IT.1]

In this section we prove Theorem [Tl Throughout {W, W, Z} is a data set for a
LTONP interpolation problem, and we assume that the Pick operator A is strictly
positive. We start with a lemma that proves the first statements in Theorem [Tl
and presents a useful formula for the unitary operator w determined by the data
set {W,W,Z}.

Lemma 4.1. Let {W, ﬁ//, Z} be a data set for a LTONP interpolation problem, and
assume that the Pick operator A is strictly positive. Then
(i) P is strictly positive and A= — P~ is nonnegative,
(il) Z* is pointwise stable, in particular, its spectral radius is less than or equal
to one,
(iii) BB* 4+ A = BB* + ZAZ* and this operator is strictly positive.

Moreover, the unitary operator w : F — F' determined by the data set {W, W, Z}
is given by

B ~ a1 U Y
(4.1) wPr = [A%Z*} K[B Ad]: [Z} - [Z]
with K = (BB* + ZAZ*)™' = (BB* + A)~ .

Proof. Since A = P — P is strictly positive and P> 0, we have P = A + P> A.
Thus P > A, and the operator P is also strictly positive. But then P > A implies
A1 > P!, To see this, note that P > A yields I — P"2AP~2 > 0, and hence
Az P~z is a contraction. Taking adjoints, we see that P~zAz isalso a contraction,
and thus I — A2 P~ 1A% is non-negative. Multiplying both sides with A% we
obtain A~! > P~! as desired. Final% note that A=! — P! is not necessarily
strictly positive. For example, choose W =0, then A = P and A~! — P~1 = 0.

To see that Z* is pointwise stable, note that P = WW™* is strictly positive by
item (i). From ZW = WSy it follows that S;,W* = W*Z*. Because P = WW*
is strictly positive, |[W*z||? = (WW?*xz,z) > €||z||? for some € > 0 and all z in Z.
Thus the range H of W* is closed and W* can be viewed as and invertible operator
from Z onto H. In particular, the identity S3,W* = W*Z* shows that H is an
invariant subspace for the backward shift Sj, and Z* is similar to S3,|H. So the
spectral radius of Z* is less than or equal to one. Since S§,|H is pointwise stable,
Z* is also pointwise stable.

The identity in the first part of item (iii) follows from (2.2)). Since BB*+ A > A
and A is strictly positive, the operator BB* + A is also strictly positive, which
proves the second part of item (iii). Finally, formula (@) is a direct corollary of

Lemma by applying this lemma with K; = [E A%} and Ko = [B ZA:z],
see ([23), and with N = BB* + A = BB* + ZAZ*. 0

Using formula (@) we obtain the following explicit formula for the central so-
lution F5.
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Theorem 4.2. Let {W, ﬁ//, Z} be a data set for a LTONP interpolation problem,
and assume that the Pick operator A is strictly positive. Then the central solution
Fy is given by

(4.2)  F,(\) = B*(BB*+A)"'(Iz — A\T)"'B, where T = AZ*(BB* +A)~".

Moreover, the spectral radius rspec(T) of T is at most 1. Finally, if Z is finite
dimensional, then T is exponentially stable , that is, rspec(T) < 1.

Proof. Because A is strictly positive, Z, = Z. Let G, be the function identically
equal to wPr. Using [@1]) we see that

U y

1=

Hence, by Theorem 2.1] the central solution F, (see also Corollary 2.3 and Remark
222)) is given by

~ —1 ~
Fo(\) = B*"KB + AB*KA? (I - AA%Z*KA%) AP Z*KB.

B*KB B*KA3

Go )\ = 1 =~ 1 1
() A2 Z*KB A2Z*KAz

1 1 1\ 1 — 1
Using A% (I - /\AiZ*KAE) = (I - MZ*EK)"" A%, we have
F,(\) = B*KB+ AB*K (I —MZ*K) ' AZ*KB
= B*KB+B*K (I - MZ*K)™! (I — (- /\AZ*K))E
=B*K(I-MZ'K) ' B.

Since K = (BB* + A)~!, this proves ([#2).

Since Go(\) = wPr is a contraction, its component A = PzwPr|Z = A2 Z*K A2
is also a contraction. Because T' = A%(A%Z*KA%)/V% is similar to A, it follows
that repec(T’) = repec(A4) < 1.

Now assume that Z is finite dimensional, and X is an eigenvalue for T on the
unit circle. Because T is similar to A, it follows that Az = Ax for some nonzero x
in Z. In particular, |Az| = ||\z|| = ||z||. Since A is contained in the lower right
hand corner of wPr and w is unitary, we have wPr(0 ® z) = 0 ® Az. To see this
notice that

[2]* > |wPr(0 & 2)|* = || PuwPr(0 & )|* + || Az|* = || PuwPr (0 & )||* + ||[|*.

Hence PywPr(0® z) =0 and wPr(0 @ z) = 0@ Az = 0@ Az. Since w is a unitary
operator, 0 @ x must be in F. So 0@ x = B*¢ @Aéﬁ for some nonzero ¢ in Z, that
is, x = Aéf. This with the definition of w in (2.6]) readily implies that

0 0 0 B B*
-2~ ] - [ [

In other words, )\Aéﬁ = A%Z*ﬁ, or equivalently, A\( = Z*¢. This says that Z*
has an eigenvalue on the unit circle. However, Z is finite dimensional and Z*"
converges to zero. Hence Z* is exponentially stable , and thus all the eigenvalues
of Z* are contained in the open unit disc. Therefore A cannot be an eigenvalue for
Z* and T must be exponentially stable . O
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Lemma 4.3. Let {W, W,Z} be a data set for a LTONP interpolation problem
and assume the Pick operator A is strictly positive. Further, let C : Z — £ and
D : Y — & form an admissible pair of complementary operators, i.e., such that

([L0) and (LX) holds. Then the operators 1 and o given by

_| 1 : U _| b : Y
(43) T1—|:_A_;§:|Ro.u—>|:zj|, T2_|:A%PO*:|QO'5_>|:Z:|7
with Ro and Qo given by (LI4), are isometries, the range of 71 is G and the range
of 2 is G'.

Proof. We split the proof into two parts. In the first part we deal with 7 and in
the second part with 7o.
PART 1. Using the definition of R, in (II4]), we have

R, = R, (1 n E*A*lé) R, = Iy.

7T = Re [I —E*A’%} [—AI%E

Thus 7 is an isometry. In particular, the range of 7 is closed. Furthermore, note
that

A3 A3

Recall that in the present case, when A is strictly positive, we have

™ {Bl} =R, {I _B*A} {B } = R,(B*— B*) =0.

*

F=1Im Lfﬂ and G = Ft = Ker [1“3’ A%}.

The fact that BB*+A is strictly positive, implies that the range of the previous 2x 1
operator matrix is closed. It follows that 7 C Ker7;, and hence Im7, C F+ =G.
To prove that Im 7 = G, consider the operator

2] ]

This operator matrix is invertible because the operator A? and the Schur com-
plement N* of A% in N are both invertible. To see that N* is invertible, note
that

R, B

44 N - 1= 1
(44) —A"2BR, A=z

N* =R.+ B*A"*A"2BR, = (I + B°A"'B)R, = R} .
Next observe that the first column of N is the operator 7 while the range of the
second column of N is F. Since N is invertible, ImN =U ® Z = G F. It follows
that G must be included in the range of the first column of IV, that is, G C Im 7.
But then Imm = G.

PART 2. First observe that @), is also given by
(4.5) Q. = (DD* + CPA~'PC*)" 3.
To see this, note that (L6) implies that DD* + CPC* = I¢, and thus
DD*+ CPA™'PC*=I¢ — CPC* + CPA'PC*=I¢ + CP (A" — P7') PC*.
Using the definition of 75 in (@3] and the formula for Q. in (@3], we obtain
D*

51 =Qo [D CPA~7] [A_%Pc*} Qo = Qo(DD* + CPA™'PC*)Q, = I¢.
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Thus 7% is an isometry. In particular, the range of 7 is closed. From the identity
([C8) we know that BD* + ZPC* = 0. This implies that

* B* _1 B * *
T2 [A%Z*:|:QO [D CPA 2] [A%Z*}:QQ(BD +CPZ):O

Recall that in the present strictly positive case

B* n 1
F'=Im [A%Z*] so that G =F' = =Ker [B ZAz].
We conclude that 7/ C Ker7y, and hence Im o C F't =g To prove Imm, = G’
we take y € Y and z € Z, and assume that y® 2z € G’ and y @ z L Im 5. In other

words, we assume that

Y - B* Y _ Dr
(4.6) [2} 1 F=Im [AéZ*} and [z] 1 Im7mp =Im [A_QPC*]'
But then
vl _ -1 vy _
B 7] [Aéz} —0 and [D CPA] [Aéz] —o.
In other words,
D CPA™! y | [0
47) AN
Now observe that
4.8) D CPA '] [ D* B*] [Q;% «
(4. B Z pc* pPz*| | 0 P

where x represents an unspecified entry. The identities (Lf) and (7)) imply that

the operator matrix
D* B*| |I 0| |D* B*
prc* Pz*| |0 P||C* Z*

is invertible. Because ), and P are both invertible, the matrix on the right hand
side of (L3) is invertible. So the operator matrix on the left hand side of (L8] or
(@) is invertible. Thus y@ A2z = 0. Since A? is invertible, both y and z are zero.
This can only happen when G’ = Im 7. ([l

Corollary 4.4. Let {W, W, Z} be a data set for a LTONP interpolation problem
and assume the Pick operator A is strictly positive. Then all functions G in S(U ®
Z, V@ 2) with G0)|r = w are given by

(4.9) G\\) = [ 2185 gii&%

| B'KB+D'Q.X(MR. B*KA? — D*QoX(\)RsB*A™ 2
A2Z*KB+ A 2PC*Q.X(\)Ro A2Z*KAZ — A" 2PC*QoX(\)RoB*A2

with X s an arbitrary Schur class function in S(U,E). Moreover, G and X deter-
mine each other uniquely. Furthermore, we have

Gia(\) = (B* — G11(\)B*)A™ 3,

(410) 1 1 -~ 1
Goo(\) = A%(Z* — A~ 3G (\)B*)A ™%,



ALL SOLUTIONS TO AN OPERATOR NEVANLINNA-PICK INTERPOLATION PROBLEM 27

Proof. The fact that w : F — F’ is unitary implies that G € SU ® Z,V & Z)
satisfies G(0)|F = w if and only if G(\) = wPr + X(\)Pg, A € D, for some
Xes (G,G"). Since the operators 71 and 75 introduced in Lemma[£3 are isometries
with ranges equal to G and G, respectively, it follows (see Lemma [A5)) that X is
in 8(G,G') if and only if X(\) = X\, A € D, for a X € SU,E), namely
X(\) = 5 X(A\)7. Hence the Schur class functions G € SU & Z,Y & Z) with
G(0)|F = w are characterized by G(A\) = wPr + X (\)1y with X € SUU,E). Tt is
clear from the above constructions that G and X determine each other uniquely,
and that X and X determine each other uniquely. Hence G and X determine each
other uniquely. Using the formulas for wPz and 7; and 75 obtained in Lemmas 4.1l
and 3 we see that wPr + 72 X (\)7;° coincides with the right-hand side of ({9).
It remains to derive (AI0). Note that

K=(A+BB) ' =A""—A'BR?B*A.
This implies that
KB=A"'B(I - R*B*A"'B) = A" 'BR?,
KA=(A"'—A"'BR?B*A"YA =1— A"'BR?B* = — KBB".
Summarising we have
(4.11) KB=A"T'BR?> and KA=1I- KBB".

We now obtain that

Gra(\) = (B*KA D*Q.X (A )ROE*)A—%
- (B* B*KBB* — D*QOX(A)ROE*) A3
= (B~ (BKB+D"Q.X(\R,) B7) A~
- (B* G (A )A—%,
and
Gao(\) = A2 (Z*KA ALPC* Qo X (VR OB*) A3
oy (Z* Z*KBB* — A*1PC*QOX(A)R0§*) A3
— A3 (Z* (Z KB+ A"'PC*"Q.X (MR )E*) A3
— A3 (Z* zGﬂ()\)E*) A3,
as claimed. O

Proof of Theorem Q.1 The first statements in Theorem[T.T]are covered by Lemma
41l Clearly the operators @, and R, are well defined. Since the spectral radius of
Z is at most one, the operator-valued functions Y;j, i,7 = 1,2, given by (LI0) —
([CI3) are well defined and analytic on D. Given these functions it remains to prove
the main part of the theorem describing all solutions of the LTONP interpolation

problem by (L9).
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Let X € S(U,DY) be an arbitrary Schur class function. Define Gin SUD Z,Y D
Z) by G(\) = wPr + X (A\)7f, A € D, where 71 and 7 are given by (£3). Hence
G is given by ([@9) and we have ([@I0). Set

F) = G0+ AG(0) (1 - AGn(y) Gau(Y), AeD.

By item (ii) in Lemma [] the spectral radius of Z is at most one, and hence
the same holds true for spectral radius of Z*. Thus I — AZ* is invertible for each
AeD. Now fixa A eD. Since G € SUDB Z,Y @ Z), we have G2 € S(Z, Z) and
thus I — AGa2()\) is invertible. Notice that

I —AGas(\) = A? (1 —\Z* 4 AA—%Gm(A)E*) I

1

(I —\Z*) (1 T - /\Z*)*lA*%Gzl()\)E*) A%,

Nl=

=A

The above identity shows that I+A(I—AZ*) 1A~ 2 Gy (A)E* is invertible. Applying
the rule that I + AB is invertible if and only if I + BA is invertible, we obtain that
the operator I + AB*(I — AZ*)"'"A~3Gy()\) is invertible. Next, using the rule
(I +AB)"'A = A(I + BA)~! we obtain
(I = AG22(N) "' G (V) =
-\l
= A (1 + AT - Az*)-lA-%Gm(A)B*) (I = AZ)"TA~ 3G (N)

~ -1
— AT = AZ") A3 G (V) (I FAB(I - AZ*)—lA—%Gzl(A)) .
From the first identity in (@10) we obtain

AGra(MA2 (1 = AZ) TAT2 G (N) =
= (B* - GH(A)E*) (I = A\Z*) A" 3G (N)
= AB*(I = AZ*) " "A"2Ga1(\) = AG11(A)B*(I = AZ*) ' A"2Gay ()
= AB*(I = AZ*)""A"2Ga1(A) + G11 (\)+
—GnN) (1 FAB(I - Az*)-lA—%Gm(A)) .

Summarising we have shown that

(I = AG22(A) H Gar(N) = A3 (I = AZ") ' A~2Gar (ME(N)
AG12(NA2 (I = AZ)TA72 G (N) =
= G11(N\) + AB* (I = AZ*) "A"2Gy (N) — Gii(NEN)

~ ) -1
where E(\) = (I+/\B*(I— /\Z*)_lA_ngl(/\)> .
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It follows that
F(N\) = G1i(\) + AG12(\) (I = AGaa(N) " Gar(\)
= G11(\) + AG12(MAZ (I = AZ9) ' A2 Gar (NE(N)
— () + (GH()\) FAB(I — /\Z*)*lA*%Gzl(/\)) =0\ — G (N
- (Gll()\) +AB*(I - AZ*)—lA—%Gzl(A)) x
~ . -1
x (I FAB( - /\Z*)*lA*EGm(/\)) .
To prove the parametrization of solutions through (9)) it remains to show that

(4.12)  G1i(N) + AB*(I = AZ*) " 'A"2Ga1(A) = (T12(A) + T11(A) X (A)) Ro,
(4.13) T+ AB*(I = AZ")"'A"3G1a(A) = (Toa(A) + T21 (M X (V) Ro.
Note that these two identities show that F is given by ([L9) and, combined with
Theorem 211 this yields that all solutions to the LTONP interpolation problem are
given by ([9). Hence we have proved Theorem [IT] once these two identities are

established.
Using (@11 we obtain that

(I =AZ*)"A"2Goi(N) =
= (I =XZ)"Z*KB+ (I = \Z*)"'A"'PC*Q.X (AR,
= ((I —AZ*)'Z* A BR, + (I — AZ*)*lA*PC*QoX(A)) R..

Therefore, we have

T+ AB*(I = AZ*)""A"2Goy(\) = I+
+ (AE*(I —AZ)'Z*A'BR, + AB*(I — )\Z*)‘lA‘lPC*QOX()\)) R,
(4.14)
- (R;l FAB*(I = A\Z*)"1Z*A" BR, + T21(>\)X(>\)) Ro.

From the definition R, in (L4 it follows that R;?2 — B*A~'B = I, and hence
R7'+AB*(I - \Z*)'Z*A7'BR, =
—R;'4+B*(I-X\2")"'(I—(I—-X2")A"'BR,
= R;' — B*A™'BR, + B*(I = \Z*)"'A"'BR,
- (R;2 - E*A—lé) Ro+ B*(I - \Z*)"'A~'BR,
(4.15) =Ro+ B*(I-\Z*)""A"'BR, = Tas(\).

Inserting the identity (@I3]) in (£14) we obtain the identity ([@I3]).
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We proceed with the left hand side of ({@I2).
G1i(\) + AB*(I = AZ*)"'A"2G91(\) = B'KB + D*Qo X (\) Ro+
+ \B* ((I AZY)YZ* A BRy + (I — )\Z*)‘lA‘lPC*QoX()\)> R,
= B*A"'BR? + AB*(I — \Z*)"'Z*A"'BR>+
n (D*Qo FABH( - AZ*)*A*PO*QO)X(A)RO
(4.16) = B*A"'BR? + AB*(I = AZ*)"'Z*A""BR?> + T11(A\) X (A\)Ro.
Next we compute
B*A"'BR? + AB*(I — \Z*)"'Z*A"'BR? =
= B*A'BR?+ B*(I1-\2*)"* (I — (I - \Z*)) A"'BR?
= B*A"'BR? — B'A"'BR? + B*(I — \Z*)"'A"'BR?
(4.17) = B*(I - \Z*)""A"'BR? = T15(\)Ro.

Inserting the identity (£17) in (£10) we obtain the identity ([AI2]). Hence we have
shown that all solutions are obtained through (L9]).

To complete the proof we show that the map X — F given by (L9) is one-
to-one. This is a direct consequence of the uniqueness claims in Corollary (Z4)
and Theorem [l Indeed, by Corollary ([@4]), the map X — G from S(U,E) to
SUDZ,,YD Z,) given by ([@I) is one-to-one, and each G obtained in this way has
G(0)F = w. By Theorem[2]] the map G — F from the set of G € SUBZ,, VD Z,)
with G(0)|F = w to the set of solutions in S(U, V) given by (2.9 is also one-to-one.
Since the map X +— F defined here is the composition of these two maps, it follow
that this map is one-to-one as well. (I

5. PROOF oF THEOREM

We begin with a general remark concerning the formulas for the functions Y;;,
1 <4, j <2, appearing in Theorem [Tl
Let {W,W,Z} be a LTONP data set, and assume that the associate Pick op-
erator A is strictly positive. Then Z* is pointwise stable. Using the definitions of
B =WEy and B = WEy (see in (I4]) and (LE)) with the intertwining relations
SyW* = W*Z* and SjW* = W*Z* (see (L)), we obtain
B* (I —AZ*)"' = EyW*(I = AZ*)"' = E5(I — ASy)'W* (A e D),
B (I —=AZ*)"' = E,W*(I —AZ*)"" = E(I — AS;,))"'W* () eD).
It follows that the formulas (II0) — (TI3]) can be rewritten as follows:
5.1) T11(A) = D*Qo + AE (I — AS5) ' W*A™'PC*Q.,

Ti2(\) = E(I — AS3) 'W*A™'BR.,

)
) (A)
5.3) Tor () = AES, (I — AS;) ' W*A~'PC*Q.,
) (A)

Tao(A) = Ro + Ef;(I — AS;)) " "W*A~'BR.,.
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Proof of Theorem As before let {W, w, Z} be a LTONP data set, and as-
sume that the associate Pick operator A is strictly positive. Note that

WW* = A+ WW* > 0.

Hence P = WW™ is also strictly positive. It follows that the operator A =
W*P~'W in (LI5) is well-defined. Finally, it is noted that WA = W.

We first show that A is strictly contractive following arguments similar to the
ones used in [T9, Remark II.1.4]. Note that

[—A*A=1-WP'WW*P'W =1 - W*P'W
=1 (Wp) (Piw).
Put Wy = P~2W and Wy = P~2W. Then I — A*A = I — Wi W,. Furthermore,
[—WoW; =I — P-¥WW*P~% = p~% (P - WW*) p3
=P IAP 7 > 0.
Thus WJ is a strict contraction, and hence the same holds true for Wo. We conclude

that o
I—A"A=1-WgWy >0,

and A is a strict contraction.
From the above calculations it follows that I — A*A is invertible and we can
obtain the inverse of I — A* A by using the standard operator identity:

(5.5) (I-ML)™ ' =I+M(—-LM) 'L

Indeed, we have

—~ — —~ — -1
(I— A A = (I~ WiWo) ™t =1+ W (I - WOWJ) Wo
— [+ W*p3 (I - P‘%WW*P‘%i PEW
— PR, -1 — —
— T+ W* (P . WW*) W=1+WAW.
This readily implies that
(5.6) (I—A*A) =T+ W*A~'W.
Next we derive formulas (L20) and (L21)). We begin with Q.. Note that
AL — A A) T A* = WP~ (I + W*A*W) W*P~lw
=W*P'WW*P™'W + W*PT'WW*A 'WW*P~'W
=W*P Y (P-MNP'W+WP HP-MNAYP-ANP'W
=W*P Y P-ANP'WHW*P (P~ NA'W+
—~W*PH(P-ANP'W
=W*P Y P - MNA'W =W*A'W - W*P~'W.
In other words,

(5.7) A(I = A*A)TTA* =WHA'W — WP
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Thus
WA — A*A) " A*W* =PA'P-P=P(A'=P ") P.

Combining this with Q. = (I +CP(A™! — P_l)PC*)_% (see (LI4) yields the
1

formula Qo = (1 FOWA(I - A*A)~! A*W*O*)_§ for Q. in (20).
We proceed by deriving formula (L2I)). According to the right hand side of
(CI4) and using the identity (G.6) we have
_1 N N _
R, — (IM " B*A*lB) P (IM n E;,W*A*WEM)

1
2

=

— . 1
= (B (1+ W A~'W) By) 2,
We conclude that (T2T) is proved.

It remains to show that formulas (LIQ) - (LI3) can be rewritten as (LI6) —
([II39), respectively. To do this we use the remark preceding the present proof. In
other words we may assume that the functions Y;;, 1 < 4,5 <2, are given by (5.1))

— (B). Then, to derive (ILI6) — (LI9), it suffices to show that
(5.8) W*A™'P=(I—AAY)"'W*,  W*A'B=A(I - A*A)"'Ey,

— (BT — A*A) )

(5.9) W*A™'P=A*(I— AA")'W*,  W*A'B= (- A*A)"'E, — Ey.

Obviously, the first three identities are enough to derive formulas (L16), (LI7), and
([CI8) from the formulas G.1)), (B2), and ([B3]), respectively. To see that a similar
result holds true for the second identity in (B.9), note that this second identity in

(9] implies that
Tao(A) = Ro + Ej,(I — AS;,)"W*A"'BR,
=Ro+ Ej(I —\Sj;)) ™" (I — A*A)™' —I) By R,
=Ro+ E;;(I - \S)) (I — A*A) ' Ey R, — Ej,(I — \S},) 'EuR,
=R, — E}\EyRo + Ej,(I = \S};)) (I — A*A)"'Ey R,
= Ej(I = \S;,)"'(I — A*A)"'EyR,,

which proves (L19).
It remains to prove the four identities in (G.8) and (5.9). Note that the second
identity in (59) follows from (5.6]). Indeed,

WAT'B=W*A""WEy = (I - A*A)~' = 1) By = (I — A*A) "By — Ey.
To prove the other identities we first use (6] to show that
A(I — A*A)~t = W*P~'W (I + W*A—1W)
—WPTIW + W PTIWW* AW
= W*P'W + W*P~ (P — A)A™'W
= W*P'W + W*A™'W —W*P~'W

(5.10) = WA~



ALL SOLUTIONS TO AN OPERATOR NEVANLINNA-PICK INTERPOLATION PROBLEM 33

Since W*A~1B = W*A~'W Ey, formula (5.10) yields the second identity in (5.8).
Next, using the general identity (5.5) and the identity (B.7]), we see that

(511) (I —AA)Y P =T+ A1 - A*A) A =T+ W*A'W — WP~ W,
It follows that
(I —AAT'W* =W + WA WW* - WP W™
=W*+W*A~'P-Ww*pP~'p
(5.12) =W*A"'P.
This proves the first identity in (5.8). Finally, using (512)), we have
AS(I — AA "W = A WA P = W*PT'WW*A™'P = W*A~'P.
Hence the first identity in (5.9]) is proved. O

6. PROOF OF PROPOSITION [I.3] AND THE QUOTIENT FORMULA FOR THE
CENTRAL SOLUTION

Throughout this section {W,ﬁ//,Z } is a data set for a LTONP interpolation
problem, and we assume that A = WWW* — WW* is strictly positive.

The section consists of three subsections. In the first subsection we show that
the function Yoy defined by (LI3]) is outer, and we derive a quotient formula for the
central solution. In the second subsection we prove our statement concerning the
J-contractiveness of the coeflicient matrix contained in Proposition The final
statement in Proposition about Y55 being a Schur class function is covered by
the final part of Proposition The third subsection consists of a few remarks
about the case when the operator Z is exponentially stable .

6.1. The quotient formula. First notice that the formulas ([22)) and (23] di-
rectly follow from the identities (5I) — (54). Let us prove this for (I22). Since W*

and W* are bounded linear operators from Z into (3.(Y) and €% (U), respectively,

it follows that W*A~'PC*Q, and W*A_lPC'*QO are bounded linear operators
mapping & into £% (Y) and ¢2 (U), respectively. Thus

WA PC*Qox € (2(V) and W*A“'PC*Qoz € 2 (U) (z € &),

But then, applying ([[L25]) for ) and for U in place of ), we see that the inclusions
in (L22) are proved. Similar arguments prove ([.23)).

Proposition 6.1. The function Yoo defined by (LI9) is outer and for each A € D
the operator Yoa(X) is invertible and

~ ~~ —1 ~
(6.1)  Tos(\)! = Ro — AR, B* (1 “NZF(A+ BB*)*A) Z*A~'BR2.

In particular, the spectrum of Z*(A + EE*)_lA s contained in the closed unit
disc. Furthermore, the function Toa(N)™1 belongs to H>(U,U), that is, Yoo ()™
is uniformly bounded on the open unit disk. Finally, if Z is finite dimensional, then
both Z* and Z*(A+ BB*)~1A are exponentially stable , and Ya2(\) is an invertible
outer function.
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Proof. From Theorem F2 we know that the operator T = AZ*(A + BB*)~! has
spectral radius less than or equal to one. Since Z*(A 4+ BB*)™ A = A~ITA is
similar to T, we see that the operator Z*(A + EE*)*A also has spectral radius
less than or equal to one. In particular, I —AZ*(A+ EE*)*A is invertible for each
A € D. The remaining part of the proof is done in four steps.

STEP 1. In this part we show that for each A € D the operator Too(A) is invertible
and that its inverse is given by (61). The invertibility of Ta2()\) we already know
from Theorem [[LT} see the paragraph directly after Theorem [[LTl Here the main
point is to prove the identity (G.I). To do this notice that

Too(MR;Y =1+ B*(I —AZ*)"'A"'B
=1+ B*A"'B+AB*(I - \Z*)"'Z*A"'B.
Recall the following state space identity when D is invertible:
(D+AC(I-=AA)'B) =D ' —AD'C(I-XA-BD'C))” BD™".
Using this with R2 = (I + B*A~'B)~!, we see that
(6.2) RoYao(A) ' = R2 = AR?’B*Y(\)"'Z*A"'BR?,
where
Y(A) =1-A (Z* - Z*A—1§R2§*) YA (I - A—léREE*)
—1-A\Z* (I AT'B(I+B*A~'B)"'B* )
YA (I A'BB*(I+A'BB*)~ )
— - \Z* (I { (I+A"'BB") - } (I+ A*léé*)*l)
o\l
—1-2z" (I+A"'BE" ) —1-2z" (A+ BB") A
Inserting this formula for Y/ () into ([@2]) we obtain the inverse formula for Yoo(A)
in (GI)).
STEP 2. We proceed by proving that the function Yoo() is outer. To accomplish
this we use that Taa () is also given by (LI19), with A = W*P~'W as in (I.15)), and

we apply Lemma [A 11lin Subsection[A.Blin the Appendix. Using P = ZPZ*+ BB*
and the fact that P is strictly positive, we see that

=P 3ZPiP:Z*P % + P 3BB*P 3.
In particular, P~2ZP:2 is a contraction. Hence
1> (Pizpt) prizpt = pizipizpt,
Multiplying both sides by P’%, we see that
(6.3) z*Plz <Pt
Using this with A*A = W*P~1W and WSy = ZW, we obtain
Sy A*ASy = ;W PT\W Sy, = W*Z*P ' ZW < W*P~'W = A*A.



ALL SOLUTIONS TO AN OPERATOR NEVANLINNA-PICK INTERPOLATION PROBLEM 35

Therefore S;;A*ASy < A*A. But then, according to Lemma [A 1] in Subsection
[A5 the function

(6.4) DN = E;(I —\S;) "I - A*A)'Ey, \eD,

is outer. Because R, is invertible, it follows that the function Too(A\) = ®(A\) R, is
outer too.

STEP 3. Let ® be given by (€.4)). Since T22(\) is invertible for each A € D and R,
is invertible, the operator ®(\) is also invertible for each A € D. But then the final
part of Lemma [ATT] tells us that the function ®(\)~! belongs to H>(U,U). But
then Yoo (A)~! = R;1®(A\)~! also belongs to H* (U, U).

STEP 4. Finally, assume Z is finite dimensional. Since Z*(A + BB*)~!A is similar
to T = AZ*(A 4+ BB*)™!, we have repec(Z*(A + BB*)™1A) = rqpec(T) < 1; note
that rspec(T) < 1 follows from Theorem Furthermore, Z* is pointwise stable,
by part (ii) of Lemma 1] which implies all eigenvalues of Z* are contained in
D. Hence Tspec(Z) = rspec(Z*) < 1. This yields that Yoo is an invertible outer
function. O

The next proposition shows that for the strictly positive case the definition of
the central solution F, to the LTONP interpolation problem given in Remark
coincides with the one given in the paragraph directly after Theorem [[T1 The
proposition also justifies the title of this subsection.

Proposition 6.2. Let F, be the central solution of the LTONP problem with data
set {W,W,Z}. If the Pick operator A is strictly positive, then Fy is given by the
quotient formula:

(6.5) Fo(A) = T12(M) TN, A eD.

In other words, when the free parameter X in ([LA) is zero, then the resulting
function is the central solution.

Proof. By using (III) and (II3), we obtain
~ - -1
T12(\)Tas(N)~ = B*(I — AZ*)"'A"'B (1 + B - AZ*)‘lA_lB)

~ ~ —1 ~
- B (I (- AZ*)—lA—lBB*) (I —A\Z*)"'A"'B

- B* (A CMZF E}E*)*l B

— B*(A+BB*)"' (I —AZ*(A+BB*)"") ' B

= Fo ().
The last equality follows from formula (£2)) for the central solution Fi(A) in The-
orem O

Proposition 6.3. Let F, be the central solution of the LTONP problem with data
set {W,W, Z}, with the Pick operator A being strictly positive, and let T2_21 be
given by ([LI9). Then the functions Fo and ngl are both uniformly bounded on
D in operator norm, and the corresponding Toeplitz operators satisfy the following
identity:

(6.6) [T Tr, =Ty Ty
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Furthermore, both Fo and T2_21 are Schur class functions.

Proof. Since F, is a solution to the LTONP interpolation problem, F, is a Schur
class function. In particular, the function F is uniformly bounded on D in operator
norm. The latter also holds true for T2_21 by Proposition [6.1]

Let us assume that (6.6) is proved. Since Fj is a Schur class function, it follows
that T, is a contraction. But then the identity (6:6]) implies that ||T;2,21 Ty | <1.

Hence the Toeplitz operator T'.—1 is a contraction too. The latter implies that T;;

22
is a Schur class function. Thus the final statement of the proposition is proved.
It remains to prove (G.0). Recall that Yoo = ®R,, where the function ® is

given by (64) and R, = (Ej;(I — A*A)_lEu)_%. Here A = W*P~1IW, and hence
WA=W. We claim that

(6.7) (SyAh, Af) = (ASuh, Af), h,f € U).
Using ZW = WSy and ZW = WS, we obtain
(SyAh, Af) = (W Sy Ah, PT\W f) = (ZW Ah, PT'W f)
= (ZWh,P7'W[) = (WSyh, P"'W f)
= (WASyh, PT'W[) = (ASyh, Af).

This yields (6.7).
Next, let x € Ei (U) be of compact support, that is, z has only a finite number
of non-zero entries. We shall show that for any such x we have

(6.8) |Taz|® ~ | Tr, Taz|* = [Ty Toal>.

Recall that the central solution Fy is given by the quotient formula (@3 Fo(A) =
T12(A)T22(A) L, where Y12 and Yoo are defined in (LI7) and (LI9), respectively.
Thus F,(A)Y22(A) = T12(A) for each A € D. By eliminating R, in the definitions
of T12 and Yao, we see that

Fo(NE;(I - S) "Dy*Ey = E3(I — S5) "AD*Ey,

where Dy = (I — A*A)2. So for z = {2,}5%, in 0% (U) with compact support, we
have

oo oo
| Tr, Tox||* = T, > SUD Euyznl® = 1Y S$AD L Eyan|

n=0 n=0

= (Y SYAD:*Euxn, Y S5 AD;*Eywm)

n=0 m=0
=Y (SHAD,Eyzn, S5 AD L Eyzm)+
n>m

+ > (SYADL®Eywn, S35 AD By

n<m

=Y (S} "ADL’Euzn, ADS® Eymm)+

n>m

+ Y (ADLEywn, Sy " ADL Eywm).

nm
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Using the fact that A*AD,? = (D, — I) we obtain

> (SY T ADL? By, AD L Buzm) = > (AS}; " D3* Buwn, AD 3 Eutm)

n>m n>m
= Y (AS; " D3®Euwn, ADL’ Eyz.)
n>m
= > (8§ " DA Bywn, (D3 — I) Euam)
n>m
= (S "Dy Eyrn, D3 Bum) = Y (StD 4’ Eutn, St D3 Eyzom).
n>m n>m

A similar computation gives
> (SHADL Euzn, S AD L Euam) = Y (S D3> Butn, St Dy” Eym).
nm n<m

For m = n we have

(AD,?Eyxn, AD*Eyx,) = (AD > Eyxn, AD L Eyx,)

= (D,*BEytn, (D;* — I)Eyx,)

= (Dy’Eytn, Dy’ Eyzn) — (D32 Euzn, Buz,)
=(D, Euxn,DA Eyxn) — (R;lxn,xn).

Putting the above computations together gives

oo (oo}
I Tr, Tox||” = > (SUDA*Eutn, Sif Do’ Euzm) — Y _(Ro an, zn)
n,m=0 n=0

(Tsw, Tsa) — 3 R "eal = |Tac|® — | Tz

n=0

= [ Toal* ~ |Tpor Tams Ta|* = [ To| ~ T Toa |

Here T),-1 denotes the diagonal Toeplitz operator with the operator R;! on the main

diagonal. We proved (B.8) for all x in ¢3 (i) with compact support. The fact that ® is
outer implies that Te maps the compact support sequences in éi (U) to a dense subset of
23 (U). Therefore

ol = ITr,vll* = I Ty 10l?, v € EW).
In other words, I — T7, Tr, = T{2*2T;2127 and (6.6). d
6.2. J-contractiveness of the coefficient matrix. Throughout this section let

{W,W,Z} be a data set for a LTONP interpolation problem. Assume A = P — P
is strictly positive. Define Y;;, 4,7 = 1,2, as in (LI0)-(LI3). Now set

(6.9) T() = [ gg; %285 ] (AeD).

Furthermore, set

| Iy 0 | Ie O
J1_|:0 —IZ,{:| and J2—|:0 —IZ,{:|'

The following theorem is the main result of this section.
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Theorem 6.4. Let {W, ﬁ//, Z} be a data set for a LTONP interpolation problem.
Assume A = P — P is strictly positive. Then for each A\ € D the operator Y(X) is
J-contractive, that is, T(A)*J1T(X) < Jo. More precisely, for each A € D we have

(6.10) Y\ AT = Jot

Q.CPA!

— (1= AP) [ R.BA-1Z } (I = AZ*)*A(I — \Z*) "'

x| APC* Q. Z*AT'BR. |.

Furthermore, for each X on the unit circle that is not in the spectrum of Z the

operator Y(X) is J-unitary, that is, T(A\)* 1 T(N) = Ja.

Remark 6.5. Theorem can be also used to show that Yoy is a function in
SU,U). Indeed, the inequality T(A\)*J1T(A) < Ja, implies that

Tlg(A)*Tlg()\) — ng()\)*rgg()\) <-I ()\ S ]D))

Thus I < Toa(N)*Toa(N) for each X\ in D. Proposition [61] shows that Yoo () is
invertible for X in D. Hence Yoo (A)"* Yoo (A) ™! < I for XA inD. Therefore Tog(A) ™!
is a contraction for all X in D. In other words, Tao(\)™1 is a function in S(U,U).

Before we prove this result it is useful to first derive the following two lemmas.
The first lemma provides a state space realization for the coefficient matrix-function
T, the second lemma derives a number of useful identities of the operators involved
in the realization.

Lemma 6.6. The function T in [3) is given by

(6.11) T\ = (ﬁ+A@(I— )\Z*)‘lﬁ) [ % Igo ] , AeD,

where E, C and D are the operators given by

~ ~ 1 A B* ~ D*  B*A-'B
B = -1 * * A —1 C = ~ D = ~ ~ |.
[A PC* Z*A B}, [B*}, [0 [+ B A-1E

Proof. By writing out the right-hand side of (GII) in 2 x 2 block matrix form,
we see that the left upper block and left lower block coincide with Y1; and Yo in
(CI0) and (LI2), respectively. It remains to show that Y1z in ([LII) and Yoo in
(CI3) can be written as

T12(A) = (B*A'B+ AB*(I — \Z*) ' Z*A"'B)R.;
Tos(A\) = (I + B*A"'B+ AB*(I — \Z*)"' Z*A"'B)R,.

In both cases this is a direct consequence of the fact that

(I = XZ*) P =T+ NI -)Z*)"1z". O
Lemma 6.7. With E, 6’, D and J, defined as above, we have the following iden-
tities:
N* N Q;2 0 D* A D
(6.12) D*J1D = [ 0 —R? — B*AB

(6.13) C*J,C=AN—ZANZ* and D*J,C =—B*AZ*,
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Proof. Recall that
BB* — BB* = A — ZAZ*.

The identities in (613 follow from this identity and the following straightforward
computations:

(6.14) C*J,C = BB* — BB* = A — ZAZ*,

~, ~ [ D 0 B*
DPNC=| pa-1p 14 BA 1B ] { B ]
0 DB*
~ | B*A"Y(BB* — A — BB*)
—CPZ* CPA! . ~
(6.15) = | _grzaz } _— { =0 ]Az — _BAze.

In establishing the first identity on the last line we used DB* + CPZ* = 0, which
follows from (L@). Using DD* + CPC* = I from (L)), we have

[ D* B*A~'B

S D 0
D*D = AB
! } 0 —(I+B*A'B)

B*A"'B I+B*A-'B

DD* DB*A"'B
B*A~'BD* B*A~'BB*A~'B — (I + B*A~'B)?

I - CPC* —CPZ*A~'B
—B*A"'ZPC* B*A"'BB*A~'B— (I + B*A~'B)?

Next observe that

I-CPC*=1+CP(A '~ P YPC* —CPA'PC* =Q;% - CPA'PC*

and
(I+B*A™'B)? = (I+B*A"'B)+ B*A"'B(I + B*A"'B)
=R;?+B*A"Y(A+ BB*)A"'B
=R;%+ B*A"Y(ZAZ* + BB*)A'B
=R;2+ B*AN"'ZAZ*A"'B+ B*A"'BB*A"'B.
Hence

(I+B*A™'B)?>— B*A"'BB*A"'B = R;2+ B*A"'ZAZ*A"'B.

Using these identities we obtain that

N* N ;1 0

CPA—'PC* CPZ*A"'B
B*A-1ZPC* B*A"'ZAZ*A"'B

RS

S _pe Fertiy }A[ AT PCT Z°ATB .

This shows that ([6.12]) holds as well. O



40 A.E. FRAZHO, S. TER HORST, AND M.A. KAASHOEK

Proof of Theorem [6.4. Fix a A € D. In order to prove (6I0), we multiply the

—1
left hand side of (6.I0) from both sides by [QO° Igo} . Then, by using (6.11]), we
obtain

1 -1
AR IE N
= (D* + AB*(I = XZ)"*C*)Ji(D + A\C(I — AZ*)"'B)
=D*JyD +AB*(I = X2)"'C*J1D + AD*J,C(I — \Z*) "' B+
+ | ARPB*(I = XZ)"*C* L,C(I — \Z*)"'B
D*JyD —XB*(I = X\Z)"'ZAB — AB*AZ*(I — \Z*)"'B+
+APB*(I =XZ) YA = ZAZ*)I — \Z*)"'B
=D*ZhD—B*(I-XZ) 'x
x (XZA(I —AZY) 4 MI = NZ)AZ* — |A2(A — ZAZ*)) (I-\Z*)"'B.

Note that

ANZAI = NZ*) + NI = NZ)AZ* — N\*(A — ZAZ*) =
= —(]APA = AZA = MAZ* + |\*ZAZ)
= —(I =XZ)NI = \Z*) 4+ (I — |A\]*)A.

Inserting this identity into the above computation yields

{Q" 0 ]_1T()\)*J1T(/\){%O 0 ]_1_

0 R, R,
= D*1D+ B*AB — (1 — |A*)B*(I - XZ)""A(I - \Z*)"'B
- [ Q* 0 ] (1= A2)BA (I —X2)"'A(I - \Z*)"'B
| 0 —R;? '

Multiplying the resulting identity from both sides by [%" B?o _ yields (GI0).
By taking limits the final statement directly follows from (G.10). O

6.3. The case when 7 is exponentially stable. We conclude this section with a
few remarks about the case when Z is exponentially stable . Note that this happens
when Z is finite dimensional. Recall that Z is exponentially stable if 7spec(Z), the
spectral radius of Z, is strictly less than one.

Proposition 6.8. Assume that the operator Z is exponentially stable . Then the
operator Z*(A + Ef?*)’lA is also exponentially stable , and therefore the functions
Yii(N), i,j = 1,2, the central solutions F, and the function Yoo(X)™! are analytic
on |A| < 1+ € for some € > 0. Furthermore,

(6.16) I —Fo (V) Fo(\) = Tos(N) *Taa(M)7L, A = 1.

Finally, Tr, is a strict contraction.
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Proof. We first show that Z*(A + Eé*)*lA is exponentially stable . Notice that
A3 (Z*(A + EE*)—lA) A2 = ABZ"A"3A3(A + BB*)'AS

1 1 1~~~ 1\ 1
=M Z AT (T4 ATBBATE)
~~ -~ -1
Hence Az (Z*(A + BB*)_lA) A~z and Az Z*A~2 (I + A_%BB*A_%) are sim-
ilar. In particular, they have the same spectrum. Furthermore, A — ZAZ* =
BB* — BB* can be rewritten as

[—A"3ZASASZ*A™% = A"EBB*A"% — A"IBB*AE.
Replacing A"2ZAz by Z and A 2B by B and A3B by E, we see that without
loss of generality we may assume that A = I.
So we assume that

(6.17) repec(Z) <1 and I—ZZ*+ BB* = BB* > 0.
We have to show that Z*(I + BB*)~! is exponentially stable . By consulting (@)

with A = I, we see that IlzwPr|Z = Z*(I + BB*)~!. Hence Z*(I + BB*) ' is a
contraction, and thus,

(6.18) Fepec(Z*(I + BB*)™1) < 1.
Next consider the auxiliary operator
(6.19) Y=I+B*(I-2Z)"'B:U—U.

We shall show that Y is invertible. The idea of the proof is taken from [38], page
128. One computes that

YY* ={I+B*(I-2Z")"'B}{I+B*(I-2)"'B}
—I1+B*(I-2")"'B+B*(I-2Z)"'B+
+B*(I—2Z*)"'BB*(I - Z)"'B
=I+BI-2)"Y(I-2)+(I-2")+BB*}(I-Z%)"'B.
Now use the second part of (GI7) and
Zz7r—-I1=1-2)I-Z2")-(I-Z")—-(I-2).
It follows that
(I-2)+(I—-2)+BB* =(I—-2)I—-2")+1—-Z%Z"+ BB*
={I-2)I-Z*)+BB*>0.
Hence YY™* > I, and YY™ is strictly positive. In a similar fashion one computes
that
Y'Y =I1+BI-2) (I -2)+I—-2Z)+BB}YI—-2)"'B
=I1+BI-2)Y(I-2)I-2*)+BB}YI—-2)"'B>1I
Thus Y*Y is also strictly positive. Since both Y*Y and YY™ are strictly positive,

we conclude that the operator Y defined by (619) is invertible.

Since Y defined by (B.IJ) is invertible, it follows that I + (I — Z*)"'BB* is
invertible. Here we used the fact that the nonzero spectrum of the product of two
operators are the same. Multiplying by I — Z* on the left shows that I — Z* 4+ BB*
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is also invertible. Multiplying by (I + BB*)~! on the right implies that I — Z* (I +
BB*)~! is invertible. In other words,

(6.20) 1¢U(Z%I+§§U*ﬂ.

Recall that o(A) denotes the spectrum of an operator A. Now take A € T, and
notice that the conditions in (6I7) remain valid if Z is replaced by \Z. Thus (620)
yields
1¢U(XJZWI+§§U*ﬁ.

It follows that A ¢ o(Z*(I + BB*)~!). Since A is an arbitrary element of T, we
conclude that o(Z*(I + BB*)~!) N T is empty, and hence using (6.I8) we obtain
that the spectral radius of Z*(I + BB*)™! is strictly less than one.

Since both Z and Z*(A + BB*)~!A are exponentially stable , it is clear from

(TI0) to (TI3), @2) and (G.I) that the functions T;;(A), 4,7 = 1,2, the central
solutions F, and the function Yoo(\)~! are analytic on |A\| < 1 + € for some € > 0.

Next we prove ([GI6). Fix A € T. Since repec(Z) < 1, the final statement of
Theorem [6.4] tells is that

T1o(A)* T12(A) = Too(\)* Tao(\) = — L.

Multiplying the latter identity from the right by Ta2(\)~! and from the left by
T22(A)~* and using the quotient formula (G.0]) we see that

Fo(\)*Fo(A) = I = —=Ta2(N) " Ta2(N) 7,

which proves (6.16).
Finally, using (6.10), we see that ||Tr, || = supyep |[|[Fo(AN)|| < 1, and hence T, is

a strict contraction. O

Corollary 6.9. Let {W, W, Z} be a data set for a LTONP interpolation problem,
and let A = P — P be strictly positive. If in addition Z is finite dimensional, then
the operator Z is exponentially stable , and the functions Y;;(N), 4,5 = 1,2, the
central solutions F,, and the function To2(\)~1 are rational operator functions with
no poles on the closed unit disk and the factorization in ([GI8) is a right canonical
factorization. in the sense of [25, Section XXIV3]. In other words, Yoo is invertible
outer, that is, T,, s invertible and its inverse is T‘r;;'

Proof. From Theorem [Tl we know that Z is exponentially stable , But for a
finite dimensional space pointwise stable is equivalent to exponentially stable .
Furthermore, since Z is finite dimensional, formulas ([I0) — (TI3) imply that the
functions Y;;(A), ¢,5 = 1,2, are rational. Similarly, (£2) and (61) show that F,
and Ta2(\)~! are rational operator functions. Recall (see Proposition [6.8) that
T22(A) and Y22(A)~! are both analytic at each point of the closed unit disc, which
implies that the factorization in (616 is a right canonical factorization and Yoo is
invertible outer. (]

7. MAXIMAL ENTROPY PRINCIPLE

For a function F' € S(U,Y) we define the entropy to be the cost function op
defined by the following optimization problem:

(1) op(w) = inf {|lu— EGTeh|* + (I = TrTE) hoh) [ h e ()},
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where u is a vector in . Note that the above problem is precisely the optimiza-
tion problem in (A4H) with C = Tr. Due to the equivalence of the optimization

problems in (A48 and (A4])), the entropy o is also given by

(7.2) op(u) = inf { D1, (Eyu — Sye)

|2|eeei(u)}, uel.

This is precisely the notion of entropy that is used in the commutant lifting setting
presented in [19, Section IV.7]. Furthermore, if ||F||oc = || T%|| < 1, then by (A7)
the entropy for F' is determined by

(7.3) op(u) = <(E;;(I — TETR) " Ey) u>

In the band method theory on the maximal entropy principle the operator E;;(I—
T#Tr)~ ' Ey appears as the multiplicative diagonal of the function I — F(X\)*F (M),
A € T, assuming the Fourier coefficients of F' are summable in operator norm; see
Sections 1.3 and I1.3 in [29], and Section XXXIV 4 in [26]. For further information
on the multiplicative diagonal we refer to Subsection [A 7

In this section the function F' is assumed to belong to the set of all solutions to
a LTONP interpolation problem. The following theorem is the maximal entropy
principle for this set of F’s.

Theorem 7.1. Assume that the LTONP interpolation problem with given data set
{W, ﬁ//, Z} is solvable, i.e., the Pick matriz A is nonnegative. Let F, in S(U,Y) be
the central solution to this LTONP interpolation problem. Then F, is the unique
mazimal entropy solution, that is, if F € SU,Y) is any other solution to the
LTONP interpolation problem, then

(7.4) or(u) <op,(u) (uwel).

Moreover, we have op(u) = op, (u) for all w € U if and only if F = F,, and the
entropy for the central solution is given by

(7.5) or, (u) = (Pg(u®0), (ua 0)) (wel),

where G is the Hilbert space given by the first part of (21). Finally, if A is strictly
positive, then the entropy for the central solution is also determined by

(7.6) op, (u) = <(I—|— E*Aflé)_l u,u> (uel).

The above theorem is a more detailed version of Theorem IV.7.1 in [I9] special-
ized for the LTONP interpolation problem. For related earlier results see [29] [26]
and Section XXXV in [26].

The proof of Theorem [7I] is new. It will be given after the next result, which
characterizes the entropy function o of any F' € S(i4,)) in terms of an observable
co-isometric realization.

Lemma 7.2. Let ¥ = {«, 8,7,d} be an observable co-isometric realization of F €
S(U,Y), and let Ms, be the associated system matriz. Set Ms; =Im M. Then

(7.7) or(u) = (Ppemuu, yu)  (u € U).

Here 1y is the embedding operator of U into U & X.
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Proof. Fix F € S(U,Y), and let ¥ = {«, 8,7,0} be an observable co-isometric
realization of F' with system matrix My, and put M = Im My, where My is given
by ([2I6). Since My is a co-isometry, the range of My is closed. Thus M is a
subspace of Y & X'. We set

(7.8) pr(u) = (Pypamyu, yu)  (u € U).

We have to prove op = pp. Since all observable co-isometric realizations of F' are
unitarily equivalent, see Theorem 28] the definition of pr is independent of the
choice of the observable co-isometric realization of F. Hence it suffices to show
or = pr for a particular choice of X.

Observe that F' is a solution to the LTONP interpolation problem with data set
{Igi(y),TF, Sy}. Indeed, with

W=1py, W=Tp Z=S5y

the identities (1)) and (2] are automatically fulfilled. Moreover, in this case F' is
the unique solution, and hence F' is the central solution associated with the data set
{I, e ) Tr, Sy}. But then we can apply Lemma B3] to obtain a special observable

co-isometric realization of . To do this let us denote the subspaces Fin 24) and
G in ([27)) associated with our data set {Ig? o), Tr, Sy} by F and G, respectively.

In this case the associate Pick operator A is given by A=1- TrTy = DT*. Note
that F is given by

= _ Ey Ty
(7.9) f_m[Dm}.

Now let & be the observable co-isometric realization obtained by applying Lemma
B3l Then (BI]) tells us that (M%)l = Ker Mg = G. Thus pr(u) = (PgTu, Tu)-
Using ([C9) and the projection theorem we then obtain for each u € U that

pir(u) = (Pgnuu, ) = inf {|lngu— ||| f € F}
(3] 57 o)
— inf {Jlu— By Tph|? + (I = TeTg) b b | h € (D)} = or(u).

Thus we proved o = pp for a particular choice of ¥, which completes the proof. [

Remark 7.3. Note that the formula for op in ([L8]) can be rewritten directly in
terms of the system matriz My, as

@w:m%uﬂ—Mh

Proof of Theorem [7.Jl We shall prove Theorem [(T] using the formula for op
given in Lemma

First we derive the formula (Z3) for the central solution. From the proof of
Lemma [7.2] using Lemma [3.3] we know that

2

|hey@)(} (ueld).

o5, ) = (Pomew ) = (7 o o] weu

which yields (Z.3).
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Let F € S(U,Y) be a solution to the LTONP interpolation problem with data
{W,W,Z}, and let ¥ = {«,3,7,d} be a A-preferable, observable, co-isometric
realization of F. Then o is given by (T.7) with M3 = Ker My, the null space of
the system matrix My. The fact that ¥ is A-preferable implies that Mg |F' = w*.
Hence F = Imw* C Im Mg, so that M+ C F+ =G @V with V = X © Z,. Hence
Prr < Pggy. Since U LV, both seen as subspaces of U & X, we have

op(u) = <PMJE_T1,{’U,,TM’UJ> < A(Pggyu, 1) =
= (Pgmyu, yu) = op, (u) (u € U).

Hence the entropy o, (u) of the central solution F, is maximal among all solutions
to the LTONP interpolation problem for the data set {W, W, Z}.

Next we show that Fy is the unique solution to the LTONP interpolation problem
for the data set {W, W, Z} that maximizes the entropy. Hence, assume that the
entropy of the solution F' is maximal, that is, op(u) = (Pgmu, 7yu) for each u € U.
Then

[ Prg muu]|* = (Pagg s myu) = op (u) =
= (Pgmyu, ) = ||Pgryul|*  (u € U).

We will first show that Ker My, = M< = G. Observe that for u in U we have

1Prrull® = Jlull = | Porull* = [lull = [ Pagg rul)* = | Paas g
Because My|F = w, it follows that F is a subspace of Im M = My, This yields

[Peemyul|* = | Progull® + || Pere rrul®.

Thus Pyiorryu = 0. Hence Prryyu = Ppi7yu holds for all w € Y. Then

Pgryu = myu — Priyu = 7yu — Papgmu = PM§ YU (uel).

In what follows the symbol H \/ K stands for closed linear hull of the spaces H and
K. By consulting [24) and noting that Z, is the closure of ImAz, we see that

u\/r = [ %’ ]\/ [ f ]Z_L{GBZO.
Hence F &G =UP Z, =U\/ F and we obtain that

G = Pg(FeG)=Pgll = Py U C M.
Therefore G is a subset of Ms. Set V = X © Z,, with X’ being the state space of
3. Write Mg = G @ L. Since F L M, we have

LCcUdX)e(Fag)=UasX)oUdZ,)=V.
Because G C M< = Ker My, we have
Ms| (U@ Z,) = Ms| (F® G) = wPr.

Therefore, My, has a block operator decomposition of the form

s 50 Yo M1 u y
Mzz[ﬂ H: z | = | z
Y %

where {ao, 8o, 70,00} form the system matrix for wPr; see (B10). Let x € L C V.
We have Msxz = 0, and thus, Mz = 0 for j = 1,2,3. But then axz = 0 and
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vz = 0. Hence ya*x = 0 for each k. The fact that X is an observable realization
then implies that x = 0. Thus £ = {0} and we obtain that Ker My = M3 = G.
Using the fact that M3, is an isometry with M&|F' = w* and G = Mg = Ker My,
we see that My, admits a matrix decomposition of the form
x W*P]:/ 0 . yEBZO Z/{@Zo
v AN i
Because M| (Y & Z,) is an isometry, without loss of generality we can assume that

the lower left hand corner of M5 is given by Pg/. Moreover, U is an isometry on
V. Since My, is an isometry and G = Ker My, we have

(7.10) V=G @m(U,).

In particular, G’ is a wandering subspace for the isometry U and we have &2 UG’
V. Because the systems matrix My, is observable, Z, &V = \/7_, a*"v*). Observe
that o admits a lower triangular matrix decomposition of the form:

o= | Oy |?
| Pg Uy V0
Furthermore, v*) is a subset of Z, @& G’. For y in ), we have

*M ok, *
= vt )
The observability condition implies that V = @72 UYG’. Therefore Uy can be
viewed as the unilateral shift Sg-. In other words, the realization ¥ of F' is unitarily
equivalent to the realization of the central solution obtained in Lemma Hence
F = F,. So the maximal solution is unique.

To conclude the proof it remains to show that (6 holds. Assume that A is
strictly positive. Recall that the operator 7y in (@3] is an isometry from U into
U & Z whose range equals G. Hence m7{ = Py is the orthogonal projection onto
G. In other words,

(711) Pg=mn1 = {—Aféé] R? [I —EA_%] , where R? = (I + B*AB) ™.

So for w in U, we have
or, (u) = (Pgryu, myu) = (1177 (u @ 0), (u ®0)) = (R2u, u).
In other words, (6] holds. O

Remark 7.4. Consider the LTONP interpolation problem with data {W, W, Z}.
Moreover, assume that A is strictly positive and Z is exponentially stable . Let F,
be the central solution. Then, by Proposition [6.8 the operator T, is a strict con-
traction, and thus (Z3) holds with T, in place of Tr. Using (6.16]) in Proposition
we see that

or, () = ( (B Ty Ty By ) ', u)
= (T2 (0)" T3 (0)u,u) = || T35 (O)u]?, ueD
On the other hand, according to (Z.6l), we have

or, (u) = <(Iz,1 + E*A‘lé)_lu,u> , ueD.
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Hence
s, (u) = [1T22(0) "l = (g + B'AT B)'uyu), weD.

If U is finite dimensional, then the later identity can be rewritten as
~ ~ 1 [%7 ) )
det[(Iy + B*A"'B)"!] = exp (2— / Indet[] — Fo(e”)*Fo(e”)]de)
™ Jo

For more details, in particular concerning the connections with spectral factoriza-
tion, we refer to Subsection [A7

8. COMMUTANT LIFTING AS LTONP INTERPOLATION

In the second paragraph after Proposition [[3] we have seen that in the strictly
positive case the LTONP interpolation problem is a commutant lifting problem.
In this section we go in the reverse direction. We consider a large subclass of
commutant lifting problems, and we show that this class of problems is equivalent
to the class of LTONP interpolation problems. This equivalence will allow us to
reformulate Theorem as a theorem describing all solutions of a suboptimal
commutant lifting problem (see Theorem B.1] below).

Our starting point is the quadruple {A., Sy, T’, Sy} as the given commutant
lifting data set. Here A, is an operator mapping ¢2 (i) into H', where H' is an
invariant subspace for S3,. In particular, H' is a subspace of £3 ()), and £3 (¥) oM’
is invariant under Sy. Furthermore, 7" is the compression of Sy to H’, that is, T/ =
Iy SyILs,,, where Iy is the orthogonal projection of ¢2 () onto H'. The data
set satisfies the intertwining relation A,Sy = T'A,. Note that we do not assume
the minimality condition \/, 5, S3H' = 3. (Y), which often plays a simplifying role
in proofs.

Given the lifting data set {Ao, Sy, T', Sy}, the commutant lifting problem is to
find all F' € S(U,Y) such that

A H
If the problem is solvable, then necessarily A, is a contraction.

To reformulate this commutant lifting problem as a LTONP interpolation prob-

lem, put

®1) Z=H, Z=T, W=Hz:LQ) =2, W=A,:C2U) - Z.

Here Iz is the orthogonal projection of £3(Y) onto Z = H'. With W, W and Z
given by ([BJ) it is straightforward to check that ZW = WSy and Z W = WSy.
Thus the conditions in () are satisfied. Moreover, the solutions to the LTONP
interpolation problem with this data set with data {W,W,Z} are precisely the
solutions to the commutant lifting problem with data set with data {W, W, Z}; see
the second paragraph after Proposition[L.3l Since S3, is pointwise stable, it is also
clear that Z* is pointwise stable. Note that in this case

(82) P=Tzll=1Iz, P=AA* and A=P—P=1— AA’,
(8.3) B=1IIzEy and B = A.Ey.

So the commutant lifting problem with data { Ao, Sy, T”, Sy} is solvable if and only
if A is positive, or equivalently, A, is a contraction. Finally, it is noted that one
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can use Theorem [ZT] to find all solutions to this commutant lifting problem when
[[ Aol < 1.

Notice that Ker W = (2 (¥) © H'. By the Beurling-Lax-Halmos theorem there
exists an inner function © € S(&,Y) such that (2(Y) © H' = KerW = ImTp,
which allows us to define:

(8.4) C=EiTESyIME 25 E and D=0(0)":Y =&,

Note €' and D defined above are precisely equal to the operators C' and D defined

by (L8) provided the data set {W,W,Z} is the one defined by the commutant
lifting setting (1]). It follows that the operators C' and D in (8] is an admissible

pair of complementary operators determined by the data set {W, W, Z} defined by
ED.

Using the above connections we can apply Theorem to obtain the following
theorem which describes all solutions of the commutant lifting problem with data
{A,, Sy, T', Sy} for the case when the operator A, is a strict contraction. Note
that in this case the operator A defined by (II3)) is equal to the operator

(8.5) A=10, A =I5 A - CL(U) — (V).
Hence using I1z11% = Iz, we also have [IzA = A..

Theorem 8.1. Let {Ao, Sy, T', Su} be a commutant lifting data set. Assume A,
is a strict contraction. Then all solutions F' to the commutant lifting problem for
the data set { Ao, Sy, T', Su} are given by

(8.6)  F(\) = (Tuu(M)X(\) +T1(V) (Tar W)X (N) + T22(N) ', AED,

where the free parameter X is an arbitrary Schur class function, X € S(U,E), and
the coefficients Y; ;, 1 < i,5 < 2, are the analytic functions on D defined by

(8.7) T11(A) = D*Qo + AE (I — AS5) I, (I — A.AL) ' C*Qo,
(8.8) T12(N) = B3 (I — AS3) '3, Ay (I — AZA,) ' EyR.,

(8.9) Tor(N) = ME, (I — AS;) " LAX (T — A A ~LC*Q.,

(8.10) Yoo (N) = Ejy (I = AS) (I — AZA.) "' EyR..

Here C and D are the operators defined by [84), and

N[

(8.11) Qo = (Ig +CAO(I—A§AO)_1A§C*)7 :

EZ/{) )

[V

(8.12) Ro = (B (1 - Aza.) ™!

and these operators are strictly positive.

Proof. The above theorem is a direct corollary of Theorems[[Iland[[.2l Indeed, in
the present setting A = II5 A, and 1z A = A, while the operator W* = II% = 1I3,,.
This implies that

(I—A*A) = (I - AXA)™Y, WA — A*A) YA W™ = Ao (I — ALA,) AL
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It follows that in this case the operators @), and R, in Theorem are given by
®BII) and [BI2), respectively. Furthermore,

A = A" A) T =T, Ac(I — ATA) ™
(I = AA")IW* = (I — AA") Iy, = 0 (1 — A.A%)
AT = AA) W = ALy I, (1 — AAT) ™ = A3 — A, A7) 7"

The latter identities show that in this case the formulas for the function YT;;, 1 <
i,7 < 2, in Theorem [[.2] can be rewritten as in (87) — (8I0), which completes the
proof. O

9. THE LEECH PROBLEM REVISITED

In this section we discuss the Leech problem and show how it appears as a
special case of our LTONP interpolation problem. We will also show that our first
main result, Theorem [T after some minor computations, provides the ‘infinite
dimensional state space’ characterization of the solutions to the Leech problem
given in Theorem 3.1 in [24], without any ‘minimality’ condition. It is noted that
in [24] these formulas are used to derive algorithms in the rational case. The paper
by R.B. Leech [40] where this problem originated from was eventually published in
2014; see [35] for some background on the history of this paper.

The data set for the Leech problem consists of two functions G € H*(Y,V) and
K € H*(U,V), for Hilbert spaces U, Y and V, and the aim is to find Schur class
functions F' € S(U,Y) such that GF = K. In terms of Toeplitz operators, we seek
F € S(U,Y) such that TeTr = Tk. To convert the Leech problem to a LTONP
interpolation problem, set Z = ¢% (V) and define

91) W=Tg:2Q) =2, W=Tx: U —»Z, Z=5y:2—Z.
In this setting,
(9.2) P =TT, and P =TgTy..

Since T and Tk are analytic Toeplitz operators they intertwine the unilateral for-
ward shifts on the appropriate Ei—spaces. This shows that the triple {W, W, Z} sat-
isfies the conditions of being a LTONP data set; see (IT]). Moreover, the solutions to
the LTONP interpolation problem associated with the data set {W, W, Z} coincide
with the solutions to the Leech problem for the functions G and K. Furthermore,
note that Z* = S}, is pointwise stable, but does not have spectral radius less than
one, as required in Section 1.4 of [I9]. The solution criterion WIW* — WW* >0
from the LTONP interpolation problem translates to the known solution criterion
for the Leech problem, namely T¢Tf — Tk Ty > 0.

Note that in this setting B = TgFEy and B = Tk FEy. On can use Theorem
21 to find a parametrization of all solutions to the Leech problem when A =
TeTE—TkTy > 0. From Theorem[IT] we now obtain the following characterization
of the solutions to the Leech problem under the condition that A = TgTE — T T
is strictly positive.

Theorem 9.1. Let G € H*(Y,V) and K € H>®(U,V), and assume that TaTS —
TrT}j is strictly positive. Let © € S(E,)), for some Hilbert space £, be the inner



50 A.E. FRAZHO, S. TER HORST, AND M.A. KAASHOEK

function such that InTg = KerTg. Then the solutions F to the Leech problem
associated with G and K are given by

(93)  FO) = (Tu)X() + T12)) (T2 (VX (V) + Tea (V)

where the free parameter X is an arbitrary Schur class function, X € S(U,E), and
the coefficients in (Q3) are the analytic functions on D given by

T11(A) = 0(0)* Qo — AEY(I — AS3) ' TE(TeTE — T Th ) " NQo,
T12(A) = EH(I — AS3) ' Te(TeTs — T Ti) ' T EyRo,
Tor(A) = —AEG(I = ASY) T T (Ta T — T Tie) T NQo,
Yo2(A) = Ro + Ei(I — \S})) ' T3(TeTg — T Th) Tk EyRo.
Here N = —TgSyTobe = Sy, TgEy©(0) and Q. and Ro are the strictly positive

operators given by
Qo = (Ie + N*(TeTg — TxTh) ' — (TeTE) " )N) %€ =€,
Ro = (Iy + B} T (TaTy — T Th) " T Ey) ™% : U — U.

1
2

Moreover, the parametrization given by ([L9) is proper, that is, the map X — F is
one-to-one.

Proof. The formulas for T;;, 1 < 4,5 < 2, follow directly from those in (LI0)-
(II3) after translation to the current setting, that is, using A = TaTE — Tk}
with P = TgTC*; and B = TgE‘y and E = TKEM. Using m with W = TG
we arrive at PC* = TS} ToEe = —N. For the second formula for N, namely
N = S;TcEy0(0), see Lemma 2.1 in [24]. O

This characterization of the solutions to the Leech problem is almost identical
to that obtained in Theorem 3.1 in [24], for the case i = CP, Y = CP, V = C™ and
under the ‘minimality’ condition that for no nonzero x € CP the function z — G(z)x
is identically equal to zero. Note that the operators @, and R, above coincide with
AT! and Ay ! of Theorem 3.1 in [24], respectively. However, in the definition of
Ay in [24, eqn. (3.7)] it should have been ((T¢Ty — Tk Ty) ™" — (TgTE)™!) rather
than (TaTg — TrTw) ™' — (TeTE) ')t To see that T12 and Yoo in Theorem
indeed coincide with those in Theorem 3.1 in [24], use that (I — \S3,)~! =
I+ X1 —\S3)~1Sy, so that

T12(N\) = E3Ta(TeTE — T Th) ™ ' T By Ro+
AESTE(I — AS3) 1Sy (TeTs — T Th) ' Tk EyRo

Yoo(A\) = Ro + Ej\Tj(TeTE — T Tj) ' T Ey R,
+AESTHR(I — A\S5) LS5 (TaTe — T Ty) ' Tk EyRo

= RJ' + AE; T3 (I — ASy) ' Sy(TaTs — T Ti) ' Tr EyRo,
where the last identity follows because
(Iy + B T3 (TeTE — T Tr) " Tk Ey)Ro = R;2Ro = R
The Toeplitz-corona problem corresponds to the special case of the Leech prob-

lem where Y =V and K = I, is identically equal to the identity operator on /. In
view of the connection made between the LTONP interpolation problem and the
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commutant lifting problem in Section [ we refer to Proposition A.5 in [24], where
the Toeplitz-corona is identified as a special case of the commutant lifting problem
discussed in Section[Bl Although Proposition A.5 in [24] is proven only for the case
where U and ) are finite dimensional, one easily sees that the result caries over
to the infinite dimensional case. We present the result here rephrased in terms of
the LTONP interpolation problem, and add a proof for completeness. Note that
with K is identically equal to I;; we have W=I W) Hence W is invertible. The
converse is also true.

Proposition 9.2. Let {W, W, Z} as in (1) be a data set for a LTONP interpo-
lation problem where W is invertible. Then there exists a function G € H*®(Y,U)

such that with K = Iy the operators W, W and Z are given by OI), withV =Y, up
to multiplication with an invertible operator from Z to Ei (U). In fact, G is defined

by Tg = ﬁ/’*lw, or equivalently, W = WTG and W = WT] and Z = WSMW’l.
Proof. Let {W, w, Z} be a data set for a LTONP interpolation problem with W
invertible. Then ZW = WSy and Sy W~ = W~1Z, so that

SyW W =W ZW = W'W Sy,

This shows W~1W is a Toeplitz operator T with defining function G € H> (Y, U).
It is also clear that for K = Iy we have

Tk :Ili(b{) :W_lw and W‘lZW:W_1WSM = Sy. [l

APPENDIX A.

This appendix consists of seven subsections containing standard background ma-
terial that is used throughout the paper. Often we added proofs for the sake of
completeness.

A.1. Stein equation. In this section, we present some standard results concerning
discrete time Stein equations.

Lemma A.1. Let Z be an operator on Z such that Z* is pointwise stable. Let o
be an operator on X such that sup,,~q ||a"|| < oo while = is an operator mapping
X into Z. Assume that the Stein equation

(A.1) Q- ZQa =2

has a solution  mapping X into Z. Then the solution to this Stein equation is
UNLQUE.

Proof. If (2 is another operator satisfying 2y — ZQ,a = =, then subtracting these
two Stein equations yields

Q—Ql = Z(Q—Ql)a.
Applying this identity recursively, we have Q2 —Q = Z" (Q — Ql)a" for all integers
n > 0. By taking the adjoint, we obtain * — Q] = a*” (Q* — Q’{)Z*" Since Z* is
pointwise stable and sup,, > [|a™|| < oo, for each z € Z we have
Q" = Q7)) = o™ (" = Q1) Z""2|| < [l [ (" = Q5)[[[|1Z2*"2]| — 0.

Hence Q* = Qf, or equivalently, Q& = ;. Therefore the solution to the Stein
equation 2 = ZQa + = is unique. (|



52 A.E. FRAZHO, S. TER HORST, AND M.A. KAASHOEK

Let Z be an operator on Z such that Z* is pointwise stable. Assume that W is
an operator mapping ¢2 () into Z such that ZW = W Sy. Let B be the operator
mapping Y into Z defined by B = WEy. Then P = WW?* is the unique solution
to the Stein equation

(A.2) P=ZPZ* + BB*.

Lemmal[A Tl guarantees that the solution to this Stein equation is unique. Moreover,
using ZW = WSy, we obtain

P=WW*=W (SySy + EyE}) W* = ZWW*Z* + BB* = ZPZ* + BB".
Hence P = WW* satisfies the Stein equation (A22]). Notice that
[Ey SyEy S3Ey SyEy - ] =1,
the identity operator on ¢2 ()). Using this with ZW = W Sy, we see that
W=W|[Ey SyEy S3Ey ---|=[B ZB Z?B --].
In particular, P = WW* = ZZOZO Z"BB*Z*™. Motivated by this analysis we
present the following result.

Lemma A.2. Let Z be an operator on Z such that Z* is pointwise stable. Let
B be an operator mapping Y into Z. If P is a solution to the Stein equation
P =ZPZ* + BB*, then P is the only solution to this Stein equation. Moreover,
P =WW?* where W 1is the operator mapping ﬁ(y) into Z given by
(A.3) W=I[B ZB Z?B ---]:01())— Z.
Finally, ZW =W Sy and WEy = B.
Proof. By recursively using P = ZPZ* + BB*, we obtain
P=BB*+ZPZ*=BB*+ Z(BB*+ ZPZ*)Z*
= BB* +ZBB*Z* + Z>(BB* + ZPZ*) Z** + - .

= Zn: Z'BB*Z* 4 zntipzrntl
j=0
where n is any positive integer. Because Z* is pointwise stable, the uniform bound-
edness principle implies that sup{||Z"| : n > 0} < oco. Thus Z"T!PZ*"*1 con-
verges to zero pointwise as n tends to infinity. Therefore P = E;io ZIBB*Z* with

pointwise convergence. Moreover, W in ([AZ3)) is a well defined bounded operator
and P = WW*. Clearly, ZW = WSy and B = WEy. O

A.2. The Douglas factorization lemma for K; Kj = K> K3. In this subsection
we review a variant of the Douglas factorization lemma; for the full lemma see,
e.g., [26, Lemma XVII.5.2]. The results presented are used in Sections 2 and [
Consider the two Hilbert space operators and related subspaces given by:

(A.4) Ki:Hi— 2 and F=ImK] CH;,
(A.5) Ky:Hy— Z and F' =ImKj C Ho.
The following two lemmas are direct corollaries of the Douglas factorisation lemma.

Lemma A.3. Let K, and Ky be two operators of the form (&4) and (AX). Then

the following are equivalent.
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(i) The operators K1 K = K2 K35,
(ii) There exists a unitary operator w : F — F' such that

(A.6) wK{ = K5  or equivalently Kow = K;|F.
(iii) There exists an operator w: F — F' such that
(A.7) KyK; = KowKY and KewK{ = K1 K.
In this case w is unitary.

If Part (ii) or (iii) holds, then the operator w is uniquely determined. Finally, each
of the identities in (A6) separately can be used as the definition of w.

Remark A.4. The operator products in (A6 and (A7) have to be understood
pointwise. For instance, the first identity in (AL6) just means that wKjz = Kjz
for each z € Z. Note that for each z € Z we have Kz € F, and thus wK7z is well
defined and belongs to F’. On the other hand, Kjx also belongs to F’, and hence
wKix = K5x makes sense. This remark also implies to the other identities in this
subsection.

Let us sketch a proof of LemmalA3l One part of the Douglas factorization lemma,
says that if A and B are two operator acting between the appropriate spaces, then
AA* < BB* if and only if there exists a contraction C from the closure of the range
of B* to the closure of the range of A* satisfying A* = C' B*. Moreover, in this case,
the operator C' is unique. If K1 K = K9 K3, then there exists a contraction w such
that K5 = wK7}. Because K1 K| = Ky K3, it follows that w is an isometry from F
onto F'. Since w is onto, w is unitary. On the other hand, if Kj = wK7 where w
is unitary, then K1 K; = K2K;. Therefore Parts (i) and (ii) are equivalent.

Clearly, Part (ii) implies that Part (iii) holds. Assume that Part (iii) holds. Then
by the first identity in (A7) and the fact that K3 is zero on Ha © F', we see that
wK} = Kj. Similarly, using the second identity in (A7) and F = Im K7, we obtain
Kow = K;|F. This yields Part (ii). Therefore Parts (i) to (iii) are equivalent.

Lemma A.5. Let K1 and Ky be two operators of the form (A4) and (AX). As-
sume K1 Kf = KoK5 and let w : F — F' be the unitary map uniquely determined by
(AD). Let 7 : Uy — Hi and 72 : Us — Ha be isometries such that TmT = H1 © F
and Im 7o = Ho © F'. Then all contractions Y : H1 — Ho such that

(A.8) KoK = KoYKY and KoY KT = K1 K7

are given by Y = m X1 + II%,wlly where X is any contraction mapping Uy into
Us. Moreover, the map X — Y is one-to-one.

Recall that V is a right inverse of U if UV = I. Next we assume that N :=
K1 K] = Ky K3 is strictly positive. Then both K; and K are right invertible, the
operator Kj N~ is a right inverse of K, and the operator K3 N~ is a right inverse
of K5. Indeed, we have

K\KiN7' =K\ K} (K,:K})™' =1z,
KoK3N™' = Ko K3 (Ko K3) ™ =15,

Furthermore, a direct computation shows that the orthogonal projections Pr onto
F and Pz onto F’ are respectively given by

(A.9) Pr=K{N'K; and Pr =K;N 'K,.
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Lemma A.6. Let K; and Ka be two operators of the form (A4) and (AF). As-
sume that K1 K = KoK35 and N = K1 K = KoK is strictly positive. Then the
unique operator w : F — F' satisfying (AT) is given by

(A.10) wPr = K;N'K;.

Proof. Using the first identity in (A29) and next the first identity in (A6]) we see
that

wPrh=w(K;N"'K))h = (wWK;)N"'K1h = KN 'K\h, h¢€H,,
and (AI0Q)) is proved. O

A.3. Construction of complementary operators. This subsection deals with
the construction of operators C' and D satisfying ([6) and (7)) assuming the
operators Z and B are given. As in Section [I] the operators Z and B are Hilbert
space operators, Z : Z — Z and B : Y — Z. Moreover, we assume that Z* is
pointwise stable, and P is a strictly positive operator on Z satisfying the Stein
equation
(A.11) P—-ZPZ* = BB".
The fact that P is strictly positive, Z* is pointwise stable and satisfies (A1T)
implies that

W=[B ZB Z°B - ]:2())—> 2
defines a bounded linear operator and P = WW?*. Moreover, as in Section [I we
have
(A.12) ZW =WSy and B=WEy:Y— 2.

Finally, note that P is not necessarily equal to WW™* when Z* is not pointwise
stable. For example, if Z is unitary, and P = I, then B =0 and W = 0.
To see that W is a well-defined operator, consider the auxiliary operators

(A.13) Bi=P *B:Y—Z and Z =P 3ZP%:Z— Z.
Multiplying the Stein equation P — ZPZ* = BB* by P~2 on the left and right
yields I — Z, Z} = B1B7, and hence

Byl y
14 5.2 [
is an isometry. In particular, the operator in (A.T4) is a contraction. But then we
can apply Lemma [A. 10/ to show that

By

BiZi |

(A.15) K= |przr)2| 60) = 2

is a well defined bounded linear operator and | K|| < 1. Note that the adjoint of K
is the operator K* given by

K*=[B1 Z\By Z{B1 ---]:65(Y) — Z.
Using the definitions of By and Z; in (A13]) we see that
2B, = (P—%ZP%) P iB= (P—%Z"P%) P iB =P t7"B.
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Thus P2 K* = W, and hence W is a well defined operator from (3 (Y) into Z. Tt is
emphasized that because P is strictly positive, the operator Z* must be pointwise
stable; see the first part of the proof of Lemma 3.1. The latter implies that the
solution of the Stein equation P = ZPZ* + BB* is unique (see Lemma [A.T]), and
thus P = WW*.

As mentioned in the Introduction (in the paragraph after formulas (L6) and
(L)) there are various ways to construct admissible pairs of complementary oper-
ators. One such construction, using the Beurling-Lax-Halmos theorem, was given
in the Introduction. The next proposition provides an alternative method which
has the advantage that it can be readily used in Matlab in the finite dimensional
case.

Proposition A.7. Let 7 : Z — Z and B : Y — Z be Hilbert space operators,
where Z* s pointwise stable. Moreover, assume that P is strictly positive operator
satisfying the Stein equation P = ZPZ* + BB*. Then there exists a Hilbert space
E and Hilbert space operators C : Z — & and D : Y — £ such that

o [l A -

D* B*||lg 0 D C| |Iy O
wm Al AR -l A
One such a pair of operators can be constructed in the following way. Let ¢ be any
isometry from some space & onto the null space of [B ZP%} of the form

A8 — |91 g y}

(A18) =78~ 2

Define the operators Cy and Dqy by

(A.19) Co = <p;P7% 2 =& and Dy=¢]:Y — &.

Finally, all operators C': Z — & and D : Y — & satisfying (A16) and (AIT) are
given by

(A.20) C=UCy and D =UDqy withU :& — & any unitary operator.
Proof. Let Z; and Bj be the operators defined by equation (AI3]). Note that

Z1Z7 + B1B} = I, the identity operator on Z. Furthermore, the two identities
(A16) and (AJT) are equivalent to the statement that the operator

(A.21) MFEnym%Q

is unitary. Notice that [B ZP%] and [Bl Zl} have the same null space. By
construction the operator

4 719

is unitary. So choosing D = ¢} and C = QDSP_% yields a system {Z, B,C, D}

satisfying (AJ0) and (AIT). It easily follows that (AI6) and (A7) remain true

when C' and D are multiplied with a unitary operator on the left side. Hence (A16)

and (A7) holds for C' and D as in (A20).
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Let {Z,B,C, D} be any system satisfying (AI6) and (AIT). Because M is
unitary the two operators

_ e Y _| b y
ga—[(p?] .80%{2} and V—[P;O*} .5%[2}
are isometries whose ranges are equal to the null space of [B Z Pﬂ. Therefore,

p* = VV*is equal to the orthogonal projection onto the null space of [B ZP%} .
Hence there exists a unitary operator U from &y onto £ satisfying

er| _ | D" |

o= L]
use the special case of the Douglas factorization presented in Lemma [A:3] Thus,
Upt =D and UpsP~3 = C. 0

Proposition A.8. Let Z : Z — Z and B : Y — Z be Hilbert space operators
where Z* s pointwise stable. Moreover, assume that P is strictly positive operator
satisfying the Stein equation P = ZPZ*+ BB*. Let C: Z - & and D :Y — & be
Hilbert space operators such that (AI6) and (AI7) are satisfied. Put

(A.23) O(\) = D* + AB*(I — \Z*)'C*.
Then © € S(€,Y) and O is inner. Moreover,
(A.24) Ker W =ImTe, C = E;T5SyW*P~', D =0(0),

where W = [B ZB Z?B - } mapping Ei (V) into Z is the operator determined

by (AI2).

Proof. The fact © € S(€,Y) and © is inner is a direct consequence of (AI6]) and
the pointwise stability of Z*. Indeed, from (A16) we obtain that the realization of
© given by the system matrix M*, with M as in (A2]]), has an isometric system
matrix and a pointwise stable state matrix Z7 = PzZ*P~z, so that the claim
follows from Theorem II1.10.1 in [I9]. For completeness, we present a proof. Let
O(A) = Y07 MOy be the Taylor series expansion for ©. Note that ©(0) = D*
and ©,, = B*(Z*)"~1C* for all integers n > 1. Let ® be the operator defined by

Ao
@1 .
(A.25) o=||92]| = {WIEO*} £ [éij()y)} .

Because W is a bounded operator mapping ¢2 () into Z, it follows that ® is a well
defined operator. In fact, ® is an isometry. To see this observe that (AI6) yields,

®*® = DD* + CWW*C* = DD* + CPC* = 1.

Hence @ is an isometry. Moreover, ®€ is a wandering subspace for the unilateral
shift Sy, that is, {SHPE}N2, forms a set of orthogonal subspaces. To see this it
is sufficient to show that ®& is orthogonal to SJ,®E for all integers n > 1. Using
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SHW* = W*Z*, with n > 1, we obtain

sp0) 0= wisre= [0 owl (s |2

* (7R \n—1 v
— (o ew) RS
= DB*(Z*)""'C* + CWW*(Z*)"C*
= (DB* +CPZ*)(Zz")"'C* =0.
The last equality follows from (AI6]). Therefore {SH®E}5° forms a set of orthogonal

subspaces.
The Toeplitz matrix Tg is determined by

To=[0 Sy® S20 -],
Because @ is an isometry and ®& is a wandering subspace for Sy, it follow that all

the columns {S;®}5° are isometric and orthogonal. Therefore T§Te = I and © is

an inner function.
Now let us show that Ker W = Im Tg. To this end, note that

D* Yy
Because P = WW™ is strictly positive the range of W* is closed. Moreover, one
can directly verify that W*P~!W is the orthogonal projection onto the range of
W*. Hence I — W*P~W is the orthogonal projection onto Ker W. Since Tg is an
isometry ToT{ is an orthogonal projection. We claim that I — W*P~1W = TeTy,
and thus, Ker W = Im Tg. To this end, notice that TgTg is the unique solution to
the Stein equation

(A.27) ToTe = SyTeTsSy + To B ELTS.

Because 53, is pointwise stable, the solution TeTg to this Stein equation is unique;
see Lemma [A1l Moreover, using W = [B ZW| with (A7), we have

I—-W*P'W — Sy(I - W*P~'W)S5,
= EyE} + SyW*P'W Sy — W*P~'W

1 0 B* .
|0 W*le] - [W*Z*] Pt [B ZW]
[I—-B*P'B —B*P1ZW

_—W*Z*PilB W*P~'W —W*Z*P~1ZW
[ D*D D*CW «
~|wrcrD W*C*CW] = ToEeLiTe.
So I — W*P~'W is also the solution to the Stein equation (A.27). Because S3 is
pointwise stable, the solution to this Stein equation is unique. Therefore ToTo =
I—W*P~'W and Ker W = Im Tpe.

It remains to prove the second and third identity in (A24)). Using (A26]) we see
that

0

EiT5SyW*P~™' = [D CW] {W*P—l] CWW*P~! = PP~ =C.
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This proves the second identity in (A24]). The third follows by taking A = 0 in

(A.23). 0

Proposition A.9. Let Z : Z — Z and B : Y — Z be Hilbert space operators
where Z* s pointwise stable. Moreover, assume that P is strictly positive operator
satisfying the Stein equation P = ZPZ* + BB*. Let © € §(€,)) be any inner
function such that Ker W = ImTg, where W is the operator appearing in (AI2]).
Then the operators

(A.28) C:=FEiT5SyW*P™ .25 € and D:=0(0):Y €.

form an admissible pair of complementary operators determined by {B, Z}, that is,
with this choice of C' and D the identities (AI6) and (AIT) are satisfied.

Proof. Notice that S},Te Eg is orthogonal to ImTg. To see this simply observe
that
T5SyTeoEe = SiTgTeEe = S¢Eg = 0.
Because ImTg = Ker W, we see that the range of S;}T@Eg is contained in the
range of W*. Since P = WW?* is strictly positive, the range of W* is closed and
W* is one to one. Hence Ker W* = {0}. By another implication of the Douglas
factorization lemma, see e.g., [26] Lemma XVII.5.2], we obtain that there exists a
unique operator C' mapping Z into & such that S5,Tg Fg = W*C*. By taking the
adjoint we have CW = EET§Sy. Hence
C=CWW*P™! = EfT5SyW*P~L.
In other words, C is determined by the first equation in (A28]). By taking the
Fourier transform we get
O(\) = E3(I — AS5) 'ToEs = ©(0) + AES (I — AS}) ' S ToEx
= D* + AE}(I — AS3)"'W*C* = D* + AB*(I — \Z*)"'C*.
In other words, ©(\) = D* + AB*(I — AZ*)~1C* and (A24) holds.
To derive (AIG) recall that W*C* = S3Te Eg. Hence
DD*+ CPC* =06(0)"9(0) + CWW*C*
= E;T(;EyESK;T@Eg + E;TéSyS§T@Eg
= E;TETeoEe = 1.

Hence DD* + CPC* = I. Moreover,

BD* + ZPC* = [B ZW] [m?(?” =[B ZW] {S;GT(?EJ

=WTeEs =0.

Thus BD* + ZPC* = 0. This with P = BB* + ZPZ*, yields (A14)).
To obtain (A7), notice that T admits a decomposition of the form

e o) late)  latn]
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Because Ker W = Im T and W* P~1W is the orthogonal projection onto the range
of W*, we have ToTg = I — W*P~'W. Using W = [B ZW|, we obtain

I—B*PilB —B*P71ZW - B* —1
[—W*Z*P‘lB I—W*Z*P‘lZW} - [W*Z*} oo
— _ * p—1 _ * D*D D*CW

=1 -W'P'W =TeTg = [W*C*D W*C*CW + TeT§

| D*D D*CW

a {W*C’*D W*C*CW + 1 — W*P1W} '
By comparing the upper left hand corner of the first and last matrices, we have
D*D 4+ B*P~'B = I. Because W is onto, comparing the upper right hand corner
shows that D*C'+ B*P~*Z = 0. Since W* is one to one, comparing the lower right
hand corner shows that P~! = ZP~1Z* + C*C. This yields (AIT7). Therefore
{C, D} is an admissible pair of complementary operators. O

Alternative proof of Proposition[A.9l To gain some further insight, let us de-
rive Proposition [A.9 as a corollary of Proposition [A.§ using the uniqueness part of
the Beurling-Lax-Halmos theorem; see [2I, Theorem 3.1.1].

Let C: Z — & and D : Y — € be Hilbert space operators such that (A.10) and
(A17) are satisfied with C' and D in place of C' and D, respectively. Set

O(\) = D* + AB*(I — A\Z*)~'C*.
Then, by Proposition [A.8 the function © is inner and Ker W = Im Tg. Thus

ImTg = ImTe, and hence using the uniqueness part of the Beurling-Lax-Halmos
theorem there exists a unitary operator U from £ onto £ such that

ONU =0()) (AeD).

Now put C' = UC and D = UD. From the final part of Proposition [A.7] we know
{C, D} form an admissible pair of complementary operators determined by {B, Z}.

It remains to show that C' and D are given by (A28). From the second and
third identity in (A24]) we know that

(A.29) C = ET;SyW* P~ and D =0(0)".
Since U : € — £ is unitary we have U E;Tg) = FTE. Thus the first identity in
(A29) shows that C' = UC is given by the first identity in (A28). Similarly, we

have N N
D=UD=U6(0)"=U(0(0)U)" =0(0),
which proves the second identity in (A28)). O

An example. Let M be a subspace of ¢2 ()) invariant under the block forward
shift Sy. The Beurling-Lax-Halmos theorem [2T, Theorem 3.1.1] tells us that there
exist a Hilbert space £ and an inner function © € S(€,)) such that M = ImTe.
Moreover, if ¥ is an inner function in S(&,, )) satisfying M = Im Ty, then ©(\)U =
P(A) where U is a constant unitary operator mapping &, into .

We shall derive this result as a special case of Proposition[A8 Put Z = (2 (¥)©
M, and define

(A.30) Z=TzSys:2Z—Z and B=IzEy:Y — Z.
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Note that Z is the compression of Sy to Z, and Z is an invariant subspace for S73,.
Let W be the operator mapping Ei(y) onto Z defined by W = Ilz. Since M is an
invariant subspace for Sy, we have

e[ [

where * represents an unspecified entry. In particular, this implies that

fgy:w 0=z[1 0] =2zW

W&:UOW
Hence ZW = WSy. By construction B = WEy. Thus I = WW?* is the unique
solution to the Stein equation P = ZPZ* + BB*.

The fact that W = Iz implies that Ker W = (3(Y) © Z = M. But then
Proposition [A.§] tells us that there exist a Hilbert space £ and an inner function
0 € §(&,Y) such M =ImTp which is the Beurling-Lax-Halmos result. Moreover,
Propositions [A.7 and [A8] together provide a procedure to construct © .

To prove the uniqueness, assume that ¥ is another inner function in S(&,, )) sat-
isfying M = ImTy. Because Tg and Ty are two isometries whose range equals M,
it follows that TeTg = TwTy = Pay, the orthogonal projection onto M. Accord-
ing to the variant of the Douglas factorization lemma discussed in the preceding
subsection (see Lemma [A3) we have TV = Ty where V is a unitary operator
from ¢2 (&) onto £%(€). Because SyTe = TeSs and SyTy = TySe,, we see that
SgV =VSg,. SoV is a lower triangular unitary Toeplitz operator. Hence V = Ty
where U is a constant function on D whose value is a unitary operator, also denoted
by U, mapping &, into €. Therefore ©(N\)U = ¥(A).

A.4. Construction of a co-isometric realization. In Section [2] an important
role is played by the classical fact that an operator-valued function F' is a Schur
class function if and only if F' admits an observable co-isometric realization (see
Theorem [2.0]). The “if part” in this theorem is straightforward and holds true for
any contraction. Indeed, assume that

(A.31) M = [Z Z] : m - Bc]

is a contraction. Then « is a contraction, and thus (I — Aa)™! is well defined for
all X in the open unit disc D. Hence F(\) = § + My(I — Aa)~!f is analytic in D.
Now observe that for w in U, we have

[mﬁth:ﬁle_ﬁpm}

Using the fact that M is contraction, we see that
[FN)ull? < IFEQull® + [1( = Ae) ™ Bul*(1 = [A]?) < [Jull.

Hence ||F(M)]| <1 for each A € D. Therefore F is in the Schur class S(U, ).

The only “only if part” is much less trivial and has a long and interesting history
(see the paragraph directly after Theorem[Z3]). Here we present an alternative proof
of the “only if part” inspired by the proof of Theorem[2.1} see the end of this section
for more details.
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Proof of the “only if” part of Theorem Let FF e SU,Y), and let T =
Tr be the block Toeplitz operator mapping ¢2 (i) into ¢3 ()) defined by F. The
fact that F' is a Schur class function implies that T is a contraction, and hence
the defect operator Dy« = (I — TT*)z is well defined. With T we associate the
following two auxiliary operators:

K =[Ey SyDr-]: lﬂj()y)] -3 ()),
+
L=[TEy Dr-]: g;y) — (V).

Here Dy~ is the positive square root of I — TT™.

PART 1. We first show that there exists a co-isometry M mapping U & (2 (Y) into
Yo Ki(y) such that KM = L. To see this, note that

KK* = EyE}, + Sy(I — TT*)Sy, = EyE3, + Sy Sy, — T'SySyT*
= Igi(y) - TSL{SMT 3
LL*=TEyE;T*"+ (I -TT*) = Iéi(y) - T - EyE;)T™
Thus KK* = LL*. It follows (apply Lemma [A3] with K1 = K and Ky = L)
that there exists a unique unitary operator 71 mapping Im K* onto Im L* such

nK*f = L*f for each f € (3 (Y). Furthermore, [y x] T € Ker K if and only if
y = 0 and « € Ker Dp«. The latter implies that the operator 7 from Ker K to

Ker L defined by
0 0
T2 =l @ € Ker Dy«

€T

is a well defined isometry from Ker K to Ker L. Since
ImK*®KerK=Y®2(Y) and ImL* @ KerL =U @ (3 ().

It follows that N = 71 ® 7 is an isometry from Y @ (2 (Y) into U @ 3 (Y) such that
NK* = L*. But then M = N* is a co-isometry from U & ¢2 (Y) into Y @ (% (Y)
such that KM = L.

We partition M as a 2 x 2 operator matrix using the Hilbert space direct sums
U (Y) and Y & (2(Y), as follows:

U
M = |:6 '7:| : 9 — Qy
Aol [EQ) ()
Finally, using this decomposition with KM = L, we obtain
o v
By SyDr] [ p a] — [TE. Dr].
PART 2. We show that F' is given by the state space realization
(A.32) FA) =6+ MI-Xa)" '8 (AeD).

Since M is a co-isometry, M is a contraction, and hence the operator [7 04: is
also a contraction. But then we can apply Lemma 3.1 in [20] (see Lemma [A. 10l

>
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below) to show that the observability operator
Y

(A.33) I:= J(jz L2 = 3(Y)

is well defined and a contraction. Note that

(A34) T - S’yI‘a = Ey’}/.
Furthermore, the identity K M = L is equivalent to
(A35) TEz,[ = Ey6 + S)}DT*B and DT* = Ey’}/ + SyDT*O(.

Using the second identity in (AZ30) along with (A.34) we see that
Dp- =T = (Eyy + SyDr+a) — (Eyy + Syl'a) = Sy(Dr- —Ta
(A.36) =Sy(Dr- —T)a"™, n=0,1,2,---.

Since « is a contraction and S} is pointwise stable, it follows that for each f € (3 ())
we have

(D =T)f = (@) (Dr- =T*)(S5)"f 50 (n > ).
But then we have I' = Dp». Thus, by the first identity in (A:38), we obtain
TEZ,[ = Ey(s + SyDT*B = Ey(s + Syl—‘ﬁ

0
0 g
0
0

Since the first column of T is given by the Fourier coefficients Fy, Fy, Fb, ... of the
Schur class function F', we conclude that

Fo=6 and F,=~a""'8, n=12,....
This proves (A.32)). O
Lemma A.10. (]20, Lemma 3.1]) Assume that [y «| T is a contraction mapping

Z into YBZ. Then the observability operator I' = col [’yozj}jio is also a contraction
mapping Z into (2 ().

Proof. Because [’y Q@
this fact, we obtain

} T is a contraction, I > v*y + a*a. By recursively using
I>2yy+a'azy"y+a" (Vv +a'a)a
> 7'y +a'y e+ a? (v +ata)a? -

n
> Za*jw*waj +a gt n=0,1,2,.. ..
0

J
In particular, I > > a*v*ya? for any integer n > 0. Therefore I > I'*T" and T is
a contraction. O
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A.5. Outer functions. The first lemma presented in this section plays an impor-
tant role in the proof of Proposition Recall that an operator-valued function
® whose values are operators mapping U into Y is called outer if ® is analytic on
D, for each u € U the function ®(-)u is in H*(Y), and ®(-)U is cyclic with respect
to the forward shift on H?())). The latter is equivalent to the following condition:

0N

(3] >
(A.37) \ 8% |o,|U=0(Y)  where ()) = > N ;.
n>0 j=0

The following result has its roots in [19] and its proof is presented for the sake of
completeness.

Lemma A.11. Let A be a strict contraction mapping (1 (U) into an auziliary
Hilbert space H' satisfying the inequality S;;A*ASy < A*A. Then

d(\) = Ej(I - \Sj) "I — A*A) "By, MAeD,
is an outer function. Furthermore, there exists a function U € H*>®(U,U) such that

T (NP (MNu = u for each uw € U and X € D. In particular, if ®(N\) is invertible for
each A € D, then ®(\)~! is in H®U,U).

We shall derive the above lemma as a corollary of the following somewhat more
general lemma.

Lemma A.12. Let 2 be a strictly positive operator on Ei (U), and assume that Q <
S5 QSy. Then the function ®(\) = Ej,(I — \S;,) "'Q ™' Ey is outer. Furthermore,
there exists a function ¥ € H®U,U) such that T(A)P(N)u = u for each u € U
and X € D. In particular, iif ®(\) is invertible for each A € D, then ®(\)~! is in
H>U,U).

The additional invertibility condition appearing in the final sentences of the
above two lemmas is always fulfilled if U is finite dimensional; see Remark 3.2.3 in
[21]. Moreover, this invertibility condition is also satisfied if ® = Yoz, where Yoo is

given by (LI9).
Proof of Lemma [A. 11l Put Q = — A*A. Since Sj;A*ASy < A*A, we have

N=IT-A"A<TI—-S,AASy = S; (I — A*A) Sy = S;;Q2Sy.
Applying the Lemma [A. T2 with Q = I — A* A yields the desired result. O
Proof of Lemma [A.12 Notice that

QFQF = Q < §505, = (Q%SM)*Q%SM.

According to the Douglas factorization lemma there exists a contraction C mapping
the subspace M = Q2 Sy0% (U) into ¢% (U) satisfying CQ2 Sy = Q2. We extend C

to the whole space €% (i) by setting C|M* = 0. So C is a well defined contraction
on (2 (U). The remaining part of the proof is split into two parts.

PArT 1. In this part we show that the function ®()\) is outer. Assume that h is
a vector in ¢ (i) which is orthogonal to S;;Q~'Eyd for all integer n > 0. We
have to show that h = 0. Since h is orthogonal Sj:Q~'FyU for all n > 0, we
obtain Q_lSZj"h is orthogonal to Eyl for all n > 0. So there exists a vector h,,
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in 2 (U) such that Q=1S;"h = Syh,. Multiplying on the left by Q2 shows that
Q_%S’{;"h = Q%Suhn is a vector in M for all n > 0. We claim that

(A.38) C*Q 28 = Q5 (for all integers n > 0).
To see this notice that for g in ¢2 (i), we have
(C* Q™355 h, Q3 Sy g) = (@725, h, CQ3 Syg)
= (@725 0, Q3g) = (S g)

= (S;7"h, Sug) = (U ES;h, Q% Syg).

Since Q7 Sy%(U) is dense in M and Q7 3S;*h € M, we obtain (A38). The
recursion relation in (AZ38) implies that

QO 2h=C"Q 28k =C20 28 2h = = C"Q 25h.

In other words, O"3h = C*"Q_%Sfj{"h for all integers n > 0. Because C is a
contraction, we have

Q7 2h| = [C*Q 28 "h|| < [|Q 2S5 k]| = 0 (1 — o0).

Since Q% is invertible, h = 0. So the closed linear span of {SEQ By }E° equals
(3 (U) and the function @ is outer.

PART 2. In this part we prove the remaining claims. In order to do this, let £
be the linear space of all sequences u = {uj};?‘;o, u; € U for j =0,1,2,..., with
compact support. The latter means that u; # 0 for a finite number of indices j
only. Note that £ C (3 (i) and that £ is invariant under the forward shift Sy.
Given £ we consider the linear map M from £ into ¢3 (i) defined by

Mu = [Q_lEz,[ SuQ_lEz,[ SZ%{Q_lEu .- } u = Z S&QilEM’UJJ‘.
)

If we identify ¢% (i) with the Hardy space H?(U) using the Fourier transform,
then L is just the space of all U-valued polynomials, and M is the operator of
multiplication by ® acting on the /-valued polynomials.

We shall show that there exists € > 0 such that ||Mu| > e€lju|| for each u =
{u;}520- Note that

oo 2 o0 o0
122 Mu|? = |[02 3 57,07 By || = <Q 3 S0 By, Y S{leEuuk>
3=0 =0 k=0
- <Q <QlEuuo +Suy sg,QlEuujH) By + Su Y SleQlEuuk+1> .
j=0 k=0

Set A = EZjQ’lEM. Using the fact that E;Sy = 0 and S;;Q0Sy, > €1 we obtain
that
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192 Mul? = (Aug, uo) + <5;;qu > SIQT Byugga, Y SZ’jQ‘lEuuk+1>
j=0 k=0

Z <AUQ,U0> + <QZSZ{IQ_1Equ+17 ZSZ]/C{Q_lEuuk+1>
j=0 k=0
= | Azug|? + Q2 MSjul*

Applying the above computation to Sj,u instead of u, and continuing recursively
we obtain that

(A.39) J8 Mul? = 3 A
=0

Since A is strictly positive, there exists a e; > 0 such that [|[Azu;|| > €;||u;| for all
j=0,1,2,.... But then the inequality (A.39) shows that

1., 1 1, 1
IMul® 2 |07 ]| 71102 Mul|* > Q7|71 ) A%y

7=0
oo
1, _ 1, _
> 7Y lugll? > 192 | fu))?
J=0
(A.40) = ¢?||u)|?, where € = €,]|Q2 2.

We conclude that M is bounded from below.

Next, put R = ML C (% (). Then M maps L in a one-to-one way onto
R. By T we denote the corresponding inverse operator. Then the result of the
previous paragraph tells us that | Tf| < e~ Y| f|| for each f € R. The fact that ®
is outer implies that R is dense in ¢% (U). It follows that T extends to a bounded
linear operator from ¢% (i) into ¢2 () which we also denote by T'. Recall that £ is
invariant under the forward shift S;;. Since Sy Mwu = M Syu for each u € L, we also
have Sy T f = TSy f for each f € R. But then the fact that T is a bounded linear
operator on ¢% (i) implies by continuity that Sy T'g = T'Syg for each g € (3.(U). Tt
follows that 7" is a (block) lower triangular Toeplitz operator. Let ¥ € H>(U,U)
be its defining function, i.e., T'= Ty. Since T Mu = u for each u € L, we have

(A.41) T(AN)P(Nu = u, ueU, AeD.
Now if ®(]) is invertible for each A € D, then it is clear that ®(\)~! = ¥()) is in
H>(U,U). O

Observe that for the case when dim U < oo the identity (A4l implies that ®(\)
is invertible for each A € D without using Remark 3.2.3. in [21].

Remark A.13. It is interesting to consider the special case when () is a strictly
positive Toeplitz operator on ¢3 (). In this case Q@ = S5y, and the proof of
Lemma [AT2]yields a classical result on spectral factorization; see, e.g., Proposition
10.2.1 in [2I]. Indeed, put ¥(X\) = (E{;Q‘lEu)% ®(\)~! where, as before, ®()\) =
Ef (I — XS;)"'Q 1Ey. The fact that Q is a strictly positive Toeplitz operator
then implies that ®(\) is invertible for each A € D, and ¥()\) and ¥(A\)~! are both
functions in H*®(U,U). Moreover, ¥ is the outer spectral factor for €2, that is,
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Q =TyTy and V¥ is an outer function. To prove the latter using elements of the
proof of Lemma[AT2] observe that in this setting, we have equality in (A39), that
is,

192 Tpu||? = Z | A%, |? for all u in 3 (U) with compact support.
=0
Because Ty ! is a bounded operator, we have [|[Q2u|? = |AzT; 'u|? for all u in
(3. (U). In other words, Q = TjTy. Since € is strictly positive and @ is outer, Ty
is well defined bounded invertible operator. Hence ¥ and ¥ ' are both functions
in H*(U,U), and ¥ is the outer spectral factor for Q. See Section 10.2 in [21] for
further details.

A.6. An operator optimization problem. The results in this subsection pro-
vide background material for Section[7l We begin with an elementary optimization
problem. Let A; : H — U and Ay : H — R be a Hilbert space operators, where
ImAs = R and R C H. With these two operators we associate a cost function
o(u) on U, namely

(A.42) o(u) = inf{||u — A1h||* + ||A2h|?* | h€H}, uwel.

To understand the problem better let A be the operator given by:

A (u —
A= {A;] H— R} and put A =Im A.

Then by the projection theorem

U(U)Zinf{H[g] — Ah 2|heH} = H(I—pA) m

Here P4 is the orthogonal projection on U @& R with range A = Im A. Next, let
ITys be the orthogonal projection of ¢ @ R onto U, and thus II}, is the canonical
embedding of U into U @& R. Using this notation we see that
2

= (I = Pa)Iul?

2

o) = |1~ 2o 5]
(A.43) = My P u,u), wel

In particular, o(u) = (Il P41 ITj,u, u) is quadratic function in u. Here AL is the
orthogonal complement of A in U & R.

The case when A% A, is strictly positive is of particular interest. In case A%A,
is strictly positive, A*A = A7A; + A% A, is also strictly positive. It follows that
Py = A(A*A)~1 A*. Moreover, we have

My P10y, = Iy — Ty PaTl}, = Iy — Ty  A(A* A) "L AT,
=TIy — A1 (ATA] + ASAy) LAY

-1
= Iy — Ay (B + (A3 o) T ATAY) (Ajde) AT
-1
= Iy — (e + A1(4542) 71 AT) A1 (4345) 745

= (ke +A1(A§A2)‘1A’{)_1.
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Thus when As is strictly positive, then the cost function is given by
(A.44) o(u) = ((Iy + A1 (A5 A9) AT Fu, u), uel.

A special choice of A; and As. Let C be a contraction from the Hilbert space &
into the Hilbert space H, let U be a subspace of £, and let R = D¢e+« where De« is
the closure of the range of the defect operator Do+ = (Iy — CC*)z. Put

Ay =17C" :H—-U and Ay =Dc-:H—>R.

Here 14 is the canonical embedding of U into £. Thus C'zy maps U into H. In this
case the cost function o is given by

(A.45) o(u) = inf{||u — 7,C*h||* + (I — CC*)h,h) | h € H}, uecl.

Furthermore, the operator A is given by

D¢~

Finally, if C' is a strict contraction, then D¢~ is invertible and R = H. Using (A.44)
it follows that

o(u)

(A.46) A= {TMC ] | H — {%} , where R = Dg-.

= ((Iy + 7,C* (I, — CC*) ' Cry) u, u)

= (13, (Ie + C* (I, — CC*)™'C) 7y, w)

= (17, (I + (I — C*C)'C*C) myu, u)

= (i (Is + (Is = C*O) "1 (C*C — I¢ + I¢)) ryu, u)
= (r,(I¢ — C*C) *myu,u), ueU.

Thus in this case the cost function is given by

(A.47) o(u) = (I = C*C) tu,u), uwel CE.

The next lemma shows that additional information on £ © U yields alternative
formulas for the cost function.

Lemma A.14. Let V be an isometry on £ such that InV = ESU. Then the cost
function o defined by (A4R) is also given by

(A.48) o(u) = inf{||De(myu — Ve)||? | u € £}, ueU.

Proof. To prove the lemma we shall use the so-called rotation matriz R associated
with the contraction C. Recall (see, e.g., the paragraph after Proposition 1.2 in
[26, Section XXVII.1] that

| C* D¢| |H £
) e[S P (2] )
is a unitary operator. As before, let A be the operator given in (A46). Using

(A46) one sees that f @ g is a vector in AL if and only if f © g € U ® Do~ and
f @ g is orthogonal to A, that is,

o= (LB =) [ m = (B[] e mem

Thus f @ g is a vector in A~ if and only if f® g € U ® Dc- and f @ g is orthogonal
to the range of the first column of the operator matrix R. Since R is unitary, we
conclude that f @ g € AL if and only if f ® g € U © Do+ and is contained in
the range of the second column of R. In other words, f @ g € A" if and only if
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f®geUDDe and f = Dev and g = —Cw for some v € De. Clearly, Dov € U if
and only if Dcwv is orthogonal to U+ = €& © U. However, Dov is orthogonal to U+
if and only if v is orthogonal to Dcld*, or equivalently, v is in De © Dold*. Since
Do+ = DoV E, we have

D¢

may = |7

] (Do © DeVE) = Eg} D,

where ©® = Do © DcVE. Therefore the orthogonal projection P, is given by
Pa Y = 1P¢ Py De —c |, weu
At ol = |Zo| o Pe 0| uel
Notice that ®+ = DcVE. Using (AZ3) it follows that

U(u) = <P_AJ_ [g] 5 [g]> = <P33Dc7'uu,DcTuu>
= ||Po Demyul|? = inf{|Deryu —d|)? | d € DL}
= inf{||Domyu — DcVe|* | e € E}.

Therefore the cost function ¢ in the two optimization problems (A45) and (A48
are the same. 0

A.7. A connection to prediction theory and multiplicative diagonals. Let
Tr be a non-negative Toeplitz operator on ¢2 () with symbol R in L>(U,U). Then
a classical prediction problem is solve the following optimization problem:

(A.50) o(u) = inf{(Tr(Eyu — Suh), Eyu — Suh) : h € (2. (U)}

where u is a specified vector in U; see Helson-Lowdenslager [31], [32].

Recall that a non-negative Toeplitz operator Tr on Ei (U) with defining function
R in L*™°(U,U) admits an outer spectral factor if there exists an outer function ¥
in H°(U, £) such that Tr = T3 Ty, or equivalently, R(e?) = W(e?)*¥(e?) almost
everywhere. In this case, the outer spectral factor ¥ for R is unique up to a unitary
constant on the left. In other words, if ® in H>(U,V) is another outer function
satisfying Tr = T4T, then ¥()\) = U®(A) where U is a constant unitary operator
mapping V onto £. Finally, it is noted that not all non-negative Toeplitz operators
admit an outer spectral factor. For example, if R(e?) = 1 for 0 < # < 7 and zero
otherwise, then Tk is a non-negative Toeplitz operator on éi and does not admit
an outer spectral factor. For further results concerning outer spectral factorization
see [43] 21]. Following some ideas in Sz.-Nagy-Foias [43], we obtain the following
result.

Proposition A.15. Assume that Tr admits an outer spectral factorization Tr =
T3 Ty where ¥ is an outer function in H*(U,E). Then the function o in (A50)
is also given by o(u) = ||[¥(0)ul|* for each u € U. Moreover, the cost function o is
independent of the outer spectral factor ¥ chosen for R.
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Proof. Observe that in this case
o(u) = inf{(T3Tw(Eyu — Suh), Eyu — Syh) : h € (1(U)}
= inf{|| Ty (Eyu — Suh)||* : h € 2. (U)}
= inf{||E¢ EtTy Eyu + Se Sg Ty Eyu — Ty Syh||? + h € €2.(U)}
= inf{||Ec ¥ (0)u + Se Sz TwEyu — SeTwh|* : h € 3. (U)}
= inf{||W(0)ul|* + ||Se Sz Ty Eyu — SeTwh||* : h € £2.(U)}
= @ (0)ul* + inf{|| S¢Tw Eyu — Twhl|* : h € &.U)} = [[¥(0)ul*.

The last equality follows from the fact that ¥ is outer, that is, the range of Ty is
dense in 2 (£). Therefore

(A.51) o(u) = | T(0)ul* = (¥(0)* ¥ (0)u,u), u€eU.
The final statement follows from the fact that the outer spectral factor ¥ for R
is unique up to a unitary constant on the left. O

If U is finite dimensional, then R admits an outer spectral factor ¥ in H>(U,U)
if and only if

2
(A.52) — Indet[R(e?)]dd > —oo.
27 0
In this case, the classical Szeg6 formula tells us that
1 2w .
(A.53) det[T(0)*¥(0)] = exp <2— / 1ndet[R(e“’)]d9>
m™Jo

where det[T] is the determinant of a finite dimensional operator with respect to
any basis.

The following proposition is well known. The equality in (A.54)) follows by a
standard Schur complement computation.

Proposition A.16. If Tx is a strictly positive operator on (3(U), then Tr admits
an outer spectral factor ¥ in H>(U,U) and

(A.54) o(u) = [ ®(O0)ul® = (B Tz Eu)
Moreover, W(X\)~1 is also a function in H®U,U).

1u,u>, uel.

When Tp is strictly positive, then R also admits a factorization of the form:
R(eié) _ \I,(eie)*w(eié) _ \Ifo(ei‘g)*A\Ifo(ew)

where U, is an outer function in H*(U,U) satisfying U,(0) = I and A is a strictly
positive operator on . In fact, A = ¥(0)*¥(0) and U, (\) = ¥(0)~*W(N). The fac-
torization R(e?) = U, (e?)* AW, (e?) where U, is an outer function in H*(U,U)
satisfying ¥,(0) = I is unique. Moreover, A is called the (right) multiplicative
diagonal of R. In this setting, o(u) = (Awu,u). Finally, it is noted that the mul-
tiplicative diagonal is usually mentioned in the framework of the Wiener algebra
(see Remark [A-T7] below).

Now assume that F' is a Schur function in S(i4,Y). Then I — T}:Tr is a non-

negative Toeplitz operator on Ei (U). In this case, the optimization problem in
(A4]) with V = Sy is equivalent to

(A.55) o(u) = inf{{(I — TpTr)(Byu — Suh), Byu — Syh) : h € 2. (U)}
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where u is a specified vector in Y. Assume that I — F*F admits an outer spectral
factor, that is, I — TpTr = T¢Ty for some outer function ¥ in H*(U,E). Then
the corresponding cost function o(u) = || ¥(0)u||?.

If Tp is a strict contraction, or equivalently, || F|lcc < 1, then I — TETF is a
strictly positive operator on Ei (U). Hence I — T};:Tr admits an outer spectral ¥
factor in H*(U,U) and ¥(\)~! is also in H>®(U,U). Choosing R = I — F*F in
(A5, yields
(A.56) o(u) = WOl = ((Ej(I — TETe)  Eu) " u,u).

Finally, if ¢/ is finite dimensional, then

2
(A.57) det[¥(0)*¥(0)] = exp (% /O Indet[] — F(eie)*F(ew)]cw).

Remark A.17. Let H be a Hilbert spaces, and Wy (T) we denote the operator
Wiener algebra on the unite circle which consists of all £(H, H)-valued functions
on T of the form

F(\) = > NF, AeT,

j=—00
where Fj € L(H,H) for each j and 377 ||| < oo. By W, +(T) we denote the

subalgebra of W (T) consisting of all F' in Wy (T) with F; = 0 for each j < —1.
Now assume that F'()) is strictly positive for each A € . Then there exists a
unique function ¥ in Wy, 4 (T) and a unique strictly positive operator A(F) on H
such that U is invertible in Wy 4(T), its index zero Fourier coefficient ¥y = Iy,
and
FO) =TN)*AF)T(N), AeT.

The operator A(F') is called the (right) multiplicative diagonal of F. It is known
that A(F') is also given by

A(F) = (B3 T7 " Bx) ™

See [29] where the notion of multiplicative diagonal is introduced in a x-algebra
setting, and Sections XXXIV.4 and XXXV.1 in [26] for further information.
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