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Orbital integrals on Lorentzian symmetric spaces

THIBAUT GROUY™

Abstract

In this paper, we address the problem of determining a function
in terms of its orbital integrals on Lorentzian symmetric spaces. It
has been solved by S. Helgason [I3] for even-dimensional isotropic
Lorentzian symmetric spaces via a limit formula involving the Laplace-
Beltrami operator. The result has been extended by J. Orloff [21]
for rank-one semisimple pseudo-Riemannian symmetric spaces giving
the keys to treat the odd-dimensional isotropic Lorentzian symmet-
ric spaces. Indecomposable Lorentzian symmetric spaces are either
isotropic or have solvable transvection group. We study orbital inte-
grals including an inversion formula on the solvable ones which have
been explicitly described by M. Cahen and N. Wallach [5].
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Introduction

On a pseudo-Riemannian space (M, §), one defines pseudo-spherical integrals
which are parametrized by a pseudo-radial coordinate r and a sign. They are
denoted MY and associate to any compactly supported continuous function
f on M the functions (MY f) on M whose value at a point z is given by the
integrals of f over pseudo-spheres centered at x, namely

Exp,(Xy,2(x)), where Xy 2(x) = {X € T,M | (X, X) = £r°}

and Exp,. is the exponential mapping at x associated to the Levi-Civita con-
nection. If the metric ¢ is Lorentzian, we integrate f over the connected com-
ponents of the pseudo-spheres at = to define its pseudo-spherical integrals at
x. When the space M is G-homogeneous for a Lie subgroup G of the isometry
group, one also defines the orbital integrals of f at any point x as the integrals
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of f over orbits of the isotropy group K, of x in G, with respect to an invari-
ant measure, provided it exists. If the pseudo-spheres centered at any point
x as well as the light cone {Exp,(X) | X € T,M, X # 0, §,(X,X) = 0}
are orbits of K, then M is said to be isotropic ; in that case, the pseudo-
spherical integrals of f are equal to its orbital integrals.

If the metric g is Riemannian, only the integral operators M’ make sense
and they are called spherical integrals. Assuming that the space M is two-
point homogeneous, they appear when the totally geodesic Radon transforms
are composed with dual transforms. An inversion formula for these Radon
transforms is obtained by applying the Laplace-Beltrami operator to the
result of this composition. The proof uses the following Darboux equation

Lo(MLf)(w) = Le (M f)(2)

where L, is the radial part of L (see details in [I3] for spaces of constant
curvature and [I7] for general two-point homogeneous spaces : the compact
ones have been uniformly treated in [I4] and the non-compact ones in [23]).
Spherical integrals also allow to inverse the Fourier transform defined on Rie-
mannian symmetric spaces of the non-compact type by S. Helgason in [I5].
Concretely, they are used to reduce the problem to Harish-Chandra’s inver-
sion formula for the spherical Fourier transform on semisimple Lie groups
(see details in [16], chapter III).

Orbital integrals were first defined on Lie groups : they are integrals over
the conjugacy classes and they play a role in Harmonic Analysis. Indeed,
in [I1], Harish-Chandra gave the Plancherel formula for a Fourier transform
he defined on any complex semisimple Lie group extending the result of
Gelfand and Naimark [9] on SL(n,C). Later, Gelfand and Graev noticed [8]
that the Plancherel formula for this Fourier transform on classical complex
Lie groups is obtained from a limit formula which expresses the value of
a function at the neutral element in terms of its orbital integrals. In [12],
Harish-Chandra gave a limit formula for the orbital integrals on any real
semisimple Lie group. Even in this case, it turns out to be useful to get a
Plancherel formula. A. Bouaziz did the same for the orbital integrals on any
real reductive Lie group G [2] and P. Harinck on the quotient G¢/G where
G is the complexified group of G [10].

We are interested in the general problem of determining a function in
terms of its orbital integrals on symmetric spaces. Like in the group case, we
expect to solve it with a limit formula. On isotropic Riemannian symmetric
spaces, the orbital integral problem is trivially solved since the orbits of the
isotropy group of any point x are the spheres centered at x and they shrink



to the point as their radius r goes to zero. In other words,

fz) = Tim (M f)(x).
r—0+
In contrast, on isotropic Lorentzian symmetric spaces, the "limit" of the
pseudo-spheres as their pseudo-radius r goes to zero is the light cone. How-
ever, there still exists a solution to the orbital integral problem. Indeed, if
the dimension of the space n > 2 is even, the expression of a function f in
terms of its orbital integrals is given as the following limit formula due to S.

Helgason [13]
fla)=c lim r""?P(L)(M] f)(x),
r—0+

where P is a polynomial, L is the Laplace-Beltrami operator associated to
the metric and ¢ is a real constant. J. Orloff generalized this limit formula
to semisimple pseudo-Riemannian symmetric spaces of rank one [2I]. In
this paper, we address the orbital integral problem on all other indecom-
posable Lorentzian symmetric spaces using the known classification of them.
More precisely, when the indecomposable Lorentzian symmetric space is not
isotropic, its transvection group is solvable and the orbits of the isotropy
group are parametrized by two variables. A limit formula is then obtained
for the associated orbital integrals. In summary, we get the following result.

Theorem 1. On any connected simply connected indecomposable Lorentzian
symmetric space, any compactly supported smooth function is determined in
terms of its orbital integrals via a limit formula involving invariant differen-
tial operators.

Section [l introduces the necessary background about symmetric spaces
and gives the classification of indecomposable Lorentzian symmetric spaces
due to M. Cahen and N. Wallach [5]. Orbital integrals are defined in section
for semisimple pseudo-Riemannian symmetric spaces. We lay out S. Helga-
son’s determination of a function in terms of its orbital integrals via a limit
formula for even-dimensional isotropic Lorentzian symmetric spaces and J.
Orloff’s generalization which gives the keys to treat the odd-dimensional
isotropic Lorentzian symmetric spaces. The proof of these limit formulas uses
some integral operators called Riesz potentials and the Laplace-Beltrami op-
erator associated to the metric. In section Bl we give an explicit description
of the model spaces for solvable Lorentzian symmetric spaces. We com-
pute the exponential mapping at any point and determine the orbits of the
isotropy group. Section [ presents the steps and arguments leading to a limit
formula to determine a function in terms of its orbital integrals on solvable
Lorentzian symmetric spaces.



1 Framework of symmetric spaces

1.1 General features of symmetric spaces
We follow the description of symmetric spaces by O. Loos [20].

Definition 1. A symmetric space is a smooth manifold M endowed with a

smooth map
s:MxM—M:(z,y)— sz(y)

such that
1. Yoz € M, s, is an involutive diffeomorphism,
2. Vx € M, x is an isolated fixed point of s,
3. Vx,y, 5,05y 08, = Ssa(y)-

The diffeomorphism s, is called a symmetry at z.

For any connected symmetric space (M,s), we define the transvection
group G(M, s) as the group generated by the automorphisms s, o s, for any
x,y € M. There exists a Lie group structure on G(M, s) such that it acts
transitively on M. Therefore, M is a homogeneous space.

Let us fix a base-point xg of M. We then consider the involutive au-
tomorphism of G(M, s) defined as the conjugation by the symmetry at xg.
Then its differential at the neutral element of G(M,s), denoted by o is an
involutive automorphism of the Lie algebra g of G(M,s). It induces a de-
composition

g=tdp

into the eigenspaces ¢, p of o with respect to the eigenvalues 1, —1 respec-
tively. In particular,

b,p] =t [p,¢]Cp, [LECEL

Definition 2. A symmetric Lie algebra is a finite dimensional real Lie alge-
bra g endowed with an involutive automorphisme o of g. This pair (g,0) is
a transvection symmetric Lie algebra if, in addition, ¢ = [p, p] where £, p are
the eigenspaces for o with respect to the eigenvalues 1, —1 respectively.

Definition 3. A transvection symmetric Lie algebra (g,o) is said to be
effective if one of the following equivalent conditions is satisfied

e { contains no nonzero ideal of g,

e £Nj(g) = {0},

e the map adg(-)|, : k — gl(p) is injective.
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The transvection symmetric Lie algebra (g, o) defined above for a con-
nected symmetric space (M, s), where g is the Lie algebra of the transvection
group G(M) and o the differential of the map (g — $z,09054,), is effective.
Conversely, for any symmetric Lie algebra (g, o), there exists a connected,
simply connected symmetric space (M, s) which is G-homogeneous for a Lie
subgroup G of the automorphisms of (M, s) whose Lie algebra is g and such
that the differential of the induced involution is o.

On the other hand, there exists a unique affine connection on M such
that every symmetry is an affine transformation. This connection is com-
plete, that is every geodesic is defined on R. Therefore, at any x € M, the
exponential mapping, denoted by Exp,, is defined on the whole T, M. The
well-known property about the exponential mapping of a symmetric space

(M, s) is

Exp,,(X) = exp(X).xg, for X € T,( M

where exp : g — G is the exponential mapping of the Lie group G and X is
the unique element in p such that ¢(X) = X using the isomorphism

b p_ — Ty M i .
X H%‘Oexp(tX).xo

In 1959 [13], Sigurdur Helgason gave an explicit expression of the differ-
ential of the exponential mapping which is very useful for the computations.

Lemma 2. Let (M,s) be a symmetric space and xg be a base-point of M.
If g =t @ p is the decomposition of the transvection Lie algebra with respect
to the natural involution, then the exponential mapping Exp, : Ty M — M
associated to the canonical affine connection has differential

> ad(X)["
(EXPJBO)*X = T(eXp(X))*mO o ICZO W, fOT X S T:BOM ~ p,
where T(exp(X)) is the diffeomorphism defined by the action of the group
element exp(X) on M and ad the adjoint action on the Lie algebra g.

1.2 Rank of symmetric Lie algebras

In [19], Lepowsky and McCollum defined the rank of any symmetric Lie
algebra even when it is not necessarily semisimple. This requires introducing
Cartan subspaces in a very general way.

Definition 4. Let (g,0) be a symmetric Lie algebra and let g = ¢@p be the
usual decomposition of g into the (£1)-eigenspaces of 0. A Cartan subspace
of the symmetric Lie algebra is a subspace a of p such that

a=pl:={X €p|VY €a, In>0,adY)"(X) =0}



Definition 5. Let (g,0) be a symmetric Lie algebra and a a subspace of p.
Then a is said to be a p-subalgebra if

VX €a, ad’*(X)acCa

Furthermore, it is said to be natural if there exists X € a such that ad?(Xy)
induces a nonsingular endomorphism of p/a.

Proposition 3 (Lepowsky - McCollum, 1976 [19]). Let (g,0) be a symmetric
Lie algebra and a be a subspace of p. Then a is a Cartan subspace if and
only if a is a minimal natural p-subalgebra of p.

Theorem 4 (Lepowsky - McCollum, 1976 [19]). In any symmetric Lie alge-
bra, there exist Cartan subspaces and they all have the same dimension. We
call rank of the symmetric Lie algebra this common dimension.

1.3 Pseudo-Riemannian symmetric spaces

We need to add a compatible metric on the symmetric spaces in order to
define generalized spheres on them.

Definition 6. A pseudo-Riemannian symmetric space is a symmetric space
(M, s) endowed with a pseudo-Riemannian metric § such that, for all z € M,
Sz 1s an isometry of (M, g).

On a pseudo-Riemannian symmetric space, the unique affine connection
such that every symmetry is an affine transformation is the Levi-Civita con-
nection associated to the metric.

Definition 7. A pseudo-Riemannian symmetric Lie algebra is a symmetric
Lie algebra (g,0) endowed with a non-degenerate symmetric bilinear form
B on g such that

1. VX,Y €g, B(cX,0Y) = B(X,Y),
2. VX,Y,Z €g, B(ad(2)X,Y)+ B(X,ad(Z)Y) = 0.

The signature of the triple (g, o, B) is the signature of B|,x, and its dimen-
ston is the dimension of p.

Note that the transvection pseudo-Riemannian symmetric Lie algebras
are automatically effective.

Definition 8. An isomorphism of pseudo-Riemannian symmetric Lie alge-
bras (g1,01,B1) and (g2, 092, Be) is a Lie algebra isomorphism « : g; — g2
such that a0 01 = 09 0 @ and o*By = Bj.



Theorem 5. There is one-to-one correspondence between isometry classes
of connected, simply connected pseudo-Riemannian symmetric spaces and
isomorphism classes of transvection pseudo-Riemannian symmetric Lie al-
gebras.

Definition 9. A connected pseudo-Riemannian manifold (M, g) is said to be
decomposable if there exists a proper subspace V' of T,,, M which is invariant
under the holonomy group Hol(M, zg) at x¢ and such that §u,|v«y is non-
degenerate. Otherwise (M, ) is said to be indecomposable.

Definition 10. A pseudo-Riemannian symmetric Lie algebra (g, o, B) is said
to be decomposable if, when denoting by g = €@ p the usual decomposition of
g with respect to o, there exists a proper subspace q of p which is invariant
under ad(¢) and such that B|qxq is non-degenerate. Otherwise (g,0, B) is
said to be indecomposable.

The de Rham-Wu theorem [26] asserts that any decomposable connected
pseudo-Riemannian manifold which is simply connected and complete is
isometric to a product of indecomposable ones. In addition, a pseudo-
Riemannian product manifold is a symmetric space if and only if every
factor of the product is a symmetric space. Finally, a connected, simply
connected pseudo-Riemnnian symmetric space (M, s, ) is indecomposable
if and only if its associated transvection pseudo-Riemannian symmetric Lie
algebra (g, o, B) is indecomposable.

1.4 Classification of indecomposable Lorentzian symmetric
spaces

Indecomposable Lorentzian symmetric spaces fall into two categories : those
whose transvection Lie algebra is semisimple and those whose transvection
Lie algebra is solvable.

Proposition 6 (M. Cahen and N. Wallach, 1970 [B]). Let (g,0, B) be an
indecomposable transvection Lorentzian symmetric Lie algebra. Then g s
either semisimple or solvable.

In the semisimple case, the associated Lorentzian symmetric spaces are
automatically of constant sectional curvature as ensures the following theo-
rem whose proof is based on Berger’s list [I].

Theorem 7 (M. Cahen, J. Leroy, M. Parker, F. Tricerri and L. Vanhecke,
1990 [4]). Let (g, 0, B) be a semisimple indecomposable Lorentzian symmetric
Lie algebra of dimension > 3. Then the sectional curvature of the associated
Lorentzian symmetric space is constant and non-zero.

It is possible to prove this result without using Berger’s list. It involves
a result of A. J. Di Scala and C. Olmos [6] about connected Lie subgroups of
the Lorentzian group acting irreducibly on the flat Lorentzian vector space.



Proof. Let g = £®p be the usual decomposition of g with respect to o. Then
the representation

adg(-)p : € — ol(p)

is faithful and irreducible. If dim(p) = n, the image of £ by ad is contained in
o(p,B|p) ~ o(1,n — 1). By integrating, we get a connected Lie subgroup K
of SO(1,n — 1) which acts irreducibly on (R~ T ,_1). By theorem 1.1 in
[6], K = SOp(1,n — 1). Therefore, the sectional curvature of the associated
Lorentzian symmetric space is constant and non-zero. U

In dimension 2, the Lorentzian symmetric spaces are automatically of
constant sectional curvature. The classification in the semisimple case is
given by the following theorem.

Theorem 8 (S. Helgason, 1959 [13]). Any Lorentzian symmetric space with
non-zero constant sectional curvature is locally isometric to one of the two
following model spaces, up to a positive constant factor on the metric,

L Q) = {(z1, s Tny1) € R | 22 — 22— ... — 22 + m?H_l =1},
2. Qery = {(21, oy xpgr) € RV [ 2f — 2 — . —af —al | = -1},
endowed with the Lorentzian metric induced by the flat metric on RV™.

The proof of this theorem, found in [I3], relies on the fact that a pseudo-
Riemannian symmetric space is determined on a neighborhood of any point
by its metric and curvature tensor at this point. Finally, it is clear that
any Lorentzian symmetric space whose sectional curvature is constant and
non-zero is of rank one.

In the solvable case, the classification is given at the algebraic level.
Any solvable indecomposable Lorentzian symmetric Lie algebra is completely
described in a particular basis by n — 2 nonzero real numbers.

Theorem 9 (M. Cahen and N. Wallach, 1970 [5]). Let (g,0, B) be a solv-
able indecomposable Lorentzian symmetric Lie algebra and g = € & p be the
decomposition associated to the involution o. There exist A1, ..., \n_2 € Ry
and a basis

{Z, U Wy, ...Wy_9, K1, ..., K2}
of g such that
e L =RK;®..8RK, 9, p=RZPRUDPRW; @ ... & RW,,_o,

e i(g) = RZ, UK;| = \\W;, [UW;| = —K;, [W;,K;] = N\idi;Z,
(Wi, Wj] =0 = [K;, Kj],

° B(Z7 Z) =0= B(U7 U), B(Z, U) = 1, B(WZ’,W]') = _5ij cmdB(Ki,Kj) =
_)\i(sij'



Proposition 10. Let (g, 0, B) be a solvable indecomposable Lorentzian sym-
metric Lie algebra, explicitly described in theorem [Q for a certain choice of
parameters Ay, ..., \sn—2 € Rg. The rank of this symmetric Lie algebra is equal
to 2 and any Cartan subspace is of the form

RZ & R(U - niz )\iini)
=1

for some fixed y1,...,Yyn—2 € R.

Proof. If a is a Cartan subspace of p, then 3(g)Np C a. Otherwise a wouldn’t
be natural. Therefore, Z € a. Nonetheless, RZ # a because ad?(Z) doesn’t
induce a nonsingular endomorphism of p/a. Thus M is not of rank one.

Let us consider ap = RZ @ RU. It is clearly a p-subalgebra. Moreover,
it is natural since ad?(U) induces a nonsingular endomorphism of p/a. At
last, the minimality is obvious. As a conclusion, ag is a Cartan subspace of
p and (g, 0, B) is of rank 2.

Back to the beginning of the proof, if a is any Cartan subspace of p, we
know that it is of dimension 2 and it contains Z. Then it is of the form

n—2
a=RZ® R(uU + ZuiWi)
=1

for some v, i1, ..., fin_2 € R not all zero. Since ad(z;:f wiW;)? doesn’t
induce a nonsingular endomorphism of p/a, then v # 0 hence the result. [
1.5 Isotropic pseudo-Riemannian symmetric spaces

On any connected pseudo-Riemannian symmetric space (M, s, §), the group
of isometries, denoted by I(M, §), acts transitively. Then the isotropy group
K, of any point € M acts on the tangent space T, M in the following way

Ky % TyM — TyM : (k, X) 5 7(k)sa(X)

where 7(k) is the action of k on M. The second definition below comes from
A. J. Wolf’s paper [25] and the first one is a weaker version of it.

Definition 11. Let (M, s, §) be a connected pseudo-Riemannian symmetric
space. Then M is said to be quasi-isotropic if, for any z € M, the pseudo-
spheres in T, M, namely

Yolr) ={X e T, M | §:(X,X) =a}

for any a € Ry, are orbits under the action of the isotropy group K, of x in
I(M,g), the group of isometries.



Furthermore, M is said to be isotropic if it is quasi-isotropic and, for any
x € M, the light cone in T, M, namely

Yo(x) ={X € TLM | g,(X,X) =0, X #0},
is also an orbit of the isotropy group K, of x in I(M, g).

Proposition 11 (J. Orloff, 1987 [21]). Let (M, s, §) be a connected pseudo-
Riemannian symmetric space whose group of isometries is semisimple. Then
M is quasi-isotropic if and only if it is of rank one.

Note that there exist rank-one pseudo-Riemannian symmetric spaces
whose group of isometries is semisimple which are not isotropic like the
space X = SL(n,R)/GL(n—1,R) studied by M. T. Kosters and G. Van Dijk

in [I8].

2 Limit formulas on Lorentzian symmetric spaces
of constant sectional curvature

We address the problem of determining a function in terms of its orbital inte-
grals on Lorentzian symmetric spaces of constant sectional curvature. These
are either the flat Lorentzian vector space or, up to a positive constant factor
on the metric, one of the two model spaces in theorem [8 S. Helgason solved
the problem when their dimension is even via a limit formula [I3]. J. Orloff
extended it to rank-one semisimple pseudo-Riemannian symmetric spaces
[21] and gave the keys to treat the odd-dimensional Lorentzian symmetric
spaces of constant sectional curvature.

Definition 12. Let (M,s,§) be a pseudo-Riemannian symmetric space.
Then M is said to be semisimple if there exists a Lie subgroup G of I(M, g)
which is semisimple, acts transitively on M and is invariant under the con-
jugation by s;, where z( is a base-point of M.

2.1 Definition of orbital integrals

On the pseudo-Euclidean vector space, that is the space R™ endowed with
the flat metric of signature (p, q), the orbital integrals are defined as pseudo-
spherical integrals.

Definition 13. Let (.,.) be the standard inner product of signature (p,q)
on R™. For any function f € C.(R"), the orbital integrals of f are the
pseudo-radial functions denoted by (M, f) and (M_ f) and defined by

(MeP0) = s [ f@)dnla), forr >0,

+r2
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where dn is the measure induced by the metric on the pseudo-spheres cen-
tered at 0 in R", namely

Y2 :={z eR" | (z,2) =r?}, X_,2:={zeR"|(z,z)=—r?}.

Let (M, s, g) be a semisimple pseudo-Riemannian symmetric space whose
metric is of signature (p, ¢) and z( a base-point of M. Let G be a semisimple
Lie subgroup of I(M, g) which acts transitively on M and is invariant under
the conjugation by s;,. Then the Lie algebra g of G decomposes into the
(£1)-eigenspaces of the involution given by the conjugation by sy,

g=todp

and we get the usual isomorphism ¢ : p — T, M defined in section [l
Following J. Orloff’s paper [21], we assume that the isotropy group K of xg
is connected and we define the orbital integrals as follows.

Definition 14. Let a be a Cartan subspace of g. For any function f € C.(M)
and any point x € M, the orbital integrals of f at x are given by

(D)= [ flgkExp,, (X)) du(bH).
K/Hx

where g € G such that © = g.xg, Hx is the stabilizer of X in K and dyu is
the K-invariant measure on K/Hx induced by the metric on the K-orbit of
X € T, M providing that

[X,¢] =at
where X € p such that ¢(X) = X and a’ is the orthogonal complement of
a in p with respect to the metric ¢* gy, .

2.2 Limit formulas in the even-dimensional Lorentzian case

Let (M, s, g) be a Lorentzian symmetric space of non-zero constant sectional
curvature. On the model spaces introduced in theorem B the group of isome-
tries is respectively O(2,n — 1) if M = Q1) and O(1,n) if M = Q).
Therefore,

Q1) = S00(2,n —1)/SOp(1,n — 1), Q1) = SOy(1,n)/SO¢(1,n — 1),

with the base-point z¢ = (0, ...,0,1), and the orbit of any vector X € Ty, M
such that §,,(X,X) # 0 under the action of the isotropy group K =
SOp(1,n — 1) is the connected component of a pseudo-sphere. We then
use the following notation for the orbital integrals

(M f) () :== (M f)(), Wh@EAXE:(TO oy 0) e RV~ T M,
(M f)(x) := (M¥ f)(x), where X = (=r,0,...,0) € RV o= T, M,
(M” f)(z) := (MY f)(z), where X = m, ) eR™ L~ T, M,
( Vil fx) = (MXf)(:U), where X = (0,...,0,—7r) € e R ~ T M,

11



for any r > 0. Note that M” f = M” f except when n = dim(M) = 2.

As in S. Helgason’s book [17], we focus on the model space M = Q-1
and the orbital integrals MY f to exhibit results and arguments leading to
the limit formula. Everything works in the same manner with the other
model space and the other series of orbital integrals.

Proposition 12 (S. Helgason, 1959 [13]). Let O be the Laplace-Beltrami
operator associated to the Lorentzian metric § on Q(_yy. For any function
[ €CZ(Q-y), any point x € M and any pseudo-radius 0 < r < 1o,

DML f)(z) = ML(Of)(z)

1 0 o,
= 40y (A5 (LN @),

where A(r) := sinh™ 1 (r).

Definition 15. For any function f € C.(Q(—1)), its Riesz potentials at any
point z € Q(_1) and for any parameter A\ € C such that Re()\) > n, are given

by
() (@) = —

Ha N s fly)sinh* ™" (\/4,(Y,Y)) dm(y), y=Exp,(Y),

where dm is the measure induced by the metric § on Q(_y), D} is the

connected component of {Exp,(Y) | Y € T, Q 1), §.(Y,Y) > 0} containing
the vector g.Exp, (1,0,...,0) if = g.z¢ and
n— A A+2—
Ho()) = 2A—1w72r<—)r<u>.
2 2
The Riesz potentials associate to a function f a one-parameter family of

integrals (I*f) defined for A € C such that Re()\) > n.

Proposition 13 (S. Helgason, 1959 [13]). For any function f € C2°(Q-1)),
any point x € Q1) and any parameter A € C such that Re()\) > n,

(i) O3 f)(@) = I} Of) (),
(ii) if Re(A) > n+2, D12 f)(x) = (A = n)(A = (I3 f)(@) + (I372f)(@),

(iii) (I} f)(z) extends holomorphically to C in the A-variable so that the
value at A =0 s

(I0f)(x) = f(=).

Finally, the Riesz potentials express in terms of the orbital integrals in
the following way

1

(PP@) = gy [ QIO sk () )

n(

This yields the desired limit formula whose proof is sketched below.
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Theorem 14 (S. Helgason, 1959 [13]). We assume n := dim(Q_1)) > 2 to
be even. Then there exists a polynomial P and a real number ¢ such that,

for any f € C(Q(-1));
f(@) =c lim " 2P(0)(M" f)(z),

r—0+t

where U is the associated Laplace-Beltrami operator on Q(_y).

Proof. First, when the dimension n is strictly greater than 2, the limit

lim 7" 2(M7 f)(z) = lim sinh"2(r)(M] f)(z)

r—0+ r—0+

exists. Moreover, thanks to formula [Tl the Riesz potential (I} f)(z) is equal
to the following Riemann-Liouville integral

1 /oo el
— F(r)sinh*~* (r)dr,
D) Jy TR
where F(r) := sinh™ 2(r)(M? f)(x) and p:= A — n + 2. We thus get

UmC R o pey = G0 2 ) (@)

L f)(e) = T((n — 2)/2) r0+ T((n — 2)/2)r0+

Since n is also even, we deduce from proposition the existence of a
polynomial P such that

POy f)(@) = IF72(PO)f) () = f ().

Therefore,
(47T)(n—2)/2 ) 72
=1 M (P(O
and proposition [[2] leads to the limit formula. ]

2.3 Generalization to rank-one semisimple symmetric spaces

Let (M,s,g) be a semisimple pseudo-Riemannian symmetric space whose
metric is of signature (p,q) and zy a base-point of M. We assume that
M is of rank one. Then by proposition Il M is quasi-isotropic. Like in
the Lorentzian case in subsection 2.2 the orbital integrals of a function
f € C.(M), namely MX f, for vectors X € T,,M such that §,,(X,X) are
then integrals over connected components of the pseudo-spheres in M. We
also adopt the following alternative notation

(ML f)(z) = (MXf)(x), where X = (r,0,...,0) € R4~ T, M,
(M" f)(z) :== (MY f)(z), where X = (0,...,0,7) € RP? ~ T}, M,

for any r > 0.
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Remark 1. There exists 1o > 0 such that the exponential mapping of M at
xg is a diffeomorphism from the open subset

(X €Ty M | =12 < G (X, X) < 13}

of T,,, M to its image. Therefore, the orbital integrals on M at the base-point
xg are the pseudo-spherical integrals on the pseudo-Euclidean vector space
through the exponential mapping except in the Lorentzian case where 3,2 is
not connected. More precisely, whenever p > 1 and ¢ > 1, for any function
f€Ce(M) and any 0 < r < g,

(MZLf)(zo) = Mx(f o Expy,)(r),

where we identify (Ty,M, §z,) with (R™, (., .)p.q)-

In order to get a limit formula on M, J. Orloff solved the problem of
determining a function in terms of its orbital integrals on the flat space R"
endowed with the standard inner product of signature (p,q). He studied the
generalized Riesz potentials defined below.

Theorem 15 (J. Orloff, 1987 [21]). Let Dy := {x € R" | (z,x) > 0} and
D_ = {z € R" | (x,x) < 0}. For any function f € S(R™), we define its
Riesz potentials for any parameter A\ € C such that Re(\) > n

RS =gy, (@l T
a1 A%
=g [ @l

I f = F(#) <Iif— cos (#W)Iﬁf),

where Hyp(\) == QA_lwnTﬁf(%)F(%). Then

1. Iif, I f and Ig‘f extend to entire functions in A,

2. XYALf) = IMf and ML)

Beltrami operator associated to (., .),
3. 19 f = 2sin(p%) f(0) and I° f = 2sin(q%)f(0),

4. The map (f — I} f) is a tempered distribution for all A,

—I*f where L is the Laplace-

5. For p and q both even, IJf = ﬂf(o)

("3%)!

Theorem 16 (J. Orloff, 1987 [21]). Whenever p > 1 and ¢ > 1, for any
function f € C°(R™), we have the following limit formulas.
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1. If p and q are both odd then

d? n—1d\%>
. n—>2 G\ _
rg%l+r <dr2 r dr) (M, [)(r) = cf(0)
and P e
Lo n—1dNT _
rlg(IJlJrT < dr? r dr) (MF)(r) = cf(0),

2. If p 1s odd and q is even then
. d\n=2
lim (22)" (M )(r) = e (0),

r—0+ \dr

3. If p 1s even and q is odd then

. d \n—2 - B
Tim ()" M f)(r) = ef (0),

4. If p and q are both even then

: d 2 n—2 2o d "2 n—2 _
Tim ()" L) + (<DF lim ()7 () = ef (0),
where, in each equation, ¢ is a nonzero constant independent of f.

Then the Riesz potentials and the limit formulas are lifted to the sym-
metric space M via its exponential mapping.

Theorem 17 (J. Orloff, 1987 [21]). For p>1 and q¢ > 1, and f € C°(M),
1. If p and q are both odd,
lim, sinh™2(r) Py (L) (M) (z0) = ef (z0),

r—0+t

and

lim sin™2(r)P_(L;)(M" f)(xo) = cf (x0),

r—0+
2. If p is odd and q is even,
: d =2 n— r
lim ()" (M f) (o) = ef (zo).

r—0+ \dr

3. If p is even and q is odd,
. d 2 n— r
lim <—) "2 (M ) (o) = cf (o),

r—0+ \dr

4. If p and q are both even,
lim 4 n727""_2(Mrf)(x )4+(=1)2 lim AN 2 MY =
Jim () @D lim (20)7 M ) o) = ef (20).
where L} (respectively L, ) is the radial part of the Laplace-Beltrami oper-
ator in polar geodesic coordinates on D, (respectively D_), Py and P_ are
polynomials and, in each equation, ¢ is a non-zero constant independent of

1.
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2.4 Summarizing result in the Lorentzian case

For Lorentzian symmetric spaces of constant sectional curvature, we collect
the limit formulas given by S. Helgason in the even-dimensional case and we
use the arguments of J. Orloff to get the limit formulas in odd-dimensional
case. This gives the following summarizing result.

Theorem 18 (S. Helgason, 1959 [13] - J. Orloff, 1987 [21]). Let (M, s, g) be
either the flat Lorentzian vector space RV ™1 or one of the two model spaces
Q(+1) and Q-1 introduced in theorem [8. Let k be the constant sectional
curvature of M. If n = dim(M), for any f € C°(M),

1. If n > 2 is even,

f(x) =clim r"fQP’j(D)(Mif)(x)

r—0+
and
fla) = e lim " 2PEO) (M f)(x),
2. Ifn =2,
_ 1 li d M
f@) = —5 lim r= (M f)(z)
and
= 2 lim (M) ()
@) = =5l v (LD,
3. If n is odd,

Fla) = ctim (D) 20 ) @),

r—0t \ar

where PY and P" are polynomials and, in each equation, c is non-zero con-
stant independent of f.

In order to prove theorem [I], taking theorem [@linto account, it remains to
look at orbital integrals on solvable indecomposable Lorentzian symmetric
spaces.

3 Solvable indecomposable Lorentzian symmetric
spaces

Let (g,0,B) be one of the triples described in theorem [ for a particular
choice of parameters Ay, ..., \p,_2 € Rg. Up to isomorphism, the connected,
simply connected Lie group associated to g is the smooth manifold

G = R?"2
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endowed with the group law

(t7p7q774) * (t/apla q/774/) = (t + t/a (p7q77a) ) @t(p/a qlarl))

for t,t',r,7" € R, p,p',q,¢ € R" 2, where - is the weighted Heisenberg
product given by

1 n—2
(poaor) - (00 ") = 0+ 9 g+ a0+ 5 Y Nilawi — aipi)

i=1

and

1 .
(0’ g ') :Z(COS-h(t |Ail)p; — —==sin.h(t\/|\i])q},

VAl

sin.h(t |>\z|)P2 + cos.h(t |)\z|)q§ (1§i§n72),r/>-

VAl

In the above formula and in the following, the notation sin.h(¢+/|\;|) (respec-
tively cos.h(ty/|\;])) means sin(ty/);) (respectively cos(tv/A;)) when \; > 0
and sinh(tv/=\;) (respectively cosh(ty/—X\;)) when \; < 0.

Therefore, G is a semi-direct product of R and a weighted Heisenberg
group. The connected Lie subgroup of G whose Lie algebra is ¢, namely the
isotropy group, is given by

K = {(tapaQaT) €G|t:C]1:...:qn,2:r:0}‘

Let us define 7 : G — R"™ such that

Ai
m(t,p,q,7) = <t, S sin.h(t\/|Ai])pi — cos.h(tv/[Ail)gi (1<i<n—2),

il

Aol N
r+ —< sin.h(t+/|Ai|)pi — cos.h(t |>\z|)(h>
izl 2\ VI
<pl-cos.h(t Ni[) -+ j’A ‘sin.h(t |>\Z-|)>)
i

which factors the natural projection from G onto G/K and yields an iso-
morphism between M := G/K and R"™. We use this identification in the
sequel.

The unique involutive automorphism of G whose differential is o writes

d:G—=G:(tp,qr)— (—t,p,—q,—T).
The associated symmetric structure on M is given by

sﬂ(g)(ﬂ'(g')) = w(ga(gilg')), for g, ¢ € G.
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If we denote by (¢, z1, ..., £,—2,v) the global coordinates on M identified with
R™ as above, the metric on M associated to the bilinear form B is given by

n—2
(Zm )dt@dt+dt®dv+dv®dt deﬂ@dmz

As a conclusion, up to isometry, the connected, simply connected, in-
decomposable solvable Lorentzian symmetric space associated to the triple
(g,0,B) is (M,s,g). It is called a Cahen-Wallach space. In dimension 4,
it is an example of pp-waves in the Brinkmann class which are idealized
gravitational wave models in general relativity |3l [7 24].

3.1 The exponential mapping

Proposition 19. Let (M, s, g) be the Cahen-Wallach space corresponding to
parameters Ai,...,\n—2 € Rg. The exponential mapping at any point y =
(to, o, v9) € M is given by

_ sin.h(bg+/ |\
Expy(b) = (bo + to, sz + COS.h(bo ’)\i‘)xoﬂ' (1<i<n—2)>

bo/ ]

= b} — bg)‘ixg,z‘ .
2b0 <2b0b, Z b2 + b2 ; A\ iLg ’L> + ; WSIH.h(QbO\/ ’)‘Z’)
n—2
+Zb22bzlcosh(2b0\/|)\ ) + <vo——2bxol>>
1=1

for any b= (bg, b, ..., bp—2,V') € T,M ~R™ such that by # 0 and
Expy(07 bla ey bn72) bl) = (th bl + Lo, 155 bn72 + T0o,n—2, b/ + /UO)'

Proof. The geodesic equations corresponding to the Levi-Civita connection
on M are given by

<s>
“U(s) + z 2Nz (s) 2L (5) L
<s>+m<>(;§z<>>2 0

The solutions y(s) := (t(s),x1(S), ..., zn—2(s),v(s)) of these equations with
initial data

“(s) =0,

&&|& &|&

8
2

’Y(O) = (t(O),xl(O), ...,xn_g(O),v(O)) = (t0,$071, ...,1‘0771_2,?}0),

3 dt dxl dxn—Z dv ,
0) = (750, 7 (0. 0), 22(0)) = (b0, b1, ooy s, b
3(0) = (500, Z20), -, Z22(0), 520)) = (boy b bua, V)

are given by Exp.)(s¥(0)) as above. O
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Corollary 20. Let (M,s,g) be the Cahen-Wallach space corresponding to
parameters A, ..., \n—2 € Rg. For any point y = (to,xo,v0) € M, the expo-
nential mapping at y is a diffeomorphism from the open subset

{(bo,bl, ...,bn_g,b,) S TyM ’ Vi € {1, ey — 2}, Ai > 0= by \;i §é WZO}
of TyM to its image given by
{(t,x,v) eM ’ Vi € {1, ey — 2}, A > 0= (t — to)\/ Ai ¢ WZO}.

The determinant of the differential of Exp,, at any vector (bo, b1, ..., bn—2, V) e
TyM is equal to

n—2 :
‘M‘ 7;fb() ?é 0’ and 1 Othe'f’wiSe'

i=1 AVARY]

3.2 The orbits of the isotropy group and the orbital integrals

Let us fix (0, ...,0) as base-point of M. Then we get the following identifica-
tion ToM ~p

ToM ~ R" —p
(D0, b1, ooy b0, 0) = DU + S0 20, W + 0 Z

Proposition 21. The orbits under the adjoint action of the isotropy group
K inp>~TyM are

n—2
{(bo, b1, oy bya, b)) € ToM | 2bgb — Y b7 = v, by = B} = S g,
i=1

{(0,’)/1, '--ar}/n*?’b/) | b/ € R}’
{(0,0,...,0,8")}

for B € Ry, € R, (71, ..., Yn_2) € R*2\ {0} and 3’ € R.

Proof. The adjoint action of K on p ~ R" is given by

Ad(exp(p1 K1 + ... + pp—2Kn—2))(bo, b1, ..., bp—2,b")

n—2 n—2
bo
_ / 2. 2 B
= (bo, b1 — Aip1bo, s bu—2 — Ap—2pn—2bg, b’ + > '5—1 Aip; — 2_1 )‘zpzbz>

for (p1,...,pn_2) € R"2and (bg, by, ..., b_2,b') € ToM ~ p. Once (bg, by, ..., by_2,b')
is fixed, we must distinguish the cases when by # 0 and by = 0 to identify
the different isotropy orbits. O
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Note that the stabilizer of any point X = (bg, b1, ..., bp—2,0) € ToM ~ R™
such that by # 0 under the action of the isotropy group K is just the neutral
element. Therefore, the K-orbit of X is diffeomorphic to K.

Definition 16. For any f € C.(M) and any point y = (to,zo,v0) € M, the
orbital integrals of f at y are given by

(D) = [ FlohExpg()) ak
K

where g € G such that y = ¢.0, X = (bo, b1, ...,bp—2,b") € ToM ~ R™ such
that by # 0 and if \; > 0, boy/\; ¢ 7Z, and dk is the invariant measure
(TT=2 |\l dpy...dp, 2 on K ~R"2,

The orbital integrals of a function f € C.(M) at y € M are integrals of
[ over the orbits Exp, (¥4,2,(y)) where

E:l:T’2,b0(y) = {(Bo,bl, ...,bn_g,bl) € TyM ‘ BO = bo,
n—2 n—2
3" hiad b3+ 2bob — Y02 = irZ}
i=1 i=1

for r > 0 and by € Ry such that if \; > 0, bgv/A; ¢ Zo. We use the following
notation for the orbital integrals

(M—T—,bof)(y) = (MXf)(y)? where X = (bO’Oa ""05T2/2b0) € ToM ~ Rn,
(M"™™ £)(y) := (M~ f)(y), where X = (by,0,...,0,—1%/2by) € ToM ~ R",

for r > 0 and by € Rq such that if \; > 0, bgv/\; & 7Zg.

Lemma 22. For any f € C.(M), y=9.0 € M, r >0 and by € Rq such that
if i >0, bov/Ai & g,

n—2
(M f)(y) = ﬁ /R P (9Expg (b0, basn b, %( ¥ + ;b?>))

dby...db,—2.

Proof. Using the expression of the action of K on Ty M given in the proof of
proposition 2], we get

n—2
(M;’bof)(y) — < 21;[1 ’)\Z‘) /Ran(g.EXpo <bo, —A1p1bo, -y —An—2Pn—2bo,

n—2
%( +r2 4+ Z )\?p?bg))) dpy...dpn_s.
i=1

Then a simple change of variables in the integral yields the result. O
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4 Limit formulas on solvable Lorentzian symmetric
spaces

Let (M, s, g) be the Cahen-Wallach space corresponding to parameters Ay, ..., \,—o2 €
Rp. In order to determine a function in terms of its orbital integrals on M,
we consider invariant differential operators.

4.1 Invariant differential operators

Let us recall that M is G-homogeneous space for the connected, simply
connected Lie group G presented in section [3

Proposition 23. The Laplace-Beltrami operator on M associated to the
Lorentzian § = Z?;f Nzldt @ dt + dt @ dv + dv ® dt — Z?;f dzr; ® dx;

n—2 n—2

2 o o
= — \iz? _ -
dtav " ot Zl Mo T 2 oa?

1=

as well as the order-one differential operator
0
ov

are G-invariant.

At any point y = (to,x0,v0) = g0 € M, we consider coordinates
(r,b0, b1, -..; bp—2) on either {Exp, (b) | b € T,M, g,(b,b) > 0} or {Exp,(b) |
beT,M, G,(b,b) <0} which are defined by

n—2
1 2 E 2
(7"', bo, bl, ceny bn—Z) — g.EXpO <bO7 bl, ceny bn—Z; Q—Z)O(ET + — bl))’

where € = 1 or —1 respectively. In this coordinates, the expression of the
two invariant differential operator in proposition 23] is

9/ 0 0 9
ng{v{ar(E)—i_%E(boa_bo)—i_ 1 2@
|b0| NN

smh bO\/|)\
(|b0| H 87")} +LEXpy(Esr2,b0(y))7
o _wo
ov - c r or’

where LExpy(z ) is the Laplace-Beltrami operator on the isotropy or-

5r2,b0 (y)
bit associated to the induced metric and € is either 1 or —1 depending on

whether the domain is {Exp, (b) | b€ T,M, g,(b,b) > 0} or {Exp,(b) | b e
TyM, Gy(b,b) < 0}.
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Proposition 24. For any f € C°(M), y € M, r > 0 and by € Ry such that
Zf )‘Z > 0; bO\/)‘—Z ¢ WZO;

1. L(ME™ £)(y) = ME(Lf)(y),
2 S f)) = M2 (%) w),

5. ME" () () = £ 2 (M £)().

Proof. By a theorem stated in S. Helgason’s book [13], for every G-invariant
differential operator D on M, there exists a bi-invariant differential operator
D on G such that

VfeC®(M), D(for)=(Df)om,

where 7 : G — M is the canonical projection. Therefore, when we apply D
to the orbital integrals of a function f € C2°(M), we get

D(ME™ f)(g.0) = D((ME™ f) o 7)(g)

_ D{’bo‘% /R L A gbf)))

dbl...dbn_g}
1 1 n—2
= T2 /RRQ(Df)<9-EXpO <bo, bi, ..., buo, 2_60( L2 ; b?)))
dby...db,

because D is bi-invariant. This implies the points 1 and 2. For point 3, we
use the local expression of %. O
4.2 One-parameter generalized Riesz potentials

Let us focus on the first set of orbital integrals, namely (M_i’bO f). The corre-
sponding one-parameter generalized Riesz potentials are then given below.

Definition 17. For any f € C.(M), y € M, by € Ry such that if \; > 0,
bov/Ai & 7 and p € C such that Re(u) >n — 1,

E N = g [ O

anl

where H,,_1(p) := 73220710 (1 /2)T (1 + 3 — n) /2).
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Remark 2. For any y = ¢g.0 € M and fixed by € Ry such that if \; > 0,
bov/Ai ¢ 7o,

1 1
JHbo = / Fypo(Upyeeey Uy
( + f)(y) ’bo‘n_z Hn—l(ﬂ) (D(T)cc g,bo( 1 1)

9 9 9 p—n-+1
un—l <\/un_1 - un_z T oees T u1> du1dun_1

2
where Fyp (U1, ...;un—1) 1= f(g Expo(bo,ul,...,un_g, uQ”—b;l)) and

(D )ee = {(ug, ey tun_1) €ER" |2 | —uZ_ oy — ... —uf >0, up_q >0}

This means that the one-parameter generalized Riesz potentials on M turn
out to be some flat Lorentzian Riesz potentials on (Rn_l,ll,n,Q).

Proposition 25. For any f € C°(M), y = g.0 € M and fized by € Ry such
that if A\; > 0, bO\/)\—i ¢ 17,

1. (Ji’bof)(y) holomorphically extends to the whole complex plane C with
respect to [,

1,bo 1 —
2. }}_)Hb (J f)( ) WFQJN)(O? ,O)O = O,

5 G D) = () ) = 5 (L ) )

Proof. Property 1 is true thanks to remark 2] and theorem [13] which states
that flat Lorentzian Riesz potentials can be holomorphically extended on the
whole complex plane with respect to the parameter. Property 2 also follows
from theorem [ thanks to remark 2l Finally, we use the local expression of
the invariant differential operator

9 by o
o ror
on a dense open subset of {Exp,(b) | b € T, M, §,(b,b) > 0} to get property

3 whenever Re(p) > n — 1. Furthermore, it remains true for every u € C
thanks to the uniqueness of the holomorphic extensions. U

Corollary 26. For any f € C°(M), y € M, by € Ry such that if A\; > 0,
bO\/)\—i ¢ 7o and any k € Ny,

_ k

Proposition 27. For any f € C*(M), y € M and by € Ry such that if
i >0, bO\/)\—i ¢ 2o,

_ n—1
Ji,bo(%)(y):;}i) 1 50(J“’b0f)( )= % (9.Expg(bo, 0, ...,0)).
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Proof. We use property 3 in proposition and the following change of
variables in the expression in remark

(U1, oy up—1) = (rsinh({)w(01, ..., 0p,—3), 7 cosh(())

where ¢ €]0, +oo[ and w(f) € S*73, to get

1,bp af o _
JL (8_1))(y) ;Lli 1 ool 2MHn N / / /Sn 3Fg bo (7 sinh(Q)w(8),
rcosh(()) r# cosh ) sinh"™ 3 dw(0)dCdr.

Then the consecutive changes T = e~ and r = o/T lead to

—bl (L) .
lim ol (55 gbo 71— T)w(d),
n——1 |b0|n 271'" 2)/2F(M—|— 1 3 n §n—3 ’

5(1 + T)) a<ﬂ+1>*121*"T<ﬂ+1*">/2(1 +T)(1— T)”’3dw(9_)dadT

which can be seen as a double Riemann-Liouville integral. Thanks to argu-
ments found in Riesz’s paper [22], the limit is equal to

. —b021_nQn,2F(V + an2)
lim
v—22n |b0|n_27T("_2)/2F(l/)

1
Fy (0, ..., 0)/ "'+ T)1 - T)"3dT
0

where €,,_ is the area of the (n—3)-dimensional standard sphere. Using Eu-
ler’s beta functions to rewrite the remaining integral and since Fy p, (0, ..., 0) =
f(g.Expg(bo, 0, ...,0)), we get the expected equality. O

Corollary 28. For any f € C°(M), y = 9.0 € M, by € Ry such that if
i >0, bov/A\; & ©Z¢ and any k € Ny,

se—to (S _ T(F)  (=bo)*
T <W>(y) - 21&‘*1;‘(%) F(%)’boln_Qf(g-EXPo(bo,O, ., 0)).

4.3 Limit formulas for the orbital integrals

Lemma 29. For any function f € C°(M), any by € Ry such that if A; > 0,
bov' i & ©Z¢ and any y € M, the limit

lim (ME" f)(y)

30

exists whenever n = dim(M) > 2.

Proof. By lemma P if y = ¢.0, the orbital integrals (M7 f)(y) writes

1 1 n—2
b2 /RH f<g.Expo (bo, b1, bya, %( +r? 4 Z; bf)))dbl...dbn,z.
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In the first series of integrals, namely (Z\ﬂ"r’b0 f), we apply the change of
coordinates

(b1, ..., bp—2) = rsinh(Q)w(by, ..., 0n—3)
where ¢ €]0, +oo[ and w(f) € S* 73, to get
2

1 o0 )
W /0 /SnSf(g'EXPO <b0, rsinh(¢)w(0), QT—bO COShQ(C)))
Tn—2 Sinhn_g(C) COSh(C)dw(é)dC

2
Next, we define Fp,(u1,...,up—1) = f(g.ExpO(bo,ul,...,un_g,%)) and
set t = rsinh(¢) in the integral. Thus the orbital integrals write

(ME™ [)(g.0) = ﬁ /OOO /S Fypo (t(8), /72 + )"~ du(§) dt

and it is clear that the limit when r goes to zero exists. This remains true
with the other series of orbital integrals, namely (Z\ff’b0 f). O

Corollary 30. Assume n = dim(M) > 3. Then, for any function f €
Co(M), any y € M and fized by € Ry such that if \; > 0, bo\/\; & 7o,

n—3,bo B 1
(J+ 0 N) = (47_‘_)(”_3)/211(717—3)

lim (M} f)(y).

>
r=0

Proof. The definition of one-parameter generalized Riesz potentials gives us

) = ) 1
+ p—n—3 2n—3ﬂ.(n—2)/2r(%) F(,u +3—n

) / Fbo (r)r(“+3_")_1dr
0

where Fj, (1) := (Mi’bof)(y) Since Fy, is a compactly supported, continuous
function whose limit when r goes to zero exists thanks to lemma[29] the limit
of the Riemann-Liouville integral above is equal to

v lim Fy, (7).

2n—3ﬂ-(n—2)/21‘(n7*3) 30

O
Theorem 31. Ifn = dim(M) > 2 is even, for any f € C°(M) andy € M,

()
f(y) = 7T("_3)/2F(n771)

(G

(M5 £)(y).-

lim lim
bof)O TZ>0
Proof. Since n = dim(M) > 2 is even, there exists k € Ny such that n =
2k + 2. Let us first fix by € Ry such that if \; > 0, —7/v/A; < by < 7/ \i.
By corollary B0

_ ok f 1 ok f
n—3,by v o . r,bo v
T (Gor ) ) = @m0 p(azay o M (Ger)

r=0
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Furthermore, thanks to property 3 in proposition 24] we get

n—3bo (O F _ 1 C(bo OVE,
I (avk)(y) ~ {dm)-3)/2r (23) ilgé {75} (M F)(y)-

On the other hand, by corollary 28] since n — 3 = 2k — 1,

ok f T(258)  (=b)n=2/2
n—3,bo o 2
T (e )W) = 20720 () T (552) by 2

hence the result. O

f(g'EXpO(b07 07 a3 O))a

The same kind of limit formula holds for the other series of orbital inte-
grals, namely (Mi’bo f). In other words, the function f is also determined in

terms of (M™ f).
Theorem 32. Ifn = dim(M) > 2 is even, for any f € C°(M) andy € M,

I'(3)

(=327 (1) (M f)(y).

lim lim
boiO 7"2>0

fly) =

S

This limit formula is obtained in the same way by considering the corre-
sponding one-parameter generalized Riesz potentials

# - r,bo Tufn+2 r

Finally, we deal with the odd-dimensional case.

(™ f)(y) =

Theorem 33. Ifn = dim(M) > 3 is odd, for any f € C°(M) and y € M,

r(2) R o B2
W) = apr (a1 10”“/ “alara) e we

2

In the same way,

__ T : bo D\ =B D\ B2, Ly
f(y) - (n 2)/2P(Tl) blolglo 0 { r [“)7“}{ 20 87“} (Mi f)(y)d?"

Proof. Since n = dim(M) > 3 is odd, there exists k € Ny such that n =
2k + 1. Let us first fix by € Rg such that if \; > 0, —7/v/A; < by < 7/ \i.
By corollary 28 since n — 2 = 2k — 1,

oFf r(252) (—bg)(n=1)/2
n—2,bg o 2
G

f(g.Expy(bo,0, ..., 0)).

Furthermore, by definition of the one-parameter generalized Riesz potentials,

e ()= g [ (G o
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where the integral converges due to lemma and because f is compactly
supported. Thanks to property 3 in proposition 24]

oo (OFF 1 ST R
nebo (o = 20 Y 7,bo
& <8vk>(y) T I =) /0 {T 6r} (M f)(y)dr,

hence the result. It works the same way for the other series of orbital inte-
grals, namely (M"" f). O

Acknowledgements

I thank my PhD advisor, Simone Gutt, for her support and mathematical
help and Michel Cahen for many fruitful discussions. I also thank the "Fonds
de la Recherche Scientifique" for funding my research through a "mandat
d’Aspirant".

References

[1] M. BERGER, Les espaces symétriques non compacts, Annales Scien-
tifiques de I’Ecole Normale Supérieure T4 (2) (1957), 85-177.

[2] A. Bouaziz, Formule d’inversion des intégrales orbitales sur les groupes
de Lie réductifs, Journal of Functional Analysis 134 (1994), 100-182.

[3] H. W. BRINKMANN, Einstein spaces which are mapped conformally on
each other, Mathematische Annalen 94 (1) (1925), 119-145.

[4] M. CAHEN, J. LEROY, M. PARKER, F. TRICERRI AND L. VANHECKE,

Lorentz manifolds modelled on a Lorentz symmetric space, Journal of
Geometry and Physics 7 (4) (1990), 571-581.

[5] M. CAHEN AND N. WALLACH, Lorentzian symmetric spaces, Bulletin
of the American Mathematical Society 76 (3) (1970), 585 - 591.

[6] A. J. D1 ScaLA AND C. OLMOS, The geometry of homogeneous sub-
manifolds of hyperbolic space, Mathematische Zeitschrift 237 (2001),
199-209.

[7] J. EHLERS AND W. KUNDT, Exact solutions of the gravitational field

equations, in Gravitation: An Introduction to Current Research, L.
WITTEN (ed.), John Wiley & Sons, New York (1962), 49-101.

[8] I. M. GELFAND AND M. I. GRAEV, Analogue of the Plancherel formula
for the classical groups, Trudy Moskovskogo Matematicheskogo Obshch-
estva 4 (1955), 375-404.

27



19]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

I. M. GELFAND AND M. A. NAIMARK, An analog of Plancherers for-
mula for the complex unimodular group, Doklady Akademii Nauk USSR
63 (1948), 609-612.

P. HARINCK, Inversion des intégrales orbitales et formule de Plancherel
pour G¢/GRr, Comptes Rendus de I’Académie des Sciences de Paris 320
(1995), 1295-1298.

HARISH-CHANDRA, Plancherel formula for complex semisimple Lie
groups, Proceedings of the National Academy of Sciences of the United
States of America 37 (1951), 813-818.

HARISH-CHANDRA, A formula for semisimple Lie groups, Proceedings
of the National Academy of Sciences of the United States of America
42 (1956), 538-540.

S. HELGASON, Differential Operators on homogeneous spaces, Acta
Mathematica 102 (1959), 239-299.

S. HELGASON, The Radon transform on Euclidean spaces, compact two-
point homogeneous spaces and Grassmann manifolds, Acta Mathematica
113 (1) (1965), 153-180.

S. HELGASON, Radon-Fourier transforms on symmetric spaces and re-
lated group representations, Bulletin of the American Mathematical So-
ciety 71 (1965), 757-763.

S. HELGASON, Geometric Analysis on Symmetric Spaces, Mathemati-
cal Surveys and Monographs No. 39, American Mathematical Society,
Providence, Rhode Island, 1994.

S. HELGASON, Integral Geometry and Radon Transforms, Springer,
New York, 2010.

M. T. KOSTERS AND G. VAN DwUK, Spherical Distributions on the
Pseudo-Riemannian Space SL(n,R)/GL(n—1,R), Journal of Functional
Analysis 68 (1986), 168-213.

J. LEPOWSKY AND G. W. McCoLLUM, Cartan subspaces of symmetric

Lie algebras, Transactions of the American Mathematical Society 216
(1976), 217 - 228.

O. Loos, Symmetric spaces I, II, W. A. Benjamin, New York, 1969.

J. ORLOFF, Orbital integrals on symmetric spaces, in Non-Commutative
Harmonic Analysis and Lie Groups, J. CARMONA, P. DELORME AND
M. VERGNE (ed.), Lecture Notes in Mathematics No. 1243, Springer-
Verlag, Berlin and New York (1987), 198-219.

28



[22] M. RiEsz, L'intégrale de Riemann-Liouville et le probléme de Cauchy,
Acta Mathematica 81 (1) (1949), 1-223.

[23] F. ROUVIERE, Inverting Radon transforms : the group-theoretic ap-
proach, Enseignement Mathématique 47 (2001), 205-252.

[24] 1. P. Siva, J. L. FLORES AND J. HERRERA, Rigidity of geodesic

completeness in the Brinkmann class of gravitational wave spacetimes,
arXiv preprint arXiv:1605.03619 (2016).

[25] J. A. WoOLF, Spaces of Constant Curvature, McGraw-Hill, New York,
1967.

[26] H. Wu, On the de Rham decomposition theorem, Illinois Journal of
Mathematics, 8 (1964), 291-311.

29


http://arxiv.org/abs/1605.03619

	1 Framework of symmetric spaces
	1.1 General features of symmetric spaces
	1.2 Rank of symmetric Lie algebras
	1.3 Pseudo-Riemannian symmetric spaces
	1.4 Classification of indecomposable Lorentzian symmetric spaces
	1.5 Isotropic pseudo-Riemannian symmetric spaces

	2 Limit formulas on Lorentzian symmetric spaces of constant sectional curvature
	2.1 Definition of orbital integrals
	2.2 Limit formulas in the even-dimensional Lorentzian case
	2.3 Generalization to rank-one semisimple symmetric spaces
	2.4 Summarizing result in the Lorentzian case

	3 Solvable indecomposable Lorentzian symmetric spaces
	3.1 The exponential mapping
	3.2 The orbits of the isotropy group and the orbital integrals

	4 Limit formulas on solvable Lorentzian symmetric spaces
	4.1 Invariant differential operators
	4.2 One-parameter generalized Riesz potentials
	4.3 Limit formulas for the orbital integrals


